Searching for Scalable Solutions to
really Large Problems: Theory




Optimization theory as a modeling tool

® Decoding over noisy channels
® Optimal routing

® Scheduling

Resource allocation
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Optimization Theory and Convexity

“...the great watershed in optimization isn’t between linearity

and nonlinearity, but convexity and nonconvexity.”
R.Tyrrell Rockafellar (SIAM Review, 2003)

Lagrange Duality Convex Relaxations
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Optimization Theory and Convexity

“...the great watershed in optimization isn’t between linearity

and nonlinearity, but convexity and nonconvexity.”
R.Tyrrell Rockafellar (SIAM Review, 2003)

Lagrange Duality Convex Relaxations
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minixmize fo(x)

subjectto  fi(x) <0 1<i<m,
h(x) 0 1<z<p
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Optimization Theory and Convexity

“...the great watershed in optimization isn’t between linearity

and nonlinearity, but convexity and nonconvexity.”
R.Tyrrell Rockafellar (SIAM Review, 2003)

Lagrange Duality Convex Relaxations
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Optimization Theory and Distributed Solutions

Decomposition framework

Master Problem

Decomposition

Original Problem l

Subproblem 1 see Subproblem N




Sorting as a Mathematical Program

Given a list of numbers

Ly

find a permutation such that

Un(1) S Ur2) < -0 S Up(N)




Sorting as a Mathematical Program

Permutation matrices

N N
N e
i=1 j=1




Sorting as a Mathematical Program

c'x Permutation matrices




Sorting as a Mathematical Program
Linear program fu(m) = luy1) + 2ur2) + - + Nug(n)
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Sorting as a Mathematical Program

Dual linear program
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minimize Zizl (6 s 23:1 &)

subject to o Gy = oy e = I
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Sorting as a Mathematical Program

Another approach

(Permutation as a product of standard transpositions)

maximize fu(ﬂ') — [Z-,2,...,N]EN/QON/2---ElOlu
subject to (Ogcklg;,kzl,...,N/Q,lzl,...,N.)

Convex Relaxation
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Sorting as a Mathematical Program

Another approach
(Permutation as a product of standard transpositions)

maximize

subject to

Convex Relaxation
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Sudoku as a Linear Program

1 if symbol in cell (¢,7) is sk,

Tijl = Blank Sudoku

0 otherwise.

cells: E Tiik = 1, forialbage=—.] e
FOWS: _S_ ol forallasub =ale. i
cols: g Tiik = 1, fopallial =]t

Im Jm
blocks: Z Z Tijk = 1, fopall Fih=ulsscm
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Sudoku as a Linear Program

Formulation |:

Givens: | .
Di—=fsa—s 1< i (cell)

p#i,q=j,r =k (row),
D= dia.otidimasska (eoluimng.

[p/m] = [i/m], |g/m] = [j/m],r =k (block),

Tper = 0, if any of these
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Sudoku as a Linear Program

Formulation 2:

minimize fa(x)
subject to x € B,




udoku as a Linear Program

Formulation 2:

minimize fao(x
subject to x € B,




Sudoku as a Linear Program

Algorithms:
GLPK (GNU Linear Programming Kit)

http://www.gnu.org/software/glpk/

|. Simplex (several flavours)
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http://www.gnu.org/software/glpk/
http://www.gnu.org/software/glpk/

Sudoku as a Lattice Gas

Multicomponent non-additive hard-core lattice gas




Sudoku as a Lattice Gas

Free-energy density Functional Theory
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Sudoku as a Quadratic Program

maximize x5
subjectto xe BNG




Some Final Comments

® | P vs. Semidefinite Relaxations.

® Distributed Solvers.




