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Heavy Ion Laboratory, University of Warsaw

Chiral bands in nuclei, NORDITA, Stockholm, April 2015 1 /38



Outline

I Introduction
I Core-Particle-Hole-Coupling (CPHC) model
I S symmetry and its consequences
I Nonsymmetric cases
I Microscopic cores

Collaborators: Ch. Droste, S. G. Rohoziński and K. Starosta
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Introduction

Characteristic features of chiral nuclei
Partner bands:

I ,,almost” degenerate
levels (200 − 300 keV) with the same
parity, ∆I = 1

I similar EM properties inside bands

I staggering of M1 transitions (also E2
with ∆I = 1)
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Introduction

Experimental stimulus: 128Cs, 126Cs, 124Cs

netic bands in continuum. The values of Qlow, Qhigh, SMR
were experimentally found for 131La [12] from side-
feeding intensities and line shape analysis of transitions
for the two highest levels. For 132La and 128Cs the values of
Qhigh,Qlow, and SMR were assumed equal to those in 131La.
Under this assumption the total intensities of �-transitions
in 128Cs and 132La yrast bands were well reproduced (see
Fig. 1). The dashed and dotted lines for 128Cs show the
lower and upper limits of the calculated intensity distribu-
tion along the yrast band where we use the parameters
describing the intensity depopulating the odd and even spin
levels, respectively. The influence of two limiting sets of
the side-feeding parameters on the lifetime values in 128Cs
is accounted for the lifetime uncertainties. For 132La it was
estimated that the uncertainty of the side-feeding pattern
affects by �15% the extracted lifetimes. The correctness
of our method of the side-feeding evaluation is supported
by the observation that the lifetime of the 31=2� level in
131La obtained by using the method described above agrees
with the lifetimes determined by using the gating above
and narrow gate methods [12,15,16] which are independent
of the side-feeding distribution.

The spin and parity assignment of excited states, shown
in Fig. 2, follows for 128Cs and 132La Ref. [6] and
Refs. [3,17], respectively. The branching ratios were de-
termined from our experiment by using intensities of
�-lines corrected for the Doppler broadening. In Fig. 3
the examples of analyzed shapes of �-lines in 128Cs and
132La are shown. To obtain reliable DSAM results stopping
power measurements of the recoil nuclei in the Sn matter
were made. The semithick target method [14] was applied.
The electronic stopping power parameter was experimen-
tally found to be fe � 1:0� 0:1 for 128Cs and 132La. In
both cases the nuclear stopping power parameter fn �
0:87 was used according to Ziegler et al. [18].

The resulting lifetimes, presented in Fig. 2 and experi-
mental branching ratios were used to calculate the B�E2�
and B�M1� reduced transition probabilities. The

B�M1; I ! I-1� values were obtained by assuming pure
M1 multipolarity, since the contribution of the E2 admix-
ture to the I ! I-1 transitions is less than 10%. This is
supported by the experimental data given in [3,6] for 132La
and 128Cs, respectively. The reduced B�E2� and B�M1�
transition probabilities resulting from our experiment are
presented in Fig. 4. One can see a large difference between
the electromagnetic properties of 132La and of 128Cs. The
B�E2� values in the side band of 132La are about 20 times
lower than the corresponding ones in the yrast band, and

FIG. 1. Total �-ray intensity depopulating a given level of the
yrast band. Corresponding intensities from the side-feeding
model (solid lines) reproduce well the mean tendency of experi-
mental data. Left panel: the dotted and dashed lines were
calculated by using the side-feeding parameters adjusted to
reproduce the intensity data for even and odd spin levels,
respectively.

FIG. 2. Partner bands built on the �h11=2 � ��h11=2�
�1 con-

figuration in 128Cs and 132La observed in the experiment. The
arrow widths are proportional to the relative transition proba-
bilities. The sum of transition intensities depopulating the given
level is normalized to unity. The lifetime of levels are given in
italics under the spins of the corresponding levels.

PRL 97, 172501 (2006) P H Y S I C A L R E V I E W L E T T E R S week ending
27 OCTOBER 2006

172501-2

  

I E. Grodner et al. 128Cs as the Best Example Revealing Chiral Symmetry Breaking,
PRL 97, 172501 (2006)

I E. Grodner et al. Partner bands of 126Cs - first observation of chiral electromagnetic selection
rules, PLB 703, 46 (2011)
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126−128Cs nuclei, EM transitions
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Why γ-softness of the core

also hinted at by the comment: ‘‘one can therefore con-
clude that triaxial shapes for medium-mass and heavy
nuclei are rather rare—if they exist at all’’ in a compre-
hensive review article on nuclear shapes [10].

Here we present somewhat different and more conclu-
sive results obtained in our unified, universal FRLDM,
which has very well-tested properties and excellent ex-
trapolatability. We perform the first global calculation of
axial asymmetry of the static nuclear ground-state shape
and are, therefore, able to draw specific conclusions on this
asymmetry. A complete description of the model and ex-
tensive discussions of its previous accomplishments can be
found in Refs. [3,4,11–14]. More recently, an improved,
very detailed description of the fission barrier was obtained
within the model [6,15]. For consistency, we use here the
parameter set obtained in this latest study. However, the
effect of the new parameters on the results presented here is
minute; the main effect is on fission barrier heights. We
also revisit our previous results on reflection asymmetry
[3]. By analyzing the effect of reflection asymmetry on the
nuclear ground-state mass in the same format as applied
here to axial asymmetry, we better understand the signifi-
cance of the earlier and current results on symmetry
breaking.

We calculate three-dimensional nuclear potential-
energy surfaces for 7206 nuclei from the proton drip line
to the neutron drip line for nuclei from nucleon number
A � 31 (below which the effect of axial asymmetry is
negligible) to A � 290. For compatibility with previous
studies, we use the so-called Nilsson perturbed-spheroid
shape parametrization or " parametrization. We use the
deformation grid "2 � �0:0; 0:025; . . . ; 0:45�, � �
�0:0; 2:5; . . . 60:0�, and "4 � ��0:12;�0:10; . . . ; 0:12�, al-
together 6175 grid points. When "4 � 0, the shape is
exactly ellipsoidal, that is, the nuclear surface is described
by the equation:

 

x2

a2
�
y2

b2 �
z2

c2 � 1: (1)

For � � 0, the shape is rotationally symmetric around the z
axis, that is, a � b, and for � � 60� it is rotationally
symmetric around the x axis, that is, b � c. For intermedi-
ate values of �, the shape is axially asymmetric, or triaxial,
with a < b < c. When "4 � 0, a hexadecapole component
is superimposed on the shape described by Eq. (1). The
definition of the shape given in Ref. [3] assures that the
hexadecapole component transforms like a tensor. We find
that some nuclear ground states are neither oblate nor
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FIG. 2 (color). Calculated lowering of the nuclear ground-state energy when axial symmetry is broken, relative to calculations
limited to axially symmetric shapes only. Near the center of each of the three regions of axially asymmetric nuclei accessible to
experiment, we show a measured spectrum [16]. All three spectra exhibit characteristic � bands. This can be thought of as a necessary
condition: � bands should be present when the shapes are axially asymmetric.

PRL 97, 162502 (2006) P H Y S I C A L R E V I E W L E T T E R S week ending
20 OCTOBER 2006

162502-2

P. Moller et al., Global Calculations of Ground-State Axial Shape Asymmetry of Nuclei, PRL 97,
162502 (2006)
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Core-Particle-Hole Coupling model

|odd − odd, i〉 =
∑

r,k,m Ui
rkm|core, r〉|p, k〉|n,m〉

Ho−o = Hcore − χQqp − χQqn − χ′qpqn + hp + hn

Q, qp,n— quadrupole operators

Cores:
I Bohr Hamiltonian (FQ, full quadrupole); (β, γ,Ω) or (αµ)

given by analytic formulas
calculated microscopically

I rigid rotor (DF, Davydov-Filipov); (Ω); [β̃, γ̃ — fixed ]

Proton-neutron part:
ph11/2 ⊗ nh−1

11/2, A ∼ 130
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The Bohr Hamiltonian

HGBH(β, γ,Ω) = Tvib + Trot + V

Tvib(β, γ) = − 1
2
√

wr

{
1
β4

[
∂β

(
β4

√
r
w

Bγγ

)
∂β − ∂β

(
β3

√
r
w

Bβγ

)
∂γ

]
+

+
1

β sin3γ

[
− ∂γ

(√ r
w

sin3γBβγ

)
∂β +

1
β
∂γ

(√ r
w

sin3γBββ

)
∂γ

]}

Trot(β, γ,Ω) =
1
2

3∑
k=1

I2
k (Ω)/Jk; Jk(β, γ) = 4Bk(β, γ)β2 sin2(γ − 2πk/3)

w = BββBγγ − B2
βγ; r = BxByBz

Simplest form of the kinetic energy

Tkin =
1
2

B
∑
µ |α̇µ|2 ↔ Bββ = Bγγ = Bk = B, Bβγ = 0
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S symmetry, core part

S = P5(core)Cpn(proton-neutron)

I FQ core
LAB system

P5αµ = −αµ α-parity of the core

INT (principal axes) system

{αµ}
R(Ω)
−−−−−→ {α̃0, α̃1 = α̃−1 = 0, α̃2 = α̃−2}

α̃0 = β cos γ,
α̃2 = α̃−2 = β sin γ/

√
2

P5(β, γ,Ω) = (β, γ ± π,Ω)
P5(β, γ,Ω) = (β, π/3 − γ,Rx(π/2)Ω)

b

(β0, γ0)

b

(β0,−γ0)

b

(β0, 2π/3+γ0)
b

(β0, 2π/3−γ0)

b

(β0,−2π/3+γ0)

b
(β0,−2π/3−γ0)

γ=
π/

3

γ
=

2π/3

γ
= −
π/3

γ=
− 2
π/

3

a0

a2

γ= ± π

ay=0ax=0

γ=0 az=0

I DF core
P5 → Rx(π/2)
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S symmetry, pn part

Proton-neutron part: Cpn

I ”Almost” the same (naturally isomorphic) spaces for proton and neutron

Cpn|(p, i)(n, k)〉 = |(p, k)(n, i)〉

I Proton and neutron at the same j level

Cpn|
(
(p, j)(n, j)

)L〉 = (−1)L+1|((p, j)(n, j))L〉

General property
P2

5 = Icore, C2
pn = Ipn

S2
= (P5Cpn)2

= I

For the DF core cf. T. Koike, K. Starosta, I. Hamamoto, PRL 93 (2004) 172502
Chiral bands in nuclei, NORDITA, Stockholm, April 2015 10 /38



P5 symmetry. The Bohr Hamiltonian

Conditions imposed by the P5 symmetry

f (β, π/3 − γ) = f (β, γ) for f = Bββ,Bγγ,Bx

Bβγ(β, π/3 − γ) = −Bβγ(β, γ)
By(β, π/3 − γ) = Bz(β, γ)
V(β, π/3 − γ) = V(β, γ)

b

b

γ=
π/

3

γ=0
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S symmetry S. Quadrupole operators, angular momenta. Ho−o Hamiltonian

Quadrupole operators and angular momenta

P5QνP
+
5 = −Qν

P5IkP+
5 = Ik

Cpn qν,p,n C+
pn = −qν,n,p

Cpn jk,p,n C+
pn = jk,n,p

Odd-odd nucleus Hamiltonian Ho−o = Hcore − χQqp − χQqn − χ′qpqn

Hcore is P5–symmetric −→ SHo−oS+
= Ho−o

New additional label s = ±1 for eigenstates of Ho−o
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S symmetry. E2 & M1 transition operators

E2
T(E2) = κQ + epqp + enqn
SQS+

= −Q −→ 〈J, s|T(E2)|J′, s〉 ≈ 0
epqp, enqn — small

M1

T(M1) =

√
3

4π
µN(gIIcore + gpjp + gnjn)

P5IcoreP+
5 = Icore

gI − (gp + gn)/2 = 0 −→ 〈J, s|T(M1)|J′, s〉 = 0, J , J′

Example (reasonable values): gI = 0.44, gp = 1.22, gn = −0.21

T(M1) ∼ (
gIJ +(glp − gR)lp + (gsn − gI)sp)+

+(gln − gR)ln + (gsp − gI)sn
)
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Selection rules
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Selection rules
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Schematic core Hamiltonians

I Simple kinetic energy, B const

I Potential energy

V =
1
2

VCβ
2

+ [G + h1 cos 3γ + h2(cos2 3γ − 1)κ] × (exp(−β2/d2) − 1)

I Properties

E(2+
1 ) ≈ 0.35 MeV

βeq ≈ 0.25
B(E2, 21 → 01) ≈ 0.28 eb2

Chiral bands in nuclei, NORDITA, Stockholm, April 2015 15 /38



S symmetric Hamiltonians

Wilets-Jean, potential well (PW), potential barrier (PB). Simple kinetic energy
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S symmetric cases, energies, E2

h̄

E2 transitions, ∆I = 2

h̄
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S symmetric cases, intraband transitions

M1 transitions E2 transitions, ∆I = 1

h̄

h̄

h̄

h̄
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S symmetric cases, s→g transitions

h̄
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Deviations from the S symmetry. Non-symmetric core

I Non-symmetric core (potential or/and kinetic energy)
I Different one-particle spaces for proton and neutron

Case 1. Non-symmetric potential energy
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Non-symmetric core

h̄

E2 transitions, ∆I = 2

h̄
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Non-symmetric core, cont.

g→ g transitions s→ g transitions

h̄ h̄
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Deviations from the S symmetry. Different orbitals for proton and neutron

Case 2. Proton h11/2; neutron g−1
9/2 or f −1

7/2

core — WJ potential (P5 symmetric)

h̄ h̄
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Different orbitals for proton and neutron, cont.

Intraband transitions s→g band transitions

h̄ h̄
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Microscopic cores

128Xe + p ⊗ n−1 −→ 128Cs
128Ba + p ⊗ n−1 −→ 128La

I Mean field:
Skyrme SIII and SLy4
RMF NL3

I Pairing: seniority force

I Calculations with constraints to get required deformation

I Kinetic energy — ATDHFB type formulas
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ATDHFB, some formulas

I Deformation variables

β cos γ = cq0 = c〈Ψ|Q0|Ψ〉 = 〈Ψ|∑A
i=1(3z2

i − r2
i )|Ψ〉

β sin γ = cq2 = c〈Ψ|Q2|Ψ〉 = 〈Ψ|∑A
i=1

√
3(x2

i − y2
i )|Ψ〉; c =

√
π/5/Ar2

I HFB with constraints

δ〈Ψ|Hmicr − λ0Q0 − λ2Q2|Ψ〉 = 0
〈Ψ|Q0|Ψ〉 = q0, 〈Ψ|Q2|Ψ〉 = q2 −→ Ψ(β, γ)

I Potential energy
V = 〈Ψ(β, γ)|Hmicr|Ψ(β, γ)〉
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ATDHFB, some formulas, kinetic energy

HF+BCS case

I Mass parameters (inertial functions)

Bqiqj
= ~2(S−1

(1)S(3)S
−1
(1))ij

(S(n))ij =
∑
µ,ν

〈µ|Qi|ν̄〉〈ν̄|Qj|µ〉
(Eµ + Eν)

n (uµvν + uνvµ)2

Then Bqiqj
→ Bββ,Bβγ,Bγγ

I Moments of inertia

Jk = ~2
∑
µ,ν

|〈ν|jk |µ̄〉|2(uµvν − uνvµ)2

(Eµ + Eν)
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Microscopic cores, potential energy
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Inertial functions, 128Xe, Skyrme III
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Odd-odd nucleus with 128Xe core

h̄

E2 in-band transitions
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Odd-odd nucleus with 128Xe core cont.

∆I = 1 M1 and E2 transitions
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Odd-odd nucleus with 128Ba core

h̄

E2 in-band transitions
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Odd-odd nucleus with 128Ba core cont.

∆I = 1 M1 and E2 transitions

In-band
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Conclusions

I Existence of the partner bands do not require rigid deformation of the core
I The S symmetry — useful in model studies. Not much probable to exist in

real nuclei (?)
I It is possible to obtain partner bands with microscopic cores
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114−144Xe. Selected energy levels cont.
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114−144Xe. Selected energy levels. Comparison with SLy4 results
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E2 transition probabilities
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More details on 128Xe. Energy levels

Low energy, positive parity levels in 128Xe

1

2

E[MeV]

0

2

4

6

2

3
4 0

2

Exp

128Xe

0

2

4

6

2

3
4

0

2

Th, UNEDF0

Chiral bands in nuclei, NORDITA, Stockholm, April 2015 38 /38



More details on 128Xe. Energy levels

Low energy, positive parity levels in 128Xe
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