Inertial effects on tumbling in a simple shear flow
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Jeffery eq: lts solution:
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Jeffery detour: Tumbling in turbulence
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Simple shear — pathological case!
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Although this limit may
seem to be of limited interest, ...
| / ~... these small changes can have a strong
(or even dominant) cumulative effect on the particle’s position or
/é orientation. This occurs for the class of so-called “indeterminate” particle
motions, in which no position or orientation is intrinsically favored under
standard conditions. L G. Leal
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Ancestry — some inertial corrections
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Governing equations and numbers

Particle Eq. of motion
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Strongly coupled system of
ODEs and PDE. To proceed:

 Reciprocal theorem for 1;

* Perturbation theory in Re,, St

Fluid Eq. of motion
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Aim: Effective vector field, correction to Jeffery’s Equation

ni = F”(n) + StF5 (n) + Re, F 7 (n)




Particle inertia (Re = 0) Particle £. of motion
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Step |: Perturbation ansatz in angular velocity St% Iijw;] =T;
_,0) (St)
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Step 2:Write down the Jeffery torque
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Step 3:Insert all of this into Eq. of motion and solve order by order:
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Effect of particle inertia: "orbit drift”
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Fig. 1. Numerical solutions of Eq. (1) (red), and Eq. (8) (blue) for four different Higher St, see e.g
particles in a simple shear flow. (a) A = 1/5,5t = 0.1; (b) A = 5,5t = 0.25; Lundell. E & Carl A
(c)r = 1/5,5t = 0.25;(d) A = 5, St = 0.7. Trajectories on the sphere are shown undell, - arisson, A.
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Fluid Eq. of motion
Finite Re Rey (i + w;0ju) = —0ip + ;054
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- Problem: w=u”, rf = oo

 Need to calculate the torque on the particle to O(Re)

- ... but we don’t want to solve Navier-Stokes equations.

* Resolution: A reciprocal theorem
 One solvable auxiliary problem: (. &ij)
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« The trick is: choose auxiliary problem to make surface integral
proportional to torque:
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Kim, S. Microhydrodynamics: principles and selected applications. (1991)
Subramanian, G. & Koch, D. L. Journal of Fluid Mechanics 535, 383-414 (2005).

- The disturbance flow of the "rea
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Finite Re

Solutions to Stokes Equation
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Jeffery’s Torque fi(u') = O +u5 0 u; + w;0;u° 4+ uj0;u;

Repeat Step 3: Insert all of this into Eq. of motion and solve order by order:
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Symmetries of 71;

* Problem has two distinct discrete symmetries

n— —"mn — Ny, — —1,
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n— R, (m)n = n, — n,
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* Conclusion: Equator and poles of the unit sphere must be
stationary points.
* We can perform linear stability analysis!



Results (Prolate spheroids)
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Conclusions

- Tumbling of non-spherical particles in shear flow determined by
competition between unsteady inertia and convective inertia

* Inertia destroys the Jeffery orbits and determines the resulting
attractors.

* Non-trivial dependence on particle shape

- Results presented for shear flow — calculation similar for any
steady linear flow, but small inertia likely to have small effect

- Small inertia: small effect for large particles in turbulence

- Large inertia: Relative angles of nearby particles
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Stokes flow solutions




Stokes flow solutions

”Rotlet” & ’Stresslet”
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Effects of noise (Brownian rotations)
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Fig. 4. Stationary orientational average as function of Pe for different Stand 4. Solid
lines are a prolate particle » = 5, dashed lines oblate & = 1/5. The red solid line is
Sr = 0 result, then blue 5t = 1{}““ green St = 102, purple §t = 102 and orange
St=10"". (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)
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