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Rod: 

Disk: 

Jeffery eq: 

Vorticity Strain 

Its solution: 

Jeffery, G. B. Proc. R. Soc. Lond. A 102, 161–179 (1922). 

 

Bretherton, F. P. JFM 14, 284–304 (1962). 



Jeffery detour: Tumbling in turbulence 

Tumbling rate in isotropic  

turbulence (DNS) 

Disks Rods 

Lüthi et al (2009) JFM 641 (497) 

Parsa et al,  PRL. 109, 134501 (2012). 

Gustavsson et al,. PRL. 112, 014501 (2014). 

Simple shear flow 



Simple shear – pathological case? 

... 
... 



Ancestry – some inertial corrections 



Governing equations and numbers 
Dimensionless numbers Particle Eq. of motion 

Fluid Eq. of motion 
Strongly coupled system of 

ODEs and PDE.  To proceed: 

 

• Reciprocal theorem for  

• Perturbation theory in        , 

Aim: Effective vector field, correction to Jeffery’s Equation 



Particle inertia (Re = 0) Particle Eq. of motion 

Step 1: Perturbation ansatz in angular velocity 

Step 2: Write down the Jeffery torque 

Step 3: Insert all of this into Eq. of motion and solve order by order: 



Effect of particle inertia: ”orbit drift” 

Linear stability of ”log rolling” orbit 

Einarsson, J., Angilella, J. R. & Mehlig, B. Physica D 278–279, 79–85 (2014). 

 

Higher St, see e.g 

Lundell, F. & Carlsson, A. 

PRE 81, 016323 (2010). 

 

St 



Finite Re 

• Problem: 

• Need to calculate the torque on the particle to O(Re) 

• ... but we don’t want to solve Navier-Stokes equations. 

• Resolution: A reciprocal theorem 

• One solvable auxiliary problem: 

• The disturbance flow of the ”real” problem:  

• The trick is: choose auxiliary problem to make surface integral 

proportional to torque: 

Fluid Eq. of motion 

Kim, S. Microhydrodynamics: principles and selected applications. (1991) 

Subramanian, G. & Koch, D. L. Journal of Fluid Mechanics 535, 383–414 (2005). 

 

 

 



Finite Re 

Jeffery’s Torque 

Solutions to Stokes Equation 

Repeat Step 3: Insert all of this into Eq. of motion and solve order by order: 



Symmetries of  

• Conclusion: Equator and poles of the unit sphere must be 

stationary points. 

• We can perform linear stability analysis! 

 

• Problem has two distinct discrete symmetries 



Results (Prolate spheroids) 

Einarsson, J, Angilella, JR, Candelier, F, Lundell, F, Mehlig, B. Unpublished. 



Conclusions 

• Tumbling of non-spherical particles in shear flow determined by 

competition between unsteady inertia and convective inertia 

• Inertia destroys the Jeffery orbits and determines the resulting 

attractors. 

• Non-trivial dependence on particle shape 

• Results presented for shear flow – calculation similar for any 

steady linear flow, but small inertia likely to have small effect 

• Small inertia: small effect for large particles in turbulence 

• Large inertia: Relative angles of nearby particles 
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Stokes flow solutions 



Stokes flow solutions 
”Rotlet” & ”Stresslet” 

”Spheroidal multipoles” 

Chwang, A. T. & Wu, T. Y.-T. Journal of Fluid Mechanics 67, 787–815 (1975). 



Effects of noise (Brownian rotations) 



 


