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     Summary 



Graphene is a one-atom wide C sheet!!! 

    Carbon 

1) Introduction 

sp2 

hybridization 



Crystal Lattice of Graphene 

Reciprocal Lattice 

                                       1st Brillouin Zone 

Base 

   + 

Triangular 

Lattice 

 



The tight-binding approximation: 

Non-interacting electrons on a lattice 

2)  Non-Interacting Electrons in Graphene: Dirac Fermions 

 

Lattice Translation Invariance 

HTB  and T(R) have common eigenvectors!!! 



The Tight-Binding Hamiltonian in Graphene 



Energy eigenvalues 
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Band structure of Graphene 
 Dirac Point 



ARPES : Photoemission 

Measurements 



                  Dirac Electrons 

𝑚 = 0 

Hamiltonian 

 Eigenvalues 

𝐸± = ±ℏ c | 𝑘| 



3) Electromagnetic Interactions in Graphene:  

     Pseudo Quantum Electrodynamics 

 

Electrons                 Electromagnetic  Field 

 

      2D                                       3D                          

EM is the natural interaction among electrons!! 

But……………!! 



Start from 

3+1D 

QED 

Particles 

Constrained 

to a Plane 

3.1) Pseudo Quantum Electrodynamics 



Current Partition Functional 

QED – EM field propagator 



Inserting 

in 

… integrating on z, z’ 



Full 2+1D  Description 

This Functional is fully generated by PQED 



PQED 

 

- Respects causality: support on the light-cone 

 

- Respects unitarity: Optical Theorem 

 

- Satisfies  Huygens Principle 

 

- Static Potential: V(r) = 1/r 

 

- Has no dimensionful parameters 

 

- Vacuum Polarization Tensor: Пi j 


 ω δ i j  

          (Kubo Formula in dc-limit!) 

 



A brief history of PQED          

 

               1990 



    1991 



1992 



1993 



3.2) A Model for Graphene 

Graphene:

PQED of 

Dirac 

electrons 

4 flavors: a = ↑, ↓, K, K’ (2 spins; 2 valleys) 

2 components: A and B sublattices                

         

𝜓𝑎 = 
𝜓𝑎,𝐴
𝜓𝑎,𝐵

 



4) The Minimal DC Conductivity 

 

Kubo’s 

Formula 

Vacuum Polarization 

Schwinger-Dyson 

Equation 



One-Loop 

𝑝2 = 𝜔2 + |𝑝 |
2
 

Coste, Luscher, NPB 323, 631 (1989) 

Coleman-Hill Theorem: B is exact!!!!! 



Two Loops 

S. Teber, PRD 86, 025005 (2012) 



The Minimal DC Conductivity 

𝑗𝑖𝑗𝑗
𝑝  0

𝜔 𝑎𝛿𝑖𝑗 + 𝑏𝜖𝑖𝑗  

       𝑎𝑇 = 𝑎   ;     𝑏𝑇= - b T-symmetry 

Contributions from 

Each Valley 



The Minimal T= 0 DC Conductivity:  

               Theory x Experiment 
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x = 2.16 

B) Existing Theoretical Values 
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A) Experiment 



C)  Our Result 
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5) The Dynamical Generation of an Electron Gap 

Schwinger-

Dyson Equation 

Expanding the electron self-energy… 

… and imposing 



The pole at 𝜔 = ± 𝑝  is shifted to 𝜔 = ±[𝑝2 + 𝜖2]1/2 

Gapped energy 

spectrum!!! 

SD – Equation 

              + 



Eigenenergies: 

Z’s: 



Midgap States 

        Dirac Sea 



𝑇𝑐 ≅ 0.05 𝐾 

The Critical Temperature 

Critical Temperature 



6) The Quantum Valley Hall Effect 

Net Valley Current 

Valley Hall 

Conductivity 

(Exact!) 

𝑗𝑖𝑗𝑗
𝑝  0

𝜔 𝑎𝛿𝑖𝑗 + 𝑏𝜖𝑖𝑗  

       𝑎𝑇 = 𝑎   ;     𝑏𝑇= - b T-symmetry 



7)  Outlook 

Electronic Interactions play a crucial role in the 

physics of Graphene 

 

The natural interaction among electrons is the full 

EM interaction. Using only static Coulomb leads to 

problems with the Kubo formula 

 

This is correctly and completely described in 2D by 

Pseudo Quantum Electrodynamics 

 

New effects (exclusive of PQED!!!):   

1)Quantum Valley Hall Effect: emergent! 

2)Dynamical generation of an electron gap 

3)Corrections to DC minimal conductivity: best 

result ever!!! 


