L <[ A « TheAlgebraic Bethe Ansatz ., < , <
1T And T
Sy S -~ Tensor Network States - a - A

Valentin Murg
Frank Verstraete

University of Vienna

Vladimir E. Korepin

C. N. Yang Institute of Theoretical Physics, Stony Brook

Phys. Rev. B 86, 045125 (2012)



Tensor Network States < Algebraic Bethe Ansatz:

Quantum Information Theory

Tensor Network States (MPS,PEPS,...)

Uy = > F({Ax DIk, k)

k‘l,...,k‘N

F({Ak}) =1y

« Entanglement structure corresponding to
tensor-network structure.

 Good variational states.

» Expectation values can be calculated
approximately numerically.

Condensed Matter Theory

Integrability:
Algebraic Bethe-Ansatz

Renormalization Group Methods:

NRG, DMRG




Tensor Network States < Algebraic Bethe Ansatz:

Quantum Information Theory

Tensor Network States (MPS,PEPS,...)

)= )  FADlk, - k)

k‘l,...,k‘N

=

Condensed Matter Theory

Integrability:
Algebraic Bethe-Ansatz

Aim;

» Express Bethe-Ansatz wavefunction as Tensor Network State.

» Use Tensor Network State to calculate correlations approximately numerically.

« Entanglement structure corresponding to
tensor-network structure.

 Good variational states.

» Expectation values can be calculated
approximately numerically.




Tensor Network States

Tensor Network Ansatz:

Coefficients:

V> = Z Ckl,.,f{‘,w | k- Ky >
ki..ky,
Ckl.,.kw = T T
k /T\ k,
kZ
AL = a{ A2
|
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Tensor Network States

Local Hamiltonians:

Ground State of local Hamiltonians
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Tensor Network States

Local Hamiltonians in one dimension: Matrix Product States (MPS)

S(p,,) = const
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Tensor Network States

Local Hamiltonians in one dimension: Matrix Product States (MPS)
P> = Z tr[Akl Ak’”]|kl...}(M >
K ...ky

_ Y A aE AR A Jkk, >

ky...ky | | | |

k k, k, k,

» Every state can be represented as MPS with D ~ exp(N).

. . A/
» Correlations decay exponentially: <00, >-<0,><0,_, >ce ™"

+ Ground states of gapped local Hamiltonians can be represented as MPS
with D ~ poly(N).

 Renormalization:
NRG, DMRG




Tensor Network States

Local Hamiltonians in two dimensions: Projected Entangled Pair States (PEPS)
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Tensor Network States

Local Hamiltonians in two dimensions: Projected Entangled Pair States (PEPS)
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Tensor Network Operators

Tensor Network Ansatz:

O =

Coefficients: Ckrkv
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Tensor Network Operators

Operator in one dimension: Matrix Product Operator (MPO)
k1 ko k3 k4

O = Z A — A A A kR )y Ly

ki kg

l1---lpg

Time evolution in one dimension:

N—1 Heven — Z h(j’j+1)
H - Z h(j’j+1) — Heven _|_ HOdd < J e ..
— Hogg = 37 nG7+D
7 odd

6—i5tH ~ 6—i5tHOdd6—i5tHeven



Time Evolution: Numerical Approximation

U(T)) = (e M | 9(0))




Time Evolution: Numerical Approximation

U(T)) = (e M | 9(0))
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Algebraic Bethe Ansatz — XXZ Model

N
H =37 (s950%0 4 )+ s 00)
j=1

Monodromy Matrix

T(\) = LW Lr-1(A) - Li() T()) = (




Algebraic Bethe Ansatz — XXZ Model

N
H=Y" (Sg>sg+1> + 505U 4 Asgﬁsgjm)
j=1

e’ B =0, except B=a+ (k—1)

[

— The virtual bond counts the number of created down-spins!



Algebraic Bethe Ansatz — XXZ Model

| W (g1, .- par) ) = Blpn) - Blpa)] T,

~——

(S:

1
= —-N-—-M)
2
H1 |1>
4
L2 |1>




Algebraic Bethe Ansatz — XXZ Model with open boundary conditions

1
[ W (s pinr) ) = B(pa) - - B(ar) | vac) (5. = SN — M)

2M



Algebraic Bethe Ansatz — supersymmetric tJ Model

H = —tZ(c;’ach,a + h.c.) + J(S”t7 §j+1 annjﬂ) J = 2t
Monodromy Matrix
A1r(N) A(N) Ci(N)
T(AN) =L A)Lp—1(\)---Li(\) T(\) = ( Ao1(N)  Agxa(N) Cy(N) )
Bi(\)  Ba2(A) D))




Algebraic Bethe Ansatz — supersymmetric tJ Model

Creation operator for one down-spin

bt 1
B op

3 3 3 3 3
Ba(p) = (0] por - T TR TR T a)
2 2 2 2 2

ot t
[a) e{[ 1)1 1)}

The virtual bond counts the number of created spins
and distinguished up- and down-spins!



Algebraic Bethe Ansatz — supersymmetric tJ Model

NT+N¢

N —

1
|U) = Z Car,..hang Bay (1) - Bay ()| vac) =

ai,...,apn =0




Contraction of the Bethe-Network

X



Contraction of the Bethe-Network

Approximation

2



Contraction of the Bethe-Network

Approximation
_ 2
K = H|%D> - |\I!D>H ~ Min.
K={(Up|¥p)+2Re (VUyp|¥p) + const

D

Uy | W =
(Up|W¥2p) .




Contraction of the Bethe-Network

Approximation

- 2
K = H|\I!2D>—|\I!D>H ~ Min.

K={(Up|Up)+2Re (VUyp|T¥p) + const




Contraction of the Bethe-Network

Approximation
. 2
K = H\\IJQD> - \\IJD>H ~ Min.

K={(Up|Up)+2Re (VUyp|T¥p) + const

K = ";[de’j + Ei;r-?ﬁ + const

0

*

8613'

K =0 = N;d; = @




Contraction of the Bethe-Network

Order Optimization

[ W (g, ) ) = Blpa) - - - B(par )| vac)

B(pwm)|vac)
B(pn—1)B(par)| vac)
B(pn—2)B(pv—1)B(pa)| vac)

[B(A),B(u)] =0 = Order of the B's is arbitrary!




Example: Heisenberg model with periodic boundary conditions

Order Optimization U1, pipg)) = B(ur) -+ - B(uas)| vac)
[B()\),B(,LL)] =0

—— 54231 45231 21435 12435

Heisenberg model (N=10, periodic bc) —+— 54213 45213 21453 12453
22 ' ' ' —%— 54123 45123 21543 12543
—=— 54132 45132 21534 12534
2t - 53421 35421 31245 13245
‘ 53412 35412 31254 13254
53241 35241 31425 13425

1.8 p:: J
//’,/-’ 53214 35214 31452 13452
// ‘ 53124 53142 35124 35142 31524 31542 13
161 / 1 52341 41325 25341 14325
// 52314 41352 25314 14352
/
» 14k /. | 52431 41235 25431 14235

r/'ﬁ 52413 41253 25413 14253
: l 52143 41523 25143 14523
52134 41532 25134 14532
51324 51342 15324 15342
51234 51432 15234 15432
51243 51423 15243 15423
43521 34521 32145 23145
43512 34512 32154 23154
m— 43251 43215 34251 34215 32451 32415 23
: : ' 43125 34125 32541 23541
43152 34152 32514 23514
42351 42315 24351 24315
49”231 4213KR 24”21 2413K




Example: Heisenberg model with periodic boundary conditions

N=30, D=500

Two-spinon excited states

Relative Error in the Energy
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S(m)

Example: Heisenberg model with periodic boundary conditions
Structure Factor S()

Two-spinon excited states
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N=50, D=1000

N=30, D=500

S(q) =1/N*) e (oloz)



Example: Heisenberg model with periodic boundary conditions

Two-spinon excited states Structure Factor S(q)
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Structure factor for ground state and 3 two-spinon excited states (N=50, D=1000, pbc)
Rhs: two-spinon excited states with S=1 and Sz=1

Lhs: relative error in the energy as a function of D



Example: Heisenberg Model

Ground State Dimer-dimer / chiral correlations

0.26

0.24

0.22

dimer

0.18

0.16

chiral

S -0.05
-0.1
5 10 1I5 20 25
L, . .. 2
Cdimer<r) — 1_6<<01 0-2)<0-'r O-'r—|—1)>
L, . . L
Cchiral<r) — _<<01 X 0-2) : (0-7" X O-'r—|—1)>



Example: Heisenberg Model

Ground State One-particle Green's function
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Example: XXZ Model with open boundary conditions

Ground State Structure Factor S(q)
01 ' 107 ~ a0
0.09} | g — A=0.1
(0] N
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Structure factor for ground state if the XXZ-model (N=50, D=1000, obc)

Lhs: relative error as a function of D






Algebraic Bethe Ansatz — XXZ Model

N
H=Y" (Sg>sg+1> + 505U 4 Asgﬁsgjm)

71=1
L-Operator
! Lig(\) = Rj5 (X, 0)e;]
R(A, p) = b(A =) (A —p) ’ ’ !
’ c(A—p) b\—p) €gizw>3<5‘
1




Algebraic Bethe Ansatz — supersymmetric tJ Model

. 1
H = —t Z<C;,acj+1,o + h.c.) + J(S; - Sj+1 annﬁrl) J =2t
fffffffffffffffffffffffffffffff IO
L-Operator ng()\) — Rg?()\70)€ji(_1)p(a)p(v)
5
p(e;n) = p(6) + p(v)
R(A, p) = b\ — p)I + (A — p)P 7
| p(1) =p(2) =1,p(3) =0
_ A N
b()\) N+ CO‘) — N+ i [ejégvc;ji]i;%
GJB ejq/ — Y eja
~
« 87
Lj(A) = —~ “ B (—pyplewn ¢,




Algebraic Bethe Ansatz — supersymmetric tJ Model

S o 1
H=—t Z(C}L‘,acfrl,o + h.c.) + J(S; - Sj41 annﬁrl) J =2t
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, S
Transfer Matrix
All()\) Alg()\) C’l()\)
T(A\) = L(A)Lr_1(A\) - Li(\) TA) = | A1 (A) Axn()) Ca(N)




Algebraic Bethe Ansatz — supersymmetric tJ Model

S o 1
H=—t Z(C}L‘,acfrl,o + h.c.) + J(S; - Sj41 annﬁrl) J =2t
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, S
Transfer Matrix
All()\) Alg()\) C’l()\)
T(A\) = L(A)Lr_1(A\) - Li(\) TA) = | A1 (A) Axn()) Ca(N)







Algebraic Bethe Ansatz

N
H=Y" (Sg)SgH) + 505U 4 Asgﬁsgﬂn)
j=1
‘ \P(Mlv




Algebraic Bethe Ansatz

N
H=Y" (Sg>sg+1> + 505U 4 Asgﬁsgjm)
j=1

Bethe Ansatz State in MPS Form:

e e
vy = (0] - - -~ . =z | M)

S S oM

M+1

|’

:g =0, except B=a+ k

R

—> The virtual bond counts the number of down-spins!



Algebraic Bethe Ansatz

<\Ij<:u17 qu) ‘O-Q(ZZ)O-Q(ZJ)‘ qj(:ulv 7:uM)> —
= (1, .. 1 |Bua)" - -B(u1) oo B(ua) - B(uar)| 1,.,1) =
1Ty T | 1) | 1) | 1)

k B e
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Tensor Network Formulation of the Algebraic Bethe Ansatz

Outline

Yang-Baxter Algebra

T§ (M) a, € {0,1}

—

tA) =teT(N) =) TSN

o [t(A),t(w)] =0,V A, p

o )Xo s.t. t(A\g) = cyclic shift operator

B(p) =17 (w)
| U(pr, . pm) ) = B(pa) - -B(pm)| vac)

t M) =T1AN[P)

H = —In(t()\)) Local Hamiltonian

Bethe equations

Energy




Tensor Network Formulation of the Algebraic Bethe Ansatz

Yang-Baxter Algebra:

Tg(A) = e I&;
i
Property: R, p) [T(A) @ T'(w)] = [T (1) @ T(N)] R(A, 1)
i i
— A A M A
g = mEE
—» H B A H
L L
R-Matrix:
o p— - d o DN
Rg,ﬁﬁ,()\, p) = R(A, p) = ><
f— —F T




Tensor Network Formulation of the Algebraic Bethe Ansatz

Consistency of the Yang-Baxter Algebra:

.




Tensor Network Formulation of the Algebraic Bethe Ansatz

Yang-Baxter Equation:




Tensor Network Formulation of the Algebraic Bethe Ansatz

Transfer Matrix:

t(A) = To+ M1 + N + ...

Property: t(A), ()] =0 1, Ix] =0




Tensor Network Formulation of the Algebraic Bethe Ansatz

Fundamental Representation:

A ] M A

v wA— = v A\ [ - Yang-Baxter




Tensor Network Formulation of the Algebraic Bethe Ansatz

Co-Multiplication Property:

ot
= 1
— A H A B

=




Tensor Network Formulation of the Algebraic Bethe Ansatz

Fundamental Models:

i

. Matrix Product Operator Representation



Tensor Network Formulation of the Algebraic Bethe Ansatz:

Local Hamiltonian from Transfer Matrix;

Regular Solution:

- - - )\0 - -
R(Xo,v0) = >< =
- - - Vg "e— -




Tensor Network Formulation of the Algebraic Bethe Ansatz:

Local Hamiltonian from Transfer Matrix;




Tensor Network Formulation of the Algebraic Bethe Ansatz:

Local Hamiltonian from Transfer Matrix;

N
H = Z B Gd+1)
j=1

4>




Tensor Network Formulation of the Algebraic Bethe Ansatz:

Local Hamiltonian from Transfer Matrix;

Heisenberg Model and XXZ-Model:

1
_ b(A, ) (A )
ROm=1 " o3 s0um)
b(\) =
Heisenberg Model: c(\) =
XXZ Model: 68; )

14+

sinh(2in)

sinh(A\+2in)
sinh(\)

sinh(A\+2in)

nu) — C()‘ o :u)
A = cos(2n)



Tensor Network Formulation of the Algebraic Bethe Ansatz:

Symmetries:




Tensor Network Formulation of the Algebraic Bethe Ansatz:

Symmetries:

AN =T (M)
. Keeps number of down-spins constant
D(A) =T (M)
B(\) =TY(\) Creates one down-spin
C(A) = T&()\) Annihilates one down-spin



Tensor Network Formulation of the Algebraic Bethe Ansatz:

Bethe Ansatz: A(N) = TO(N)
_ m0
[ U(pnse o par)) = Blu) -~ Bluar)| 1oeeou ) PO =T
D(X) =T1(\)
C(\) =Ty ()
Eigenvalue Problem:  t(\)| W) = 7(\)| V) t(A) =A\) + D)
0> i
- )\ - A ra— - U - )\ -
Solvable, using only: T — T
- e [ - - | )\ = H e
N N
B(A\)B() B(p)B(A)
ANB(p) = TE5B)AN) — 22U BV A(p)
DNB(p) = gmBWDN) - g3 BA)D(w)
d M .
Bethe Equations: (1) — H c(ftn, 15)
alpn) 7 (s bn)
J#n




Tensor Network Formulation of the Algebraic Bethe Ansatz:

Bethe-Eigenstate:
[ W (g pm) ) = B(pa) -+ Blpwm)|vac) =

(0] 1 1 Hi < - M1 K1 1)

(0] %) %) o < - 2 %) 1)

1
State with S, = §N — M



Tensor Network Formulation of the Algebraic Bethe Ansatz (open boundary conditions)

Reflection Algebra:

= K 5N Kis(A) =

p

Reflection Equations:

A+




Tensor Network Formulation of the Algebraic Bethe Ansatz (open boundary conditions)

Transfer Matrix:

() = tr (K- (WKT() =




Tensor Network Formulation of the Algebraic Bethe Ansatz (open boundary conditions)

Fundamental Models:

.

Transfer Matrix:

T(A) =

A A
@< A A A A A A A
A A A A A A A

Composition of a new
representation out of

2 R-matrices and a known
representation.

.




Tensor Network Formulation of the Algebraic Bethe Ansatz (open boundary conditions)

Proof of Composition-Equation:

A A
A— A—
0 \ 0 \ —
A+ </\ A+ g
A
‘\u \

.
A+
pr— )\ pr—
A+p v
A
A—pN |




Tensor Network Formulation of the Algebraic Bethe Ansatz (open boundary conditions)

Simplest Representation:

A=l -

n ... . .
A A A A A




Tensor Network Formulation of the Algebraic Bethe Ansatz (open boundary conditions)

Local Hamiltonian from Transfer Matrix:

J JJ.
/(M) = L

7 ...J
IR

trah(N’a)




Tensor Network Formulation of the Algebraic Bethe Ansatz (open boundary conditions)

Local Hamiltonian from Transfer Matrix:

FN.
(R S

-
h(2,1)

JJ J
oy




Tensor Network Formulation of the Algebraic Bethe Ansatz (open boundary conditions)

Local Hamiltonian from Transfer Matrix:

1 e 1
H=—7"(\)= ) hHHD 4 _tr pV:0)
2q" Mo 2_; T

(N,a)
e h(N0) _ H




Tensor Network Formulation of the Algebraic Bethe Ansatz (open boundary conditions)

Symmetries:
o8-8

o

o B
AN = Koo(A) } |

B Keeps number of down-spins constant

D\ =K (A
B(\) = Ky (A) Creates one down-spin
C(AN) =Ki(N) Annihilates one down-spin



Tensor Network Formulation of the Algebraic Bethe Ansatz (open boundary conditions)

Bethe Ansatz:

[ W (s ooy pinr) ) = B(pa) -+ B(par)| vac)

Eigenvalue Problem: T (A)|¥) =7(\)| V) TN =A\) + D(N)

Solvable, using only:

= Bethe Equations






Time Evolution: Numerical Approximation

Order Optimization

[ W (g, ) ) = Blpa) - - - B(par )| vac)

B(pwm)|vac)
B(pn—1)B(par)| vac)
B(pn—2)B(pv—1)B(pa)| vac)

[B(A),B(u)] =0 = Order of the B's is arbitrary!




Tensor Network Operators

Time evolution in one dimension: Matrix Product Operator (MPO)
N—-1 Heven — Z h(j’j+1)
H = Z RUIHY — f o H g jeven
im1 Hoqq = Z p(d:3+1)
7 odd
e—iétH ~ €—i5tHodd6—i5tHeven
S1 S9
| |
—iéth S1S2
[6 ]?“1’]"‘2 o ‘ ‘
1 r2
| | | | | |
L J o~ it Hoaa
—10tH
e O =& | | | |




Tensor Network Operators

Time evolution in one dimension:

Matrix Product Operator (MPO)

Heven — Z h(j’j+1)

J even

Hoqq = Z p(d:3+1)
7 odd

N—1
H = Z h(j’j+1) — Heven + Hodd
j=1
e—iétH ~ €—i5tHodde—i5tHeven
| |
e—zéth _ _
| |
| |
e LOLH T
1 1

F

-

#

|

o~ 10t Hoaa
_

o~ 0t Heven
—



Tensor Network Operators

Time evolution in one dimension:

N—1
i
H = Z h(j’j+ ) — Heven + Hodd
j=1
€—i5tH ~ €—i5tHOdd€—i5tHeven
| |
e—zéth _ =
| |
e—zétH ~

Matrix Product Operator (MPO)

Heven — Z h(j’j+1)

J even

Hoqq = Z p(d:3+1)
7 odd

€—Z6tHodd

_iétHeven

€




Tensor Network Operators

Time evolution in one dimension: Matrix Product Operator (MPO)
N—-1 ( Heven — Z h(j’j+1)
,7+1 ) even
H = Z h(j’ﬁ_ ) = Heven + Hodd 9 ’ .
im1 Hoqq = Z p(d:3+1)
b 7 odd
e—iétH ~ €—i5tHodd€—i5tHeven
| |
e—iéth _ _




Tensor Network Operators

Time evolution in one dimension: Matrix Product Operator (MPO)




» Two-dimensional models:

{}{x




Summary

* Bethe wavefunction can be
- represented as tensor network
- approximated by a MPS with low bond dimension

» Makes possible the calculation of arbitrary expectation values
like 2-site and higher order correlations.

Outlook

* Nested Bethe Ansatz: supersymmetric tJ-Model
Fermi-Hubbard Model

* XYZ Model
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