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The in-out and the in-in formalisms

Quantum field theory is formulated via the path integral. The generating functional Z|J]
(transition amplitude) is

Z10] = (04 ]0_); = W] = /D(bei(s_i_‘]d)).

The system evolves from the in vacuum |0_) to the out vacuum |0 ) in the presence of the
external source J. We can calculate matrix elements of the operator 7" according to

(04|T]0-).

This in-out matrix element is in general a complex quantity. However the expectation value
between the in-in states is a real quantity

(0_|T]0_).

The in-in formalism can provide expectation values. The generating functional is

W I = N0 |n) s (n]0-) 4
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The in-in formalism

The in-in generating functional is for a scalar field is

Z[J+,J_] — eiW[J+,J_]
— Z<O_|T€if(H_¢_J_)|n><n‘Te_if(H_¢+J+)‘O_>

— Tr |:Tei J(H—¢TJT) 0_)(0_| Tet J(H=¢~J7)
N——
p(0_)

= Trlp(t)]
_ /D¢+D¢—ez’f(5[¢+]+J+¢+—S*[cb_]—J_cb_),

where in S* we have +ie. We integrate over all field configuration, the ¢ and ¢~ field
configurations coincide at t = tf (in practice tf = 4+00) (Closed Time Path).

we split the field variable as ¢ = ¢« + ¢~ = dg + dg

the RG method can systematically eliminate the environmental degrees of freedom

the p, () resulting reduced density matrix can account for the decoherence



The in-in (or CTP) scalar propagator

. A O+
We introduce the notation O = o )

The scalar CTP propagator is

z&f?éfjgr =  (0|T[¢as]|0) = iD;LbJF _ iD;rb+tT

iéz'&j:/‘;@b = (0|T[¢pal|0)* = iD= = —iD " = —iD;LbH
55??‘?]];  (Oléat|0) = D~ = iD> = —ip~H1
i(;fggb— = (0|¢pal0) =iD}~ =iDS = —iDt* =iD T
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The CTP symmetry is T'[¢a ¢p) + T[Ppadp] = Pad + Pppa, D — DT = D= — DT>,



The CTP scalar propagator

The scalar CTP propagator is

i gy [ (TIOR03))
ok e ( (#i.6))
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The inverse CTP propagator is
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Single time renormalization, blocked action

In Minkowski spacetime the blocking step for the Wilsonian action reads as

oiSk—ak(d] — ei(Sk[¢+x]+%Tﬂ %f;ﬁ)

The trace takes into account the modes within the momentum shell p € [k, k — Ak]. The time
axis should be treated separately (the frequency is integrated out) i.e.

S | -/ | 52Skl6+
JolYe k— Ak<|p|<k 5¢—w—p5¢wp

It results in the Wegner-Houghton equation

Vi ar = Vi — %Tr InD™!, with D™ = w? — k? — V// +ie the inverse propagator,

giving

. o
Vi = iakd_lf InD~ L.

w=—00

After integrating out the frequency component of the scale £ and get

Vi = —ok®1kK2+V/.



Minkowski evolution of the ¢* model

The evolution equations are

~

B2 = om?_a— 9
2(1 4+ m?2)2

- - 352

g = (d—4)g+ « =
4(1+m?)2

The evolution equations have 3 fixed points:

G: UV attractive fixed point: g5~ = 0,

91 = 0 (asymptotic freedom),

CO: hyperbolic fixed point:
9auv = —1/3, 9iyy = 35,
IR: IR attractive fixed point: g5, =

—1, QZIR = 0.
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Renormalization in the CTP formalism

The single time Wegner-Houghton equation is
Vi = iakd ! / InD~ 1,
w
which can be generalized into a CTP RG equation
Vi, = skt / Tr In 15_1,
w

where we replaced the single time propagator to its CTP version

2 2 ++ . . +—
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The CTP potential

The general form of the potential is

m? — ip? m? — ip? _

Vo= ST - e it
h G G*
hifo, 2 A 43, AN . 3 G 14 G 4
i 02677+ SoteT — Togte Tt 4 Dot - e,

with G = g — 3ih 4+ 3X\ — \*, where m? and g are real. The evolution equations for the
dimensionless couplings are

I
¢—|—:07¢—:O
~ 92 e
= 2243V
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CTP evolution, 7' = 0

The initial value of the mixing couplings are zero, and they do not evolve.
The evolution of couplings are

1 ~ ~ 2

22 =2 g = gm
S T e iz R U me
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g = (d_4)g+ _a(1+m2)3/2
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The phase structure remains qualitative un- n

changed, i.e. 10 L

two phases, > 8 -

the fixed points have similar types,

A O
I

g — 0and 1 +m? — 0 in the deep

N
T

IR region of the broken phase.
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Finite temperature evolution

The free finite temperature propagator is

. w? — k% —m?2 +i(u2 + ¢ —ip2 — 2i0(—w)e
—ip2 — 2i0(w)e —w? + k2 +m? +i(pd + ¢

1
exp(Bek)—1"

with 2 = p? + 2neand n =

The finite temperature turns on the evolution of the mixing couplings.
The mixing mass coupling fi? is taken into account exactly.

The quartic couplings are treated perturbatively (Taylor expansion of the
Wegner-Houghton equation in U%)

U+t+ Ut—

D '=D'—poU =D —
k Ok Ok U-+ U-——

The expansion around ¢ = 0 yields

Vi = 2iak?d 1 /
w

n
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Finite temperature evolution

According to the scaling of m? there are two 1%

phases in the model: R

when 1 + m? > 1 then the phase is 4o
symmetric (black curves),

e
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when 0 < 1 + m?2 < 1 then we

have a broken phase (blue and red - \

10"
curves). ~
. ) . T T fﬁ/ﬁ
The coupling ,EL% can signal the decoherence. — 107 -

The off-diagonal elements of the reduced Lo I
1072

denisty matrix is proportional to exp(—fi2 ),
1.e.

when i is finite, then the state is 102
coherent (quantum), 1o

when 12 — oo, then the decoher-

ence appears (classical). 10 2 =

In the broken phase either § or 1 + m? tends to zero.



Finite temperature evolution

The model has three phases
symmetric phase, fi> — 0

quantum broken phase, g — 0

classical broken phase, 1 +m? — 0

CTP phases STP phases
coupling symmetric quantum broken classical broken symmetric broken
m? 1+m2>1 | 1>14+m2>0 | 14+m% =0 1+m?2>1 | 14+m? -0
g g>0 g—0 g>0 g>0 g—0
a2 A2 =0 Az >0 A2 — oo - -




Outlook

CTP Wetterich equation
Complex scalar fields, quantum electrodynamics

CTP quantum Einstein gravity
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