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Problem definition

Optimization problem

Find a configuration minimizing a cost function
H ()= number of violated constraints

With H,,;, = 0
Constraint Satisfaction Problem

Find a configuration of
N variables satisfying M constraints




g-colorability (g-COL) of a graph

1

N g-states Potts variables o; € {1,2,...,q}

M pairwise interactions avoiding monochromatic edges

H(3) =) 05, «— counts the number of edges
(if ) connecting vertices of the
same color




K-Satisfiability (K-SAT)

N binary variables o, € {—1,1}
M constraints involving K variables each

each constraint (clause) prohibits 1 among the 2*
configurations of the K variables it contains, e.qg.

(07 Va4V oi3) forbids oy =F, 04 =T, o013=F

M
N Oi,(1) — Ja,l 0i,(2) — Ja,,2 Oi (K) — Ja,K
H(G) =S <>2 <>2 - Tia( >2

a=1




Random CSP

® random q-col
- (-coloring a random graph with M links

® random K-SAT

- M randomly generated clauses (constraints) of
fixed length K

(o =M/N |




SAT/UNSAT
phase transition

Kirkpatrick & Selman, Science '94
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random
3-SAT

g ~ 4.17
v~ 1.5
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Connection to
computational complexity
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A big gap!
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stat. mech. approach

—5H(0)
Pop(0) = 705) H% i (1)s -+ Tiy (k)

compatlblllty functions
(inference problems)

Limit T — 0, 8 — oo

? Oia (k))

iIndicator functions
number of solutions




structure of solution- space

pure states decomposition of (o

~
— Z ,LL((?) w1 > Wo > W3 > ... AS @4
FEA, 2

® RS: most of the measure in a single cluster

lim w1 — 1
N — 00

® d1RSB: the measure divides in eV> clusters

® 1RSB: the measure condensates |n sub-exp

number of clusters
im




Counting the states

Aim: compute X (f,T) such that N'(f,T) = eV=+(/-T)

Define the replicated free-energy ®(m, T')
—BmP(m, )N _ Z 7z = /e—ﬁmfN—i—NEf(f,T)df

and by the Legendvre transform
Zf(fv T) — 6mf — 6mq)(m7 T)‘fzam(mcb)
For T' — O with 6m = u
Ye(e) = pe — pu®(p)|e=o, (uo)

m is the Parisi parameter




Cavity solution for
random K-SAT

Mézard, Parisi & Zecchina, Science '02




Entropic effects at
very low temperatures

e taking first the limit 7" — 0

then f=e—F

ok if e, > 0

Zy =€ T=e 7<butif67:()

Z~ =1 always!
e consider only solutions (e, = 0)

f=-Ts Zy = e PN/ o eNon

larger clusters count more!




New replicated potential

Mézard, Palassini & Rivoire, PRL ‘05
Krzakala, Montanari, Ricci-Tersenghi, Semerjian, Zdeborova, PNAS '07

6N\If(frn) _ E :emN57+NZS(5’Y)
Y

U(m) = max [ES(S) + ms}

m = 0 — most numerous clusters
(like with the energetic method)

m = 1 — clusters dominating the measure
(if they exists, i.e. have > > 0)




How to compute most
probable states
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6-coloring random regular graphs
connectivity=17,18,19,20 (from top to bottom)

0.2

>is(s)




6 coloring of regular random graph very low connectivity




6 coloring of regular random graph connectivity c=17




6 coloring of regular random graph connectivity c=18




6 coloring of regular random graph connectivity ¢=19




6 coloring of regular random graph connectivity ¢c=20




Random K-SAT revised

Krzakala, Montanari, Ricci-Tersenghi, Semerjian, Zdeborova, PNAS ‘07
Montanari, Ricci-Tersenghi, Semerjian, JSTAT '08

We have computed 3, (s, o) for K=3 and K=4

It is numerically very demanding: on each link
there is a population of messages, to be

updated and re-weighted at each iteration
step, until convergence.

For m=0 and m=1 equations simplify a lot

- simpler messages (couple or triples) per link







random 4-SAT




random 4-SAT
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random 4-SAT

unfrozen




random 4-SAT
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random 3-SAT
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Summary

liquid with
liquid sub-dominating clustered clustered UNSAT
(paramagnet) clusters liquid condensed no solution

RS o5, RS 0,d1RSBq, 1RSB 0.

Olc g Ot ‘

the largest for large K
log (k)
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Main open problems

e Stability of 1TRSB solutions (technical point)

® (losing the gap between algorithmic threshold
and SAT/UNSAT threshold

- improvements in analysis of algorithms
(decimation, reinforcement, etc.)

® Non-random structures, like those present In
real world problems

- beyond Bethe approximation (effects of loops,
Kikuchi approximation, etc.)




