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« Dark Matter Halos

« Mass Function State of Art

- Beyond Press-Schechter Approach
 Excursion Set Theory & Path-Integral

« Applications to non-Standard
Cosmologies



Cosmic Structures

Dark Matter:

- Foster matter clustering

- Resides in virialized clumps
Halos:

- Building blocks of cosmic
structure formation

- Shape baryon distribution
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Halo properties

- Statistics of the initial density field

- Non-linear gravitational collapse
(cosmology and DM properties)

Observationally Testable
Key to understand galaxy formation



Halo Counting Statistics

Mass Function

- #-halos with mass [M,M+dM] at given z dn 1  dF
—— X
- fraction of mass elements F(M) dM 'V  dM

Factorized Form

dn dino™ /=
M pz @\ | .
dM M~ dInM - N-body Simulations

- Analytical Modeling

- Mean matter density p
- Variance of Linear Density Field: S = 0%(M)
- Multiplicity function f(o) = 2 S dF/dS



N-body Results

Universal Fitting Formula
.f;':\l-[l_'_:.(())=0.3]5 L‘.\p[—(lll(]" +06l)u\]

- Redshift & Cosmology Independent
Jenkins et al., MNRAS, 321, 372 (2001)

Parametrizations (ACDM) & Limitations to Universality
Sror0n(O)=A(0™" +b) g

- Calibrated to z=0, FoF-mass correction, =10% scatter Warren et al., Ap), 646, 881 (2006)
- Calibrated to z=0,.5,1, FoF-mass correction, =2% scatter Crocce et al., MNRAS, 403, 1353 (2008)

- Calibrated to z=0,0.25,1, explicit cosmology (6, /o), =2% scatter Courtin et al., MNRAS, 410,
1911 (2011)

_f.\;”(()') = ‘,'\[(()- ".- b)_l., + l] ()_(,“,‘

- Calibrated to z=0,0.5,1.25,2.5, A-dependent fit, =5% scatter  Tinker et al,, Ap), 688, 709 (2008)



What have we learnt?

Properties f(o)

- Sheth-Tormen functional form provides flo)=A [(%) +l]c’.‘"""2.
excellent fit to N-body results (SOD or FOF) \

- Coefficients vary with z & cosmology (exact value depends
on halo detection algorithm, i.e. halo enclosed overdensity)

- Dependencies result of characteristics of non-linear collapse
Questions:

What physically mean A, a, b, ¢?

How can we predict f(o)?

Can we reproduce simulation results?



Press-Schechter Formalism

Press & Schechter, ApJ, 187, 425 (1975)

Halo Mass Distribution & Linear Density Field:

* Filtering scale and mass
| M=p V(R)

ll IV | » Statistics of the smoothed
' . .
density field [1(6.R)

J * Linearly extrapolated
collapse threshold 0.

Fraction of mass in halos > M

Fys(RIM ) = [ do TI(0.RIM )



Press-Schechter Mass Function

Gaussian Field:

* Variance of the : 1
smoothed field 0 (R)=S(R)=

= [P )W (k.R)| dik

« PDF [1(6.S[R]) = ,~0%/2SIR] Spherical S

€
V271S[R] collapse threshold 5
* Fraction of mass . | 1 5
in halos Fos(R)= | do I1(0,5(R)) = —Erfc :
“ :[ 2 ()’(R_)\/E
* PS multiplicity function
6- ,").: ( 207)

O

. l
.f[{g‘ (()—) — \/E




Cloud-in-Cloud Problem

Asymptotic Behavior: -« |nthe limit R = 0 all mass must
be in collapsed structures, F(0)=1

* In the PS calculation half of the mass is miscounted

2

—_

1-’,,3.(16):115;7'(‘ d, i Probl'em: in the PS approach
‘ a(_R)\/Z_ =02 thereis no mass ordering

* No distinction between different configurations (cloud-in-cloud)

M’

| M

\ Hal °f mas M embedded in a larger * Region M'embedded in halo M'>M. M should

f ~collapsec regr\l/‘on contributes to mass not be counted in mass function since already
unction at mass Felitlad ot nre




Excursion Set Theory

Bond et al., ApJ, 379, 440 (1991)

1 - At any point x, & performs a

O(x.R)=—— [d’k (k)W (k.R) e |
(27) random walk as function of R
do ] . (’)W’ i
) i ion:  — =¢(R) and ¢(R) = —— [d'k d(k)—e ™™
Langevin Equation = c(R) and ¢( o) f( d(k) —l

- random walks start at R = oo (S=0) with
& = 0 evolving toward smaller R (larger S)

- ¢(R) depends on (&) and W(x,R)

- Halos of mass M corresponds to
trajectories crossing the threshold at S(M)

s — - Cloud-in-Cloud solved by requiring first
crossing



Excursion Set Mass Function

Stochastic Problem:

- Computation of the probability distribution of random walks with
absorbing boundary, MN($,6,,5)
- Multiplicity function obtained from the first-crossing rate

F(S)= fd—FdY'—l—fH((S,é(.,S)dé — "I_f fn(oo $)do
¢ A

L

vvvvv

Cloud-in-cloud: limg  I1(3,0.,5)=0 | I
~ | At
Sharp-k filter: Wk,R)=60(1/R-k) st , W’ ‘A N\W

- Markovian random walks

|
96 (n($))=0 sif WM

—=n(S)  with , | | Sl S o s ) g SO |
dS (1)(3’,))7(_5')>=(),_,(S—S') Z = = e




Extended Press-Schechter

Fokker-Planck Equation:

oll 1 0’11 s [1(5,0)=5,(0)
S 296" [1(6..5)=0

Solution:

l -8%/(28 -(28.-8)* /(28
[1(0,5)= [e PE0) e "'5’] for & < 8,

V278

Multiplicity Function:

3 © - 2 é -82/(20%)
a2 110,0,5)d0  — fg,)s(o)=\p c g0t

dS s | 58 )



Non-Spherical Halo Collapse

Ellipsoidal Collapse

- Initial Gaussian fluctuations are non-spherical Doroshkevich, Astroph.,

3,175 (1970
- Ellipsoidal halos collapse and shear e

)
a; 8 1 A@) bt A =—=(1-3e+
cl::’ - ?rerAa,-—Mer,,,ai [;+ : )+ ’E )A(t)+/\:-(t) l 3( o
dr® 3 3 3 2 5
Ay = 3(1-2p)
2 s d s‘
b;:—7+alala3/ = gy % ~ 37 /\3:i—(l+3£.’+p)
d Jo (aj+DIL,_ (ap+T7)"= 3

- Dynamics dependent of initial size of the collapsing region

- Critical Overdensity is mass dependent e.g. Eisenstein & Loeb, Ap),
439, 520 (1995)



Ellipsoidal Collapse Barrier

Stochastic Barrier

o
O,

- Ellipsoidal parameters are random : E
variables with characteristic probability :
distribution o
e B
- Density threshold is a random 1 :
variable
i A2 a2 3 saal
Sheth & Tormen Mass Function >%.1 !
/6
- Ellipsoidal Collapse Average Threshold: <B(S)> = 6.[1+B (S/S-)¥]
- Monte Carlo Solution Excursion Set Theory Sheth, Mo & Tormen, MNRAS,

e . : : 323,1(2001)
- MC Fitting Function Solution Calibrated

to GIF simulations

Sheth & Tormen, MNRAS, 308, 199 (1999) F@)=Al o, || [Lad. _asn.
Sheth & Tormen, MNRAS, 329, 61 (2002) JsRG)= A 2% 45 \' =g




Fuzzy Barrier

Non-Spherical Collapse:

- Diffusive Drifting Barrier  gg)\_s 4+ 55 (1B(S) - (BS)IP) "~ =+Dy0

25

B = rate of average deviation from
spherical collapse

Dg = scatter of the collapse condition = 1s
around mean ’

Introduce: Y=B-0

Sharp-k filter case:

0% p+n(S) (n(8))=0 3

a8 MSMSH)=(1+D,)d,(S-S")

o




EPS Inaccuracies

Filter & Mass Definition: M(R)=p V(R) with V(R)=fd’x W(x.R)

- Unambiguously defined only for

sharp-x filter: v{h)= fdﬁf W(x,R)=4/3aR

[ k"P(_k)l‘-ff’(k.R)lldk

- ConsnstenF W|'Fh ﬁlterlng of. o2 (R) = S(R) = I ‘
linear density field entering in ok, &

dn/dM: . |
W(k.R) = %snn(k[\’)—(kR)cns(.kR_)
| (kR)’

EPS Filter: sharp-kfilter W& R)=6(1/R-k)

- Inconsistent with S(R) filtering L (7, | sinu
V(R)=12 R { —COS1

- It leaves M undefined () 5 f“ i P

Excursion Set with Sharp-x: - Correlated random walks

- Numerical MC solutions



MC Solution

Langevin Equation:

90 - )nk)) =
- Qnk)W(k.R) (@)=
dlnk (Q(Ink)Q(Ink")) = A*(k)d,(Ink - Ink")
Spherical Collapse Case:
8 Py . | M"'"w\
< . /\/- "." £
%
.\//\,'

g2 0.01! 0.1 1
B



Correlation Function

Generic Filter:

(SLR(S)IOIR(SH]) = —— [ dk k2 PUT ()W k. R(S)IWLK.R(S)]

9

9| FS

e (8(5)0(8)) = [ ds [ ds (n(s)n(s)) = min(S.$")

0

Introduce:

015 :A(S, 5})

A(S.8) = (8(S)(S")) - min(S.S")

005

For LCDM power-spectrum:

AS.S)=r2C Where T T L .

Maggiore & Riotto, ApJ, 711, 907 (2010)




Path-Integral Approach to Excursion Set

Maggiore & Riotto, ApJ, 711, 907 (2010)

Discrete Random Walks

- Trajectory over a discrete “time” interval {Y,, Y,,...Y,} withS =ke
and k=1,..,n

Ensemble Probability Density

p(Y,,...Y ,S )= <(5“[Y(_Sl )=Y]......8,[¥(S,)-Y. ]>= fDiL ()..2;.,)1 <e-;2;._r._x,;>

Partition function

n

e =(e 2D with  Z- 2 ('—i") 22 A, <Y (S0 AS; )>
: pstl P a1 il | o

Probability Distribution

,,.Y,.5,)= [ dY,.. [ dY, p@,,..Y,.S,)
0

n-1 0° n*~n
0



K-expansion around Markovian solution

Probability Distribution dF 9%

—=—— [, (V.Y,.5) do
dS A A
I1,(Y,.Y,.5,) = [dY,...[dY, p(,..Y,.S,)
0 0

Expansion to O(k)

.-2).‘ (Y,-B,] i E Ak

l—%z)tju',A”]e e

I.(Y,.Y,.S,)= ]le ...fdy,,_, [ D2

(0

Markovian solution and non-Markovian corrections

I_It'()/(]’ )/n "Sn ) = I_It” ()/(1 ’ )/n ’Sn ) + I_I:J:“ (Y()" )/n’ Sn)



Memory and Memory-of-Memory Terms

First Order Corrections:

(Y(, ) nm(yﬂ, ”,S )+I-1m m(YO, o ,)

n2=n

Memory:

n-1
[1(Y,.Y,.5,) == Y A0, 1" (¥,.0.5)1)"/ (0.Y,.S, - 5,)]

Memory-of-Memory:

" (Y,,.Y,,5,)= ¥ A, [TV (¥,,0,5)T1}'/(0,0,5, - S I’/ (0.Y,,S, - S )|

- Markovian solution around the barrier 1"

&

n-1

: g Lo T el
Continuous Limit: 2—>lnm—fd$ & 2 R {"S,{d&



Excursion Set of Drifting Diffusive Barrier

PSC & Achitouv, PRL, 106, 241302 (2011)
PSC & Achitouv, PRD, 84, 023009 (2011)

Connected <Y(Sl ))( = E(S,) = ()( - /)) S‘.
Correlators  (y(s)¥(s,))=(1+D,)min(s,.S,)+A(S,.S,)

i WY =B =Y dadoA
Markovian Density: /’n(Ym--.Y,,.S”)=fD)» S o

(AY-B¢)°
l)‘)()/(""'yli"s‘lr) - lpz'(AY)p‘.l(YH'-"’Yn—l"S‘lx—l) 4’?(AY)= : e sl
J27e(1+ D))

Chapman-Kolmogorov i — | e ,
: 1 (VXS )= [ A (VY oS
Equatlon: ‘ ( ( n n) “’: n qu( ) ' ( . n-| n l)

- In the continous limit and - I/ v M
) : 106 108 11

developing RHS in S+¢ and <I’L‘_(, = -f- I'L_(, + 1+?Du 2 'Hz2-<>

LHS in Y-AY we recover: dS aY 2 oY




dll

= B

A

Markovian Contribution

(Y.S) ==

folo) =

oll l+DB J°T1 H(Y,0)=(SD(Y—(5(_)
dY ) & [1(0,5)=0
E_(y-y,-psiy [ _— -
1+Dg ( a) (Y4¥,)
2 o 250sDy) _ , 25(14Dy) = ! !
278(1+Dy) 05 . ‘
Multiplicity Function O(k=0): < -1}
; — D,=0.0 8=0
= * D,<0.3 8=0
(0, *’fLJ_ o [ -- D,=0.0 8=0.3
202 (1+Dy) - et n0d
T (L/l + D,
—2 3 | | N M M |
0.2 0 02

log(! /o)




non-Markovian Terms

Memory

v B_iy-p,-gs) o
f(o)=-20' o9 fays ly o Erfe| e
- (1+D,) a5 J25(1+D,)
!
- - i =
Memory-of-Memory ¢ )
m\'
s ao. (2a|l 5= 1 a()
flin(o)=-k—=,[—|e > -=T0,
o\ 2 20°
m-m . (l ‘ -
f o) = -0 ﬁ axk Erfc () F +fl./'3:')

S=0
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non-Markovian Terms

Memory

v L :- ¥,=fS/2) 7 LV
j"‘(o_)=—20 kY, ‘“." Y Erfc —_— fo+T, =()
' (1+D, ) dS V23(1+D;)
| N T L ™ L -
Memory-of-Memory  a=— :
B 0.5

m,' R

: ao. [2al - | a() ~ I\
fin(@)=-x = |=2 e - 2o,
o \a 2 20° v

f"' o)=-ad

a o -
ax Erfc| o J—, + [ 5.0(0) L i
20° Eery o |

/m | I)-—aﬁ[—o fiz0(0)+6, /'” | )')] ~ 206




log f(o)

Af(o) /1

0 1 1 L l ) ) L l 1 1 L I ) L L] ' Ll L) L] l L]

-0.5 sl b : ‘ z=0

Tinker et al. (2008)
Diffusive Drifting Barner

Monte-Carlo Numerncal Solution
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Good functional fit
(only 2 physical
parameters)

Does the barrier have
physical meaning?



Self-Consistency of Excursion Set

Achitouv, Rasera, Sheth, PSC, PRL, 111, 231303 (2013)

Distribution Collapse Threshold

«3'2=B/\/FB 8 =0

g =(8 -(‘J:\/DT;)/\/HDB
g_=(gl\/D_B+g3)/\/l+D,,

BT a
! ' ’ 2
. Zink foS
<(g+> i <(g-> P 0 i L

2 2 ~ - \/\7 5 (S,) ‘5'.-‘52’ s
<(g+ > = <(g— > - LS <(gf(g—> = ()

B — ( s _ B
2 B(S DD " .
8, =B(S)+B=""L g |8 —> Y13, 5) e exp|-A— 2.

1+D, \1+D, | . .. D, 25D,

1278
\. 1+ D.r.- 1+D B




Self-Consistency of Excursion Set

Achitouv, Rasera, Sheth, PSC, PRL, 111, 231303 (2013)

Distribution Collapse Threshold

8 =BI\D,  g=0

8, =(8,-8:\D,) 1+ D,

g =(g\Dy +8,)/ 1+ D,

(8.)=(8.)=0

(g2)=(g2)=5 (g.8.)=0
}

B(S) D

K
1+D, ~\1+D,

0, =B(S)+B=

——

®
-l N-body DEUS
- ——— DDB
- « = = Monte Carlo
-10 -

B, = 0.07 \
DY,

=047

i§§£

m - & l s e s e l ' 3 L s l 3 s 4 3 l s 'S ' ' l 3
T L RS B [ I e G DS SR o e I 1N o Fg s D -
3

-1 05 0 05 1
In(o-?)
o-2)
_ | : Mt ¥
ll(()l '-'3 ) = |' D exp - 23‘[)1;.
278 —8 .
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DDB & N-body Halos

Achitouv, Rasera, Sheth, PSC, PRL, 111, 231303 (2013)

Testing the EST barrier —

Center Mass particle
Random particle
Monte Carlo

3)

- Random particle in the halo

(s, .s
o
o

llllllllll['

llllllllllll
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o
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1(8,,.8=1.5)

lllllllllll

R = (3M/4np)~? 0

- Random particle in the initial field (consistent with EST)



Conclusions

« DM Halo mass function is crucial in modern
cosmology, physical understanding is needed

* Excursion Set is a self-consistent framework
for a theoretical modeling of MF

» Path-Integral Methods allows analytical
computation of generic filter corrections and
consistent comparison with N-body results

* Focus on physical models of halo collapse and
cosmology dependence



