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Impact of topology on localization
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Impact of localization on topology!

- Fundamental restrictions on Wannier functions
J.C. Budich, J. Eisert, E.J. Bergholtz, 
S. Diehl, and P. Zoller
arXiv:1405.6641

- Compressed sensing approach to finding most localized 
representative of a topological phase
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for this particular state of matter, this “sweet-spot” point has
been constructed analytically in Ref. [20], our search algo-
rithm is capable of discovering it numerically starting from a
generic model Hamiltonian represented by non-compact Wan-
nier functions, as illustrated in Fig. 1. For a topologically
trivial starting point, the algorithm converges towards a set
of atomic orbitals localized at a single lattice site – the most
localized representative of the trivial equivalence class. Fi-
nally, we give numerical evidence for the absence of com-
pactly supported Wannier functions for time reversal symme-
try (TRS) protected 2D topological insulators [21–24]: While
our adiabatic search algorithm again converges to the WFs of
an atomic insulator from a generic topologically trivial start-
ing point, it does not find a compactly supported representa-
tive as soon as the initial Hamiltonian has gone through the
phase transition to the topological insulator equivalence class.
This indicates that there are no two-dimensional topological
insulators with compact WFs.
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FIG. 1. (Color online) Evolution of the extent of Wannier functions
under the adiabatic continuity algorithm for a trivial 1D supercon-
ductor (upper panel) and a non-trivial 1D topological superconduc-
tor (lower panel). In both cases, the most localized, compactly sup-
ported representatives of the respective phases are found. Plotted is
the real space probability density ⇢

x

(cf. Eq. (5)) on the horizontal x-
axis with logarithmic color code from 10

0 (yellow) to 10

�30 (blue),
and runtime increases on the vertical t-axis in units of ten iterative
steps. Initial Wannier functions obtain from the gauge constructed in
Eq. (20) in Sec. III B. Parameters are µ = 1.5, 2t = 2� = 1 and
µ = 0.3, 2t = 2� = 1 for left and right panels, respectively. The
home cell of both WFs is x = 101, with total length L = 200 for
both plots.

Outline. The remainder of this article is organized as fol-
lows. We define in Section II A the search for maximally lo-

calized WFs associated with a given model Hamiltonian as an
optimization problem subject to orthogonality and symmetry
constraints. In Section II B, we present an efficient algorithm
based on CS to numerically tackle this optimization prob-
lem. Numerical results for the 1D TSC are presented in Sec-
tion II C. An algorithm which is not limited to a fixed model
Hamiltonian but is designed for finding the most localized rep-
resentative of a topological equivalence class of Hamiltonians
is introduced in Section III A. Benchmark results demonstrat-
ing the power of this tool are presented in Section III B and
Section III C. Finally, we sum up our findings and give an out-
look to possible applications in Section IV.

II. COMPACT WANNIER FUNCTIONS FROM SPARSITY
OPTIMIZATION

A. Formulation of the optimization problem

The problem of calculating the electronic (fermionic) band
structure of a crystal within the independent particle approxi-
mation can be viewed as the quantum mechanical problem of a
single particle in a lattice-periodic potential. The spectrum of
its solution consists of energy bands parameterized by a lattice
momentum. Both eigenvalues and eigenfunctions are periodic
with the reciprocal lattice and can hence be constrained to a
representative unit cell of the reciprocal lattice called the first
Brillouin zone (BZ). The eigenfunctions are so called Bloch
states. For a given set of energy bands, WFs, i.e., localized
functions in real space that are orthogonal to their own lattice
translations (shift orthogonality) can be obtained by Fourier
transform of the Bloch states (cf. Eq. (2)). In 1D, this prob-
lem has been addressed with methods from complex analysis
by Kohn [12] showing that exponentially localized Wannier
functions always exist. In higher spatial dimensions, topolog-
ical obstructions can preclude the existence of exponentially
localized WFs [9], e.g., due to a non-vanishing Chern number
in 2D (cf. Eq. (3)).

The work by Kohn [12], as well as the majority of appli-
cations for band structure calculations [5], focus on periodic
problems in the spatial continuum. In practice, the continuous
problem is often times not approximated by a straightforward
discretization in real space but by deriving a so called tight
binding model. The relevant degrees of freedom of such a
model are then a finite number of orbitals per site of a discrete
lattice with the periodicity of the crystalline potential. Our
work is concerned with such lattice models within the inde-
pendent particle approximation from the outset.

Definitions. We consider a system with Hamiltonian H on a
hypercubic lattice with unit lattice constant and N = Ld sites
with periodic boundary conditions. Each lattice site hosts
m internal degrees of freedom (orbitals), n bands are occu-
pied. Our single particle wave functions are hence normalized
vectors in mN , a set of Wannier functions is represented by
a matrix  2 mN⇥n with shift-orthonormal columns, i.e.
 †T

j

 = �
j,0 for all j 2 Zd

L

, where T
j

performs a trans-
lation by the lattice vector j 2 Zd

L

. We denote the matrix
elements by  

⌫,j;↵, where ⌫ 2 {1, . . . , m}, j 2 Zd

L

, and
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Section III C. Finally, we sum up our findings and give an out-
look to possible applications in Section IV.
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mation can be viewed as the quantum mechanical problem of a
single particle in a lattice-periodic potential. The spectrum of
its solution consists of energy bands parameterized by a lattice
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with the reciprocal lattice and can hence be constrained to a
representative unit cell of the reciprocal lattice called the first
Brillouin zone (BZ). The eigenfunctions are so called Bloch
states. For a given set of energy bands, WFs, i.e., localized
functions in real space that are orthogonal to their own lattice
translations (shift orthogonality) can be obtained by Fourier
transform of the Bloch states (cf. Eq. (2)). In 1D, this prob-
lem has been addressed with methods from complex analysis
by Kohn [12] showing that exponentially localized Wannier
functions always exist. In higher spatial dimensions, topolog-
ical obstructions can preclude the existence of exponentially
localized WFs [9], e.g., due to a non-vanishing Chern number
in 2D (cf. Eq. (3)).

The work by Kohn [12], as well as the majority of appli-
cations for band structure calculations [5], focus on periodic
problems in the spatial continuum. In practice, the continuous
problem is often times not approximated by a straightforward
discretization in real space but by deriving a so called tight
binding model. The relevant degrees of freedom of such a
model are then a finite number of orbitals per site of a discrete
lattice with the periodicity of the crystalline potential. Our
work is concerned with such lattice models within the inde-
pendent particle approximation from the outset.

Definitions. We consider a system with Hamiltonian H on a
hypercubic lattice with unit lattice constant and N = Ld sites
with periodic boundary conditions. Each lattice site hosts
m internal degrees of freedom (orbitals), n bands are occu-
pied. Our single particle wave functions are hence normalized
vectors in mN , a set of Wannier functions is represented by
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M. Trescher and E.J. Bergholtz
Phys. Rev. B 86, 241111(R) (2012)
Z. Liu, E.J. Bergholtz, H. Fan, 
A. M. Läuchli Phys. Rev. Lett. 
109, 186805 (2012)  

E.J. Bergholtz, Z. Liu, M. Trescher, 
R. Moessner, and M. Udagawa
arXiv:1408.3669

- From Weyl semi-metals and Fermi arcs 
to fractional Chern insulators

spin-orbit coupling, 
geometrical frustration, 
interactions 

Key ingredients:
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Impact of topology on localization: 
Wannier functions
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Bloch states and Wannier functions
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How do we suitably represent the single particle states in a solid efficiently?

- Depends on what we want to investigate.

Wannier functions w↵
R(r) =

X

k

e�ik·R ↵
k (r)

 ↵
k (r) = eik·ru↵

k

Two natural choices: 

Bloch states

- Eigenstates with energy Ek

- Delocalized (in real-space) 

- Not eigenstates (except for flat bands), but span the 
same space as the Bloch states 
- Local in real-space...

(Band structure of HgTe) 

 ↵
k (r) !

NbandsX

�=1

U↵�(k) 
�
k(r)

- But not uniquely defined!
Smooth unitary transf,



How localized can the Wannier functions possibly be?
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- Decay lengths depend details

Kohn (1959): In one dimension, exponentially localized Wannier functions 
always exist

⇠ r�2
Thouless (1984): In Landau levels, the Wannier functions cannot decay 
quicker than 

⇠ eikxe�(y�k)2/2(Asymmetric choices possible, e.g.,                                    )

RK = h/e2 = 25812.807557(18)⌦

Quantization, IQHE:

(von Klitzling et al ’80)

Quick recap: Landau levels

Landau levels 
with bulk gap 
and protected 
edge states 

One state per 
“flux quantum”

� = 2/5, 3/7, ...

s = 1/3, 1/5, 2/5, ...

1/2, 1/4

⇥0 = hc/e

7

(Thouless et al ’82)

Chern number

Monday, August 18, 14



How localized can the Wannier functions possibly be?
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How about strictly localized (compact) Wannier functions?

H = �
X

i,↵

w†
i,↵wi,↵

wj = (cj + c†j � cj+1 + c†j+1)

- Not covered by the above considerations.
- If existing, they directly provide local dispersionless “sweet spot” 
models.

Example: Kitaev chain 

General statement: exponentially localized Wannier functions if and 
only if the (total) Chern number vanish.

See e.g., Brouder et. al. Phys. 
Rev. Lett. 98, 046402 (2007)

- Non-zero Chern number as an obstruction for a 
smooth global gauge.

- Quantum spin Hall (QSH) insulators have exponential Wannier functions, even 
in the limit of two time-reversed Chern insulators!



How to actually find “maximally” localized Wannier 
functions?
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Standard approach: (initial guess +) gradient search

- Very successful
- Heavily used in first principles applications

N. Marzari, D. Vanderbilt,   
Phys. Rev. B 56, 12847 (1997)

Ozolins et al., (2013): Use compressed sensing! Ozolins et al., PNAS 110, 
18368 (2013)

- Novel approach using ideas of contemporary mathematics and image processing

We generalized the algorithm as to preserve 
symmetries, e.g., time-reversal, charge conjugation etc.  

J.C. Budich, J. Eisert, E.J. Bergholtz, 
S. Diehl, and P. Zoller
arXiv:1405.6641

- Crucial for any application to topological states!

We also achieve a significant speedup of the significant algorithm

- Iteratively minimize 
on a finite  lattice

4

lation by the lattice vector j 2 Zd

L

. We denote the matrix
elements by  

⌫,j;↵, where ⌫ 2 {1, . . . , m}, j 2 Zd

L

, and
↵ 2 {1, . . . , n}. Among any set of shift orthogonal functions,
a set of WFs associated with the n occupied bands is distin-
guished by minimizing the quadratic energy functional

E [ ] = Tr( †H ). (4)

While the Slater determinant forming the many body ground
state characterized by its minimal energy expectation value of
the insulating band structure is unique up to a global phase,
the set of possible single particle WFs  representing this
ground state, i.e., minimizing E is highly non-unique. This
is due to the local U(n) gauge degree of freedom on the
Bloch functions (cf. Eq. (1)). Within this set, we would like
to identify the representative where the probability density
⇢↵
j

=

P
⌫

| 
⌫,j;↵|2 is most localized in real space. In the

language of compressed sensing, localization is referred to as
sparsity. As suggested in Ref. [3], a l1-norm regularization of
the energy functional (4) is a convenient way to enforce the
localization of the WFs. Concretely, as a measure for spar-
sity, we use the vector l1-norm kp

⇢k
l1 =

P
j,↵

|
p
⇢↵
j

| of the
square root of the probability density, as a convex relaxation
with more benign properties regarding continuity than discrete
measures like the rank. For the WFs themselves, we define
the ⇢-norm as the l1-norm of the square root of the associated
probability density, i.e.,

k k
⇢

= kp
⇢k

l1 . (5)

A minimization with respect to the ⇢-norm localizes the WFs
only in real space and not in the internal degrees of freedom,
as desired. The localization can be enforced by adding a term
k k

⇢

/⇠ to the energy functional E [3]. The real parameter
⇠ > 0 tunes the priority of the localisation respectively spar-
sity condition compared to the energy minimization condition.
The optimization problem considered is hence the minimiza-
tion of the l1-regularized energy expectation [3]

E( ) +

1

⇠
k k

⇢

. (6)

such that  †T
j

 = �
j,0. The latter is a non-convex orthogo-

nality constraint [25].
Even if the minimization of (6) will for finite ⇠ in general

produce approximations to the WFs of the model character-
ized by H , we would like to make sure that the band structure
defined by the resulting WFs preserves the underlying physi-
cal symmetries of the problem exactly. It is key to our algo-
rithm that these symmetries can be exactly maintained. Con-
straints that we will explicitly consider in this work are TRS,
i.e., [H, T ] = 0 and PHS, i.e., {H, C} = 0. Generically, we
denote the set of local symmetry constraints by S . With these
definitions, the problem of maximally localized WFs can for
each ⇠ > 0 be concisely stated as the l1 regularized minimiza-
tion problem

 = arg min
�

✓
E(�) +

1

⇠
k�k

⇢

◆
,

subject to (�†T
j

� = �
j,0) and S, (7)

where arg gives the argument that minimizes the functional.
The objective function is convex, while the symmetries and
orthogonality constraints give rise to quadratic equality con-
straints.

B. Compressed sensing based algorithm

Convex l1 regularized problems can be practically and effi-
ciently solved using a number of methods. Here, we use a split
Bregman method [25, 26], which has been proposed to calcu-
late maximally localized WFs in Refs. [3, 4], in a way that
conveniently allows to include symmetries. The split Breg-
man method is related to the method of multipliers [27], which
again can be connected to the alternating direction method of
multipliers [28]. Each step can then be implemented with as
little as O(N log N) effort in the system size N .

The idea of a split Bregman iteration is to decompose the
full optimization problem defined in Eq. (7) into a set of cou-
pled subproblems that can be solved exactly at every iterative
step. We start from the simplest case without additional sym-
metries S . In this case, our algorithm can be viewed as a
numerically more efficient modification of the algorithms in-
troduced in Refs. [3, 4], adopted for and generalized to a lat-
tice Hamiltonian with internal degrees of freedom. We define
the auxiliary variables Q, R and associated noise terms q, r
that have the same dimension as the set of WFs  2 mN⇥n.
During every step of the iteration,  will optimise the energy
functional E augmented by bilinear coupling terms (see step
(i) below), Q will be subject to a soft thresholding procedure
stemming from the ⇢-norm optimisation (see step (ii)), and R
will be subject to the shift-orthogonality constraint defining
a proper set of WF (see step (iii)). The noise terms q and r
are incremented by the difference between  and the auxil-
iary variables Q and R, respectively (see steps (iv)-(v)). The
algorithm in the absence of symmetries S then reads as pseu-
docode

Initialize  = Q = R, q = r = 0. While not converged do

(i)  7! arg min

 

✓
E [ ] +

�

2

k � Q + qk2
F

+



2

k � R + rk2
F

◆
,

(ii) Q 7! arg min

Q

✓
1

⇠
kQk

⇢

+

�

2

k � Q + qk2
F

◆
,

(iii) R 7! arg min

R



2

k � R + rk2
F

, s.t. ˜R†
k

˜R
k

=

Ld/2
8k,

(iv) q 7! q +  � Q,

(v) r 7! r +  � R, (8)

where kMk
F

= (

P
i,j

|M
i,j

|2)1/2 denotes the Frobenius ma-
trix norm of a matrix M , and ˜R

k

the Fourier transform of
R at momentum k. �,, ⇠ > 0 are coupling constants. The
way this problem is split in parts, the subproblems (i)-(iii) af-
ford an explicit exact solution not requiring any optimisation,

Energy (expectation value)
l1-norm, favors localized states

real number, decides 
relative priorities

- Gives a search algorithm for “sweet spots” as ⇠ ! 0
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1D superconductors
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for this particular state of matter, this “sweet-spot” point has
been constructed analytically in Ref. [20], our search algo-
rithm is capable of discovering it numerically starting from a
generic model Hamiltonian represented by non-compact Wan-
nier functions, as illustrated in Fig. 1. For a topologically
trivial starting point, the algorithm converges towards a set
of atomic orbitals localized at a single lattice site – the most
localized representative of the trivial equivalence class. Fi-
nally, we give numerical evidence for the absence of com-
pactly supported Wannier functions for time reversal symme-
try (TRS) protected 2D topological insulators [21–24]: While
our adiabatic search algorithm again converges to the WFs of
an atomic insulator from a generic topologically trivial start-
ing point, it does not find a compactly supported representa-
tive as soon as the initial Hamiltonian has gone through the
phase transition to the topological insulator equivalence class.
This indicates that there are no two-dimensional topological
insulators with compact WFs.
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FIG. 1. (Color online) Evolution of the extent of Wannier functions
under the adiabatic continuity algorithm for a trivial 1D supercon-
ductor (upper panel) and a non-trivial 1D topological superconduc-
tor (lower panel). In both cases, the most localized, compactly sup-
ported representatives of the respective phases are found. Plotted is
the real space probability density ⇢

x

(cf. Eq. (5)) on the horizontal x-
axis with logarithmic color code from 10

0 (yellow) to 10

�30 (blue),
and runtime increases on the vertical t-axis in units of ten iterative
steps. Initial Wannier functions obtain from the gauge constructed in
Eq. (20) in Sec. III B. Parameters are µ = 1.5, 2t = 2� = 1 and
µ = 0.3, 2t = 2� = 1 for left and right panels, respectively. The
home cell of both WFs is x = 101, with total length L = 200 for
both plots.

Outline. The remainder of this article is organized as fol-
lows. We define in Section II A the search for maximally lo-

calized WFs associated with a given model Hamiltonian as an
optimization problem subject to orthogonality and symmetry
constraints. In Section II B, we present an efficient algorithm
based on CS to numerically tackle this optimization prob-
lem. Numerical results for the 1D TSC are presented in Sec-
tion II C. An algorithm which is not limited to a fixed model
Hamiltonian but is designed for finding the most localized rep-
resentative of a topological equivalence class of Hamiltonians
is introduced in Section III A. Benchmark results demonstrat-
ing the power of this tool are presented in Section III B and
Section III C. Finally, we sum up our findings and give an out-
look to possible applications in Section IV.

II. COMPACT WANNIER FUNCTIONS FROM SPARSITY
OPTIMIZATION

A. Formulation of the optimization problem

The problem of calculating the electronic (fermionic) band
structure of a crystal within the independent particle approxi-
mation can be viewed as the quantum mechanical problem of a
single particle in a lattice-periodic potential. The spectrum of
its solution consists of energy bands parameterized by a lattice
momentum. Both eigenvalues and eigenfunctions are periodic
with the reciprocal lattice and can hence be constrained to a
representative unit cell of the reciprocal lattice called the first
Brillouin zone (BZ). The eigenfunctions are so called Bloch
states. For a given set of energy bands, WFs, i.e., localized
functions in real space that are orthogonal to their own lattice
translations (shift orthogonality) can be obtained by Fourier
transform of the Bloch states (cf. Eq. (2)). In 1D, this prob-
lem has been addressed with methods from complex analysis
by Kohn [12] showing that exponentially localized Wannier
functions always exist. In higher spatial dimensions, topolog-
ical obstructions can preclude the existence of exponentially
localized WFs [9], e.g., due to a non-vanishing Chern number
in 2D (cf. Eq. (3)).

The work by Kohn [12], as well as the majority of appli-
cations for band structure calculations [5], focus on periodic
problems in the spatial continuum. In practice, the continuous
problem is often times not approximated by a straightforward
discretization in real space but by deriving a so called tight
binding model. The relevant degrees of freedom of such a
model are then a finite number of orbitals per site of a discrete
lattice with the periodicity of the crystalline potential. Our
work is concerned with such lattice models within the inde-
pendent particle approximation from the outset.

Definitions. We consider a system with Hamiltonian H on a
hypercubic lattice with unit lattice constant and N = Ld sites
with periodic boundary conditions. Each lattice site hosts
m internal degrees of freedom (orbitals), n bands are occu-
pied. Our single particle wave functions are hence normalized
vectors in mN , a set of Wannier functions is represented by
a matrix  2 mN⇥n with shift-orthonormal columns, i.e.
 †T

j

 = �
j,0 for all j 2 Zd

L

, where T
j

performs a trans-
lation by the lattice vector j 2 Zd

L

. We denote the matrix
elements by  

⌫,j;↵, where ⌫ 2 {1, . . . , m}, j 2 Zd

L

, and

3

for this particular state of matter, this “sweet-spot” point has
been constructed analytically in Ref. [20], our search algo-
rithm is capable of discovering it numerically starting from a
generic model Hamiltonian represented by non-compact Wan-
nier functions, as illustrated in Fig. 1. For a topologically
trivial starting point, the algorithm converges towards a set
of atomic orbitals localized at a single lattice site – the most
localized representative of the trivial equivalence class. Fi-
nally, we give numerical evidence for the absence of com-
pactly supported Wannier functions for time reversal symme-
try (TRS) protected 2D topological insulators [21–24]: While
our adiabatic search algorithm again converges to the WFs of
an atomic insulator from a generic topologically trivial start-
ing point, it does not find a compactly supported representa-
tive as soon as the initial Hamiltonian has gone through the
phase transition to the topological insulator equivalence class.
This indicates that there are no two-dimensional topological
insulators with compact WFs.
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FIG. 1. (Color online) Evolution of the extent of Wannier functions
under the adiabatic continuity algorithm for a trivial 1D supercon-
ductor (upper panel) and a non-trivial 1D topological superconduc-
tor (lower panel). In both cases, the most localized, compactly sup-
ported representatives of the respective phases are found. Plotted is
the real space probability density ⇢

x

(cf. Eq. (5)) on the horizontal x-
axis with logarithmic color code from 10

0 (yellow) to 10

�30 (blue),
and runtime increases on the vertical t-axis in units of ten iterative
steps. Initial Wannier functions obtain from the gauge constructed in
Eq. (20) in Sec. III B. Parameters are µ = 1.5, 2t = 2� = 1 and
µ = 0.3, 2t = 2� = 1 for left and right panels, respectively. The
home cell of both WFs is x = 101, with total length L = 200 for
both plots.

Outline. The remainder of this article is organized as fol-
lows. We define in Section II A the search for maximally lo-

calized WFs associated with a given model Hamiltonian as an
optimization problem subject to orthogonality and symmetry
constraints. In Section II B, we present an efficient algorithm
based on CS to numerically tackle this optimization prob-
lem. Numerical results for the 1D TSC are presented in Sec-
tion II C. An algorithm which is not limited to a fixed model
Hamiltonian but is designed for finding the most localized rep-
resentative of a topological equivalence class of Hamiltonians
is introduced in Section III A. Benchmark results demonstrat-
ing the power of this tool are presented in Section III B and
Section III C. Finally, we sum up our findings and give an out-
look to possible applications in Section IV.

II. COMPACT WANNIER FUNCTIONS FROM SPARSITY
OPTIMIZATION

A. Formulation of the optimization problem

The problem of calculating the electronic (fermionic) band
structure of a crystal within the independent particle approxi-
mation can be viewed as the quantum mechanical problem of a
single particle in a lattice-periodic potential. The spectrum of
its solution consists of energy bands parameterized by a lattice
momentum. Both eigenvalues and eigenfunctions are periodic
with the reciprocal lattice and can hence be constrained to a
representative unit cell of the reciprocal lattice called the first
Brillouin zone (BZ). The eigenfunctions are so called Bloch
states. For a given set of energy bands, WFs, i.e., localized
functions in real space that are orthogonal to their own lattice
translations (shift orthogonality) can be obtained by Fourier
transform of the Bloch states (cf. Eq. (2)). In 1D, this prob-
lem has been addressed with methods from complex analysis
by Kohn [12] showing that exponentially localized Wannier
functions always exist. In higher spatial dimensions, topolog-
ical obstructions can preclude the existence of exponentially
localized WFs [9], e.g., due to a non-vanishing Chern number
in 2D (cf. Eq. (3)).

The work by Kohn [12], as well as the majority of appli-
cations for band structure calculations [5], focus on periodic
problems in the spatial continuum. In practice, the continuous
problem is often times not approximated by a straightforward
discretization in real space but by deriving a so called tight
binding model. The relevant degrees of freedom of such a
model are then a finite number of orbitals per site of a discrete
lattice with the periodicity of the crystalline potential. Our
work is concerned with such lattice models within the inde-
pendent particle approximation from the outset.

Definitions. We consider a system with Hamiltonian H on a
hypercubic lattice with unit lattice constant and N = Ld sites
with periodic boundary conditions. Each lattice site hosts
m internal degrees of freedom (orbitals), n bands are occu-
pied. Our single particle wave functions are hence normalized
vectors in mN , a set of Wannier functions is represented by
a matrix  2 mN⇥n with shift-orthonormal columns, i.e.
 †T

j

 = �
j,0 for all j 2 Zd

L

, where T
j

performs a trans-
lation by the lattice vector j 2 Zd

L

. We denote the matrix
elements by  

⌫,j;↵, where ⌫ 2 {1, . . . , m}, j 2 Zd

L

, and

- “Trivial” case: converge 
quickly to Wannier 
functions localized on a 
single site

- Topological case: 
converge to the 
known Kitaev 
case! 

But: for the QSH the algorithm does not converge -- any truncation breaks the 
symmetries at the “same order”.

- Conjecture: no “sweet spot” exists for the quantum spin Hall effect

We start with a random representatives of various topological classes and let 
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FIG. 4. (Color online) Logarithmic plot of the probability density ⇢ of an initial Wannier function for the model Hamiltonian (22) for the
topologically trivial mass parameter M = 2.5 (leftmost panel). The home cell of the WFs is (x, y) = (51, 51), the size of the lattice is
101⇥ 101. Adiabatically deformed WF after 100, 500, and 727 (rightmost panel) iterations iterations respectively with ⇠ =  = � = 50.

the most widely known applications [3] of having localized
Wannier functions available.

A. Diagnostic tool of topological states

The possibility to identify localized Wannier functions not
only for given model Hamiltonians, but also – if the energy
functional is set to zero along with ⇠ ! 0 – maximally local-
ized Wannier functions within entire topological equivalence
classes opens up another interesting application of our work:
That of a diagnostic tool: Whenever it converges to a com-
pactly supported Wannier function, it identifies a ”sweet spot”
characterizing the topological class of the initial Hamiltonian
itself rather than minimizing the energy of a certain model.
The flow towards the atomic insulator and the topological
flat band (Kitaev) superconductor, starting from generic states
within the same topological phase provide striking examples
of this. But the parameter ⇠ > 0 can be freely chosen, re-
flecting the l1-regularization in terms of compressed sensing.
In condensed matter terms, this parameter allows for a precise
trade-off between locality and energy. This freedom gives rise
to a useful “knob” to tune, and for applications in the context
of e.g., ab initio band structure calculations, a finite ⇠ is more
appropriate.

B. Applications in devising tensor network methods

Thinking further about our algorithm as a flow in the renor-
malization group sense is also likely to be fruitful also in
the context of interacting as well as disordered systems. In
fact our protocol bears some (non-accidental) resemblance
with tensor network algorithms (quantum state renormaliza-
tion methods) such as DMRG and TEBD in one dimension
and PEPS and MERA more generally [35–37]. More specif-
ically, it seems that in order to simulate weakly interacting
(and/or disordered) fermionic lattice models, the efficiently
localized Wannier functions which are still orthogonal appear
to be a very suitable starting point for devising variational sets
of states, as real space operators remain short ranged (and
close to diagonal) when projected to the pertinent electronic
band. Most saliently, tensor network approaches augmented

with an initial preferred basis selection based on our algo-
rithm appear particularly promising in two-dimensional ap-
proaches, where having a low bond dimension in PEPS ap-
proaches is critical for the highly costly (approximate) tensor
network contraction. More specifically, two approaches seem
interesting: In a first, one takes a weakly interacting model
and re-expresses the non-interacting part in the Wannier basis
found by the algorithm. If the Wannier functions are exactly
localized, then the new Hamiltonian will still be local. This
can then serve as an ansatz for a tensor network approach in-
cluding interactions. In a second, one starts from a general-
ized mean field approach for the interacting model, generates
Wannier functions and then applies a variational tensor net-
work method.

C. Symmetry breaking by truncation of exponential tails

Finally, a fundamental question arises due to the apparent
lack of strictly localized Wannier functions for the quantum
spin Hall phase, namely that of the importance of exponen-
tially decaying tails. We have found that any truncation of
the tail of the Wannier functions inevitably leads to the break-
ing of time-reversal symmetry at a corresponding rate. In fact,
cutting exponential tails seems continuous, but the QSH phase
can be left continuously by breaking TRS. Despite being a
conceptual problem it is not a practical one. In any solid-state
realization of a QSH insulator, there will be weak TRS break-
ing terms, yet the physical response can – at least in princi-
ple – be experimentally indistinguishable from that of a truly
TRS invariant system. In this sense, even though the Wan-
nier functions with strictly compact support and formally do
not represent a QSH phase, they may still be used for practical
purposes. Our new algorithm provides a tool to systematically
assess these questions. Yet these are merely a few of many in-
triguing directions, and we anticipate that our findings will
inspire future research in diverse branches of physics, as well
as in applied mathematics.
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Topological Flat Band Models and 
Fractional Chern Insulators
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Theory: interactions lead to “fractional Chern insulators” (FCIs)
- Qualitatively new challenges and possibilities arise due to the interplay 
between (band) topology, interactions and the lattice.

Review: Topological Flat Band Models and Fractional Chern Insulators
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An intriguing possibility is that topological flat bands can harbor correlated states with no analogue in contin-
uum Landau levels. Here, we establish a series number of fractional bulk insulating states in bands with higher
Chern number. For fermions we find stable states at ⌫ = 1/(2N+1) and bosonic states at ⌫ = 1/(N+1) in flat
Chen bands with C = N . We find that these states are qualitatively different from quantum Hall multilayers.
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Introduction.— The recent discovery of nearly flat bands
with unit Chern number, C = 1, in itinerant lattice systems
[1–3] has spurred plenty of theoretical excitement [4–19] as
these bands may harbor lattice analogues of fractional quan-
tum Hall states that do not require an external magnetic field
and may potentially persist at very high temperatures.

While flat C = 1 are very similar to continuum Landau
levels, lattice models can harbor bands with higher Chern
number, which as such may host qualitatively new phases
of matter with no analogue in the continuum. Building on
ideas on how to create flat bands with C = 2 [21, 22] two
groups have very recently shown that flat bands with arbitrary
higher Chern number can in fact be systematically created in
multi-layer systems [23, 24]. In this work we study the cru-
cial effect of interactions in original proposal which found flat
C = N bands forming in a tight-binging model describing
spin-orbit coupled particles on quasi-two-dimensional slabs
of pyrochlore including N parallel kagome layers and N � 1
intermediate triangular layers [23]. Intriguingly, there are sev-
eral pyrochlore based material where the conducting electrons
are strongly spin-orbit coupled [25–29].

We acknowledge useful discussions with .... . EJB is sup-
ported by the Alexander von Humboldt foundation.
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Something qualitatively 
new: Flat C>1 bands

1 + 1 ! 2 + 0?

We ask: Is it possible to make N 
C=1 bands hybridize so that one 
band absorbs all the topology (C=N) 
while the others become trivial 
(C=0)? 

We implement our idea on pyrochlore 
slabs inspired by pyrochlore based spin-
orbit coupled materials, e.g. iridates.

Flat bands with higher Chern number
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A large number of recent work points to the emergence of intriguing analogues of fractional quantum Hall
states in lattice models due to effective interactions in nearly flat bands with Chern number C = 1. Here,
we provide an intuitive and efficient construction of almost dispersionless bands with higher Chern numbers.
Inspired by the physics of quantum Hall multilayers and pyrochlore based transition metal oxides, we study a
tight-binding model describing spin-orbit coupled electrons in N parallel kagome layers connected by apical
sites forming N � 1 intermediate triangular layers (as in the pyrochlore lattice). For each N , we find finite
regions in parameter space giving a virtually flat band with C = N . We analytically express the states within
these topological bands in terms of single layer states and thereby explicitly demonstrate that the C = N wave
functions have an appealing structure in which layer index and translations in reciprocal space are intricately
entangled. This provides a promising arena for new collective states of matter.
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Introduction.— Topological insulators, predicted theoreti-
cally [1] a few years ago and subsequently experimentally
observed [2], have attracted enormous amounts of interest.
As these systems can be usually be understood in a single-
particle picture, an intriguing question is if interactions can
lead to qualitative new phenomena. Evidence that this is in-
deed the case has been accumulating during the past year. In
a key step it was shown that e.g. an appropriate combination
of ferromagnetism and spin-orbit coupling can lead to nearly
flat bands with unit Chern number, C = 1, in itinerant lattice
systems [3–5]. Given the flat bands, these systems are likely
to host interesting strongly correlated states and, at least in
theory, this opens up a number of intriguing perspectives in-
cluding high-temperature fractional quantum Hall states [3].
Indeed, numerical exact diagonalization studies convincingly
show the existence of such states [6–12]. While the list of flat
band models with C = 1 is still growing [13–17], and a better
understanding of the relation between these bands and Landau
levels [9, 12, 18–21] is developing, bands with higher Chern
number could host qualitatively new phases of matter [22] as
they have no direct analogue in the continuum [23]. In this
context, two very recent papers made interesting progress by
introducing models harboring relatively flat bands with C = 2

[24, 25].
At the same time there is a tremendous experimental de-

velopment and theoretical interest in the physics of transition
metal oxides, especially the iridates, where the effect of spin-
orbit coupling is profound [26, 27]. Among these materials
there are examples such as A2Ir2O7 (A is a rare earth element)
where the relevant effective low-energy degrees of freedom
are conducting 5d electrons on the Ir4+ ions that live on the
geometrically frustrated pyrochlore lattice formed by corner-
sharing tetrahedra [28–31]. Interestingly, an anomalous Hall
effect has been observed in the metallic pyrochlore [32].

Here, we connect these research directions and consider a
tight-binding model describing spin-orbit coupled electrons

t1, �1

t2, �2

t?

Flat bands with higher Chern number
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A large number of recent work points to the emergence of exotic correlated states in lattice models due to
effective interactions in nearly flat bands with Chern number C = 1. Here, we provide an intuitive and efficient
construction of almost dispersionless bands with higher Chern numbers. Inspired by the physics of quantum
Hall bilayers and pyrochlore based transition metal oxides, we study a tight-binding model describing (Rashba)
spin-orbit coupled electrons in n parallel kagome layers connected by apical sites forming n � 1 intermediate
triangular layers. For n = 1, 2, 3 there are sizable regions in parameter space giving nearly flat bands with
C = n, and we conjecture that this will be true also for n > 3.
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Figure 1. (Color online) The kagome bilayer (a) and trilayer (b).

Introduction.— Topological insulators, predicted theoreti-
cally [1] a few years ago and subsequently experimentally ob-
served [2], have attracted enormous amounts of interest. As
these systems can be usually be understood in a single-particle
picture a most pressing question is if there are system in which
interactions lead to qualitative new phenomena. Evidence that
this is indeed the case has been accumulating during the past
year. As an initial step in this direction it was shown that
an appropriate combination of ferromagnetism and spin-orbit
coupling can lead to nearly flat bands with non-zero Chern
number in various itinerant lattice systems [3–5]. These sys-
tems are likely to host interesting strongly correlated states
and, at least in theory, open up a number of intriguing per-
spectives including high-temperature FQH states [3]. While
the list of flat band models with non-trivial topology is grow-
ing rapidly [15], and a better understanding of the relation
between flat band models in lattices and Landau levels [9–
11, 14] is developing, the actual existence of exotic correlated
states hinges crucially on the nature of the effective interac-
tions within a partially occupied band. The interacting prob-
lem in topological flat bands is in principle quite different to
that in a continuum Landau level and is as such subject to in-
tense research efforts. Notably, it has been established that a
strongly correlated incompressible state occurs at electronic
band filling ⌫ = 1/3 through numerical exact diagonalization
studies of small systems [6, 7]. Even more recently, it has
been demonstrated that non-abelian FQH states can in prin-
ciple be stabilized as ground states of local multi-body inter-
actions [11–13]. A common feature of all these states is that
they, in the continuum, appear as exact maximal density zero
modes of local, so-called pseudo-potential interactions [? ].
Analogously, the interactions leading to the correlated lattice
states found so-far closely mimic their respective pseudo po-
tentials being repulsive nearest neighbor interactions.

Setup.—

Figure 2. (Color online) The Berry curvature in the C = 2 band is
shown in (c).

Interactions.—
Discussion.— In this work, we have...
We acknowledge useful discussions with.... EJB is sup-

ported by the Alexander von Humboldt foundation.
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Introduction.— Topological insulators, predicted theoreti-
cally [1] a few years ago and subsequently experimentally ob-
served [2], have attracted enormous amounts of interest. As
these systems can be usually be understood in a single-particle
picture a most pressing question is if there are system in which
interactions lead to qualitative new phenomena. Evidence that
this is indeed the case has been accumulating during the past
year. As an initial step in this direction it was shown that
an appropriate combination of ferromagnetism and spin-orbit
coupling can lead to nearly flat bands with non-zero Chern
number in various itinerant lattice systems [3–5]. These sys-
tems are likely to host interesting strongly correlated states
and, at least in theory, open up a number of intriguing per-
spectives including high-temperature FQH states [3]. While
the list of flat band models with non-trivial topology is grow-
ing rapidly [15], and a better understanding of the relation
between flat band models in lattices and Landau levels [9–
11, 14] is developing, the actual existence of exotic correlated
states hinges crucially on the nature of the effective interac-
tions within a partially occupied band. The interacting prob-
lem in topological flat bands is in principle quite different to
that in a continuum Landau level and is as such subject to in-
tense research efforts. Notably, it has been established that a
strongly correlated incompressible state occurs at electronic
band filling ⌫ = 1/3 through numerical exact diagonalization
studies of small systems [6, 7]. Even more recently, it has
been demonstrated that non-abelian FQH states can in prin-
ciple be stabilized as ground states of local multi-body inter-
actions [11–13]. A common feature of all these states is that
they, in the continuum, appear as exact maximal density zero
modes of local, so-called pseudo-potential interactions [? ].
Analogously, the interactions leading to the correlated lattice
states found so-far closely mimic their respective pseudo po-
tentials being repulsive nearest neighbor interactions.

Setup.—

Figure 2. (Color online) The Berry curvature in the C = 2 band is
shown in (c).

Interactions.—
Discussion.— In this work, we have...
We acknowledge useful discussions with.... EJB is sup-

ported by the Alexander von Humboldt foundation.
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A large number of recent work points to the emergence of exotic correlated states in lattice models due to
effective interactions in nearly flat bands with Chern number C = 1. Here, we provide an intuitive and efficient
construction of almost dispersionless bands with higher Chern numbers. Inspired by the physics of quantum
Hall bilayers and pyrochlore based transition metal oxides, we study a tight-binding model describing (Rashba)
spin-orbit coupled electrons in n parallel kagome layers connected by apical sites forming n � 1 intermediate
triangular layers. For n = 1, 2, 3 there are sizable regions in parameter space giving nearly flat bands with
C = n, and we conjecture that this will be true also for n > 3.
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Introduction.— Topological insulators, predicted theoreti-
cally [1] a few years ago and subsequently experimentally ob-
served [2], have attracted enormous amounts of interest. As
these systems can be usually be understood in a single-particle
picture a most pressing question is if there are system in which
interactions lead to qualitative new phenomena. Evidence that
this is indeed the case has been accumulating during the past
year. As an initial step in this direction it was shown that
an appropriate combination of ferromagnetism and spin-orbit
coupling can lead to nearly flat bands with non-zero Chern
number in various itinerant lattice systems [3–5]. These sys-
tems are likely to host interesting strongly correlated states
and, at least in theory, open up a number of intriguing per-
spectives including high-temperature FQH states [3]. While
the list of flat band models with non-trivial topology is grow-
ing rapidly [15], and a better understanding of the relation
between flat band models in lattices and Landau levels [9–
11, 14] is developing, the actual existence of exotic correlated
states hinges crucially on the nature of the effective interac-
tions within a partially occupied band. The interacting prob-
lem in topological flat bands is in principle quite different to
that in a continuum Landau level and is as such subject to in-
tense research efforts. Notably, it has been established that a
strongly correlated incompressible state occurs at electronic
band filling ⌫ = 1/3 through numerical exact diagonalization
studies of small systems [6, 7]. Even more recently, it has
been demonstrated that non-abelian FQH states can in prin-
ciple be stabilized as ground states of local multi-body inter-
actions [11–13]. A common feature of all these states is that
they, in the continuum, appear as exact maximal density zero
modes of local, so-called pseudo-potential interactions [? ].
Analogously, the interactions leading to the correlated lattice
states found so-far closely mimic their respective pseudo po-
tentials being repulsive nearest neighbor interactions.

Setup.—

Figure 1. (Color online) The kagome bilayer (a) (b) and trilayer (c)
and (d) .

Figure 2. (Color online) The Berry curvature in the C = 2 band is
shown in (c).
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Figure 1. (Color online) The kagome bilayer (a) and trilayer (b).
The layers are colored differently for clarity and the considered hop-
ping processes are indicated by arrows in (a). A 2D projection of the
trilayer is shown in (c) and illustrates the general structure of the py-
rochlore lattice: the projection has a three-fold periodicity (kagome
layer m + 3n has the same projection as layer m).

on a quasi-two-dimensional slab of pyrochlore including N
parallel kagome layers and N � 1 intermediate triangular lay-
ers (Fig. 1). Our main result is that this model accommodates
virtually flat bands carrying Chern number C = N , that are
well-separated from all other bands, even for relatively large
N ⇠ 10 (cf. Fig. 2), and as such, provides an intriguing new
platform for yet unexplored phases of matter.

Setup.— Our starting point is the following highly ideal-
ized model describing Rashba spin-orbit coupled electrons
on pyrochlore slabs including N kagome layers, Km, m =

1, . . . , N :

H =

X

i,j,�

tijc
†
i�cj� +i

X

i,j,↵,�

�ij(Eij ⇥ Rij)·�↵�c†
i↵cj� , (1)

t1,�1

t2,�2

t?

- Multilayer systems
- Geometrical frustration

Our answer: yes, using 

Note: no interlayer tunneling give N degenerate C=1 bands -- this is 
not what we look for.

M. Trescher and E.J. Bergholtz,
Phys. Rev. B 86, 241111(R) (2012)



Results: 2d bulk dispersion

For N kagome layers we find a flat band with C=N!

M. Trescher and E.J. Bergholtz,
Phys. Rev. B 86, 241111(R) (2012)
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1d edge states: revealed in cylinder geometry
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Can qualitatively new FCI phases form 
within C>1 bands?

C = 2, ⌫b = 1/3 :

7

Figure 8. (Color online) (a) The PES for the ⌫ = 1/5, C = 4 bosonic FCI state in four-layer kagome system with Nb = 7, N1 = 7 and
N2 = 5 (2345 states below the gap). (b) The PES for the ⌫ = 1/4, C = 3 bosonic FCI state in three-layer kagome system with Nb = 7,
N1 = 4 and N2 = 7 (1 428 states below the gap). �1 = 0.9.

Evidence for the ⌫ = 1/3, C = 2 bosonic FCI states in bilayer kagome system

Bosonic ⌫ = 1/3 FCI states were very recently discovered in C = 2 band in a triangular lattice model [24]. We also observed
such states in our C = 2 bilayer kagome system model. The ground state degeneracy and spectral flow are shown in Fig. 9.

Figure 9. (Color online) Results for the ⌫ = 1/3, C = 2 bosonic FCI states in bilayer kagome system (�1 = 1) (a) The low-lying energy
spectrum for Nb = 4(N1 = 3, N2 = 4), Nb = 6(N1 = 3, N2 = 6) and Nb = 8(N1 = 4, N2 = 6). (b) The x-direction spectral flow for
Nb = 4(N1 = 3, N2 = 4).

Spectral flow, quasihole excitations and entanglement spectrum for ⌫ = 1/7, C = 3 fermionic FCI states with weakened interaction

To further confirm that the ground states are FCI states, we calculate the spectral flow, quasihole excitations and PES for
⌫ = 1/7 ground states with weakened interaction in the mid-layer. We consider an extreme case in which the interaction in the
mid-layer is completely eliminated (↵ = 1). In Fig. 10, one can find that the spectral flow, quasihole excitation spectra and PES
are qualitatively the same as those for ↵ = 0.

Data of the PES counting for various filling factors and system sizes

The particle entanglement spectrum (PES) is usually considered as a valuable tool to probe the excitation structure of the
system and rule out competing states [5]. For a system possessing a d-fold (quasi-)degenerate state {| ii}di=1, we define the
mixed density matrix of the system as ⇢ =

1
d

Pd
i=1 | iih i|. Then we cut the total particles into two parts A and B with NA

and NB particles, respectively. The reduced density matrix of part A can be obtained by tracing out the particles belonging to
part B, namely ⇢A = TrB⇢. We can label each eigenvalue of ⇢A as e�⇠, where ⇠ is just the PES level. As shown in some

⌫b = 1/(C + 1)Yes, we find convincing evidence for a series of  bosonic FCI states at

Z. Liu, E.J. Bergholtz, H. Fan, A. M. Läuchli 
Phys. Rev. Lett. 109, 186805 (2012)  

Different from standard multi-layer systems...

⌫f = 1/(2C + 1)Fermionic states at (likely absent at higher filling fractions!)

Strong evidence also for C>1 generalizations of 
non-Abelian FQH states found in this model!

E.J. Bergholtz, Z. Liu, M. 
Trescher, R. Moessner, and M. 
Udagawa, arXiv:1408.3669

A. Sterdyniak, C. Repellin, 
B.A. Bernevig, and N. 
Regnault, Phys. Rev. B 
87, 205137 (2013)



Can we analytically understand the C=N states?

15

Flat bands are easy to find in geometrically frustrated lattice models

H = t1
X

hi,ji

c†i cj

- Example: nearest neighbor hopping on a kagome lattice
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and let |ii, i = 1, . . . , n label the states in the unit cell. In reciprocal space, the single-
particle Hamiltonian (1) is represented by a Hermitian n⇥ n matrix, Hk, which is
diagonalized, Hk| s(k)i = Es(k)| s(k)i, by the states | s(k)i =

P
i a

s
i (k)|ii. The

eigenvalues Es(k), s = 1, . . . , n,k 2 BZ, constitute the band structure of the model.
To characterize the topological properties of a band it is useful to calculate the Chern
number, C = 1

2⇡

R
BZ F

s
12(k)d

2k, which is an integer valued quantity defined for an
isolated band described by the wave functions | s(k)i, via the Berry curvature,
F s
ij(k) = @kiA

s
j(k) � @kjA

s
i (k), which in turn is defined in terms of the Berry

connection As
j(k) = �ih s(k)|@kj | s(k)i. Physically, the Chern number counts the

number of current carrying chiral edge states, and as such gives the quantized Hall
conductivity of a filled band7, �H = C e2

h (and although counterexamples exist8,9,10,

it typically gives �H = C⌫ e2

h for an incompressible state at fractional band filling,
⌫).

Topologically non-trivial bands, with C 6= 0, can appear when the hopping
parameters, tij , are allowed to assume complex values which naturally arises in a
number of systems including spin-orbit coupled materials and systems with e↵ective
gauge fields.

To make the discussion concreted we will now focus on a three band model
describing Rashba spin-orbit coupled particlesa on the kagome lattice2.

Hk = t1

0

@
0 1 + eik1 1 + eik2

1 + e�ik1 0 1 + e�ik3

1 + e�ik2 1 + eik3 0

1

A

+ i�1

0

@
0 1 + eik1 �(1 + eik2)

�(1 + e�ik1) 0 1 + e�ik3

1 + e�ik2 �(1 + eik3) 0

1

A (2)

3. Interactions in C = 1 models and the FQH analogy

3.1. Numerically observed states

... A heuristic explaining the occurrence of these states was developed by Läuchli
et. al.25.

aThe e↵ective model only includes spin-polarized particles as can be achieved by a ferromagnetic
substrates or by applying a weak Zeeman field.

Bloch Hamiltonian:

Ek/t1

 “Graphene + a flat band”
Localized modes 
explain the flat band

(but these are 
topologically trivial, 
and not Wannier 
functions!)

Provides the connection we want -- and qualitatively 
new physics on the way!

Brief detour: localized modes on frustrated lattices



Surface states
Despite the non-locality of the Wannier functions, geometrical frustration provides 
an avenue to novel surface states

16

E.J. Bergholtz, Z. Liu, M. 
Trescher, R. Moessner, and 
M. Udagawa,               
arXiv:1408.3669

M. Trescher and E.J. Bergholtz,
Phys. Rev. B 86, 241111(R) (2012)

When each kagome layer is a Chern insulator, these are precisely the states with 
Chern number C=N !

- Simple way of generating (flat) bands with any Chern number

r(k) = � �i
1(k) + �i

2(k) + �i
3(k)

e�ik2�i
1(k) + ei(k1�k2)�i

2(k) + �i
3(k)

2
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Figure 2. Weakly coupled Chern insulators vs. Weyl semi-metals.
As t? is increased there is a transition from a weakly-coupled regime
to a distinct phase where Weyl nodes occur on the line connecting �

and M . In the top left panel we show the phase diagram in the case
of nearest neighbor hopping only (we set t1 = �1 throughout) [36].
The other panels show example band structures with fixed �1 = 0.5
and varying t? = 1, 2, 3 for a slab with N = 300 kagome layers
along the crucial � � K � M � � path through the projected 2D
Brillouin zone (BZ) (cf. top right inset). Note that, remarkably, the
band highlighted in orange corresponding to the surface states (2), is
independent of t?.

ever, in thin slabs we find a plethora of possible fractionalized
phases, some of which were discovered earlier [33, 34] with
the implicit assumption of sub-critical inter-layer tunneling.
Most prominently, we provide evidence for a first non-Abelian
fermionic fractional Chern insulator (FCI) in a C > 1 band,
namely a C = 2 generalization of the Moore-Read quantum
Hall phase [35]. Our work thus gives a unifying and fresh
perspective on the intriguing combination of fractionalization
and topological surface localization impossible in strictly two-
dimensional systems.

Setup.— Our tight binding model on N kagome layers, Km,
alternating with N �1 triangular layers, Tm [30] (Fig. 1), con-
siders spinless, spin-orbit coupled, fermions with interlayer
hopping amplitude t? and kagome layer (next) nearest hop-
ping amplitudes t1 ± i�1 (t2 ± i�2), where the �(+) sign ap-
plies for (anti-)clockwise hopping w.r.t. the hexagon on which
it takes place. Time-reversal symmetry is absent, e.g. due to
an orbital field or spontaneous ferromagnetism.

Band structure and surface wave functions.— Indepen-
dently of the form of the Bloch states of a single kagome layer,
three bands of the N -layer system are exactly described by

| i
(k)i = N (k)

NX

m=1

⇣
r(k)

⌘m
|�i(k)im , (1)

where |�i(k)im, i = 1, 2, 3 are the single layer Bloch
states localized to Km and N (k) ensures proper normal-
ization. The coefficients r(k) are determined by demand-
ing that the amplitudes for hopping to the triangular lay-
ers vanish by interfering destructively (Fig. 1): r(k) =

� �i
1(k)+�i

2(k)+�i
3(k)

e�ik2�i
1(k)+ei(k1�k2)�i

2(k)+�i
3(k)

, where �in(k), n  3, are
the components of the Bloch spinor for the pertinent state

Figure 3. Surface state structure and Fermi arcs. The color scale
indicates the inverse penetration depth, ⇠�1

(k) = log(|r(k)|) of
the surface states throughout the 2D BZ for the same parameters,
t1 = �1,�1 = 0.5, used in Fig. 2. The black lines illustrate Fermi
arcs for a chemical potential set at the Weyl node for a few t?-values.
When ⇠�1

(k) changes sign, the localization changes between top
(red) to bottom (blue) surfaces, hence splitting the Fermi "circle"
into six spatially disjoint arcs.

|�i(k)i in a single kagome-layer, and k1,2 = k · a1,2. While
�in(k), n  3, can be analytically obtained by diagonalizing
3⇥ 3 Hermitian matrices, the full Bloch spinor is fully known
via  i

4m(k) = 0,  i
n+4(m�1)(k) = N (k)

�
r(k)

�m
�in(k) for

all k, n, m, with E(k) of the states (1) equal to those of the
single layer case.

Let us emphasize that, firstly, the states on the slab are ex-
ponentially localized to either the top or bottom layers, except
in high symmetry cases where |r(k)| = 1. And secondly,
if periodic boundary conditions are applied also in the [111]-
direction, there are no generic eigenstates of the form (1), un-
derscoring their surface nature.

In the following, we consider the case of single layer
kagome bands carrying non-zero Chern number [37, 38], say
C = 1. Then, the multilayer state (1) has Chern number N :

| C=N
(k)i = N (k)

NX

m=1

⇣
r(k)

⌘m
|�C=1

(k)im (2)

where |�C=1
(k)im is the state localized to Km. The states (2)

play a prominent role in this work, and their corresponding
energies are highlighted in bold orange throughout this work
(not shown are the two related states with C = 0, �N ).

Fig. 2 illustrates the finite t? transition between weakly
coupled Chern insulators and the Weyl semi-metal regime
with linear band touching points described by

HWeyl =

X

i

vi�iki + E0(k)I , (3)

where �i are Pauli matrices and I is the identity matrix. Pre-
cisely at the transition, the valence and conduction bands ex-
hibit a two-fold degenerate touching at the M -points, which
split into three pairs of (non-degenerate) Weyl cones that
travel towards the �-point where they meet as t? ! 1. Re-
markably, the states (2) are entirely independent of the value

Crucial insight: surface bands localized to the kagome layers only if the total 
hopping amplitude to the triangular layer vanish.

- Local constraint, destructive interference
- Unique solution, independent of details!
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tuning from Weyl semi-metal to C > 1 fractional Chern insulators
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We show that, quite generically, a [111] slab of spin-orbit coupled pyrochlore lattice exhibits surface states
whose constant energy curves take the shape of Fermi arcs, localized to different surfaces depending on their
quasi-momentum. Remarkably, these persist independently of the existence of Weyl points in the bulk. Consid-
ering interacting electrons in slabs of finite thickness, we find a plethora of known fractional Chern insulating
phases, to which we add the discovery of a new higher Chern number state which is likely a generalization of
the Moore-Read fermionic fractional quantum Hall state. By contrast, in the three-dimensional limit, we argue
for the absence of gapped states of the flat surface band due to a topologically protected coupling of the surface
to gapless states in the bulk. We comment on generalizations as well as experimental perspectives in thin slabs
of pyrochlore iridates.

PACS numbers: 73.43.Cd, 71.10.Fd, 73.21.Ac

Introduction.— The prediction [1–5] and subsequent ex-
perimental observation [6, 7] of topological insulators has
fundamentally revolutionized the understanding of electronic
states of matter during the past decade [8–10]. New fron-
tiers in this field include gapless topological phases such as
three-dimensional Weyl semi-metals [11–15] exhibiting ex-
otic Fermi arc surface states [13, 15–17], interaction effects
on the gapless surface of topological insulators [18–22], and
strongly correlated phases akin to fractional quantum Hall
states in two-dimensional (2D) lattices (see Refs. [23, 24]
and references therein). Drawing additional inspiration from
the rapid development of growth techniques in fabricating
high quality slabs/films/interfaces of oxide materials [25], this
work provides intriguing connections between these seem-
ingly disparate frontiers.

The materials pursuit for Weyl semi-metals and its rel-
atives is rapidly broadening [26–29], with spin-orbit cou-
pled pyrochlore iridates, such as Y2Ir2O7 [13, 30–32] being
particularly promising compounds—as these are favourably
grown/cleaved in the [111] direction, and given their pre-
dicted rich variety of strongly correlated phases [33, 34], we
here study the surface bands of pyrochlore [111] slabs, where
the system can be seen as a layered structure of alternating
kagome and triangular layers [30] (Fig. 1).

Our work uncovers an intriguing dichotomy between bulk
and surface states which allows us to establish connec-
tions between apparently disparate topological phenomena.
While the bulk band structure changes drastically as a func-
tion of the inter-layer tunneling strength t?—including the
(dis)appearance of the Weyl semi-metal—the surface states,
which involve only the kagome layers, remain unchanged on
account of their essentially geometrical origin. Most saliently,
in the two distinct regimes of N weakly coupled kagome lay-
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Figure 1. The pyrochlore slab. The left panel shows the [111] py-
rochlore slab with N = 4 kagome layers (blue) separated by (yel-
low) sites of N � 1 = 3 triangular layers. A practical labeling of the
4N � 1 = 15 sites in the unit cell and the basis vectors, a1,a2, of
the Bravais lattice are also indicated. The top right panel indicates the
considered nearest neighbor processes. The lower right panel shows
the local environment of a triangular (yellow) site for which the lo-
cal constraint of destructive interference directly leads to the surface
states (1) at the heart of this work.

ers, each with unit Chern number, at small t?, and the gen-
uinely three-dimensional Weyl semi-metal at large t?, identi-
cal surface states carrying Chern number C = N are localized
at opposite surfaces depending on their momentum. Constant
energy contours in reciprocal space are Fermi arcs, which thus
exist also in absence of Weyl nodes in the bulk!

Upon adding interactions to a partially filled surface band—
even when these are made very flat by tuning hopping
parameters—we argue that interactions do not open a gap
for thick slabs, due to a leakage into the bulk along "soft"
lines related to projections of remnant Weyl nodes. How-

components of the single layer Bloch spinor

- Unique solution, independent of details!

|r(k)|
- Inherits the dispersion of the single layer model
- Localized to top or bottom layer, depending on 
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Upper panel: N=100 and t_2=-0.3, -0.1, 0.1, 0.3 (left to right)

t_1=-1, t_p=2, lambda_1=0.3, lambda_2=0.2

Lower panel: t_2=0.3 and N=30, 10, 5, 3 (left to right)
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Figure 4. From Weyl nodes to flat surface bands. For t1 = �1,�1 = 0.3,�2 = 0.2, t? = 2.0, we plot the energy dispersion for various N
and t2 on the path ��K �M � � through the BZ. In the upper panel we set the number of kagome layers to N = 100 while varying t2 to
illustrate bulk behavior. For t2 = �0.3 (leftmost) there is a clear Weyl node on the line connecting M and �. For t2 = �0.1, 0.1 the node is
skewed and at t2 = 0.3 it is essentially flat in one direction (rightmost plot). Notably, in this case there is one band (bold orange) that remains
at almost fixed energy throughout the entire BZ. In the lower panel we fix t2 = 0.3 and reduce the number of layers, N = 30, 10, 5, 3, from
left to right. A sizable finite size gap quickly opens throughout the entire BZ, while the band marked orange remains very flat. In each case
band highlighted in bold orange is that of (2), carrying Chern number N .

ing points described by

HWeyl =

X

i

vi�iki + E0(k)I , (3)

where �i are Pauli and I is the identity matrix. Precisely at the
transition, the valence and conduction bands exhibit two-fold
degenerate touching at the M -points, which split into three
pairs of (non-degenerate) Weyl cones that travel towards the
�-point where they meet as t? ! 1. Remarkably, the states
(2) are entirely independent of the value of t?; in each case
they describe states localized to the surfaces perpendicular
to the [111] cleavage/cut/growth direction, while at the same
time their interpretation funamentally changes. Note also that
the dispersion of the states (2) always traverse the Weyl point.

At fixed chemical potential, which may be fixed at the Weyl
node due to stoichiometric considerations, the states (2) pre-
cisely describe Fermi arcs. In Fig. 3 we illustrate the mo-
mentum dependence of the surface localization of the states
(2). Most saliently, we find that the penetration depth diverges
along the lines connecting � and M . Crossing these lines,
the localization changes between the bottom and top surfaces,
which is the hallmark behavior of Fermi arcs. More specifi-
cally, a typical Fermi "circle" splits into six Fermi arcs which
switch between top and bottom surface six times, whenever
the Fermi circle crosses a �-M -line (cf. Fig. 3).

In Fig. 4 we go on to show how the state (2) can smoothly
be transformed into a band which is essentially dispersionless,
yet being tightly attached to bulk bands. It important to note
that also the latter regime is described by a Weyl Hamiltonian
(3) with a suitable choice of E0(k); the essential point is that
the topology is unchanged as long as the band touching is lin-
ear (vi 6= 0, i = 1, 2, 3), no matter how skewed the Weyl point

is due to the overall constant dispersion E0(k). In fact, the
Weyl nodes carry a quantized Chern flux and can as such only
be annihilated by merging with an opposite chirality partner
[15]. Furthermore, considering a quasi-two-dimensional slab,
one finds that there is a fairly sizable region in which the band-
width is (much) smaller than the band gap, although to obtain
very flat surface bands we need to include also next-nearest
neighbor hopping (as done in Fig. 4).

Thus, one can consider the flat bands of Refs. [26, 31, 32]
vestiges of Weyl semi-metal surface bands. While t? con-
sidered in those works is slightly below the Weyl semi-metal
regime, our exact solution (2) reveals that this distinction is
in fact immaterial in thin slabs as long as only the topological
band is concerned, see below.

Projected interactions in the flat band limit.– We now add
interactions to a partially filled surface band with C = N ;
for Weyl semi-metals with the chemical potential pinned to
the Weyl node in the bulk by stoichiometry, this may well be
relevant to the low-energy physics of quasi-2d slabs.

The matrix elements of any local interaction (provided it is
uniform throughout the lattice and does not couple different
kagome layers) follows from (2); for a two-body interaction,

V C=N
k1k2k3k4

=V C=1
k1k2k3k4

⇣ |r(k1)|2 � 1

|r(k1)|2N� 1

· · · |r(k4)|2 � 1

|r(k4)|2N� 1

⌘1
2

⇥ (r⇤
(k1)r

⇤
(k2)r(k3)r(k4))

N � 1

r⇤
(k1)r⇤

(k2)r(k3)r(k4) � 1

(4)

where the band projected interaction Hamiltonian in general
can be written as

Hint =

X

k1k2k3k4

V C=N
k1k2k3k4

c†
k1

c†
k2

ck3ck4 , (5)

- Nb. this holds in each case, also when the touching cone is nearly flat!

E.J. Bergholtz, Z. Liu, M. 
Trescher, R. Moessner, 
and M. Udagawa,      
arXiv:1408.3669

Another look at the 
bulk spectrum...



Works generically

Phase diagram (more complicated 
for very strong spin-orbit coupling)
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The topology is manifested through exotic surface states, “Fermi arcs”

Topological gapless phase in three dimensions
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Upper panel: N=100 and t_2=-0.3, -0.1, 0.1, 0.3 (left to right)

t_1=-1, t_p=2, lambda_1=0.3, lambda_2=0.2

Lower panel: t_2=0.3 and N=30, 10, 5, 3 (left to right)
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Figure 4. From Weyl nodes to flat surface bands. For t1 = �1,�1 = 0.3,�2 = 0.2, t? = 2.0, we plot the energy dispersion for various N
and t2 on the path ��K �M � � through the BZ. In the upper panel we set the number of kagome layers to N = 100 while varying t2 to
illustrate bulk behavior. For t2 = �0.3 (leftmost) there is a clear Weyl node on the line connecting M and �. For t2 = �0.1, 0.1 the node is
skewed and at t2 = 0.3 it is essentially flat in one direction (rightmost plot). Notably, in this case there is one band (bold orange) that remains
at almost fixed energy throughout the entire BZ. In the lower panel we fix t2 = 0.3 and reduce the number of layers, N = 30, 10, 5, 3, from
left to right. A sizable finite size gap quickly opens throughout the entire BZ, while the band marked orange remains very flat. In each case
band highlighted in bold orange is that of (2), carrying Chern number N .

ing points described by

HWeyl =

X

i

vi�iki + E0(k)I , (3)

where �i are Pauli and I is the identity matrix. Precisely at the
transition, the valence and conduction bands exhibit two-fold
degenerate touching at the M -points, which split into three
pairs of (non-degenerate) Weyl cones that travel towards the
�-point where they meet as t? ! 1. Remarkably, the states
(2) are entirely independent of the value of t?; in each case
they describe states localized to the surfaces perpendicular
to the [111] cleavage/cut/growth direction, while at the same
time their interpretation funamentally changes. Note also that
the dispersion of the states (2) always traverse the Weyl point.

At fixed chemical potential, which may be fixed at the Weyl
node due to stoichiometric considerations, the states (2) pre-
cisely describe Fermi arcs. In Fig. 3 we illustrate the mo-
mentum dependence of the surface localization of the states
(2). Most saliently, we find that the penetration depth diverges
along the lines connecting � and M . Crossing these lines,
the localization changes between the bottom and top surfaces,
which is the hallmark behavior of Fermi arcs. More specifi-
cally, a typical Fermi "circle" splits into six Fermi arcs which
switch between top and bottom surface six times, whenever
the Fermi circle crosses a �-M -line (cf. Fig. 3).

In Fig. 4 we go on to show how the state (2) can smoothly
be transformed into a band which is essentially dispersionless,
yet being tightly attached to bulk bands. It important to note
that also the latter regime is described by a Weyl Hamiltonian
(3) with a suitable choice of E0(k); the essential point is that
the topology is unchanged as long as the band touching is lin-
ear (vi 6= 0, i = 1, 2, 3), no matter how skewed the Weyl point

is due to the overall constant dispersion E0(k). In fact, the
Weyl nodes carry a quantized Chern flux and can as such only
be annihilated by merging with an opposite chirality partner
[15]. Furthermore, considering a quasi-two-dimensional slab,
one finds that there is a fairly sizable region in which the band-
width is (much) smaller than the band gap, although to obtain
very flat surface bands we need to include also next-nearest
neighbor hopping (as done in Fig. 4).

Thus, one can consider the flat bands of Refs. [26, 31, 32]
vestiges of Weyl semi-metal surface bands. While t? con-
sidered in those works is slightly below the Weyl semi-metal
regime, our exact solution (2) reveals that this distinction is
in fact immaterial in thin slabs as long as only the topological
band is concerned, see below.

Projected interactions in the flat band limit.– We now add
interactions to a partially filled surface band with C = N ;
for Weyl semi-metals with the chemical potential pinned to
the Weyl node in the bulk by stoichiometry, this may well be
relevant to the low-energy physics of quasi-2d slabs.

The matrix elements of any local interaction (provided it is
uniform throughout the lattice and does not couple different
kagome layers) follows from (2); for a two-body interaction,

V C=N
k1k2k3k4

=V C=1
k1k2k3k4

⇣ |r(k1)|2 � 1

|r(k1)|2N� 1

· · · |r(k4)|2 � 1

|r(k4)|2N� 1

⌘1
2

⇥ (r⇤
(k1)r

⇤
(k2)r(k3)r(k4))

N � 1

r⇤
(k1)r⇤

(k2)r(k3)r(k4) � 1

(4)

where the band projected interaction Hamiltonian in general
can be written as

Hint =

X

k1k2k3k4

V C=N
k1k2k3k4

c†
k1

c†
k2

ck3ck4 , (5)

- stable touching points, protected by a Chern number

Alternative layer prescription for WSMs exist
- details and ingredients are however very different

Predicted in pyrochlore iridates X. Wan, A. M. Turner, A. 
Vishwanath, and S. Y. Savrasov, 
Phys. Rev. B 83, 205101 (2011).

A. A. Burkov and L. Balents,, Phys. 
Rev. Lett. 107, 127205 (2011).

- Half a gapless Dirac theory

Subject to intense experimental (and theoretical) activity
- no ideal realization yet, but similar “Dirac metals” with symmetry protected Weyl features 
found recently
- many new ideas and and engineered structures materials are being tested...

- many fascinating transport phenomena, e.g., the chiral anomaly

Reviews:

A.M. Turner and A. Vishwanath, 
Beyond Band Insulators: Topology 
of Semi-metals and Interacting 
Phases, arXiv:1301.0330 

P. Hosur and X. Qi, Recent 
developments in transport 
phenomena in Weyl semimetals, 
arXiv:1309:4464



Fermi arcs in the pyrochlore slab
Constant energy lines, “Fermi circles”, are split into Fermi arcs!

localized to 
top layer

localized to 
bottom layer

delocalized

Here we have an exact solutions for the Fermi arcs, and seen as a family, 
they carry a huge Chern number.
The Fermi arcs also exist in absence of Weyl nodes in the bulk!

E.J. Bergholtz, Z. Liu, M. 
Trescher, R. Moessner, 
and M. Udagawa,      
arXiv:1408.3669

t? = 2

Projections of the 
Weyl points for 

(chemical potential 
at the Weyl point)



Summing up...
Topology puts fundamental restrictions on locality.

Local constraints are nevertheless useful for understanding 
and “engineering” new topological states of matter.

- Alternative approach to classify band topology

- Search algorithm for “sweet spots” (e.g. Kitaev chain)

- Wide range of potential applicability -- from first principles calculations to
dissipative engineering etc.

- Novel FCIs in the Fermi arc surface bands of (thin) Weyl semi-metal slabs!

- Generic scheme to use geometric frustration when engineering topological states

Useful to think about topological states in real-space
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