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�

[Dixon, Friedan, Martinec, Shenker, (1987)][Zamolodchikov, (1987)]

[Knizhnik, (1987)] [Bershadsky, Radul, (1987)]

Twist fields have been largely studied in the 1980s

[Calabrese, Cardy, (2004)]
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Figure 2. The path integral representation of TrρnA involves a Riemann surface RN,n,
which is shown here for N = 3 and n = 3.

entropies (1.2). If the analytic continuation of (2.1) to Ren > 1 exists and it is unique,

the entanglement entropy is obtained as the replica limit

SA = lim
n→ 1

S(n)
A = − lim

n→ 1

∂

∂n
TrρnA . (2.2)

In order to find the genus of RN,n [8], let us consider a single sheet and triangulate it

through V vertices, E edges and F faces, such that 2N vertices are located at the branch

points ui and vi. Considering RN,n constructed as explained above, the replication of

the same triangulation on the other sheets generates a triangulation of the Riemann

surface RN,n made by V � vertices, E � edges and F � faces. Notice that, since the branch

points belong to all the n sheets, they are not replicated. This observation tells us that

V � = n(V − 2N) + 2N , while E � = nE and F � = nF because all the edges and the faces

are replicated. Then, the genus g of RN,n is found by plugging these expressions into

the relation V �−E �+F � = 2− 2g and employing the fact that, since each sheet has the

topology of the sphere, V − E + F = 2. The result is

g = (N − 1)(n− 1) . (2.3)

We remark that we are not considering the most general genus g Riemann surface,

which is characterized by 3g− 3 complex parameters, but only the subclass of Riemann

surfaces obtained through the replication procedure.

Let us consider a conformal field theory with central charge c. As widely argued in

[3, 4], in the case of one interval A = [u, v] in an infinite line, TrρnA can be written as the

two point function of twist fields on the complex plane plus the point at infinity, i.e.

TrρnA = �Tn(u)T̄n(v)� =
cn

|u− v|2∆n
, ∆n =

c

12

�
n− 1

n

�
. (2.4)

Both the twist field Tn and T̄n, also called branch point twist fields [53], have the same

scaling dimension ∆n. The constant cn is non universal and such that c1 = 1 because

of the normalization condition.

R3,3

ZN,n partition function of RN,n, a particular

Riemann surface of genus g = (N − 1)(n− 1)
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Figure 9. The Riemann surface R3,4 with the canonical homology basis {ãα,j , b̃α,j}.

transformation. The relations (3.8) and (4.6) in the matrix form become respectively
�

a = A · aaux

b = B · baux ,

�
ã = Ã · aaux

b̃ = baux . (4.12)

Introducing the p× p upper triangular matrix Iup
p made by 1’s (i.e. (Iup

p )ab = 1 if a � b

and zero otherwise) and also its transposed I low
p ≡ (Iup

p )t, which is a lower triangular

matrix, we can write that A = In−1 ⊗ I low
N−1, B = Iup

n−1 ⊗ IN−1 and Ã = I low
n−1 ⊗ I low

N−1.

We remark that the matrices diag(A,B) and diag(Ã, Ig) occurring in (4.12) are not

symplectic matrices because, as already noticed in §3.1, the auxiliary set of cycles is

not a canonical homology basis. From (4.12) it is straightforward to find the relation

between the two canonical homology bases, namely
�

ã = Ã · A−1 · a
b̃ = B−1 · b , M ≡

�
Ã · A−1 0g

0g B−1

�
∈ Sp(2g,Z) , (4.13)

which can be constructed by using that (Iup
p )−1

ab = δa,b − δa+1,b and the properties of

the tensor product, finding Ã · A−1 = I low
n−1 ⊗ IN−1 and B−1 = (Iup

n−1)
−1 ⊗ IN−1. Notice

R3,4
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Figure 10. A bipartition of the periodic chain where A is made by the union of three
disjoint blocks of lattice sites.

The Hamiltonian of the harmonic chain made by L lattice sites and with nearest

neighbor interaction reads

H =

L−1�

n=0

�
1

2M
p
2
n +

Mω2

2
q
2
n +

K

2
(qn+1 − qn)

2

�
, (5.1)

where periodic boundary conditions q0 = qL and p0 = pL are imposed and the variables

qn and pm satisfy the commutation relations [qn, qm] = [pn, pm] = 0 and [qn, pm] = iδn,m.

The Hamiltonian (5.1) contains three parameters ω, M , K but, through a canonical

rescaling of the variables, it can be written in a form where these parameters occur only

in a global factor and in the coupling
2K
Mω2/(1 +

2K
Mω2 ) [34, 58]. The Hamiltonian (5.1) is

the lattice discretization of a free massive boson. When ω = 0 the theory is conformal

with central charge c = 1. Since the bosonic field is not compactified, we must compare

the continuum limit of (5.1) for ω = 0 with the regime η → ∞ of the CFT expressions

computed in §3, which has been considered in §3.3.
To diagonalize (5.1), first one exploits the translational invariance of the system by

Fourier transforming qn and pn. Then the annihilation and creation operators ak and a
†
k

are introduced, whose algebra is [ak, ak� ] = [a
†
k, a

†
k� ] = 0 and [ak, a

†
k� ] = iδk,k� . The ground

state of the system |0� is annihilated by all the ak’s and it is a pure Gaussian state. In

terms of the annihilation and creation operators, the Hamiltonian (5.1) is diagonal

H =

L−1�

k=0

ωk

�
a
†
kak +

1

2

�
, (5.2)

[Peschel, Chung, (1999)] [Botero, Reznik, (2004)]
[Audenaert, Eisert, Plenio, Werner,(2002)]
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�
p
2
j + ω2

q
2
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2
�

Harmonic chain on a circle (critical for ω = 0)
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Figure 10. A bipartition of the periodic chain where A is made by the union of three
disjoint blocks of lattice sites.

The Hamiltonian of the harmonic chain made by L lattice sites and with nearest

neighbor interaction reads

H =

L−1�

n=0

�
1

2M
p
2
n +

Mω2

2
q
2
n +

K

2
(qn+1 − qn)

2

�
, (5.1)

where periodic boundary conditions q0 = qL and p0 = pL are imposed and the variables

qn and pm satisfy the commutation relations [qn, qm] = [pn, pm] = 0 and [qn, pm] = iδn,m.

The Hamiltonian (5.1) contains three parameters ω, M , K but, through a canonical

rescaling of the variables, it can be written in a form where these parameters occur only

in a global factor and in the coupling
2K
Mω2/(1 +

2K
Mω2 ) [34, 58]. The Hamiltonian (5.1) is

the lattice discretization of a free massive boson. When ω = 0 the theory is conformal

with central charge c = 1. Since the bosonic field is not compactified, we must compare

the continuum limit of (5.1) for ω = 0 with the regime η → ∞ of the CFT expressions

computed in §3, which has been considered in §3.3.
To diagonalize (5.1), first one exploits the translational invariance of the system by

Fourier transforming qn and pn. Then the annihilation and creation operators ak and a
†
k

are introduced, whose algebra is [ak, ak� ] = [a
†
k, a

†
k� ] = 0 and [ak, a

†
k� ] = iδk,k� . The ground

state of the system |0� is annihilated by all the ak’s and it is a pure Gaussian state. In

terms of the annihilation and creation operators, the Hamiltonian (5.1) is diagonal

H =

L−1�

k=0

ωk

�
a
†
kak +

1

2

�
, (5.2)

[Peschel, Chung, (1999)] [Botero, Reznik, (2004)]
[Audenaert, Eisert, Plenio, Werner,(2002)]

H =
1

2

L�

j=1

�
p
2
j + ω2

q
2
j + (qj+1 − qj)

2
�

Harmonic chain on a circle (critical for ω = 0)
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Figure 13. The quantity Fnorm
N,n computed for the periodic harmonic chain with

ωL = 10−3 in the configuration of intervals (5.11), normalized through (5.12). The
lattice data are obtained by using (2.16), (2.17), (5.6) and (5.7). The continuos curves
are given by (3.34). The maximum value on the horizontal axis is 1/N . We show the
cases of N = 3 (top) and N = 4 (bottom) with n = 2, 3, 4.

obtained from the harmonic chain in the continuum limit, we have to generalize the

CFT formulas to the case of a finite system of total length L with periodic boundary

conditions. This can be done by employing the conformal map from the cylinder to

the plane, whose net effect is to replace each length y (e.g. �, d, 2� + d, etc.) with the

[Coser, Tagliacozzo, E.T., (2013)]

Fdec
N,n(x) =

ηg/2�
det(I) |Θ(0|τ)|2

Decompactification regime

Riemann theta function Θ

period matrix τ = R+ i I
[Enolski, Grava, (2003)]

[Dijkgraaf, Verlinde, Verlinde, (1988)] [. . . ]

Nasty n dependence
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Figure 10. A bipartition of the periodic chain where A is made by the union of three
disjoint blocks of lattice sites.

The Hamiltonian of the harmonic chain made by L lattice sites and with nearest

neighbor interaction reads

H =

L−1�

n=0

�
1

2M
p
2
n +

Mω2

2
q
2
n +

K

2
(qn+1 − qn)

2

�
, (5.1)

where periodic boundary conditions q0 = qL and p0 = pL are imposed and the variables

qn and pm satisfy the commutation relations [qn, qm] = [pn, pm] = 0 and [qn, pm] = iδn,m.

The Hamiltonian (5.1) contains three parameters ω, M , K but, through a canonical

rescaling of the variables, it can be written in a form where these parameters occur only

in a global factor and in the coupling
2K
Mω2/(1 +

2K
Mω2 ) [34, 58]. The Hamiltonian (5.1) is

the lattice discretization of a free massive boson. When ω = 0 the theory is conformal

with central charge c = 1. Since the bosonic field is not compactified, we must compare

the continuum limit of (5.1) for ω = 0 with the regime η → ∞ of the CFT expressions

computed in §3, which has been considered in §3.3.
To diagonalize (5.1), first one exploits the translational invariance of the system by

Fourier transforming qn and pn. Then the annihilation and creation operators ak and a
†
k

are introduced, whose algebra is [ak, ak� ] = [a
†
k, a

†
k� ] = 0 and [ak, a

†
k� ] = iδk,k� . The ground

state of the system |0� is annihilated by all the ak’s and it is a pure Gaussian state. In

terms of the annihilation and creation operators, the Hamiltonian (5.1) is diagonal

H =

L−1�

k=0

ωk

�
a
†
kak +

1

2

�
, (5.2)

[Peschel, Chung, (1999)] [Botero, Reznik, (2004)]
[Audenaert, Eisert, Plenio, Werner,(2002)]

H =
1

2

L�

j=1

�
p
2
j + ω2

q
2
j + (qj+1 − qj)

2
�

Harmonic chain on a circle (critical for ω = 0)

On Rényi entropies of disjoint intervals in CFT 28

�

�

�

�

�
�

� � � �
�

�

�

�

�

�

�

�

�

�

�
�
�
�
�
�
� � � � � � � � � �

�
�
�
�
�
�

�

�

�

�

�

�

�
�
�
�
�
�
�
��
��
��
��
��
��
��
��
��
���
���
���
���
���
����
����
����
�����
������

����������
������������������������������������������������������������������������������������

�
�
�
�
�
�

�

�

�

�
�
�
�
�
�
�
��
��
��
��
��
��
��
��
��
��
���
���
���
���
���
����
����
�����
������

��������
����������������������������������������������������������������������������������������

�
�
�
�
�
�
�

�

�

�

�

�

�

�

�
� �

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�
�
�
�
� � � � � �

�
�
�
�

�

�

�

�

�

�

�

�

�

�

�
�
�
�
�
�
�
�
�
�
�
�
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
���
���
���
���
����
����
������

��������������������������������������������������������������������������������
�
�
�
�
�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�
�
�
�
�
�
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
���
���
���
���
����
�����
�������

����������������������������������������������������������������������������
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�

�

�

�

�

�

�
� �

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�
�
�
� � � � �

�
�

�

�

�

�

�

�

�

�

�

�

�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
���
���
���
����
������

��������������������������������������������������������������������������
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
���
���
���
����
������

����������������������������������������������������������������������
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�

�

�

�

0 0.05 0.1 0.15 0.2 0.25 0.3
0

0.2

0.4

0.6

0.8

1

Fnorm
3,n

�/L

L = 50
L = 100
L = 500
L = 5000

max on the horizontal axis=1/N

symmetric config (I) N=3, n=2,3,4        \omega L =10^{-3} da qui

what happens for N=2? same shape? Does it go to zero close to zero?

n = 3

n = 2

n = 4CFT

�

�

�

�

�
� �

�

�

�

�

�

�

�

�

�

�

�

�
�

�
� � � �

�
�

�

�

�

�

�

�

�

�

�

�

�
�
�
�
�
�
�
�
�
�
�
�
��
��
��
��
��
��
��
��
��
��
��
���
���
���
����
������

�������������������������������������������������������
�
�
�
�
�
�
�
�
�
�
�
�

�

�

�

�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
��
��
��
��
��
��
��
��
��
��
���
���
���
����
������

�����������������������������������������������������
�
�
�
�
�
�
�
�
�
�
�
�
�

�

�

�

�

�

�

�

� �

�

�

�

�

�

�

�

�

�

�

�

�

�

�
�

� � �
�

�

�

�

�

�

�

�

�

�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
��
��
��
��
��
��
��
��
���
����
���������������������������������������

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
��
��
��
��
��
��
��
���
���
�����

�����������������������������������
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�

�

�

�

�

� �

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�
� �

�

�

�

�

�

�

�

�

�

�

�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
��
��
��
��
��
���
�����

������������������������
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
����

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
��
��
��
��
��
���
�����

������������������������
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�

�

�

�

0 0.05 0.1 0.15 0.2 0.25
0

0.2

0.4

0.6

0.8

1

Fnorm
4,n

�/L

L = 50

L = 100
L = 500
L = 5000

symmetric config (I) N=4, n=2,3,4

n = 3

n = 2

n = 4
CFT

Figure 13. The quantity Fnorm
N,n computed for the periodic harmonic chain with

ωL = 10−3 in the configuration of intervals (5.11), normalized through (5.12). The
lattice data are obtained by using (2.16), (2.17), (5.6) and (5.7). The continuos curves
are given by (3.34). The maximum value on the horizontal axis is 1/N . We show the
cases of N = 3 (top) and N = 4 (bottom) with n = 2, 3, 4.

obtained from the harmonic chain in the continuum limit, we have to generalize the

CFT formulas to the case of a finite system of total length L with periodic boundary

conditions. This can be done by employing the conformal map from the cylinder to

the plane, whose net effect is to replace each length y (e.g. �, d, 2� + d, etc.) with the

[Coser, Tagliacozzo, E.T., (2013)]

Fdec
N,n(x) =

ηg/2�
det(I) |Θ(0|τ)|2

Decompactification regime

Riemann theta function Θ

period matrix τ = R+ i I
[Enolski, Grava, (2003)]

[Dijkgraaf, Verlinde, Verlinde, (1988)] [. . . ]

Nasty n dependence
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FIG. 4: For two adjacent intervals of equal length � < L/2,

we plot rn = ln[(Trρ
TA2=�

A )n/Tr(ρ
TA2=L/4

A )n] as function of
z = �/L. The subtraction is chosen to cancel non-universal
factors. The bottommost panel shows the logarithmic nega-
tivity in which non-universal terms are absent. The continu-
ous lines are the parameter free CFT predictions.

A quantitative finite size scaling analysis is reported in

the inset of the figure. The bottom panel of Fig. 5 shows

the negativity E for which all data collapse on a single

curve, without sizable corrections. For small y, the data

are very close to zero and are consistent with the form

e−a/y
[11], vanishing faster than any power. For y → 1,

we find E(y) ∼ (1− y)−1/4
ln(1− y) as obtained from the

analytic continuation of Eq. (18) in this regime [15]. The

logarithmic correction may be responsible for the expo-

nent
1
3 found in Ref. [11] as compared with our analytic

result
1
4 , which is consistent with our general result

c
4 .

Conclusions. We described a general QFT formalism

to calculate the logarithmic negativity. For a conformal

invariant theory we worked it out for two intervals, both

adjacent and disjoint. In the latter case, the negativity is

a universal scale invariant function. Some generalizations

such as for compactified free boson, Ising CFT, finite

temperature CFT, and massive QFT have been already

obtained and will be presented elsewhere [15].

However, there are still open problems, among them

the analytic continuation ne → 1 of the results for dis-

joint intervals which remains a formidable task, reflecting

a similar problem for the entanglement entropy [7, 8].

Finally, it is of extreme interest to check numerically

our CFT predictions in more complicated lattice models

such as spin-chains and itinerant fermions.
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FIG. 5: Top: the ratio Rn(y) in Eq. (17) as function of
y for several L and for n = 3, 4. The continuous lines are
the parameter free CFT predictions. The inset shows a finite
size scaling analysis for dn ≡ RCFT

n (y) − Rn(y) for n = 3
displaying the unusual correction L−2/n [17]. The same is true
for higher n [15]. Bottom: The negativity E(y) is a universal
scale invariant function with an essential singularity at y = 0.
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Figure 10. Entanglement negativity for two adjacent intervals of equal length � < L/2 in a

periodic chain of length L: Subtracted negativity �(z) in Eq. (74) compared with the parameter

free CFT prediction.

numerical data are described by the bipartite formula (28). Notice that finite size scaling

corrections are even smaller than those for the quantities rn(z) in Fig. 9.

5.2. Two disjoint intervals

In this section we study the most interesting and difficult situation of two disjoint intervals for

which an accurate numerical study of the negativity has been already performed by means of

density matrix renormalization group in Ref. [15], but before the systematic CFT derivation

in Refs. [24, 25]. Here we first consider the traces Tr(ρT2
A )n and Tr(ρA)n. Indeed, although

standard Rényi entropies given by TrρnA have been already studied in Refs. [30, 38, 39], they

show large corrections to the scaling which is worth recalling before embarking in the analysis

of Tr(ρT2
A )n.

In order to determine numerically the function Fn(x), we calculate for several finite

chains the quantity

F lat
n (x) =

TrρnA1∪A2

TrρnA1
TrρnA2

(1− x)(n−1/n)/12 , (75)

which in the scaling limit should converge to the CFT prediction Fn(x). In a finite system

of length L, the four-point ratio x must be rewritten by replacing all distances by the

corresponding chordal lengths. For two intervals of the same length � at distance r this reads

x =

�
sin(π�/L)

sin(π(�+ r)/L)

�2

. (76)

The numerical data for the function F lat
n (x) are reported in Fig. 11 for n = 3, 4, 5

as function of x for various values of � (i.e. different values of L according to Eq.
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Figure 9. Entanglement for two adjacent intervals of equal length � ≤ L/2 in a periodic
chain of length L. The quantity rn(z) in Eq. (72) as function of z = �/L compared with the
parameter free CFT prediction for n = 3 (left) and n = 4 (right).

while for the logarithmic negativity we have from Eq. (30)

E =
1

8
ln
�L
π
tan(πz)

�
+ cnst . (71)

Following Ref. [25], we can construct quantities in which the dependence on the non-
universal parameters dn and also the universal dependence on L cancel. To this aim, it is
enough to divide Tr(ρT2

A )n by the value it assumes at a given fixed �, e.g. � = L/4, i.e. by
considering the quantities

rn(z) = ln
Tr(ρ

TA2=�

A )n

Tr(ρ
TA2=L/4

A )n
, (72)

whose parameter free CFT predictions for n even and odd are

rne =
1

12

� 2

ne
− ne

2

�
ln(2 sin2(πz))− 1

12

�ne

2
+

1

ne

�
ln(sin(2πz)),

rno =
1

24

� 1

no
− no

�
ln(2 sin2(πz) sin(2πz)). (73)

The numerical results for these quantities are shown in Fig. 9 for n = 3 and n = 4. The
agreement between the numerical data and the CFT predictions is perfect for all considered
values of L, showing that finite size corrections are very small for these quantities. Notice that
for z = 1/2 we have a bipartite system (i.e. B → ∅) and the equations in (73) obviously do
not work since the data are described by Eqs. (26) and (27), reflecting the fact that the limit
z → 1/2 is approached in a non-uniform way (i.e. the limits z → 1/2 and N → ∞ do not
commute as obvious).

For the logarithmic negativity, we can analogously define the subtracted quantity

�(z) = E(�, L)− E(L/4, L) = 1

8
ln[tan(πz)] , (74)

and again the r.h.s. is a parameter free CFT prediction. In Fig. 10, this prediction is compared
with the numerical data and the agreement is extremely good except at z = 1/2 where the

�/L

[Calabrese, Tagliacozzo, E.T., (2013)]
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Tree Tensor Network



Two disjoint intervals: periodic harmonic chains
Previous numerical results for E :
Ising (DMRG) and harmonic chainsEntanglement negativity in extended systems 38

Figure 10. For a periodic chain of length L, we report the ratio Rn(y) defined
in Eq. (69) as function of y for several L and for n = 3, 4. The continuous lines
are the parameter free CFT predictions to which the data converges for L → ∞.

Figure 11. Finite size scaling analysis for dn(y) in Eq. (200) for n = 3 (left)
and n = 4 (right). We report from Fig. 10 several values of y (increasing in the
direction of the arrow, but we do not give the actual value to simplify the reading
of the plot). The data are compatible with a leading correction to the scaling of
the form L−2/n .

in Fig. 11 for n = 3, 4 showing that the difference

dn(y) ≡ Rn(y)−Rη=∞
n (y), (200)

for several values of y is of the expected form L−2/n
. As well known (even analytically)

for other simpler cases [64, 66] for larger n, the subleading corrections to the scaling,

of the form L−2p/n
with p integer, cannot be neglected and a proper analysis requires

the introduction of some fitting parameters.

Finally we turn to the study of the negativity E reported in Fig. 12 showing that

all data collapse on a single curve, without sizable corrections. Unfortunately we do

not have the analytic continuation of Rη=∞
ne

(y) to ne → 1 as a function of y. However

we can study the two interesting regimes of far and close intervals corresponding to

CFT curves

Two disjoint intervals

Rn =
Tr(ρT2

A )n

Tr ρnA

Rn =

�
(1− y)

2
3 (n−

1
n )

�n−1
k=1 F k

n
(y)F k

n
(1− y)

�n−1
k=1 Re

�
F k

n
( y
y−1 ) F̄ k

n
( 1
1−y )

�

� 1
2

[Wichterich, Molina-Vilaplana, Bose, (2009)]

[Marcovitch, Retzker, Plenio, Reznik, (2009)]

[Calabrese, Cardy, E.T., (2012)]
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Figure 12. The negativity E(y) is a universal scale invariant function
with an essential singularity at y = 0. We report the data for L =
50, 100, 150, 200, 250, 300 but, since they are hardly distinguishable, we do not
give a legend box. The solid line is the expansion close to y ∼ 1 in Eq. (202)
which very surprisingly describes well the data down to y ∼ 0.3. The inset shows
the same plot in logarithmic scale showing that for small y the two possibilities
E ∼ e−a/y and E ∼ e−b/

√
y are too close to be distinguished.

corrections (in 1 − y) and it is expected to describe the data better. Indeed in Fig.
12, this prediction is almost indistinguishable from the data all the way from y ∼ 1
(where it is an exact result) down to y ∼ 0.3. We should mention that the subleading
logarithmic correction may be responsible for the exponent 1/3 found in Ref. [12] as
compared with our analytic result 1/4.

Finally we would like to mention that, in a long enough chain, when each interval
contains a finite number of lattice points, the negativity must vanish exactly for
sufficiently large separations. This is because the reduced density matrix ρA has all
strictly positive eigenvalues. Thus, when we take the partial transpose, the change in
the density matrix, and therefore in the eigenvalues, can be made arbitrarily small since
�pipj� (which is the correlator that changes sign, cf. Eq. (190)) decreases like |i−j|−2.
Indeed this is consistent with the well-known result [1, 9] that the entanglement of
two far away sites is exactly zero.

7.7. Tripartite chains with Dirichlet boundary in the origin

Now we consider the non-trivial case of a tripartite chain on a system with boundaries
discussed in Sec. 6, which is the semi-infinite line, with A1 = [0, �], A2 = [�, 2�] and B
the remainder. In this case, the results for Tr(ρT2

A )n are given in Eq. (166) which we
report also here:

Tr(ρT2
A )n =






�−c/6(n−1/n) n odd,

�−c/12(n−1/n)+c/6(n/2−2/n) n even.
(203)

E = −1

4
log(1− y) + logK(y) + cnst

Analytic continuation for y ∼ 1

Analytic continuation ne → 1

for 0 < y < 1 is missing

It goes to zero faster than any power
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Figure 12. Numerical results for Glat
n (x) as function of y for different values of � for n = 3

(top left), n = 4 (top right), and n = 5 (bottom). The data are extrapolated to � → ∞ by
means of Eq. (80). The extrapolated data (topmost set of data) are in excellent agreement with
the CFT prediction (continuous line).

f
(1)
n is always negative, while f

(2)
n and f

(3)
n are always positive, as discussed in Ref. [40]). In

order to have an accurate extrapolation to � → ∞, for any n we consider all the corrections
above up to order O(�−3/n) and we get the extrapolations reported in Fig. 11. The error bars
are estimated by studying the stability of the extrapolation with respect to the number of sizes
� included in the fit. The overall agreement of the extrapolated points with the CFT prediction
is excellent for all values of x and for the three considered values of n, reproducing the results
in Refs. [38, 39].

After having summarized the corrections to the scaling for the entanglement entropies
we can turn to the integer powers of the partial transpose in which we are interested here. In
analogy with Eq. (75) we can define the lattice ratio

G
lat
n (y) =

Tr(ρT2
A1∪A2

)n

TrρnA1
TrρnA2

(1− y)(n−1/n)/12
, (79)

that in the limit � → ∞ is expected to converge to the CFT scaling function Gn(y) given by
Eq. (53). In the case at hand, the numerical value of y is given by the same expression in Eq.
(76) for x. The numerical data for Glat

n (y) are reported in Fig. 12 for n = 3, 4, 5 as function
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Figure 14. Logarithmic negativity for two intervals of equal length � at distance r as function

of the four point ratio y.

the two and the analogous lattice quantity

Rlat
n (y) ≡ Glat

n (y)

F lat
n (y)

, (81)

which in the limit � → ∞ converges to the CFT prediction in Eq. (54). The numerical data

for Rlat
n (y) are reported in Fig. 13 for n = 3, 4, 5 as function of y for different values of �.

Once again, large scaling corrections are present and there are no accidental cancellations in

the ratio, so that they are again expected to be of the same form as for F lat
n (x), i.e. described

by the ansatz

Rlat
n (y) = Rn(y) +

r(1)n (y)

�1/n
+

r(2)n (y)

�2/n
+

r(3)n (y)

�3/n
. . . . (82)

We repeat again the same analysis as for F lat
n (x) to extrapolate the data to � → ∞ and the

results (with error bars) are reported in Fig. 13. Unlike f (j)
n (x)’s and g(j)n (y)’s, in this case the

signs of r(j)n (y)’s are not defined (indeed r(j)n ’s can be written as complicated combinations of

f (j)
n ’s and g(j)n ’s). For this reason, the error bars in Fig. 13 are larger than the ones in Fig. 11

and in Fig. 12. It is evident that the extrapolated points in Fig. 13 agree very well with the

CFT prediction for the three considered values of n. It is very remarkable that the numerical

calculations are accurate enough to detect the small differences of these ratios from 1 (at least

for n = 3 and n = 4, while for n = 5 the estimated error is too large to distinguish the

extrapolation from one).

Finally we turn to the study of the logarithmic negativity E . The numerical data as a

function of y are reported in Fig. 14 for several values of �. In the figure all data collapse on

a single curve, with some tiny corrections to the scaling for the smaller values of �, which

Tree tensor network:
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Logarithmic negativity E of one interval at finite T = 1/β

A naive approach: compute �T 2
n (u)T̄ 2

n (v)�β through the conformal map

relating the cylinder to the complex plane

Enaive =
c

2
ln

�
β

πa
sinh

π�

β

�
+ 2 ln c1/2

Problems:

The Rényi entropy n = 1/2 is not an entanglement measure at finite T

Enaive is an increasing function of T , linearly divergent at high T

Entanglement should decrease as the system becomes classical



Two disjoint intervals: Ising modelOne interval at finite temperature in the infinite line
Finite temperature entanglement negativity in CFT 8

A

A

A

Figure 1. Partial transposition and Tr(ρTA)n of one interval A at finite temperature. Top:

simple arrows indicate that in Tr(ρTA)n one passes from the j-th copy to the (j + 1)-th one

by following them through the cut (depending on the verse of the arrow). Middle: deforming

the dashed green line as indicated, part of it becomes a cut extending along the whole cylinder

and parallel to its axis, while the remaining part merges with the red segment. Bottom: The

double arrow denotes a double jump, from the j-th copy to the (j + 2)-th one, following it

through the cut. The j-th copy is sewed to the (j+1)-th one through the dashed line. Because

of this connection, the ne-sheeted Riemann surface occurring in Tr(ρTA)ne does not factorise

into the product of two identical (ne/2)-sheeted Riemann surfaces.

the cylinder depicted in the bottom picture: it is connected to the (j + 1)-th cylinder through

the dashed green line and to the (j+2)-th one through the interval A (represented pictorially as

a double arrow). There is no way to remove this dashed green line which connects consecutive

sheets and therefore for n = ne the corresponding Riemann surface does not decouple into

two identical (ne/2)-sheeted Riemann surfaces. Always because of such connection through

the dashed green line, the Riemann surface occurring in Tr(ρTA)no is not the same one of

Trρno
A . Thus, at finite temperature Tr(ρTA)n cannot be related to TrρnA, as done in [16, 17] for

T = 0.

At this point it is natural to wonder why a similar problem does not arise at T = 0

in which case the cylinder degenerates to the whole complex plane which is topologically

equivalent to a sphere. In Fig. 2 we proceed in the same way as in Fig. 1, but substituting the

cylinder with a sphere. In the first three panels everything proceeds in complete analogy to

the cylinder case resulting finally in a dashed green line parallel to the equator. However, in

this case, the dashed green line can be shrunk to a point and therefore it vanishes. Thus, since

Single copy of ρTA
β =⇒ Tr

�
ρTA
β

�n

(connection to the (j + 1)-th cylinder following the arrows)
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this case, the dashed green line can be shrunk to a point and therefore it vanishes. Thus, since
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into the product of two identical (ne/2)-sheeted Riemann surfaces.

the cylinder depicted in the bottom picture: it is connected to the (j + 1)-th cylinder through

the dashed green line and to the (j+2)-th one through the interval A (represented pictorially as

a double arrow). There is no way to remove this dashed green line which connects consecutive

sheets and therefore for n = ne the corresponding Riemann surface does not decouple into

two identical (ne/2)-sheeted Riemann surfaces. Always because of such connection through

the dashed green line, the Riemann surface occurring in Tr(ρTA)no is not the same one of

Trρno
A . Thus, at finite temperature Tr(ρTA)n cannot be related to TrρnA, as done in [16, 17] for

T = 0.

At this point it is natural to wonder why a similar problem does not arise at T = 0

in which case the cylinder degenerates to the whole complex plane which is topologically
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this case, the dashed green line can be shrunk to a point and therefore it vanishes. Thus, since

A cut remains connecting
consecutive copies

=⇒ No factorization for even n

(The double arrow indicates the connection to the (j + 2)-th copy)



Deforming the cut at zero temperatureFinite temperature entanglement negativity in CFT 9

AA

A

A A

Figure 2. The deformation procedure described for Fig. 1 (with the same notations) performed
at zero temperature, i.e. on the sphere. In this case the cut given by the dashed green line can
be shrunk to a point and it annihilates, leaving only the cut through A, which connect the
j-th copy to the (j + 2)-th one. Thus, at zero temperature, the ne-sheeted Riemann surface
occurring in Tr(ρTA)ne factorizes into the product of two identical (ne/2)-sheeted Riemann
surfaces.

the j-th sheet is connected only to the (j + 2)-th one along the segment A, we are allowed to
use the construction in Ref. [17] to relate, at zero temperature, Tr(ρTA)n to TrρnA.

A final comment is necessary at this point. The above reasoning shows that the negativity
cannot be calculated by a simple mapping from the cylinder to the sphere if the partial
transposition involves an infinite part of an infinite system at finite temperature. This is not
the case if one, for example, is interested in the negativity between two (adjacent or disjoint)
finite intervals at finite temperature. For this reason, to quote a concrete example, the finite
temperature calculation of the negativity between two adjacent intervals in Ref. [24], which
is based on the calculation of a three-point function on the plane, is indeed free from these
troubles and therefore correct.

4. The correct finite temperature negativity for one interval in the infinite line

After having understood what goes wrong in Eq. (25), we should find a way to take into
account the branch cut (i.e. the dashed-green line in Fig. 1) in the partial transposed reduced
density matrix. Denoting by w = σ + iτ (σ ∈ R and τ ∈ [0, β)) the complex coordinate

=⇒Single copy of
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The cut connecting consecutive copies shrinks to a point

=⇒ Factorization for even n

Only the connection to the j ± 2 copies along A remains
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Figure 1. Partial transposition and Tr(ρTA)n of one interval A at finite temperature. Top:

simple arrows indicate that in Tr(ρTA)n one passes from the j-th copy to the (j + 1)-th one

by following them through the cut (depending on the verse of the arrow). Middle: deforming

the dashed green line as indicated, part of it becomes a cut extending along the whole cylinder

and parallel to its axis, while the remaining part merges with the red segment. Bottom: The

double arrow denotes a double jump, from the j-th copy to the (j + 2)-th one, following it

through the cut. The j-th copy is sewed to the (j+1)-th one through the dashed line. Because

of this connection, the ne-sheeted Riemann surface occurring in Tr(ρTA)ne does not factorise

into the product of two identical (ne/2)-sheeted Riemann surfaces.

the cylinder depicted in the bottom picture: it is connected to the (j + 1)-th cylinder through

the dashed green line and to the (j+2)-th one through the interval A (represented pictorially as

a double arrow). There is no way to remove this dashed green line which connects consecutive

sheets and therefore for n = ne the corresponding Riemann surface does not decouple into

two identical (ne/2)-sheeted Riemann surfaces. Always because of such connection through

the dashed green line, the Riemann surface occurring in Tr(ρTA)no is not the same one of

Trρno
A . Thus, at finite temperature Tr(ρTA)n cannot be related to TrρnA, as done in [16, 17] for

T = 0.

At this point it is natural to wonder why a similar problem does not arise at T = 0

in which case the cylinder degenerates to the whole complex plane which is topologically

equivalent to a sphere. In Fig. 2 we proceed in the same way as in Fig. 1, but substituting the

cylinder with a sphere. In the first three panels everything proceeds in complete analogy to

the cylinder case resulting finally in a dashed green line parallel to the equator. However, in

this case, the dashed green line can be shrunk to a point and therefore it vanishes. Thus, since

One interval at finite temperature in the infinite line
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Figure 3. Logarithmic negativity E for a subsystem composed of � contiguous sites embedded

in a critical harmonic chain of length L with Dirichlet boundary condition. Left: E for a large

range of �T . For all finite �, E vanishes for T ≥ Tsd(�, L) (sudden death). Right: Subtracted

negativity Es ≡ E(T )− E(0) for small values of �T , i.e. for T � Tsd.

5. Numerical results for the harmonic chain

In this section we check that the scaling forms previously obtained are indeed recovered in

numerical calculations of a lattice model. We consider the harmonic chain with Hamiltonian

H =
L�

i=1

�
p
2
i

2M
+

Mω2

2
q
2
i +

K

2
(qi+1 − qi)

2

�
, (67)

where L is the number of lattice sites of the chain, M a mass scale, ω the one-particle

oscillation frequency, and K a nearest neighbour coupling. The variables pi and qi satisfy

standard commutation relations [qi, qj] = [pi, pj] = 0 and [qi, pj] = iδij . We consider the

harmonic chain because it is the only lattice model in which the partial transpose and the

negativity can be obtained by means of correlation matrix techniques [27, 28, 67, 68]. The

model is critical for ω = 0 and its continuum limit is conformal with central charge c = 1.

Unfortunately, in a system with periodic boundary conditions, the mass term ω cannot be set

equal to zero because the �qaqb� correlation function would diverge at zero momentum. The

presence of this zero-mode strongly affects the results also at zero temperature [28, 17] and

at finite T gives rise to effects which obscure the universal conformal physics (indeed finite

T negativity of the harmonic chain has already been considered in Refs. [7, 8, 9]). Thus,

in order to avoid this problem and to have clean results in the conformal regime, we impose

Dirichlet boundary conditions q0 = qL+1 = 0 and p0 = pL+1 = 0.

The Hamiltonian (67) can be diagonalised with standard techniques (see e.g. [17, 69]).

In order to calculate the negativity we need the dispersion relation

ωk =

�

ω +
4K

M
sin2

�
πk

2(L+ 1)

�
> ω, k = 1, . . . , L, (68)

and the finite temperature correlators

�qaqb�β =
1

L+ 1

L�

k=1

1

Mωk
coth

�ωk

2T

�
sin

�
πk a

L+ 1

�
sin

�
πk b

L+ 1

�
≡ Qab , (69)

E
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in a critical harmonic chain of length L with Dirichlet boundary condition. Left: E for a large

range of �T . For all finite �, E vanishes for T ≥ Tsd(�, L) (sudden death). Right: Subtracted

negativity Es ≡ E(T )− E(0) for small values of �T , i.e. for T � Tsd.

5. Numerical results for the harmonic chain

In this section we check that the scaling forms previously obtained are indeed recovered in

numerical calculations of a lattice model. We consider the harmonic chain with Hamiltonian

H =
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+
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where L is the number of lattice sites of the chain, M a mass scale, ω the one-particle

oscillation frequency, and K a nearest neighbour coupling. The variables pi and qi satisfy

standard commutation relations [qi, qj] = [pi, pj] = 0 and [qi, pj] = iδij . We consider the

harmonic chain because it is the only lattice model in which the partial transpose and the

negativity can be obtained by means of correlation matrix techniques [27, 28, 67, 68]. The

model is critical for ω = 0 and its continuum limit is conformal with central charge c = 1.

Unfortunately, in a system with periodic boundary conditions, the mass term ω cannot be set

equal to zero because the �qaqb� correlation function would diverge at zero momentum. The

presence of this zero-mode strongly affects the results also at zero temperature [28, 17] and

at finite T gives rise to effects which obscure the universal conformal physics (indeed finite

T negativity of the harmonic chain has already been considered in Refs. [7, 8, 9]). Thus,

in order to avoid this problem and to have clean results in the conformal regime, we impose

Dirichlet boundary conditions q0 = qL+1 = 0 and p0 = pL+1 = 0.

The Hamiltonian (67) can be diagonalised with standard techniques (see e.g. [17, 69]).

In order to calculate the negativity we need the dispersion relation
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Figure 4. Subtracted logarithmic negativity Es(T ) ≡ E(T )− E(0) as in Fig. 3. After shifting

the temperature by 1/(2L), the data collapse on a master curve for temperatures smaller than

those when finite size effects become important. Notice that the shift 1/(2L) vanishes in the

thermodynamic limit.

�papb�β =
1

L+ 1

L�

k=1

Mωk coth
�ωk

2T

�
sin

�
πk a

L+ 1

�
sin

�
πk b

L+ 1

�
≡ Pab . (70)

As anticipated, in these correlators we can set ω = 0, while in the case of periodic boundary

conditions the correlator �qaqb� diverges when ω → 0.

From the correlators (69) and (70), the logarithmic negativity for any subsystem A of the

harmonic chains can be computed following well established methods [27, 28, 8]. Indeed the

partial transposition changes the sign of all the momenta corresponding to the subsystem A.

Thus we consider the matrix PTA ≡ RA ·P ·RA, being P the matrix for the momenta (70) and

RA the L × L diagonal matrix having −1 in correspondence of the sites defining A and +1

for the remaining ones. Then, denoting by λ2
j the eigenvalues of Q · PTA , the trace norm of

the partial transpose and the negativity are given by

||ρTA || =
L�

j=1

� ���λj +
1

2

���−
���λj −

1

2

���
�−1

=
L�

j=1

max

�
1,

1

2λj

�
, ⇒ EA = ln(||ρTA ||) . (71)

Thus the computation of EA requires the diagonalisation of a L × L matrix preventing us

from taking the thermodynamic limit L → ∞, as it is instead straightforwardly done for the

entanglement entropy.

In the left panel of Fig. 3 we report the logarithmic negativity E at temperature T for a

subsystem composed by the first � sites embedded in a finite chain of length L. The parameters

in the Hamiltonian (67) have been fixed to M = K = 1 and we only consider the critical

chain with ω = 0. A first peculiar feature evident from this figure is that the logarithmic

negativity becomes zero for T ≥ Tsd. This is a well known phenomenon called sudden death

E(T )− E(0)
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Figure 3. Logarithmic negativity E for a subsystem composed of � contiguous sites embedded

in a critical harmonic chain of length L with Dirichlet boundary condition. Left: E for a large

range of �T . For all finite �, E vanishes for T ≥ Tsd(�, L) (sudden death). Right: Subtracted

negativity Es ≡ E(T )− E(0) for small values of �T , i.e. for T � Tsd.

5. Numerical results for the harmonic chain

In this section we check that the scaling forms previously obtained are indeed recovered in

numerical calculations of a lattice model. We consider the harmonic chain with Hamiltonian

H =
L�

i=1

�
p
2
i

2M
+

Mω2

2
q
2
i +

K

2
(qi+1 − qi)

2

�
, (67)

where L is the number of lattice sites of the chain, M a mass scale, ω the one-particle

oscillation frequency, and K a nearest neighbour coupling. The variables pi and qi satisfy

standard commutation relations [qi, qj] = [pi, pj] = 0 and [qi, pj] = iδij . We consider the

harmonic chain because it is the only lattice model in which the partial transpose and the

negativity can be obtained by means of correlation matrix techniques [27, 28, 67, 68]. The

model is critical for ω = 0 and its continuum limit is conformal with central charge c = 1.

Unfortunately, in a system with periodic boundary conditions, the mass term ω cannot be set

equal to zero because the �qaqb� correlation function would diverge at zero momentum. The

presence of this zero-mode strongly affects the results also at zero temperature [28, 17] and

at finite T gives rise to effects which obscure the universal conformal physics (indeed finite

T negativity of the harmonic chain has already been considered in Refs. [7, 8, 9]). Thus,

in order to avoid this problem and to have clean results in the conformal regime, we impose

Dirichlet boundary conditions q0 = qL+1 = 0 and p0 = pL+1 = 0.

The Hamiltonian (67) can be diagonalised with standard techniques (see e.g. [17, 69]).

In order to calculate the negativity we need the dispersion relation

ωk =

�

ω +
4K

M
sin2

�
πk

2(L+ 1)

�
> ω, k = 1, . . . , L, (68)

and the finite temperature correlators

�qaqb�β =
1

L+ 1

L�

k=1

1

Mωk
coth

�ωk

2T

�
sin

�
πk a

L+ 1

�
sin

�
πk b

L+ 1

�
≡ Qab , (69)

E

sudden
death
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Figure 4. Subtracted logarithmic negativity Es(T ) ≡ E(T )− E(0) as in Fig. 3. After shifting

the temperature by 1/(2L), the data collapse on a master curve for temperatures smaller than

those when finite size effects become important. Notice that the shift 1/(2L) vanishes in the

thermodynamic limit.

�papb�β =
1

L+ 1

L�

k=1

Mωk coth
�ωk

2T

�
sin

�
πk a

L+ 1

�
sin

�
πk b

L+ 1

�
≡ Pab . (70)

As anticipated, in these correlators we can set ω = 0, while in the case of periodic boundary

conditions the correlator �qaqb� diverges when ω → 0.

From the correlators (69) and (70), the logarithmic negativity for any subsystem A of the

harmonic chains can be computed following well established methods [27, 28, 8]. Indeed the

partial transposition changes the sign of all the momenta corresponding to the subsystem A.

Thus we consider the matrix PTA ≡ RA ·P ·RA, being P the matrix for the momenta (70) and

RA the L × L diagonal matrix having −1 in correspondence of the sites defining A and +1

for the remaining ones. Then, denoting by λ2
j the eigenvalues of Q · PTA , the trace norm of

the partial transpose and the negativity are given by

||ρTA || =
L�

j=1

� ���λj +
1

2

���−
���λj −

1

2

���
�−1

=
L�

j=1

max

�
1,

1

2λj

�
, ⇒ EA = ln(||ρTA ||) . (71)

Thus the computation of EA requires the diagonalisation of a L × L matrix preventing us

from taking the thermodynamic limit L → ∞, as it is instead straightforwardly done for the

entanglement entropy.

In the left panel of Fig. 3 we report the logarithmic negativity E at temperature T for a

subsystem composed by the first � sites embedded in a finite chain of length L. The parameters

in the Hamiltonian (67) have been fixed to M = K = 1 and we only consider the critical

chain with ω = 0. A first peculiar feature evident from this figure is that the logarithmic

negativity becomes zero for T ≥ Tsd. This is a well known phenomenon called sudden death

E(T )− E(0)
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Figure 3. Logarithmic negativity E for a subsystem composed of � contiguous sites embedded

in a critical harmonic chain of length L with Dirichlet boundary condition. Left: E for a large

range of �T . For all finite �, E vanishes for T ≥ Tsd(�, L) (sudden death). Right: Subtracted

negativity Es ≡ E(T )− E(0) for small values of �T , i.e. for T � Tsd.

5. Numerical results for the harmonic chain

In this section we check that the scaling forms previously obtained are indeed recovered in

numerical calculations of a lattice model. We consider the harmonic chain with Hamiltonian

H =
L�

i=1

�
p
2
i

2M
+

Mω2

2
q
2
i +

K

2
(qi+1 − qi)

2

�
, (67)

where L is the number of lattice sites of the chain, M a mass scale, ω the one-particle

oscillation frequency, and K a nearest neighbour coupling. The variables pi and qi satisfy

standard commutation relations [qi, qj] = [pi, pj] = 0 and [qi, pj] = iδij . We consider the

harmonic chain because it is the only lattice model in which the partial transpose and the

negativity can be obtained by means of correlation matrix techniques [27, 28, 67, 68]. The

model is critical for ω = 0 and its continuum limit is conformal with central charge c = 1.

Unfortunately, in a system with periodic boundary conditions, the mass term ω cannot be set

equal to zero because the �qaqb� correlation function would diverge at zero momentum. The

presence of this zero-mode strongly affects the results also at zero temperature [28, 17] and

at finite T gives rise to effects which obscure the universal conformal physics (indeed finite

T negativity of the harmonic chain has already been considered in Refs. [7, 8, 9]). Thus,

in order to avoid this problem and to have clean results in the conformal regime, we impose

Dirichlet boundary conditions q0 = qL+1 = 0 and p0 = pL+1 = 0.

The Hamiltonian (67) can be diagonalised with standard techniques (see e.g. [17, 69]).

In order to calculate the negativity we need the dispersion relation

ωk =

�

ω +
4K

M
sin2

�
πk

2(L+ 1)

�
> ω, k = 1, . . . , L, (68)

and the finite temperature correlators

�qaqb�β =
1

L+ 1

L�

k=1

1

Mωk
coth

�ωk

2T

�
sin

�
πk a

L+ 1

�
sin

�
πk b

L+ 1

�
≡ Qab , (69)

E
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death



Global quantum quench: CFT evolution
System prepared in the ground state |ψ0� of H0

At t = 0 sudden change of the Hamiltonian H0 → H

Unitary evolution: |ψ(t)� = e−iHt |ψ0� ρ(t) = |ψ(t)��ψ(t)|

Global quench:



Global quantum quench: CFT evolution
System prepared in the ground state |ψ0� of H0

At t = 0 sudden change of the Hamiltonian H0 → H

Unitary evolution: |ψ(t)� = e−iHt |ψ0� ρ(t) = |ψ(t)��ψ(t)|

Global quench:

2τ0 τ
u1 u2 uM. . .

. . .O1 O2 OM

Path integral formulation and critical H: correlation functions on the strip

Analytic continuation τ = τ0 + it, then t � τ0 and |ui − uj | � τ0

[Calabrese, Cardy, (2005), (2006), (2007)]



Global quantum quench: CFT evolution
System prepared in the ground state |ψ0� of H0

At t = 0 sudden change of the Hamiltonian H0 → H

Unitary evolution: |ψ(t)� = e−iHt |ψ0� ρ(t) = |ψ(t)��ψ(t)|

Global quench:

2τ0 τ
u1 u2 uM. . .

. . .O1 O2 OM

Path integral formulation and critical H: correlation functions on the strip

Analytic continuation τ = τ0 + it, then t � τ0 and |ui − uj | � τ0

[Calabrese, Cardy, (2005), (2006), (2007)]

Tr(ρT0
A )n

TrρnA �
N�
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Figure 2. Left: Temporal evolution of the entanglement entropy for one interval made by
� sites in a periodic chain with L sites. At t = 0 the mass is quenched from ω0 = 1 to ω = 0.
The dashed curve is the CFT prediction (2.17) with c = 1 and the best fitted value for τ0.
Right: Temporal evolution of the Rényi entropies for a periodic chain with L = 5000 and
� = 400. The black curve corresponds to the entanglement entropy and the dashed one to
the logarithmic negativity EA, which coincides with S(1/2)

A in this case.

of the time dependence of the entanglement entropies after the quench. The non trivial factor

that has been neglected in (2.14) will be further discussed in §4.1.
The exponent of η1,2 in (2.14) is obtained by considering z2 → z1, namely the regime

where the two points are deep in the bulk and the boundary is far away. In this limit η1,2 → 0

and (2.14) becomes the two point function on the sphere with the correct normalization given

by cn [5]. Instead, when zj−z̄j → 0 for j = 1, 2, we have that η1,2 → 1 and the boundary state

becomes important because the two points are very close to the boundary. The two-point

function (2.14) factorizes into the product of two one-point functions only if cn = (cbdyn )2.

(this is not true because of the boundary entropy [comment on this])

Plugging (2.14) into (2.4) with N = 1, we find

TrρnA = cn

�
π

2τ0

�2∆n
�����

�
2�

a=1

za
za − z̄a

�
1

η1,2

�����

∆n

. (2.15)

The time dependence of this quantity after the global quench is obtained through the analytic

continuation (2.9). Discarding the factor cn(π/[2τ0])2∆n in (2.15), employing that each term

|za|/|za − z̄a| gives e−
π

2τ0
t when t � τ0 and that the cross ratio η1,2 becomes (2.11) in the

regime t � τ0 and u2 − u1 � τ0, as discussed above, we get [1]

S(n)
A =

π∆n

τ0(n− 1)

�
t+ q(t, u2 − u1)

�
, (2.16)

where the function q has been defined in (2.12). This expression linearly increases for

0 < t < �/2 and then becomes constant for t > �/2.

In the right panel of Fig. 2, we show the numerical data for the Rényi entropies S(n)
A (t)

of one interval made by � adjacent sites embedded in a periodic harmonic chain made by L

sites as function of time. The case n = 1/2 corresponds to the logarithmic negativity and it

ω0 = 1 −→ ω = 0
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Figure 11. Adjacent intervals with different lengths �1 = 2�2 for different intervals lengths
and total size L of the periodic harmonic chain. Time evolution of the mutual information I
((a), (c)) and of the logarithmic negativity E ((b), (d)). The revivals for t ∼ L/2 is evident
in the bottom panels, where a larger range of t is considered. The dashed CFT curves in (a)
and (b) are given respectively by (2.26) and (3.26). Comparing the panels on the left with
the ones on the right, we notice that I > E for any time (vero?) and that E in (d) decays
faster that I in (d). With respect to the corresponding plots in Fig. 4, here a plateau occurs
which is proportional (equal?) to |�2 − �1| and starts at t ∼ min(�1, �2)/2.

Similarly to (3.21), we can write the OPE for T̄n(z)T 2
n (w) and CTnT̄ 2

n T̄n = CT̄nT 2
n Tn .

Considering separately the limits z2 → z1 and z2 → z3 in (3.20), first one employs (3.21) and

(2.15) in the l.h.s. of (3.20) and then compares the result with the corresponding limit of the

r.h.s.. This comparisons tell us that β = ∆(2)
n − 2∆n and γ = ∆(2)

n , which must be plugged

into (3.20). At this point we can observe that the exponents within the round parenthesis

in (3.20) are the same ones occurring in the three point function �TnT̄ 2
n Tn� on the sphere

[19]. This is expected because (3.20) should give the corresponding three point function on

the sphere when all the three points are very close to each other, around a generic point z0.

Notice that 2γ − β = ∆, which leads to the simplification of the position dependent term�3
a=1 |za − z̄a|∆(a) → |z0 − z̄0|∆ in this regime.

Given (3.20), the three point function on the strip providing the temporal evolution of

Tr(ρT2
A )n for two adjacent intervals can be straightforwardly written by employing (3.11)
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Figure 13. Disjoint intervals with different lengths �1 = 2�2 separated by d sites, for
various intervals lengths, separations and total size L of the periodic harmonic chain. Time
evolution of the mutual information I ((a), (c)) and of the logarithmic negativity E ((b), (d)).
They vanish for t < d/2. The revivals for t ∼ L/2 are evident in the bottom panels, where a
larger range of t is considered. The dashed CFT curves in (a) and (b) are given respectively
by (2.24) and (3.34). With respect to the corresponding plots in Fig. 6, here a plateau
occurs which is proportional (equal?) to |�2− �1| and starts at t ∼ d/2+min(�1, �2)/2. (In
(c) é evidente che I cresce andando verso il revival: perché? banale incertezza
numerica?)

Notice that Radj

2 = 1 identically because T 2
2 = T̄ 2

2 = I. Assuming that the τ0 occurring in

(2.15) and (3.22) is the same (true? does the fact that Radj
n goes to zero at large

time tell us that τ0 is the same for the two quantities?), from these expressions (3.23)

becomes

Radj
n =

�
π

2τ0

�∆(2)
n
�����

z2
z2 − z̄2

����
2 η1,3
η1,2 η2,3

�∆(2)
n /2

, (3.24)

where za = eπ(ua+iτ)/(2τ0). Notice that only the terms providing a non trivial contribution in

the replica limit (3.4) occur in (3.24). Moreover, since ∆(2)
2 = 0, from (3.24) we find that

Radj

2 = 1 identically, as expected from the comment after (3.23).

In order to write the temporal dependence for (3.24), we follow the same procedure

discussed for (3.22): first we discard the factor (π/[2τ0])∆
(2)
n and then analytic continue τ as
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