
Holography with Large N=4	



David Tong	



	


	


	


	



Iceland,  August 2014	



Based on arXiv:1402.5135 	


	





Holography with Small N=4	



D1/D5 System	



χ =
∂2F

∂B2

�ωc

m2L2 � e3L

κ

ψ(�x) → eieα
�
ψ(�x)

α� =

�

C

�A · d�x = −
�

S�

�B · d�S

α� = −
�

S

�B · d�S

eieα = eieα
�
= e−ie(g−α)

AdS3 × S3 ×M

M = T 4 or K3

4

χ =
∂2F

∂B2

�ωc

m2L2 � e3L

κ

ψ(�x) → eieα
�
ψ(�x)

α� =

�

C

�A · d�x = −
�

S�

�B · d�S

α� = −
�

S

�B · d�S

eieα = eieα
�
= e−ie(g−α)

AdS3 × S3 ×M

M = T 4 or K3

4

Near horizon limit:	



Q5
   D5-branes:   012345	



Q1   D1-branes:   05	
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The R-symmetry becomes a current algebra	



Boundary CFT	



 Boundary theory has small N=4 superalgebra and is well understood	



The central charge is:	





Holography with Large N=4	



Supported by fluxes          and   	
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1. Introduction and Summary

Among the many AdS string compactifications, there is one which remains enigmatic.

It is the solution of Type II string theory with geometry

AdS3 × S
3
+ × S

3
− × S

1 (1.1)

The geometry is supported by NS fivebrane and string flux. In the Type IIB the-

ory, there is also an S-dual configuration supported by RR fivebrane and string flux.

The string charge of the configuration is denoted as Q1, while each three sphere S
3
±

is threaded with fivebrane flux Q±
5 . These fluxes, together with the string coupling

constant, determine the radii of the S
3 and S

1.

Strings propagating in the background (1.1) were first studied in [1] and detailed

discussions of the properties expected from the dual boundary field theory were given

in [2, 3]. The unusual feature of the geometry is the appearance of two S
3 factors. This

implies the existence of two SU(2) R-symmetries in the dual conformal field theory,

each of which gives rise to a current algebra at level k± = Q1Q
±
5 . This is the hallmark

of a large N = (4, 4) superconformal algebra.
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The R-symmetry is now:	



 Boundary theory has large N=4 superalgebra.  But what is the theory?!	



•  There are two SU(2) current algebras. 	


•  There is also a U(1) coming from S1 factor of the geometry.	



Elitzur, Feinerman, Giveon and Tsabar (1998)	


de Boer and Skenderis (1999)	


Gukov, Martinec, Moore and Strominger (2004)	





Some Strange Properties of Large N=4	





Central Charge	



supported by fluxes          and   	
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BPS Bound	



supported by fluxes          and   	
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Representation under SU(2)+/-	

 Charge under U(1)	



•  The bound is non-linear. 	


•  There is no chiral ring!	



•  The non-linearities are “1/N” suppressed. 	


•  They are not seen in supergravity	





How to Build the Boundary Field Theory	





A Tantalising D-Brane Configuration	



X5	



X1,2,3,4	



X6,7,8,9	



Q5
+ D5-branes:   012345	



Q5
-  D51-branes:  056789	



Q1   D1-branes:   05	


	





Taking the Near Horizon Limit	
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Smear D1-branes along 1234 and 6789.  The near horizon limit is:	



How should we interpret this?!	



Basic Idea:  Study this D-brane configuration anyway!	



Q5
+ D5-branes:   012345	



Q5
-  D51-branes:  056789	



Q1   D1-branes:   05	


	





D1-D1 strings:  U(Q1) vector multiplet	



•  N=(8,8) supersymmetry	


•  Gauge field and four complex, adjoint scalars	



Z, Z	


	



~	



W, W	


	



~	



The Low-Energy Dynamics of D-Branes	
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Q5
-  D51-branes:  056789	
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D1-D5 strings: Q5
+ fundamental hypermultiplets 	



•  N=(4,4) supersymmetry	


•  two complex fundamental scalars	



ϕ,ϕ	
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The Low-Energy Dynamics of D-Branes	
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ϕI,ϕI	


~	



D1-D51 strings: Q5
- fundamental (twisted) hypermultiplets 	



•  N=(4,4) supersymmetry (but a different one!)	


•  two complex fundamental scalars	



The Low-Energy Dynamics of D-Branes	
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Q5
-  D51-branes:  056789	



Q1   D1-branes:   05	


	





The Low-Energy Dynamics of D-Branes	
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Q5
-  D51-branes:  056789	
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D5-D51 strings:  Q5
+Q5

- Fermi multiplets 	



•  N=(0,8) supersymmetry 	


•  only left-moving fermions	





The Low-Energy Dynamics of D-Branes	



•  All branes together preserve N=(0,4) supersymmetry	



•  The only question: how do chiral fermions couple to the other fields?	


•  Surprising answer: the coupling is fixed by supersymmetry	





N=(0,4)  d=1+1 U(Q1) Gauge Theory	



•  Q5
+  fundamental hypermultiplets	



•  Q5
-  fundamental twisted hypermultiplets 	



•  Q5
+Q5

-  neutral Fermi multiplets	
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Flavour symmetry:	



Also:	



These are N=(0,4) R-symmetries	


(Y,Y) in (2,2)	

(Z,Z) in (2,2)	



~	

~	



And…the theory has a U(1) global flavour symmetry which rotates Fermi multiplets and other stuff	


	


	


Note:  This is a chiral gauge theory.  Which is not what we’re looking for!	





Flowing to the Infra-Red	





Computing the Central Charge	
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•  Gauge theories in d=1+1 are not conformal. But they can flow to conformal field theories.	



•  It’s possible to compute the central charge for supersymmetric gauge theories. (At least N=(0,2))	



•  The OPE of the right-moving R-current includes the term	



Witten (1993)	



But this is the anomaly.  Which means that the central charge can be computed in the ultra-violet	
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Sum over right-moving fermions, minus left-moving fermions	





Computing the Central Charge of N=(0,2) Theories	
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There’s one small catch: you have to identify the right R-current in the UV.  The requirement is:	



As always, the subtlety in this calculation lies in the identification of the infra-red

R-current. It is not necessarily the same as UV R-symmetry because this may mix

with any global Abelian flavour symmetries F under the renormalisation group flow.

The infra-red R-current is fixed simply by requiring that it has no mixed anomalies

with these flavour symmetries [17],

TrFR = 0 (4.2)

This can be repackaged as a statement of c-extremisation [21, 22], in analogy to the

story of a-maximisation in four dimensions [23]

How to apply the discussion above to our N = (0, 4) theory? Now the R-symmetries

are no longer Abelian. Instead, they take the form SU(2)
−
R × SU(2)

+
R and their non-

Abelian nature means that they cannot mix with any of the flavour symmetries. In-

stead, what is at stake is the identification of the infra-red N = (0, 2) sub-algebra. The

R-current should be a linear combination of the two Cartan generators R± ⊂ su(2)±R.

Viewing our gauge theory through N = (0, 2) eyes, we will see that both R+
and R−

are candidate R-symmetries, but only a specific linear combination obeys (4.2). This

combination can then be used to calculate the central charge
3
.

Global Symmetries

We start with the global symmetries. It will be useful to gather together the various

interactions of our N = (0, 4) gauge theory. These are encoded in the E-terms and

superpotentials. The former are

EΘ = [Y, Ỹ ] + Φ�Φ̃� , EΛ = [Y, Z] , EΛ̃ = [Y, Z̃]

EΓ = Y Φ , EΓ̃ = −Φ̃Y , EΓ� = ZΦ� , EΓ̃� = −Φ̃�Z

while the superpotential terms are

WΘ = Tr Θ[Z, Z̃] + Φ̃ΘΦ , WΛ = Tr Λ[Ỹ , Z̃] , WΛ̃ = Tr Λ̃[Ỹ , Z]

3
In fact, there is a way to anticipate the appropriate linear combination by assuming that the theory

flows to a fixed point with large N = (4, 4) superconformal algebra, equipped with SU(2) current

algebras at level k±. For any such theory, the linear combination R = (k+R−
+ k−R+

)/(k− + k+) is
the current of an N = 2 subalgebra. It has the property that TrR2

= 2k+k−/(k+ + k−) = ĉ. Here

instead we will show that this particular linear combination arises from the N = (0, 2) considerations
described above.

17

Any U(1) global symmetry F	



This can be repackaged as “c-extremization”	

 Adams, Tong and Wecht	


Benini and Bobev (2012) 	



Subtlety: In N=(0,4) theories, the R-symmetry is non-abelian. 	
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In agreement with the result for a large N=(4,4) theory.	


(And in agreement with supergravity)	



Computing the Central Charge of our N=(0,4) Theory	





Other Aspects of the N=(0,4) Theory	



Our theory has an SO(4) x SO(4) symmetry.	


	


 The anomaly in UV symmetry should coincide with level of current algebra at fixed point.  	
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SU(2)R
+  and SU(2)L

+ :	



SU(2)R
-  and SU(2)L

- :	
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•  There is no symmetry corresponding to the S1 action of the geometry.	



•  The N=(0,4) theory is chiral. It has a left-moving central charge given by	



Things that work	



Things that don’t immediately work	





Proposal	



N=(0,4) Gauge Theory 	

 Large N=4 CFT dual to AdS3xS3xS3xS1	


	



   + decoupled left-moving fermions	





Where does this CFT live?	



Can show that the CFT degrees of freedom 	


are localised at the origin.	



•  This is slightly surprising in d=1+1 (Mermin-Wagner theorem)	



•  But 5-branes come with infinitely long throats and related things are known to happen in N=(4,4)	


•  Decoupling of Higgs and Coulomb branches 	





Work in Progress	



Work with Ofer Aharony and Kenny Wong	



We want to understand the dynamics of D-strings 	


at the intersection.	



Close to the D5-branes, the D-string feels an infinitely long throat. This is the region where throats meet. 	





Work in Progress	



The U(1) gauge theory on a single D-string is more tractable. 	


	


To understand the throat region, work with the Coulomb branch variables and integrate out charged fields	



There are also torsion terms and background dilaton charge. 	
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The chiral fermions couple the two throats together. In the limit where the two throats meet, we have:	



Work with Ofer Aharony and Kenny Wong	



•  The right number of chiral fermions decouples from the dynamics!	



•  Things are strongly coupled	



•  We still don’t know how to see the extra S1 symmetry	





Summary and Open Problems	



•  Central charge and anomalies all correct	



•  Good evidence for decoupling of chiral sector	



•  But no idea how the extra U(1) current may emerge	



•  Compare chiral primaries	


•  Marginal Operators	


•  Any sign of non-linear BPS bound?	



•  Regimes of parameters where c scales linearly. 	


•  Relationship to higher spin theories?	



•  More complication AdS3 string solutions with N=(4,2)	


•  Related N=(0,2) gauge theories?	
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Gaberdiel and Gopakumar (2013) 	



N=(0,4) Gauge Theory 	

 Large N=4 CFT dual to AdS3xS3xS3xS1	


	



   + decoupled left-moving fermions	



Future Questions:	



Donos and Gauntlett (2013) 	





Thank you for your attention	





The Algebra	



4.1. The superconformal algebra Aγ

Apart from the usual Virasoro algebra, the large N = 4 superconformal algebra Aγ

contains two copies of the affine ŜU(2) Lie algebras, at the levels k+ and k−, respectively.

The relation between k± and the parameter γ is

γ =
k−

k+ + k−
. (4.1)

Unitarity implies that the Virasoro central charge is:

c =
6k+k−

k+ + k−
. (4.2)

The superconformal algebra Aγ is generated by six affine ŜU(2) generators A±,i(z),

four dimension 3/2 supersymmetry generators Ga(z), four dimension 1/2 fields Qa(z),

a dimension 1 field U(z), and the Virasoro current T (z). The OPEs with the Virasoro

generators, Tm, have the usual form. The remaining OPEs are [18,52]:

Ga(z)Gb(w) =
2c

3

δab

(z − w)3
−

8γα+,i
ab A+,i(w) + 8(1 − γ)α−,i

ab A−,i(w)

(z − w)2
−

−
4γα+,i

ab ∂A+,i(w) + 4(1 − γ)α−,i
ab ∂A−,i(w)

z − w
+

2δabL(w)

z − w
+ . . . ,

A±,i(z)A±,j(w) = − k±δij

2(z − w)2
+

εijkA±,k(w)

z − w
+ . . . ,

Qa(z)Qb(w) = −(k+ + k−)δab

2(z − w)
+ . . . ,

U(z)U(w) = − k+ + k−

2(z − w)2
+ . . . ,

A±,i(z)Ga(w) = ∓
2k±α±,i

ab Qb(w)

(k+ + k−)(z − w)2
+

α±,i
ab Gb(w)

z − w
+ . . . ,

A±,i(z)Qa(w) =
α±,i

ab Qb(w)

z − w
+ . . . ,

Qa(z)Gb(w) =
2α+,i

ab A+,i(w) − 2α−,i
ab A−,i(w)

z − w
+

δabU(w)

z − w
+ . . . ,

U(z)Ga(w) =
Qa(w)

(z − w)2
+ . . . .

(4.3)

α±,i
ab here are 4 × 4 matrices, which project onto (anti)self-dual tensors. Explicitly,

α±,i
ab =

1

2

(

± δiaδb0 ∓ δibδa0 + εiab

)

. (4.4)

34
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N=(0,2) Supersymmetry	



Use N=(0,2) superfields.  Scalar potential terms are built using Fermi multiplets. 	



E-Terms	



Holomorphic functions of chiral superfields	



The kinetic terms for the fermi multiplet are given by

Sfermi =

�
d2x d2θ Ψ̄Ψ

=

�
d2x iψ̄−(D0 +D1)ψ− + |G|2 − |E(φi)|2 − ψ̄−

∂E

∂φi
ψ+i + ψ̄+i

∂Ē

∂φ̄i
ψ− (2.7)

Note that the holomorphic function E(φi) appears as a potential term in the La-

grangian. However, as we now explain, this is not the only way to introduce potential

terms for chiral multiplet scalars.

Superpotentials

Each Fermi multiplet contains an auxiliary complex scalar G. We can use this to con-

struct further potential terms for chiral multiplets. To do this, we introduce a holomor-

phic function Ja
(Φi) for each Fermi multiplet Ψa. We can then build a supersymmetric

action by integrating over half of superspace,

SJ =

�
d2x dθ+

�

a

ΨaJ
a
(Φi) + h.c. (2.8)

where the integrand is implicitly evaluated at θ̄+ = 0. This yields the following action

SJ =

�

a

�
d2x GaJ

a
(φi) +

�

i

ψ−a
∂Ja

∂φi
ψ+i + h.c. (2.9)

After integrating out the auxiliary fields Ga, this results in a potential term ∼ |Ja
(φi)|2.

This is usually referred to as the superpotential in N = (0, 2) theories. In the following,

we will also use the notation

W = ΨaJ
a
(Φ)

We see that there are two ways to construct potential terms in theories with N = (0, 2)

supersymmety. Both are associated to Fermi multiplets and both involve holomorphic

functions, E(φi) and J(φi). The difference between them is not visible in the bosonic

Lagrangian alone; it only shows through the subtle difference in the Yukawa terms in

(2.7) and (2.9). This difference will be important when we come to discuss N = (0, 4)

theories next.

There is one final condition that is necessary to ensure that our actions are indeed

invariant under N = (0, 2) supersymmetry. The integration over half of superspace in

(2.8) is supersymmetric if and only if D̄+(ΨaJa
) = 0. This requires

E · J ≡
�

a

EaJ
a
= 0. (2.10)
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J-Terms	
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φ
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5

The scalar potential is: 	
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∂Ē

∂φ̄i
ψ− (2.7)

Note that the holomorphic function E(φi) appears as a potential term in the La-

grangian. However, as we now explain, this is not the only way to introduce potential
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Superpotentials

Each Fermi multiplet contains an auxiliary complex scalar G. We can use this to con-
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(2.8) is supersymmetric if and only if D̄+(ΨaJa
) = 0. This requires

E · J ≡
�

a

EaJ
a
= 0. (2.10)
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But there is only N=(0,2) supersymmetry if:	



The standard action for the gauge multiplet is written as

Sgauge =
1

8g2
Tr

�
d2x d2θ Υ†Υ

=
1

g2
Tr

�
d2x

�
1

2
u2
01 + iζ̄−(D0 +D1)ζ− +D2

�
(2.1)

Chiral Multiplets

N = (0, 2) chiral multiplets contain a right-moving fermion ψ+ and a single complex

scalar φ, each transforming in the same representation of the gauge group. (For our pur-

poses, we will need only fundamental and adjoint representations). These sit together

in a complex-valued bosonic superfield Φ obeying

D̄+Φ = 0. (2.2)

The component expansion is

Φ = φ+ θ+ψ+ − iθ+θ̄+(D0 +D1)φ (2.3)

where (D0 + D1) is the usual bosonic covariant derivative. A simple, but important,

observation: if φ has R-charge R[φ], then ψ+ has R-charge R[ψ+] = R[φ]− 1.

The kinetic terms for the chiral multiplet are given by the action,

Schiral =

�
d2x d2θ Φ̄(D0 −D1)Φ

=

�
d2x

�
−|Dµφ|2 + iψ̄+(D0 −D1)ψ+ − iφ̄ζ−ψ+ + iψ̄+ζ̄−φ+ φ̄Dφ

�
(2.4)

Fermi Multiplets

As we mentioned above,N = (0, 2) theories have the property that left-moving fermions

are not necessarily accompanied by propagating, bosonic superpartners. A fermion of

this kind, ψ−, sits in a Fermi multiplet Ψ. They obey the condition

D̄+Ψ = E(Φi) (2.5)

where E(Φi) is some holomorphic function of the chiral superfields Φi. This function

must be chosen so that E(Φi) transforms in the same manner as Ψ under any symme-

tries; examples will be given below. The choice of E determines the interaction of the

theory and also appears in the component expansion of the superfield,

Ψ = ψ− − θ+G− iθ+θ̄+(D0 +D1)ψ− − θ̄+E(φi) + θ+θ̄+
∂E

∂φi
ψ+i (2.6)

Here G is a complex auxiliary field. The superfield Υ which contains the field strength

is of this type, with D̄+Υ = 0.
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The Coupling of the Chiral Fermions	



WΓ = Φ̃Ỹ Γ , WΓ̃ = Γ̃Ỹ Φ , WΓ� = Φ̃�Z̃Γ� , WΓ̃� = Γ̃�Z̃Φ�

Finally, we also have the couplings associated to the D5-D5
�
strings

Eχ = −1

2
Φ̃Φ� , Eχ̃ = −1

2
Φ̃�Φ

Wχ =
1

2
Φ̃�Φ , Wχ̃ = Φ̃Φ�

There are similar couplings for the other Fermi multiplet χ�, χ̃�
which don’t add anything

further to the analysis.

We have already seen that the theory constructed in the previous section has an

SU(2)
−
L ×SU(2)

+
L global symmetry. We denote the Cartan subalgebra as L± ⊂ su(2)±L .

The vector multiplet fields have L±
[Υ] = L±

[Θ] = 0. Similarly, the D5-D5
�
strings are

uncharged under these symmetries: L±
[χ] = L±

[χ̃]. The charges of the remaining fields

are

Y Ỹ Z Z̃ Λ Λ̃ Φ Φ̃ Γ Γ̃ Φ� Φ̃� Γ� Γ̃�

L−
0 0 +1 −1 +1 −1 0 0 0 0 0 0 +1 +1

L+
+1 −1 0 0 +1 +1 0 0 +1 +1 0 0 0 0

However, these are not the only global symmetries. For us, the most important is a

U(1) action which we call U . This doesn’t act on the D5-D5
�
strings so U [χ] = U [χ̃] = 0.

The charges of all the other fields are given by

Θ Y Ỹ Z Z̃ Λ Λ̃ Φ Φ̃ Γ Γ̃ Φ� Φ̃� Γ� Γ̃�

U 2 +1 +1 −1 −1 0 0 −1 −1 0 0 +1 +1 0 0

There is also one further flavour symmetry which rotates the Fermi multiplet fields

arising from the D5-D5
�
strings. We call this Fχ. This time all adjoint-valued multiplets

have vanishing charge: Fχ[Υ] = Fχ[Θ] = Fχ[Y ] = Fχ[Ỹ ] = Fχ[Z] = Fχ[Z̃] = Fχ[Λ] =

Fχ[Λ̃] = 0. The charges of the remaining fields are

Φ Φ̃ Γ Γ̃ Φ� Φ̃� Γ� Γ̃� χ χ̃

Fχ +1 −1 +1 −1 −1 +1 −1 +1 +2 −2

It is simple to check that all of these symmetries, L±
, U and Fχ, are compatible with

the E-terms and superpotentials.
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the energy of the BPS kink,

T =
N�

i=1

κi∆ϕi +
1

2g2

�
dx3dzdz̄ Bi∂iΦ+

1

2g2

�
dx3dwdw̄ B�

i∂iΦ
�

where we have used the fact that the vacuum conditions (2.8) hold as x3 → ±∞.

4. Kink Dynamics

A. A Gauged Linear Model for the Hypermutiplet

Jχ =
1

2
Φ̃�Φ , Jχ̃ = Φ̃Φ�
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The Scalar Potential	



To write it in a way in which the symmetries are manifest, define:	



3.1 The Scalar Potential

The scalar potential of the D-brane theory consists of the sum of D-terms, G-terms

and E-terms in the interactions described above. It’s instructive to gather these terms

together in a manner which makes the full symmetry of the theory manifest. To this

end, we introduce the notation

ω =

�
φ

φ̃†

�
and ω�

=

�
φ�

φ̃�†

�

The doublet ω transforms in the 2 of SU(2)
−
R and ω�

in the 2 of SU(2)
+
R. Using this

we construct triplets of “D-terms”, each transforming in the adjoint of U(Q1),

�DZ = �ηijZ
i
Z

j
+ ω†�σω and �DY = �ηijY

i
Y

j
+ ω� †�σω�

Here �σ are the Pauli matrices and �η are the self-dual ’t Hooft matrices, and we’ve

indulged in a slight abuse of our previous notation because now Zi
, with i = 1, 2, 3, 4

denotes the four adjoint scalars X1,2,3,4
while Y i

denotes X6,7,8,9
. These are designed so

that �DZ transforms in the 3 of SU(2)
−
R and �DY transforms in the 3 of SU(2)

+
R. Both

are singlets under SU(2)
−
L × SU(2)

+
L .

These are very similar to the triplet of D-terms that arise in the usual D1-D5 story

with N = (4, 4) supersymmetry. The only difference is that we now have a pair of

them. The scalar potential is

V = Tr ( �DZ · �DZ + �DY · �DY ) + ω†
Y

i
Y

iω + ω� †
Z

i
Z

iω�
+ Tr

�
ω† · ω ω� † · ω��

The last of these terms is perhaps the least familiar. It arises from the coupling (3.3),

together with ωω�
cross-terms that arose from the original D-terms but are not included

in �DZ and �DY above. The indices in the bracket are constructed to be singlets under

SO(4)R and the flavour groups, but adjoint under the U(Q1) gauge group. In more

detailed notation, it is given by

Tr
�
ω† · ω ω� † · ω��

=

Q+
5�

a=1

Q−
5�

b=1

�
(φ†

aφ
�
b)(φ

� †
b φa) + (φ̃aφ̃

� †
b )(φ̃

�
bφ̃

†
a)

+ (φ†
aφ̃

� †
b )(φ̃

�
bφa) + (φ̃aφ

�
b)(φ

� †
b φ̃

†
a)

�

The potential V has three distinct branches of vacua.

• ω = ω�
= 0 with Zi

and Y i
mutually commuting.
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Pauli matrices	

Self-dual 	


‘t Hooft matrices	

In 3 of SU(2)R

+	

 In 3 of SU(2)R
-	



B3 = ∂1A2 − ∂2A1 − i[A1, A2]

Ai

φ

D̄+Ψa = Ea(Φi) (3)

V =
�

a

|Ea|2 + |Ja|2 +D2

SU(Q+
5 )× SU(Q−

5 )

V = Tr ( �DZ · �DZ + �DY · �DY ) + ω†Y iY iω + ω� †ZiZiω� +Tr [Y i, Zj ]2 +Tr
�
ω† · ω ω� † · ω��

last term =

Q+
5�

a=1

Q−
5�

b=1

�
(φ†

aφ
�
b)(φ

� †
b φa) + (φ̃aφ̃

� †
b )(φ̃�

bφ̃
†
a) + (φ†

aφ̃
� †
b )(φ̃�

bφa) + (φ̃aφ
�
b)(φ

� †
b φ̃†

a)
�
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Vacuum Moduli Space	



B3 = ∂1A2 − ∂2A1 − i[A1, A2]

Ai

φ

D̄+Ψa = Ea(Φi) (3)

V =
�

a

|Ea|2 + |Ja|2 +D2

SU(Q+
5 )× SU(Q−

5 )

V = Tr ( �DZ · �DZ + �DY · �DY ) + ω†Y iY iω + ω� †ZiZiω� +Tr [Y i, Zj ]2 +Tr
�
ω† · ω ω� † · ω��

last term =

Q+
5�

a=1

Q−
5�

b=1

�
(φ†

aφ
�
b)(φ

� †
b φa) + (φ̃aφ̃

� †
b )(φ̃�

bφ̃
†
a) + (φ†

aφ̃
� †
b )(φ̃�

bφa) + (φ̃aφ
�
b)(φ

� †
b φ̃†

a)
�

References

[1] Gibbons and Rychenkova, 9608085

[2] Kapustin and Strassler, 9902033

6

The potential V has three distinct branches of vacua.

• ω = ω�
= 0 with Zi

and Y i
mutually commuting.

• �DZ = 0 and Y i
= ω�

= 0

• �DY = 0 and Zi
= ω = 0

The first is the Coulomb branch and corresponds to the D-strings living away from

the two stacks D5-branes. The second and third are both Higgs branches in which the

D-strings are absorbed in either the D5-branes or the D5�-branes. There are also mixed

branches where different D-strings do their own thing.

In N = (4, 4) theories, each branch of vacua is associated with a different conformal

field theory in the infra-red [10]. In the present case, we claim that the CFT of interest

is not associated to either of these branches, but instead is localised at the intersection

Zi
= Y i

= 0. We now provide evidence for this claim.

4. The Central Charge

In this section we describe how to compute the central charge of our theory. We start by

reviewing the computation of the central charge of N = (0, 2) theories in terms of the

R-current anomaly. We then explain the application of this method to our N = (0, 4)

theory.

In N = (0, 2) superconformal theories the right-moving R-current R sits in the

same multiplet as the holomorphic stress tensor. The operator product expansion of

the currents includes a singular term that is proportional to the right-moving central

charge, ĉR = 3cR. This means that the R-current anomaly is related to the central

charge,

ĉR = TrR2
(4.1)

where Tr means that we sum over R-charge-squared of the right-moving fermions and

subtract the R-charge-squared of the left-moving fermions. Importantly, because this

is the anomaly coefficient, it can be computed away from the critical point. This

method has been used to compute the central charge in a number of examples, including

N = (0, 2) models [17] andN = (2, 2) Landau-Ginzburg theories [18], Liouville theories

[19] and non-Abelian gauge theories [20]
2
.

2
It is also simple to check that the this method can be used to reproduce the central charge of the

Higgs branch CFT in N = (4, 4) theories. It is unable reproduce the Coulomb branch central charge

because, as explained in [10], the appropriate right-moving R-symmetry is not visible in the UV gauge

theory.

16

The potential V has three distinct branches of vacua.

• ω = ω�
= 0 with Zi

and Y i
mutually commuting.

• �DZ = 0 and Y i
= ω�

= 0

• �DY = 0 and Zi
= ω = 0

The first is the Coulomb branch and corresponds to the D-strings living away from

the two stacks D5-branes. The second and third are both Higgs branches in which the

D-strings are absorbed in either the D5-branes or the D5�-branes. There are also mixed

branches where different D-strings do their own thing.

In N = (4, 4) theories, each branch of vacua is associated with a different conformal

field theory in the infra-red [10]. In the present case, we claim that the CFT of interest

is not associated to either of these branches, but instead is localised at the intersection

Zi
= Y i

= 0. We now provide evidence for this claim.

4. The Central Charge

In this section we describe how to compute the central charge of our theory. We start by

reviewing the computation of the central charge of N = (0, 2) theories in terms of the

R-current anomaly. We then explain the application of this method to our N = (0, 4)

theory.

In N = (0, 2) superconformal theories the right-moving R-current R sits in the

same multiplet as the holomorphic stress tensor. The operator product expansion of

the currents includes a singular term that is proportional to the right-moving central
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But in fact, we’ll be interested in modes which appear to localise at the origin…	





Computing the Central Charge of N=(0,4) Theories	



B3 = ∂1A2 − ∂2A1 − i[A1, A2]

Ai

φ

D̄+Ψa = Ea(Φi) (3)

V =
�

a

|Ea|2 + |Ja|2 +D2

SU(Q+
5 )× SU(Q−

5 )

V = Tr ( �DZ · �DZ + �DY · �DY ) + ω†Y iY iω + ω� †ZiZiω� +Tr [Y i, Zj ]2 +Tr
�
ω† · ω ω� † · ω��

last term =

Q+
5�

a=1

Q−
5�

b=1

�
(φ†

aφ
�
b)(φ

� †
b φa) + (φ̃aφ̃

� †
b )(φ̃�

bφ̃
†
a) + (φ†

aφ̃
� †
b )(φ̃�

bφa) + (φ̃aφ
�
b)(φ

� †
b φ̃†

a)
�

R(x)R(y) ∼ 3cR
(x− − y−)2

+ . . .

cR = 3TrR2

SU(2)−R × SU(2)+R
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Right-moving R-current is:	



•  No mixing for non-Abelian symmetries	


•  But N=(0,2) R-current is some combination of 	



As always, the subtlety in this calculation lies in the identification of the infra-red

R-current. It is not necessarily the same as UV R-symmetry because this may mix

with any global Abelian flavour symmetries F under the renormalisation group flow.

The infra-red R-current is fixed simply by requiring that it has no mixed anomalies

with these flavour symmetries [17],

TrFR = 0 (4.2)

This can be repackaged as a statement of c-extremisation [21, 22], in analogy to the

story of a-maximisation in four dimensions [23]

How to apply the discussion above to our N = (0, 4) theory? Now the R-symmetries

are no longer Abelian. Instead, they take the form SU(2)
−
R × SU(2)

+
R and their non-

Abelian nature means that they cannot mix with any of the flavour symmetries. In-

stead, what is at stake is the identification of the infra-red N = (0, 2) sub-algebra. The

R-current should be a linear combination of the two Cartan generators R± ⊂ su(2)±R.

Viewing our gauge theory through N = (0, 2) eyes, we will see that both R+
and R−

are candidate R-symmetries, but only a specific linear combination obeys (4.2). This

combination can then be used to calculate the central charge
3
.

Global Symmetries

We start with the global symmetries. It will be useful to gather together the various

interactions of our N = (0, 4) gauge theory. These are encoded in the E-terms and

superpotentials. The former are

EΘ = [Y, Ỹ ] + Φ�Φ̃� , EΛ = [Y, Z] , EΛ̃ = [Y, Z̃]

EΓ = Y Φ , EΓ̃ = −Φ̃Y , EΓ� = ZΦ� , EΓ̃� = −Φ̃�Z

while the superpotential terms are

WΘ = Tr Θ[Z, Z̃] + Φ̃ΘΦ , WΛ = Tr Λ[Ỹ , Z̃] , WΛ̃ = Tr Λ̃[Ỹ , Z]

3
In fact, there is a way to anticipate the appropriate linear combination by assuming that the theory

flows to a fixed point with large N = (4, 4) superconformal algebra, equipped with SU(2) current

algebras at level k±. For any such theory, the linear combination R = (k+R−
+ k−R+

)/(k− + k+) is
the current of an N = 2 subalgebra. It has the property that TrR2

= 2k+k−/(k+ + k−) = ĉ. Here

instead we will show that this particular linear combination arises from the N = (0, 2) considerations
described above.

17

Both are good N=(0,2) R-currents. But there is one combination that is an N=(0,2) flavour symmetry	



the Cartan generators R± ⊂ su(2)±R. As we described in Section 3, the matter Fermi

multiplets Λ, Λ̃, Γ, Γ̃, Γ� and Γ̃� are all singlets under SU(2)+R×SU(2)−R. The remaining

superfields have R-charges given by

Υ Θ Y Ỹ Z Z̃ Φ Φ̃ Φ� Φ̃�

R− 1 −1 0 0 1 1 1 1 0 0

R+ 1 1 1 1 0 0 0 0 1 1

The overall signs of these charges are fixed by requiring R±[Υ] = +1. It is simple to

check that the charge assignments are consistent with the E-terms and superpotentials

listed above. Each superpotential carries R-charge R[W ] = +1 while, for each Fermi

multiplet Ψ, the corresponding E-term has charge R[EΨ] = R[Ψ] + 1.

Both R− and R+ are candidates for the N = (0, 2) R-symmetry current. However,

we are looking for the linear combination of these that is orthogonal to the flavour

symmetries. By construction, both R+ and R− are orthogonal to L± and Fχ. We are

left only with the requirement that TrUR = 0. One finds that

TrUR− = −2Q1Q
−
5

TrUR+ = +2Q1Q
+
5

(Note: in doing these calculations, it’s important to remember that we’re summing over

the R-charges of the fermions. For left-moving fermions, this is the same as the R-charge

of the Fermi multiplet. For right-moving fermions, which live in chiral multiplets, it is

R[ψ+] = R[Φ]− 1). We learn that the appropriate linear combination is4

R =
Q+

5

Q+
5 +Q−

5

R− +
Q−

5

Q+
5 +Q−

5

R+ (4.3)

where the normalisation is fixed by the requirement that R[Υ] = +1 as befits the

multiplet containing the field strength.

Computing the Central Charge

With the R-charge assignments in hand, it is a simple matter to compute the central

charge. The only non-vanishing contributions are

4An Aside: One can also derive this result in a more pedestrian manner by forgetting that the U(1)R

originated in a non-Abelian group and simply writing down the most general Abelian R-symmetry

consistent with the constraints imposed by superpotentials and E-terms. One finds that there is a

unique right-moving R-symmetry that is orthogonal to the flavour symmetries L±, U and Fχ: it is

given by (4.3).
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The overall signs of these charges are fixed by requiring R±[Υ] = +1. It is simple to
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listed above. Each superpotential carries R-charge R[W ] = +1 while, for each Fermi

multiplet Ψ, the corresponding E-term has charge R[EΨ] = R[Ψ] + 1.

Both R− and R+ are candidates for the N = (0, 2) R-symmetry current. In fact,

any linear combination of the form R = a−R−+ a+R+ with a−+ a+ = 1 is a candidate

R-symmetry current. But which is the correct one? By construction, both R+ and R−

are orthogonal to L± and Fχ. We are left only with the U(1) symmetry U . However,

while this is a flavour symmetry from the N = (0, 2) perspective, it is not a flavour

symmetry of full N = (0, 4) algebra. Indeed, it is simple to check that U = R+ − R−.

In particular, one can check that this combination acts equally on bosons and their

right-handed fermionic partners in N = (0, 2) chiral multiplets. Nonetheless, if we’re

looking for the relevant N = (0, 2) R-symmetry current, we still require TrUR = 0.
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We must have	





What happened to the Chiral Modes?	



An interesting story was found in the absence of D1-branes. This configuration is called the I-brane 	



Itzhaki, Kutasov and Seiberg (2005)	



5-brane dynamics	



•  Chiral modes are pushed away from the intersection. 	


•  The intersection has a mass gap	


•  It also has d=2+1 dimensional symmetry! 	




