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Tensor Network States ↔ Algebraic Bethe Ansatz:

Quantum Information Theory Condensed Matter Theory

Renormalization Group Methods:

Integrability:
Tensor Network States (MPS,PEPS,...)

Algebraic Bethe-Ansatz

NRG, DMRG

● Expectation values can be calculated
   approximately numerically.

● Good variational states.

● Entanglement structure corresponding to 
   tensor-network structure.



  

Tensor Network States ↔ Algebraic Bethe Ansatz:

Quantum Information Theory Condensed Matter Theory

Renormalization Group Methods:

Integrability:
Tensor Network States (MPS,PEPS,...)

Algebraic Bethe-Ansatz

NRG, DMRG

● Express Bethe-Ansatz wavefunction as Tensor Network State.

Aim:

● Use Tensor Network State to calculate correlations approximately numerically.

● Expectation values can be calculated
   approximately numerically.

● Good variational states.

● Entanglement structure corresponding to 
   tensor-network structure.



  

Tensor Network States

Tensor Network Ansatz:

Coefficients:



  

Tensor Network States

Local Hamiltonians:



  

Tensor Network States

Local Hamiltonians in one dimension: Matrix Product States (MPS)



  

Tensor Network States

Local Hamiltonians in one dimension: Matrix Product States (MPS)

● Renormalization:

NRG, DMRG



  

Tensor Network States

Local Hamiltonians in two dimensions: Projected Entangled Pair States (PEPS)



  

Tensor Network States

Local Hamiltonians in two dimensions: Projected Entangled Pair States (PEPS)



  

Tensor Network Operators

Tensor Network Ansatz:

Coefficients: A
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Tensor Network Operators

Time evolution in one dimension:

Matrix Product Operator (MPO)

A A A A

Operator in one dimension:



  

Time Evolution: Numerical Approximation
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Time Evolution: Numerical Approximation
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Algebraic Bethe Ansatz – XXZ Model

Monodromy Matrix

2 2 2 2 2 2 2



  

Algebraic Bethe Ansatz – XXZ Model

Creation operator for one down-spin

The virtual bond counts the number of created down-spins!

2 2 2 2 2 22



  

Algebraic Bethe Ansatz – XXZ Model
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Algebraic Bethe Ansatz – XXZ Model with open boundary conditions

(                          )



  

Algebraic Bethe Ansatz – supersymmetric tJ Model

Monodromy Matrix
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Algebraic Bethe Ansatz – supersymmetric tJ Model

Creation operator for one down-spin

The virtual bond counts the number of created spins
and distinguished up- and down-spins!
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Algebraic Bethe Ansatz – supersymmetric tJ Model
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Contraction of the Bethe-Network



  

Contraction of the Bethe-Network

Approximation



  

Contraction of the Bethe-Network

Approximation



  

Contraction of the Bethe-Network

Approximation



  

Contraction of the Bethe-Network

Approximation



  

Contraction of the Bethe-Network

Order of the B's is arbitrary!

Order Optimization



  

Example: Heisenberg model with periodic boundary conditions

Order Optimization



  

Example: Heisenberg model with periodic boundary conditions

N=50, D=1000N=30, D=500

Relative Error in the EnergyTwo-spinon excited states



  

N=50, D=1000N=30, D=500

Example: Heisenberg model with periodic boundary conditions

Structure FactorTwo-spinon excited states



  

Structure factor for ground state and 3 two-spinon excited states (N=50, D=1000, pbc)

Lhs: relative error in the energy as a function of D

Rhs: two-spinon excited states with S=1 and Sz=1

Example: Heisenberg model with periodic boundary conditions

Two-spinon excited states Structure Factor



  

Example: Heisenberg Model

Ground State Dimer-dimer / chiral correlations



  

Example: Heisenberg Model

Ground State

(CFT)

One-particle Green's function



  

Structure factor for ground state if the XXZ-model (N=50, D=1000, obc)

Lhs: relative error as a function of D

Example: XXZ Model with open boundary conditions

Ground State Structure Factor



  



  

Algebraic Bethe Ansatz – XXZ Model

L-Operator



  

Algebraic Bethe Ansatz – supersymmetric tJ Model

L-Operator



  

Algebraic Bethe Ansatz – supersymmetric tJ Model

Transfer Matrix



  

Algebraic Bethe Ansatz – supersymmetric tJ Model

Transfer Matrix



  



  

Algebraic Bethe Ansatz

(State with                          )



  

Algebraic Bethe Ansatz

Bethe Ansatz State in MPS Form:

The virtual bond counts the number of down-spins!



  

Algebraic Bethe Ansatz



  

Yang-Baxter Algebra

Tensor Network Formulation of the Algebraic Bethe Ansatz

Local Hamiltonian

Bethe equations

Outline

Energy



  

R-Matrix:

Property:

Tensor Network Formulation of the Algebraic Bethe Ansatz

Yang-Baxter Algebra:



  

Tensor Network Formulation of the Algebraic Bethe Ansatz

Consistency of the Yang-Baxter Algebra:



  

Tensor Network Formulation of the Algebraic Bethe Ansatz

Yang-Baxter Equation:



  

Tensor Network Formulation of the Algebraic Bethe Ansatz

Property:

Transfer Matrix:



  

Tensor Network Formulation of the Algebraic Bethe Ansatz

Fundamental Representation:

Yang-Baxter



  

Tensor Network Formulation of the Algebraic Bethe Ansatz

Co-Multiplication Property:



  

Tensor Network Formulation of the Algebraic Bethe Ansatz

Fundamental Models:

Matrix Product Operator Representation



  

Tensor Network Formulation of the Algebraic Bethe Ansatz:

Regular Solution:

Local Hamiltonian from Transfer Matrix:



  

Tensor Network Formulation of the Algebraic Bethe Ansatz:

Local Hamiltonian from Transfer Matrix:



  

Tensor Network Formulation of the Algebraic Bethe Ansatz:

Local Hamiltonian from Transfer Matrix:



  

Tensor Network Formulation of the Algebraic Bethe Ansatz:

Heisenberg Model and XXZ-Model:

Heisenberg Model:

XXZ Model:

Local Hamiltonian from Transfer Matrix:



  

Tensor Network Formulation of the Algebraic Bethe Ansatz:

Symmetries:



  

Tensor Network Formulation of the Algebraic Bethe Ansatz:

Keeps number of down-spins constant

Creates one down-spin

Annihilates one down-spin

Symmetries:



  

Tensor Network Formulation of the Algebraic Bethe Ansatz:

Eigenvalue Problem:

Bethe Equations:

Bethe Ansatz:



  

Tensor Network Formulation of the Algebraic Bethe Ansatz:

State with

Bethe-Eigenstate:



  

Tensor Network Formulation of the Algebraic Bethe Ansatz (open boundary conditions)

Reflection Algebra:

Reflection Equations:



  

Tensor Network Formulation of the Algebraic Bethe Ansatz (open boundary conditions)

Transfer Matrix:



  

Tensor Network Formulation of the Algebraic Bethe Ansatz (open boundary conditions)

Fundamental Models:

Composition of a new
representation out of
2 R-matrices and a known
representation.

Transfer Matrix:



  

Tensor Network Formulation of the Algebraic Bethe Ansatz (open boundary conditions)

Proof of Composition-Equation:



  

Tensor Network Formulation of the Algebraic Bethe Ansatz (open boundary conditions)

Simplest Representation:



  

Tensor Network Formulation of the Algebraic Bethe Ansatz (open boundary conditions)

Local Hamiltonian from Transfer Matrix:



  

Tensor Network Formulation of the Algebraic Bethe Ansatz (open boundary conditions)

Local Hamiltonian from Transfer Matrix:



  

Tensor Network Formulation of the Algebraic Bethe Ansatz (open boundary conditions)

Local Hamiltonian from Transfer Matrix:



  

Keeps number of down-spins constant

Creates one down-spin

Annihilates one down-spin

Symmetries:

Tensor Network Formulation of the Algebraic Bethe Ansatz (open boundary conditions)



  

Tensor Network Formulation of the Algebraic Bethe Ansatz (open boundary conditions)

Eigenvalue Problem:

Bethe Equations

Bethe Ansatz:



  



  

Time Evolution: Numerical Approximation

Order of the B's is arbitrary!

Order Optimization



  

Tensor Network Operators

Time evolution in one dimension: Matrix Product Operator (MPO)



  

Tensor Network Operators

Time evolution in one dimension: Matrix Product Operator (MPO)



  

Tensor Network Operators

Time evolution in one dimension: Matrix Product Operator (MPO)



  

Tensor Network Operators

Time evolution in one dimension: Matrix Product Operator (MPO)



  

Tensor Network Operators

Time evolution in one dimension: Matrix Product Operator (MPO)



  

● Two-dimensional models:



  

Summary

Outlook

● Nested Bethe Ansatz: supersymmetric tJ-Model

Fermi-Hubbard Model

● Bethe wavefunction can be
- represented as tensor network
- approximated by a MPS with low bond dimension

● Makes possible the calculation of arbitrary expectation values
 like 2-site and higher order correlations.

● XYZ Model
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