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Chiral and wobbling modes

Proton Number Z

® Undoubtedly, the investigation of chiral and wobbling modes in atomic

nuclei has become one of the hottest topics in nuclear physics.
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“Standard” models

Frauendorf & Meng, NPA617, 131 (1997)

.« Peng et al., PRC 68, 044324 (2003)
® Triaxial PRM . Koike et al., PRL 93, 172502 (2004)
v Lab frame; quantal model; with Zhang et al., PRC 75, 044307 (2007)
quantum tunneling; Qi et al.,, PLB 675, 175 (2009)

Lawrie & Shirinda, PLB 689, 66 (2010)
Hamamoto, PRC 65, 044305 (2002)
Frauendorf and Donau, PRC 89, 014322 (2014)

® Phenomenological

® Tilted axis cranking (TAC) Frauendorf & Meng, NPA617, 131 (1997)

v Intrinsic frame; microscopic; Dimitrov et al., PRL 84, 5732(2000)
self-consistent; mean-field Olbratowski et al., PRL 93, 052501 (2004)
approximation Olbratowski et al., PRC 73, 054308 (2006)

® Semi-classical;, no quantum
tunneling;

® Other models Sheikh & Hara, PRL82, 3968(1999),
[ ] Projected shell model Dar et al NPA933, 123 (2015)
B IBFFM S. Brant et al PRC (2004), PRC (2008),

Tonev et al PRL(2006)

B Pairing truncated shell model K. Higashiyama et al, PRC(2005)



Descriptions of excitations beyond mean field approximation: RPA

® TAC + RPA for chiral mode
v Beyond mean field;
v Available for chiral vibration
8 No available for chiral rotation
as its small amplitude harmonic
vibration approximation;
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Mukhopadhyay et al., PRL 99, 172501 (2007)
Almehed et al., PRC 83, 054308 (2011)

® Cranking + RPA for wobbling mode
v Beyond mean field;
v Available for wobbling excitations
® Anharmonic behavior in wobbling;
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Mukhopadhyay et al., PRL 99, 172501 (2007)

Mikhailov & Janssen, PLB 72, 303 (1978)
Marshalek, NPA 331, 429 (1979)

Shimizu & Matsuyanagi, PTP 70, 144 (1983)
Matsuzaki et al.,, PRC 65, 041303(R) (2002)

It is thus necessary to search a unified method for studying both chiral

and wobbling modes.



Collective Hamiltonian

® (Collective Hamiltonian, in terms of a few numbers of collective
coordinates and momenta, is an effective method for describing
various collective processes which involve small velocities.

® Bohr Hamiltonian describes the collective rotational and vibrational
degrees of freedom with the five collective intrinsic variables f, y, and
Euler angles Q with great successes .

® Based on self-consistent (covariant) density functional theory, five-
dimensional collective Hamiltonian has been extensively applied to
various mass regions and achieved great successes on the studies of
the low-lying excited spectra, shape evolution/transition.

In present work, the collective Hamiltonian for chiral and
wobbling modes based on cranking mean field is introduced.
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Collective Hamiltonian

® Microscopic basis Collective Hamiltionian, which aims to describe large
amplitude collective motions, can be obtained by
B Generate coordinate method (GCM) Hill&Wheeler, PR 89, 1102 (1953);
Ring&Schuck1980
B Adiabatic time-dependent Hartree-Fock (ATDHF) method Baranger&Kumar,
NPA 122, 241 (1968); Ring&Schuck1980,
B Adiabatic self-consistent coordinate method (ASCC)Marumori et al.,, PTP 64, 1294
(1980); Matsuo et al., PTP 103, 959 (2000); Hinohara et al., PRC 82, 064313 (2010); Matsuyanagi et
al., JPG 37, 064018 (2010);
» Starting point: time-dependent Hartree-Fock (TDHF) equation
» Assumptions: adiabatic approximation, i.e., the collective motion is
slow or collective momenta are small ( can be large)
» Procedure: expand the TDHF equations with respect to the collective
momenta up to second order

H(a,p) = (¢, )| Hl6(a,)) = 5 5 B (@)pin; + V(@)

BY(q) = _ V(q) = H(q,p)lp=o0



Coll. coordinate & Coll. Hamiltonian

> For chiral and wobbling modes, the orientation angles of angular momentum
can be chosen as collective coordinates.

(0. ¢) | o

> For simplicity, only one collective
coordinate is considered here,

(0,0) = ¢

> o

Left

> The classical form of a collective Hamiltonian in terms of ¢ as,

e

- i I . i
Hn;'f.;ll — Tﬂl{in{{ﬁj +V (‘7?) — EBLPE +V (H'j)

» According to general Pauli quantization,
o0 1 0 N
2V/B(?) 92 \/B(2) 9%

Heon = Tiin () + V() = — V(p)



Coll. potential & Mass parameter

> The collective potential V(¢p) could be extracted by minimizing the total
Routhian surface, obtained by any TAC calculation, with respect to O for given
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» Mass parameter B(p) could be obtained from TAC calculations by cranking
formula 2
)* [l I >\
B(e) = 2h
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Basis space

0 1 0

Heon = Tiin(p) + V(p) = —2\/m 9 JB(5) Ip +V

» Symmetry

The collective Hamiltonian keeps the
parity conservation with respect to p—>-¢ .

> Basis states

Basis states with positive parity:

.- 2cos(2n—1)p
I':."I';H([JS) — \/;;l Bll"{l(l,f_’;') s N 2 J-

Basis states with negative parity:

.- 2sin2ne
U, () = \/;Blf’l(np)' n>1

These basis states fulfill the box boundary condition :

2pn(W/Z) — %(—W/Q) =0




A schematic illustration

minimize £/ =

Collective

Hamiltonian

Q.B. Chen, S.Q. Zhang, P.W. Zhao, R.V. Jolos, J. Meng
Phys. Rev. C87, 024314 (2013)
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Numerical details

» For chiral modes, we consider a system of a high-j particle and a high-j hole
coupled to a triaxial rotor.

A N
h :hdef_w'Ja
w = (wsin # cos p, wsin  sin p, w cos 0),

i +1)

1 . R
Joosy + ——=(j} +j2)siny },

N 1 .
haee = = C{ (G} -
def 5 (33 2\/§

3
1
E'(0,0) = (h") — 5 Z kai, Jir : moments of inertia,
k=1

» Parameters:
Configurations: 7T(1hll/2)1 %Y 1/(1h11/2)_1
Single-j shell Hamiltonian coefficients: C; = 0.25 M¢V ), = —0.25 MeV

Triaxial deformation: v = —30°

Moment of inertia: Jo = 40 K2 /]\,\[e\,f

Potential energy surface mesh points are represented as:
h:i=(i—1)x1°(i=1,...,91),
p; = (7—91) x1°,(y =1,...,181).



Total Routhian surfaces
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Collective Potential V ()
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With the increase of rotational frequency, the potential barrier

AV increases.



Mass Parameter
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For the case of chiral rotation, the chiral vibration frequency is
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Energy spectra
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B Energy levels become paired
B Tunneling penetration proba-bility is more and more suppressed

B MyD picture can be obtained Droste et al., EPJA 42, 79 (2009); Chen et al., PRC
82, 067302 (2010); Hamamoto, PRC 88, 024327 (2013).



Wavefunction

Chiral patterns

® Wave function and probability distributions
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Probability distribution

® Wave function
B symmetric for level 1 and antisymmetric for level 2
B chiral symmetry broken in the aplanar TAC solutions is restored

B from chiral vibration to chiral rotation



Discussion referring to PRM
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Going beyond mean field, collective Hamiltonian gives the partner band and
well reproduce the PRM results.
The success of the collective Hamiltonian guarantees its application for

realistic TAC calculations.
U Q.B. Chen, S.Q. Zhang, P.W. Zhao, R.V. Jolos, J. Meng ]

Phys. Rev. C87, 024314 (2013)
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Wobbling modes

» For longitudinal and transverse wobblers, we consider a system of a high-j
particle coupled to a triaxial rotor.

L, .
h' = hgef — w - 7,

w = (wsin 0 cos p, w sin 0 sin p, w cos 0),

~ 1 ~ 7(7 + 1) 1 ~2 =2 :
he:—C{ — cosvy + —— + 72 ) sin },
det = 50 U3 ) 72\/§(J+ J=)sin~y
1 3
E'(0,p) = (h') — 5 g Jwwi, Ji : moments of inertia,
k=1

Minimizing the total Routhian with respect to & for given ¢, the collective
potential V(g) is finally obtained.

» For simple wobbler, the simple triaxial rotor does not couple any particles, the
total Routhian is degenerated to

3
1
E,(9790) — —5 Z jk:w]%:
k=1

and similarly the total Routhianis obtained by minimizing the total Routhian
with respect to @ for given ¢@.



Mass parameter

] ] stiffness C C
For a harmonic oscillator: 0 — = = B=__

mass 02

» For simple wobbler, harmonic approximation (HA) adopted,

1

V(p) = —5w* (J1 cos” ¢ + Tasin® )
1 1 o
%_5\71w2+§w2(~71—.72)902a for p = 0% (' = w2(«71 — J2)
2 K2\, B2 R2
M dyvop = 21\/<2j2 B 2j1>(2J3 N 251>
R[5 = D) (T — ) J2T3
jl j3j2 B —
J1— T3
_ (J1 — J2)(J1 — T3)

J32



Mass parameter

» For longitudinal and transverse wobblers, harmonic frozen alignment (HFA)
approximation Frauendorf&Donau2014PRC adopted,

JT (w) = jlu:j_ ) J1+ % effective moment of ineritia
N 1
V(p) = (hdef) — wjcosp — 5w2(~71 cos® ¢ + Ja sin® p)
0?2 1
~ (hget) — wij(1 — —) — —le + 2w2(J1 — J2)¢?, for p — 0
N 1 ) 1 )
=<hdef>—§wj——<51 w>w +2w2{<.71+%> —JQ}‘PQ
N 1 1 . N
:<hdef>—§w]—§ 1 W +§w2[j1 (w)—jQ]SOQ C :w2(j1*(W) —Jz)
J2T3 T (w) — T-
B(w) = hAQwob = 1 2 hw
(«) TI7 (W) — T3 ® \/ B(w)
— J2J3 ‘ _ h\/ (T1 — T3)w + j|[(T1 — T2)w + j]
(J1 — Ts) + 2 7275




Numerical details

» Deformation parameters: (3 = 0.25,7 = —30°

1, 2, and 3-axis respectively correspond to short (s), intermediate (i),
and long (1) axis

» Configuration for longitudinal and transverse wobblers: 7(1hq; /2)1
» Moment of inertia:
v Simple and longitudinal wobblers: rigid body type, j‘iig maximal

Te = g8 1 7 ﬁcos (v — —k) T8 = 9567 /15 k2 /MeV

v' Transverse wobbler 1rrotat10nal flow type, FUT maximal

2
jlrr jlrr sin ( . ?ﬂ-k)) ju"r — 40 h2/MeV



Wobbling for a triaxial rotor
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Comparison with PRM

Longitudinal wobbler

Spin | (h)

v" Increasing trend of wobbling frequency

v HFA results gradually deviate from PRM
with increasing n.

v' Collective Hamiltonian excellently
reproduces the PRM results.

Transverse wobbler

Spin | (h)

v Decreasing trend of wobbling frequency
v The onset of transitions from the
transverse to longitudinal wobbling
motions in PRM is not reproduced since

the boundary condition used.
@

r Q.B. Chen, S.Q. Zhang, P.W. Zhao, J. Meng, Phys. Rev. C90, 044306 (2014)
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Summary and perspective

® Summary
> Based on cranking mean field, by introducing the collective coordinate ¢, a
collective Hamiltonian is constructed for chiral and wobbling modes.

> As it goes beyond the mean-field approximation and includes the quantum
tunneling effect, the collective Hamiltonian restores the breaking chiral
symmetry and describes chiral vibration and rotation in a unified model.

» For wobbling mode, the collective Hamiltonian confirms that the wobbling
frequency increases with the rotational frequency in simple and
longitudinal wobblers while decreases in transverse one. These variation
trends are related to the stiffness of the collective potential.

® Perspective
» Combine to microscopic TAC for realistic nucleus;

» Two dimensional calculations; (preliminary results are obtained)

Thank you for your attention



Two dimensional Collective Hamiltonian 2QDCH)

® In the previous study, the collective Hamiltonian is
restricted along ¢ direction.

90 6.6 T T
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In the following, a two dimensional collective Hamiltonian
(2DCH) is constructed with the collective coordinate (6, @), and
preliminary results for chiral modes are shown.



Two dimensional Collective Hamiltonian 2DCH)

® Construction of 2DCH
B collective coordinate: orientation angles of nucleus (6, )

3
A

il Left

B collective Hamiltonian:

Heon = Tiin () + V(9)

% B B B B
_ 0 Bgg 0 0 Byg 0 89¢6+8¢¢3+V(9’(p:

C2Vwldo vw dp O Jw 00 80 Jw dp | 00 Jw 00

with mass tensor w = B,,Bgg — B9 Bo



Two dimensional Collective Hamiltonian 2DCH)

® Construction of 2DCH

B collective potential : based on TAC E’(Q, ©) = (h') — 1 Z Tewi

E'(0,¢) = h, ijwk

j(j+1) | N T R }
cosvy + —— —+ 177 ) s1n .
3 ) cosy 2\/§(J+ 7= ) sinvy

7 (v 1 ~
hdéf) - iiC{(]g, -
B mass parameter : cranking formula

<a|— 3l6)

_5,8)

ow 2
l | | \— i3
_5,8)3

J

9090—22 ) _QZ

@22 5188122 1o
Byg = Bp, =2 ¢ ( a9 .

Ea —€p3)3

The solutions of 2DCH could be found in appendix.



Two dimensional Collective Hamiltonian 2QDCH)

® Basis states with different symmetry (under box boundary condition)

@ 1DCH-box:

1

(1) ."I:_} I |r-|:‘_2j';| — 1
1 I;Jl.' (o) = \‘.'II - ' 7 ! ! _ | {28}
T B
IIITI. " -~
(2) 7 [ 2 sin 2ng

n > 1. (29)

W "\ = \‘"II :. ._I?_ln':;.'l | R

o 2DCH-box:

rwill[fi‘j‘i‘ — l_]H['ll.‘-ulj_jH — l:l.l_’:

m,n = 1, (30)

- ”-1'1
[ 4 sin(2m — 1)@ sin 2nie
(2 | = ! = T .
(B o) =1 — _- m.n > 1, 31
mn \‘ 2 wl/1 - (31)
@) [ 4 sin2mbcos(2n — 1)
(00 =4 — _- .1 = 1. 32
mn i 7 \‘II _._|‘-.I lrlfllli _ ( }

PR g L) PN
L@ (9 o) — II._l.ﬂlll._i'fi'H.ﬂlll._H-I_.
Fmnvr \‘ T2 T,

m,n = 1. (33)

in which v = det B = B“_-_nB{}E_] — B_rn{}-_r?{;_:.



Two dimensional Collective Hamiltonian 2QDCH)

® Basis states with different symmetry (without box boundary condition)

@ 1DCH-peri.:

- 2 cos 2ng
i 'rlrl ) = _ — 1__1' 1 | {34}
\ w1+ dpo) B
Y {2 sin 2np

n = 1. (35)

@ 2DCH-peri.:

_ | | cos 2méb cos 2nw _ _
. |1| (8. ) =4/ — — - ' m = U,n =0, {36}
IIIII \'I =1 4+ 0o ) (1 4 0po) wt/4
. [ | cos 2mf sin 2ne
oy Y f — = ¥
o (B, p0) =4 | — — : m = 0,n > 1, (37)
||||| \II i |_. l _|_ r\:l;-;-;\-l_ll hl.]_l
: . | sin 2mf cos 2nge _ .
Y ','\i"\[H.-I_.’-_] =4/ — : —. m = 1,n >0, (38)
IIIII \'I (1 + Opo) wl/

[ 4 sin 2mb sin 2ne

(EN Ny |
(B, 0) = \ — 1 . om.n > 1. (39)

in which 1 = det B = FH . AB;:,-: — Bnn-_r}_’nn.



Numerical details

> Configurations: 7(1hy2)' @ v(1hyy/9) ™"
» Single-j shell Hamiltonian coefficients: C, =0.25, (), = —0.25
» Triaxial deformation: ~ = —30°

> Moments of inertia:

2
jlrr le‘I‘ sin ( . %k), jll‘I‘ — 40 hZ/MeV



Collective potential

ho = 0.50 MeV

180

l 12.0

~ 1 6.00

I 0.00

% o 90
¢ (deg)

O Symmetrical with respect to ¢=0° and 6=90°

O The minimum changes from 6, p=64° to 0,0=90° (2-axis)



Mass parameter

.00
" 0.50

I 0.00
0

O By, and B, are symmetrical with respect to ¢=0° and 6=90°

O B,, is antisymmetrical with respect to ¢=0° and 6=90°



Mass parameter

ho = 0.70 MeV ho =0.70 MeV ho =0.70 MeV
180 o] | 180 Tt | | 180 ezt

O By, and B, are symmetrical with respect to ¢=0° and 6=90°

O B,, is antisymmetrical with respect to ¢=0° and 6=90°



Energy spectra in 1IDCH

® With or without box boundary condition

1DCH (box) ho=0.50 MeVI 1DCH

0 e - - _ -
s | ] | .
© r — — 1r )
= 4L 1 F - _—
5ef — — 1L :
ah, . e - - . —
I T — 1F . )
A — — — 4 + -
12 Total + - 1 T - + Total

0 The solutions in “~” block are all the same

O In “+” block, solutions without box boundary condition are lower

in energy



Energy spectra in 2DCH

® With or without box boundary condition

2DCH (box) ho=0.50 MeVI 2DCH

0l - - -
s = _ " — 1F_-=Z=ZE=-
= 4L =ummenmecamn/ | SIDUTEEETEEES
E’ 6 == - L == 4
A S — 1 — ==
w 8 =-—"— 17 _ — = =1

A0F 4+ T ==

12 F Total ++ +- -+ == " [ == =4+ += ++ Total”

0 The solutions in “— =" block are all the same

O In “+ +” block, solutions without box boundary condition are

lower in energy



Comparison of energy spectra in IDCH and 2DCH

® Under box boundary condition

1DCH ho=0.50 MeV (box) I 2DCH

8 :
— 4 : — 7 - =
p— 6 B E i TT6—— _— -
> I :
@ - 4= 6
= 4 [ \5— S—— =
' = 3 —:_ ------- -
> i ! A -
o) R ‘4 —— - - —
3 - '
Q 2L 3—— 33— —i
< - P
m Q- 5—2- _____ 2— —
oOF — 1 -t — 4
I P =+ + - -
Total P =+ - Total
N ) ' P =+ - + -
-2 :

O Collective energy spectra are richer in 2DCH
O For each 1DCH level, one can find the corresponding in 2DCH



® Under box boundary condition

Wave function

Comparison of wave functions in IDCH and 2DCH

' hw=0.50 MeV (box)

1DCH (+)

2DCH (+ +,0=78°)

¢ (deg)

-90 -45 0 45 90-90 -45 0 45 90

¢ (deg)

Wave function

' h=0.50 MeV (box)

1DCH ()

2DCH (+ -,0=78°)

¢ (deg)

90 -45 0 45 90-90 -45 0 45 90

¢ (deg)

O For the corresponding levels in 1IDCH and 2DCH, their wave

functions are similar with collective coordinate ¢



Probability distributions in 2DCH

® Under box boundary condition

hw=0.50 MeV (box)
2DCH (+ +) 2DCH (+ -)

-_—

~ 0o

=)

Probability
© 990 09 900 o090 oo o
Y-

o

~ o

=)

0 45 90 1351800 45 90 135 180
6 (deg) 6 (deg)

O For the corresponding levels, the wobbling number in 0 is zero.

O Similar conclusions can be drawn for other frequencies.



Comparison of energy spectra in IDCH and 2DCH

® Without box boundary condition

1DCH h®w=0.50 MeV I 2DCH

8 :
— 5 4 ‘:*9\
9T —— p—
— 6 ES— - ==
> 7 — —
o ; T/ —
g 4} — 4 ——3-----:;5":'?___4. —_— -
> | 5 —— — 1
o) I : 3— — -
3 B _______—-:—4_ — E—— -
< 2 — 33— 2— g2 — = -
X 9 --e- E—Z— B - —
P — 1 T — —
op — 1————-——-- 1 — -
i P =+ + - -
Total P =+ - . O Total
S ¢ .P=+ - -+ -
-2 L0

O Collective energy spectra are richer in 2DCH
O For each 1DCH level, one can find the corresponding in 2DCH



Comparison of wave functions in IDCH and 2DCH
® Without box boundary condition

hw=0.50 MeV | hw=0.50 MeV |
1DCH (+) 2DCH (+ +,6=78") 1DCH (-) 2DCH (+ -,6=78°)
c o
2 o
wd wd
) )
c c
=) =)
G o
(M) ()
> >
© ©
= =
- L o 0 o o 1 o o 1 . o 1 Lo o 1 o o 1 o o 1 o o 1 - L o 0 o o 1 5 o 1 . o 1 I-.-“l‘ ‘I“‘--"."I“;“.“-I- -uué I‘-
90 45 0 45 90-90 -45 0 45 90 90 -45 0 45 90-90 -45 0 45 90
¢ (deg) ¢ (deg) ¢ (deg) ¢ (deg)

O For the corresponding levels in 1IDCH and 2DCH, their wave

functions are similar with collective coordinate ¢



Probability distributions in 2DCH

® Without box boundary condition

hw=0.50 MeV
2DCH (+ +) 2DCH (+ -)

-_—

- o
I L]

o
I L]

o
' L]

- O
I L]

Probability
© oo o9 o9 o9 oo ©
- O
—

o
! L]

0 45 90 1351800 45 90 135 180
0 (deg) 0 (deg)

O For the corresponding levels, the wobbling number in 0 is zero.

O Similar conclusions can be drawn for other frequencies.



Excitation energy
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® Excitation energy in different blocks
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Excitation energy

® Lowest excitation energy in different blocks

8 | ' | ' | ' | | ' ! ' |
L —i— 1DCH (+, box) —#—1DCH (-, box)
6L -+ -1DCH (+) 4 -+ -1DCH (-) -
i —e—2DCH (+ +, box) | —e— 2DCH (+ -, box)
a4l -0--2DCH(++) | - O -2DCH (+ -)
S 2f . :
(¢b) L
= 0+t ——t——t—
~ | —e—2DCH (- +, box) ¢ —8— 2DCH (- -, box) -
w gl -0 -2DCH (+-) 1 -0--2DCH (- ) i
< !
4 i
2 -
0 - 1 1 1 1 1 1 1 1

0.3 . 0.5 . 0.7 l 09 03 l 0.5 . 0.7 | 0.9
ho (MeV) ho (MeV)

O Excitation energy in each block first decreases, then increases
gradually.



Excitation energy
® Lowest excitation energy (i.e., AE between doublet bands)

2-5 v l I I I I v I
- —#— 1DCH (box) -
20 | -'D‘1DCH -
' —e— 2DCH (box)
; B --0- 2DCH 7
> 15 F —
= - _.0
' "
LLI 1.0 |- /,.v’ o -
< - 0t et
O,—O ) “o
0-5 - D"*g_ D’_D—’n--n -
0.0 | - $ > —
r - 1 - 1 » 1 . 1 . 1 . |

0.3 04 05 06 07 08 0.9
ho (MeV)
® Under box boundary condition, the energy between doublet bands
gradually decreases to zero.

® Without box boundary condition, the energy between doublet bands first
decreases, then increases.



Some remarks on 2DCH

A two dimensional collective Hamiltonian which includes the full
dynamical motions of nuclear orientations is constructed and
applied for the chiral modes.

The collective potential and mass parameters in the collective
Hamiltonian are obtained based on TAC approach.

The collective Hamiltonian are solved by the basis expansions with
(or without) box boundary conditions to investigate the boundary
dependence for the solutions.

The obtained results by 2DCH are compared with those by 1IDCH.

It is found that the calculations without the box boundary condition
are more appropriate. An extreme case is when the minimum of the
collective potential locates around the boundary.

In addition, the 2DCH solutions without the vibration in 6 (n,=0)
are similar to 1IDCH ones.



Backup



Adiabatic self-consistent collective coordinate method

» Self-consistent collective coordinate (SCC) method marumori1977p1p, Marumori9gopte
v’ aim to describe large amplitude collective motion
v’ treating the collective coordinates and momenta on the same footing
v solved by perturbative expansion with respect to the amplitude of the collective
motion.

» Adiabatic self-consistent collective coordinate (ASCC) method matsuoz2000p7p
v' solves the basic equations of the SCC method through the adiabatic expansion with
respect to the collective momenta.
v" microscopic method for calculating collective potential and mass parameter.
v' shape coexistence/mixing phenomena Kobayasi2003PTP, Kobayasi2004PTP, Kobayasi2005PTP,
Hinohara2008PTP, Hinohara2009PRC.

> Based on ASCC method
v" collective Hamiltonian for quadrupole vibration was constructed Hinohara2010pRc.
v' shape coexistence/mixing phenomena in Se isotopes Hinohara2010rrc and shape
transition in Cr isotopes sato2012pRc.

In the following, collective Hamiltonian for describing three dimensional
rotation will be derived on the basis of ASCC method.




SCC/ASCC method
arumoril980PTP, Matsuo2000PTP, Matsuyangi2010JP
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Chiral and wobbling modes

The loss of axial symmetry in nuclei can lead to many interesting
characteristics in the excited energy spectra, such as vy vibrational band,
anomalous signature splitting, signature inversion, chiral symmetry
breaking, and wobbling motion.

The chiral and wobbling modes are regarded as fingerprints of stable
triaxial nuclei.

The wobbling motion within nuclear rotation was originally
introduced by Bohr and Mottelson, and first observed experimentally
in 163Lu. Bohr_Mottelson1975, Nuclear Structure Vol. Il; @degard2001PRL, Jensen2002PRL

Chirality was originally introduced by Frauendorf and Meng, and first

observed experimentally in N=75 isotones. Frauendorf_Mengl1997NPA;
Starosta2001PRL

Up to now, the investigation of chiral and wobbling modes in atomic
nuclei has become one of the hottest topics in nuclear physics.



Chiral and wobbling modes

® The investigation of chirality in atomic nuclei is one of the hottest topics
in nuclear physics.

nucLear Originally suggested in 1997
PHYSICS A chiral doublet bands

Nuclear Physics A 617 (1997) 131-147

Tilted rotation of triaxial nuclei
S. Frauendorf, Jie Meng !

Institut fiir Kern- und Hadronenphysik, Forschungszentrum Rossendorf e.V.,
PF 510119, 01314 Dresden, Germany

Received 14 November 1996

VOLUME 86, NUMBER 6 PHYSICAL REVIEW LETTERS 5 FEBRUARY 2001

Chiral Doublet Structures in Odd-Odd N = 75 Isotones: Chiral Vibrations
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Wobbling for odd-A nuclei

® For a triaxial rotor coupled to a high-j quasiparticle

Frauendorf and Dénau, PRC 89, 014322 (2014)
Matta, PRL 114, 082501 (2015)

B Longitudinal wobbler:

j//Jmax
I Ta hﬂwob T

B Transverse wobbler:

2 ,] J_ jmax

I T? hﬂwob ~L

T3s>T1, T2



Wobbling

® In Bonr&Mottelson1975, Vol. 11, the concept of wobbling motion was first
proposed for a rotating triaxial nuclei.

. B I

3 Hyop = L + - + &

201 202 203

1J3>>J17éjz,l>>1

I(I+1) 1
= 7 — A2
B(m) = D 4 g o,
h?2 h2 h?2 h2
1 hwor, = 21 _ _ I
T3> T1,T2 b \/<251 2..73)<sz 2\73)OC

® First experimental evidence: 13Lu 0Odegard et al,, PRL 86, 5866 (2001)
® Theoretical investigations:
B PRM Hamamoto2002PRC, Hamamoto2003PRC, Tanabe2006PRC, Tanabe2008PRC

B TAC+RPA Shimizu1995NPA, Matsuzaki2002PRC, Matsuzaki2003EPJA, Matsuzaki2004PRC,
Matsuzaki2004PRC, Shimizu2005PRC, Shimizu2008PRC, Shoji2009PTP



Success of Collective Hamiltonian

® Collective Hamiltonian, e.g. based on CDFT, has achieved great
success on applications for shape evolution/transition.

Recent Progress on CDFT for Nuclear Low-Lying Spectrum -

(1) Development of 3DAMP+GCM; Systematic study on 20-*°Mg [1-4]

@ CDFT based CQPC for odd A system y -
=

@ AMP+GCM with octupole; Cluster in 2°Ne '\1\— ol -

(2) 3DAMP+GCM for low-lying states and np decoupling in C isotopes [5]

(3) 3DAMP+GCM for the proton bubble structure in 3#Si and *°Ar [6.7]

(4) Development of CDFT based SDCH; Systematic study on QPT in N~90 [8-10] @ FT-RHB for fission of SHN
(5) 5DCH for 22 QPT and E(5) in Xe and Ba isotopes [11]

(6) SDCH for fission barrier and SD band in 24°Pu [12] @ ...

(7) 5DCH for shell erosion and shape transition in N=28 isotones [13]

(8) 5DCH for shape transition and shape coexistence in A~100 [14,15] =82 =

(9) 5DCH for enhanced collectivity in neutron-deficient Sn isotopes [16] -

- * —

(10) 5DCH for shape transition and shape coexistence of Kr isotopes [17.18] = MN=126

C(l 1) 5SDCH and 2DCH for double QPT in Th isotopes [19] ) -
3 @ CDFT based TDCH for fission
C (12) CDFT based QOCH: Study on Ra isotopes [20] -
((14) Systematic study on DCE for mass [21.22] ) = @ DRHF+BCS with tensor force
. |
(03) SDCH for hypernuclei [23.24] @ Systematic study on cluster of alpha-conjugate nuclei
@ Systematic study on spectrum of SHN (even and odd A)
- MN=82

=28 3
7= MN=50
— D
3 | one
é “ N=28 | In progress

—g nN=20 ™~ will do

[1] PRC 79, 044312 (2009); [10] PRC 79, 034303 (2009); [19] PLB 726, 866 (2013)
[2] PRC 81, 044311 (2010); [11] PRC 81, 034316 (2010); [20] PRC in preparation
[3] PRC 83, 014308 (2011); [12] PRC 81, 064321 (2010); [21] FOP 9,529 (2014)
[4] SCI. CHIN.54,198(2011); [13] PRC 84, 054304 (2011); [22] PRC in press (2015)
[5] PRC 84, 024306 (2011); [14] PRC 85, 034321 (2012); [23] NPA 868, 12 (2011)
[6] PLB 723, 459 (2013); [15] NPA 873,1-16 (2012); [24] PRC in press (2015)
[7] PRC 89, 017304 (2014); [16] PLB 717,470 (2012);
[8] PRC 80, 061301 (2009); [17] PRC 87, 054305 (2013); .
By Z. P. Li

[9]1 PRC 79, 054301 (2009); [18] PRC 89, 054306 (2014);



Collective Hamiltonian

® Collective Hamiltonian:
B Goal: to describe large amplitude collective motions, e.g., shape coexistence/
mixing, nuclear fission/fussion etc.
B Microscopic basis: adiabatic time-dependent Hartree-Fock (ATDHF) method
Baranger&Kumar, NPA 122, 241 (1968); Ring&Schuck1980, or generate coordinate method
(GCM) Hill&Wheeler, PR 89, 1102 (1953); Ring&Schuck1980, or adiabatic self-consistent

coordinate method (ASCC)Marumori et al., PTP 64, 1294 (1980); Matsuo et al., PTP 103, 959
(2000); Hinohara et al., PRC 82, 064313 (2010); Matsuyanagi et al., JPG 37, 064018 (2010);
» Starting point: time-dependent Hartree-Fock (TDHF) equation
» Assumptions: adiabatic approximation, i.e.,, the collective motion is slow or
collective momenta are small ( can be large)
» Procedure: expand the TDHF equations with respect to the collective momenta
up to second order
B Form: summation of kinetic and potential terms, characterized by mass

parameter and collective potential
~ 1 g
H(q,p) = (¢(a, p)[H|$(a,p)) = Y BY(q)pip; + V(q)
(¥

02 H .
_— V(q) = H(q,p)|p=0
Op; Op; 'p=0

| Example: Bohr Hamiltonian Bohr&Mottelson1975, Vol. IT

B'(q) =



Collective Hamiltonian

® Collective Hamiltonian with collective potential V(q) and mass
parameters B,.(g) constructed from the ASCC equations

- d OH
Classical form dk _ Z By;p;

H = % Z Bii(@)pip; + V() | > H= % ZB;(@%%‘ + V()

J

dt Opp -
i

0°“H(q, e A a B
Bij(q) = — .(g P) = {@IllH,Qi(9)], Q;(9)]l*(q)) Mass parameter
pidp; 'p=0
V(@) = (6(a. D) A16(3 ) |p—0 = (6(2)| H16(2)) Collective potential
Quantal form Pauli1933
Hy; w1 > 9 Videt M(M~1) O M=p!
klIl 2 \/m ,Lj q/L zj J ) pu—

> Solving the collective Hamiltonian, the energy spectra and corresponding
collective wave function are yielded. With the obtained wave functions, other
observables can be also obtained




Collective Hamiltonian

® Bohr Collective Hamiltonian:
B Collective coordinate

OQH 67 Vs Q(¢76790)

B Classical Hamiltonian summation of kinetic and potential terms,
characterized by mass parameter and collective potential

H = Tan(B,7) + Tret (8,7, Q) + V(5,7)
. | | | 2
Ly, = %B.-j ;32 + BBg. 3y + %ﬁ? B..4 Tt = Z; T

B Pauli quantization

. %
J”{ju — T
l 2 /detB Z

e

v det B(B™'); i’

7 dq;

B Bohr Hamiltonian Bohr&Mottelson1975 Vol. I1

. h* g 1 d Bgs 0
r 1._ _ ~/_ V}' % J— ﬂﬁ
Lyib 2J_ (B4 28" wa 8/3 * sy oy VO Gy

B 3 By
— ——/93«/— Py , sin - yJ_ .4 )
B* 9B Gvib 3y ~ Bsin3y oy Gyip 9B



Results and discussions

] Collective Hamiltonian results under box

boundary conditions

(h#=0.9~0.1 MeV)
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Results and discussions

] Collective Hamiltonian results without box

boundary conditions

(n@=0.9~0.1 MeV)



2DCH

0.90 MeV

ho=

1DCH

©
i
L I T A -
-
_ _ 1
|| I
] |
X ™ o -
\ / __. + +
\ \ 1] I
/ / __ PGPm.
.. (A W U DLV I U U
\ / \ ,_ | "
\ \ _
4 / A _— “ -
\ \ _
® N e
\ \ | +
]
S
< (4P ] N - o
©
i
[ T I -
-
--—--------
o0 (Lo < N o 7._

(ASIN) ABudug



Wave function

1DCH (+)

hw=0.90 MeV |

2DCH (+ +,0=90°)

90 45 0

¢ (deg)

45 90-90 45 0 45 90

¢ (deg)

Wave function

hw=0.90 MeV |

1DCH (-)

2DCH (+ -,0=90°)

6

1 -
90 45 0

¢ (deg)

45 90-90 45 0

.4I5. .90
¢ (deg)



Probability
© oo oo oo oo oo ©°

o

=N

'hw=0.90 MeV|

2DCH (+ +)

2DCH (+ -)

- -0

- O

- O

- O

0

45 90 1351800 45 90 135180

0 (deg)

0 (deg)



2DCH

0.70 MeV

ho=

1DCH

| J | | J - | J | J | J - | J | J | J - | J | J | J - | J | J |
©
e
-
\ /. ___ + +
\
7 4 a | | — — — —
/ ,, __ PG Pw.
D b0 NI S . SIS . s
Vo Vo v
\ \ I
\ \ |
\ \ _
< e AN N
\ \ |
+
7 _ Y
S
(o] < ™ N o
©
i
-
[] [ ['] - [] [ ] [] - [] [ ] ['] - ['] [ ] ['] - ['] [] [
o0 (Lo < N o

(ASIN) ABudug

N



Wave function

hw=0.70 MeV |
1DCH (+) 2DCH (+ +,6=90°)

Wave function

90 45 0 45 90-90 45 0 45 90
¢ (deg) ¢ (deg)

hw=0.70 MeV |
1DCH (-) 2DCH (+ -,6=90°)

I-I..I 1 6

1 ‘e
90 45 0

45 90-90 45 0 45 90
¢ (deg) ¢ (deg)



Probability

o

-_—

A0 MO A0 O

-0

'hw=0.70 MeV|
2DCH (+ +) 2DCH (+ -)

0. .45. .90. 135 .1800. .45. .90. 135 :I80
0 (deg) 0 (deg)




2DCH

0.50 MeV

ho

1DCH

Total

] ] e
© B ¥ ® &
] 1 | |
| “ L+t
| “ | Clon_
1 ] | |
@~ @ w1 g pa w0
] “_ ___ ___"
] |} | |
TR
| \ | |
< & N
| } [} | +
| I I
=
n < o N Q.
-
d
| I ER:
-
| ' | | |
(0 0] ({o) I N o N

(ASIN) ABudug



Wave function

hw=0.50 MeV |

1DCH (+)

2DCH (+ +,0=78°)

90 45 0 45
¢ (deg)

90-90 -45 0 45 90

¢ (deg)

Wave function

ho=0.50 MeV |

1DCH (-)

2DCH (+ -,0=78°)

6

1 PR PRI B
90 45 0 45

¢ (deg)

90-90 45 0 45 90
¢ (deg)



Probability
© oo oo oo oo oo ©°

o

SO 20 20 2O =

- O

'hw=0.50 MeV|

2DCH (+ +)

2DCH (+ -)

0 45 90 1351800 45 90 135180

0 (deg)

0 (deg)




2DCH

0.30 MeV

hoO=

1DCH

(A9IN) ABadu3

I | v | |
©
it
T
_ i i
7 _ '+
F | F o
\E
\VP ”_ 7 n_n
/ D
/ _ o oA
............ AL SR NIV SRR
/ / " |
/ I} |
—\\ \_ " -
\\ / !
1 |
A e
/7 ) | +
S
™ N - 0.
©
hd
-
[l - [l - [l [l - [l -
N o0 < o
1




Wave function

 ho=0.30 MeV |

2DCH (+ +,0=64°)

1DCH (+)

¢ (deg)

90 -45 0 45 90-90 45 0 45 90

¢ (deg)

Wave function

hw=0.30 MeV |
1DCH (-) 2DCH (+ -,0=64°)

90 45 0 45 90-90 -45 0 45 90
¢ (deg) ¢ (deg)



Probability
© oo oo oo oo oo ©°

o

=N

- O

2DCH (+ +)

'ho=0.30 MeV|
2DCH (+ -)

- O

- O

- O

- O

6 (deg)

0 45 90 1351800 45 90 135180

0 (deg)




2DCH

0.10 MeV

ho=

1DCH

| — | | | J | | — | | | ) | | — | | v | | - | | | | |
-
whd
IRIEEN I
T
| |
] s
] o+
< o o~ -
; + +
] kR
. R SO . Vo . il
Pad \ "
\\ |
P o
. |
— _ ||
=
N - P
-
e
| | R
-
" i | | 1
o o o o o
N 00 < <
- ]

(A9IN) ABadu3



Wave function

hw=0.10 MeV |
1DCH (+) 2DCH (+ +,6=45°)

Nab

90 45 0 45 90-90 45 0 45 90
¢ (deg) ¢ (deg)

Wave function

ho=0.10 MeV |

1DCH (-) 2DCH (+ -,6=45°)

1 L PR ST W T WY T L [RRNTIN NS N |
90 -45 0 45 90-90 -45 0 45 90
¢ (deg) ¢ (deg)



Probability
© 00 o0 oo oo oo o

o

=N

hw=0.10 MeV|

- O

2DCH (+ +) 2DCH (+ -)

- O

- O

- O

- O

0 45 90 1351800 45 90 135180

0 (deg) 0 (deg)



