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Uniform sampling of loal minima in Ising lattiesMotivation, bakground
◮ For exploring the energy landsape of spin glass models, it is usefulto have an e�ient method for sampling loal energy minima(metastable states).
◮ MCMC methods an be adapted to this purpose.
◮ We present a diret ombinatorial method based on a lassialalgorithm by Knuth (1975) for estimating the size of large searhtrees.
◮ Appliations: estimating the number of minima as a funtion ofsystem size; exploring the energy distribution of minima; exploringthe attration basins around minima at various energy levels; . . .
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Uniform sampling of loal minima in Ising lattiesModelsWe onsider the following two types of 2D Ising spin glass latties:
(a) Hex lattie (b) Square lattie

◮ Up-down spins: σi ∈ {1,−1}

◮ Positive-negative interations: Jij ∈ {1,−1, 0}

◮ Hamiltonian: H(σ) = − 1
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Uniform sampling of loal minima in Ising lattiesGraphial view of loal minima (1/2)
◮ A spin on�guration σ indues a olouring of the edges in therespetive lattie into �green� (satis�ed) and �red� (unsatis�ed)

Here solid edge indiates a positive interation, a dotted edge anegative one.
◮ Note: H = −(# of green edges) + (# of red edges)PhysDIS 17.5.2008



Uniform sampling of loal minima in Ising lattiesGraphial view of loal minima (2/2)
◮ An edge olouring of the lattie orresponds to a (proper) loalenergy minimum, if and only if eah vertex is inident to (properly)fewer red than green edges.
◮ E.g. the previous example olouring (spin on�guration) an stillimproved by �ipping the top spin:

=⇒

◮ Tehnially, there is also another validity ondition on a olouring:the indued spin orientations around any yle in the lattie must beonsistent. (E.g. in a 4-yle of positive interations, there must bean even number of red edges.)PhysDIS 17.5.2008



Uniform sampling of loal minima in Ising lattiesEnumerating loal minima (1/2)
◮ Thus, a loal minimum orresponds to an edge olouring of thelattie (interation graph) G satisfying a loal onsisteny ondition.(Beause of the up-down symmetry of the spins, there are atuallytwo minima per eah valid olouring.)
◮ Consider any spanning tree T of G.
◮ Any edge olouring of G obviously yields a unique olouring of T .
◮ More interestingly, any olouring of T has a unique ompletion to allof G. (Propagate the spin orientations from the root of T aordingto the olour of the tree edges. Colour the non-tree edges of Gaordingly.)
◮ Starting from the root vertex, the loal validity onditions are easyto satisfy on T . (But the ompletion to G does not neessarilysatisfy them.)PhysDIS 17.5.2008



Uniform sampling of loal minima in Ising lattiesEnumerating loal minima (2/2)An algorithm to enumerate loal minima on an interation graph G:
◮ Choose spanning tree T of G. List edges of T in some order.
◮ Enumerate systematially all olourings of this edge list ( =⇒binary searh tree).
◮ Only onsider branhes of the searh tree where the urrent partialolouring an be ompleted to a valid olouring of all of G. (Thismay be di�ult to test!)
◮ Now leaves of the searh tree orrespond one-to-one to onsistentolourings (∼ loal minima) of G.
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Uniform sampling of loal minima in Ising lattiesComplexity of ompletability
◮ In a general spanning tree, determining the ompletability of a givenpartial olouring may require arbitrary long look-ahead:
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Uniform sampling of loal minima in Ising lattiesSpanning paths
◮ In latties, spiral-like paths provide partiularly simple spanning trees:
◮ Moreover, if the edges of the spanning spiral are oloured inside-out,the ompletability an be tested e�iently. (Basially, a partialolouring an always be ompleted, unless the validity onditions areviolated by already hosen or �loally fored� edge olours.)
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Uniform sampling of loal minima in Ising lattiesEstimating the size of a searh tree
◮ D. E. Knuth, �Estimating the e�ieny of baktrak programs�.Math. Computation 29 (1975), 121�136.
◮ Method to estimate size = number of leaves S in a large searh tree

T :
◮ Make a random desent into T , starting from the root.
◮ Reord degrees (branhing fators) d1, d2, . . . , dn of the vertiesenountered along the desent. (For a binary tree, di ∈ {1, 2} foreah i.)
◮ Compute estimate Ŝ = d1d2 · · · dn.

◮ Theorem. Ŝ is an unbiased estimate of the true tree size S.
◮ To derease variane of the estimate, perform several desents.
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Uniform sampling of loal minima in Ising lattiesAppliation 1: Estimating the number ofminima (1/2)
◮ Ansatz: S ∼ eαN , where S is the number of loal minima, N is thenumber of spins, and α is a oe�ient whih depends on the systemharateristis.
◮ E.g. for hexagonal latties of up to 2000 spins, with 50% fration ofnegative interations, we obtain the following diagram. (Eahestimate of L is based on 1000 desents.)
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Uniform sampling of loal minima in Ising lattiesAppliation 1: Estimating the number ofminima (2/2)
◮ Numerial estimates of the oe�ient α, from systems of 1 . . . 2000spins:

◮ Ferromagneti hex lattie: α ≈ 0.226
◮ Hex lattie with 50% negative interations: α ≈ 0.231

◮ The results math quite well the analyti predition of α ≈ 0.225from a reent paper by Walaw and Burda (arXiv Jan 2008). Thepaper also reports experimental data on systems of up to 24 spins,indiating α ≈ 0.226.
PhysDIS 17.5.2008



Uniform sampling of loal minima in Ising lattiesUniform sampling of leaves in a searh tree
◮ Apply Knuth's method reursively.
◮ When at a non-leaf vertex of a binary searh tree T :

◮ Estimate size of left subtree: ŜL

◮ Estimate size of right subtree: ŜR

◮ Desend to left subtree with probability
p =

ŜL

ŜL + ŜR

,and to right subtree with probability 1 − p.
=⇒ Desent reahes eah leaf with equal probability.

PhysDIS 17.5.2008



Uniform sampling of loal minima in Ising lattiesAppliation 2: Energy distribution of loalminima
◮ Based on a uniform sampling of 1000 minima in ferromagneti hexlatties with N = 126, . . . , 2111 spins. (Equidistant binning ofenergy levels. Only one desent per subtree size estimate.)
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Uniform sampling of loal minima in Ising lattiesSummary and future work
◮ New(?) ombinatorial method for uniform sampling of loal minimain spin glass latties.
◮ Method has potentially many appliations to the exploration of spinglass energy landsapes.
◮ Basi method sales well to large system sizes, but e�et of systemsize and searh tree shape on the variane of the method are notwell understood.
◮ Future work 1: Analyse variane of the method.
◮ Future work 2: Extend the method from 2D latties to other graphstrutures.
◮ Future work 3: Explore other appliations in landsape analysis.
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