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w
ith T

r  = T/T
C .

In order to characterize the behavior of norm
al fluids, it is possible to express the coefficients A

ns  from
Equation 11 in term

s of an expansion in ω , show
n by.

For polar m
aterials, the coefficients D

nsa  in Equation 12 m
ay

be 
expressed

in term
s of expansion in x, given by

B
y com

bining Equations 9 through 13 one arrives at a general expression for the com
pressibility factor given by

Eq.14

Thus, 
Equation 

14 
represents 

a 
m

eans 
of 

obtaining 
the

com
pressibility factor of a m

aterial by know
ing the values of

ρ
r' , T

r' , ω', and x.

In order to calculate com
pressibility factors from

 Equation 14,
the m

axim
um

 index of each sum
m

ation m
ust be specified and the

values of the coefficients C
nsab  m

ust be determ
ined. This w

as
accom

plished in this investigation by using a com
puter program
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R
N

O
R

, 
w
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is 

an 
orthogonal 

least-squares
technique. 
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and 
C

anfield 
(24) 

developed 
the 

O
R

N
O
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program

, w
hich w

ill choose, in a least-squares sense, the best
polynom

ial to approxim
ate an infinite series. It w

ill also select the
polynom

ial coefficients w
hich have a m

inim
um

 variance from
 the

series coefficients. In this investigation, values w
ere assigned to

the indices in Equation 14 to specify the m
axim

um
 num

ber of
term
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w

ith 
w
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the 

O
R
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O

R
 

program
 

w
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perform
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putations. The com

puter program
 then used experim

ental
com

pressibility factor data to determ
ine the best polynom

ial fit for
each degree polynom

ial up to and including the m
axim

um
 num

ber
of term

s in the sum
m

ation. For each polynom
ial fit, the program

determ
ined 

the 
average 

absolute 
deviation 

of 
calculated

com
pressibility factor values from

 the experim
ental values and the

values of the coefficients C
nsab  in the sum

m
ation. A

nalyses of the
orthonorm

alization process have been presented elsew
here (24,

25).
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Heterogeneity: Typical behaviour is the same for all systems 
which are large enough  

(e.g. Wigner and heavy atom spectra, spin glasses, etc)

Many (large) systems for the same macro-behaviour



General Equilibrium (GE) Theory

Consumers buy 
goods to maximize 

utility

Firms transform input 
goods into output goods 

to optimize profit

Markets fix prices so that 
demand matches supply
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i) Single period economy 
ii) Markets are complete 
iii) Price taking behavior



Generic results



Generic results

• Welfare theorems:  
- at equilibrium everyone is as well off  as possible  
- every optimal allocation can be attained  



Generic results

• Welfare theorems:  
- at equilibrium everyone is as well off  as possible  
- every optimal allocation can be attained  

• Walras’ law:  
- every consumer spends all money  
- profit of  every firm is zero
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How is GE used?

• Get intuition: Few agents  
(e.g. R. Crusoe economies, representative agent … )

• Computational GE approach (calibration!!!)  
data (SA matrices) → model → prediction

• Here:  
Typical behaviour of  large random economies  
as a function of  A, N, P, distribution of  endowments 
and efficiency of  production processes



GE of  random economies  
                    (KJ Lancaster Mathematical Economics ’87)

• Commodities, consumers and endowments 

• Firms and technologies  

• Market and prices



The universe of  goods and 
Consumers

• C homogeneous commodities  
- P primary goods: y > 0  
- F final goods: y=0, x>0  
- intermediate goods: y=0, x=0  
- waste x>0  

• One consumer (A=1) with separable utility function  
 
 
 
 
(A>1 not difficult)

DRAFT

and consumers adjust their demand in order to maximize
their own utility. Both producers and consumer maximisation
problems are solved at fixed prices, that are tuned to match
demand and supply for each good in competitive markets.
This is a single period economy, where consumers are born
with initial endowments that are then exchanged in markets
and transformed into final consumption goods by competitive
firms in the production sector. The emphasis is on the ability
of the production sector to transform the abundant primary
goods into the desired (scarce) final goods. A key aspect is
that primary goods may be di�erent from final goods, and
some of the goods may be neither primary nor final. These are
intermediate goods, that enter in the transformation process
of primary goods into final ones.

Formally, let P = {c : x

c

0 > 0} be the set of primary

goods, where x

c

0 Ø 0 is the aggregate initial endowment of
consumers for good c = 1, . . . , C (we set x

c

0 = 0 for all c ”œ P).
Likewise, final goods c œ F are those the utility of consumers
depends on. At fixed prices p, the consumer’s problem is that
of exchanging the initial endowments for the final consumption
goods, in order to achieve utility maximization compatibly
with a budget constraint.

The role of the production sector is to transform initial
endowments into final goods. We assume a linear activity
model for the production sector, with N transformation pro-
cesses, each characterised by a vector q. Good c is an input
(output) if the c

th component q

i

is negative (positive). When
such an activity operates at scale s

i

Ø 0, the amount of good
c consumed or produced by the i

th activity is simply s

i

q

c

i

.
So the whole production sector is defined by N vectors q

i

,
i = 1, . . . , N , each run at a scale s

i

Ø 0. As customary [14],
we also assume disposal technologies for each good1. The
feasible set of production scales {s

i

} is given by all vectors
s = (s1, . . . , s

N

) such that

x

c = x

c

0 +
Nÿ

i=1

s

i

q

c

i

[1a]

x

c Ø 0 , ’c = 1, . . . , C . [1b]

As we can see from Eq. (1a), x

c is the sum of the initial
endowments x

c

0 and of the aggregate net production of good c,
and it can be therefore interpreted as the available volume of
good c. We now have two possibilities: either good c is final, or
it is not. In the former case, by assuming strongly monotonic
preferences, consumers will always consume all the available
volume of good c. Hence, for final goods, x

c is equal to the
level of consumption of good c. In the latter case, consumers
will not consume any volume of good c, and therefore x

c is
equal to the excess supply of good c. Eq. (1a) implies that
excess supply cannot be negative for any good.

At market prices p, the profit of each activity i when run
at scale s

i

is given by s

i

p · q

i

. At equilibrium, each s

i

is
fixed within the feasible set in order to maximise profit. If a
technology is unprofitable with the equilibrium prices, it is
optimal to stop operating it by setting its scale to zero. Hence,
the number N

>

= |{i : s

i

> 0}| of activities that actually
operate will be smaller than N in general. Finally, prices are
set so as to match supply with consumer demand. The generic

1These corresponds to vectors dc with all components equal to zero, apart from component c,
d

c
c = ≠1. Disposal technologies are not included in Eq. (1a) with the understanding that those

goods with x

c
> 0 that are not final are disposed of, i.e. they are wasted.

properties of the equilibrium are that consumers saturate their
budget constraint, i.e. p · x = p · x0 (Walras’ law), and that
the profit for each activity is zero. The number of active
production processes is at most N

>

Æ C. Final goods turn out
to be associated with positive prices, whereas for the remaining
goods, prices are set by the marginal profits [14]. Non-final
goods that are in positive excess supply x

c

> 0 have p

c = 0
and we will interpret them as waste. Among these, goods
that are also not primary (i.e. c œ F

u
P) are intermediate

goods; those among them that have x

c = 0 are fully exploited
by activities, and therefore have p

c

> 0. Besides these generic
results, little can be said about how the properties of an
economy (such as levels of consumption, scales of production,
or fraction of operating activities) depend on its structure, i.e.
on the number of goods of di�erent types, on the number of
technologies, etc. Indeed the project of general equilibrium
was largely abandoned for its lack of specific predictions [15].

Large random economies

Rather than considering a specific realisation of the framework
discussed above, we discuss an ensemble of economies drawn
from a given distribution. The key observation is that, when
the economy becomes large enough, certain properties – called
self-averaging – exhibit the same collective behaviour for almost
all realisations. In view of their statistical robustness, these
properties are the natural candidates to be compared to the
observed aggregate behaviour of complex systems, an approach
that has been remarkably successful in a variety of contexts
[7, 8, 10], including systems of heterogeneous interacting agents
[16].

Our main results only entail properties of the production
sector, so we shall avoid the intricacies of the aggregation
problem on the demand side, and specialise to the simpler
case of one (representative) consumer with a separable utility
function

U(x) =
ÿ

cœF

u(xc) , [2]

where u(·) is a concave increasing function (i.e. u

Õ
> 0 and

u

ÕÕ
< 0). As discussed above, the utility function only depends

on the final goods c œ F . Each good is assigned to the class
F with probability f and, independently, to class P with
probability fi. So the number of final (primary) goods is
|F| = fC (|P| = fiC). A primary good c is part of the initial
endowments, and therefore x

c

0 = 1, whereas x

c

0 = 0 for all
non-primary goods. This fully specifies the demand side of
the economy.

As for the production sector, we take a maximum entropy
approach in the spirit of Ref. [6], where the only assumption
we make is that the first two moments q

i

· 1 =
q

C

c=1 q

c

i

= ≠‘

and q

i

· q

i

= 1 are fixed. This implies that each activity q

i

as an independently drawn random vector satisfying these
constraints. Here ‘ > 0 means that, for each technology, the
quantity of inputs is larger than the quantity of outputs. This
ensures that no linear combination of the activities with non-
negative coe�cients s

i

can produce some output without any
input. Therefore, ‘ > 0 encodes irreversibility and its value is
a measure of the ine�ciency of production processes.

The convexity of U ensures that the equilibrium is unique
[14] and it satisfies the First Welfare theorem. This can
be rephrased by saying that, when the market clears, the
optimal production scales s

ú = (sú
1, . . . , s

ú
N

) deliver an optimal

2 | www.pnas.org/cgi/doi/10.1073/pnas.XXXXXXXXXX Bardoscia et al.

W

F I
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Firms and technologies

• N linear technologies:  
 

• Firms choose the scale si at which they operate 
 

•  ξiμ random with no-land-of-Cockaigne constraint 
 
 
                              (# inputs ~ # outputs finite as P →∞)

~fi(~zi) = (~zi · ~ui)~vi, ||~ui|| = 1, uµ
i , v

µ
i � 0

max

~zi
~p
h
~fi(~zi)� ~zi

i
) ~z⇤i = si~ui, si � 0

wµ
i � zµi = si⇠

µ
i , ⇠µi = vµi � uµ

i

X

µ

⇠µi = �✏,
X

µ

(⇠µi )
2
= �

⇠µi > 0 $ µ output

⇠µi < 0 $ µ input



The solution:

Parameters: n=N/C (industrial development)  
                    ℇ (efficiency of  technologies) 
                    u(x) (consumer’s preferences) 
                    F/C=f, P/C=π (fraction of  final/primary goods)

max

si�0
U

 
~y +

NX
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The solution:

Parameters: n=N/C (industrial development)  
                    ℇ (efficiency of  technologies) 
                    u(x) (consumer’s preferences) 
                    F/C=f, P/C=π (fraction of  final/primary goods)

max

si�0
U

 
~y +

NX

i=1

si~⇠i

!

Note: technologies are drawn i.i.d. at random,  
          but those which survive (si>0) are not



Typical behaviour in the limit N→∞
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Phase transition 
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Recipes for GDP growth 
Modes of  technological innovation:  

GDP increases 
inventing 

new 
technologies

GDP increases 
introducing 

new commodities

GDP=total value of  goods produced

✏ & N % C %



Paths of  development: N → N+1, C fixed  
technological innovation
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Intuition: a constraint on  
production for any good
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Comments

• Incentive for R&D from  
private sector only for n<2 

• Industrial revolution requires  
access to primary goods 

• Industrial dynamics in the last 4 centuries (see e.g. The Vanishing 
Hand R.N. Langlois 2004): from vertically integrated firms (n<2) 
to outsourcing (n>2) 

•  e.g. Carbon emission trading is profitable for n>2 but not for n<2 

• The green impact of  R&D: Waste decrease with n (and it 
increases when intermediate goods are introduced)
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The debate on inequality
• Inequality is rising and it’s back to the pre-WWI levels  

(Piketty-Saez 2001) 

• Return on capital > GDP growth = positive feedback on inequality  
(Piketty 2014) 

• Inequality correlates with many bad things (infant mortality, crime, 
social (im)mobility… Wilkinson - Pickett 2009) 

• Too much inequality with respect to what? 

• Inequality and the flow of stuff in an economy (i.e. liquidity)



The data: inequality and liquidity
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The data: inequality and liquidity
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A simple model
• N agents, M goods 

Agent i=1,…,N has wealth wi drawn i.i.d. from p(w)~w-β-1  
Object o=1,…,M has price πo  

• Feasible assignments A:  

• Start from a feasible assignment  
Pick an object o and an agent i at random: i buys o if he has cash>πo  
Repeat 

• Dynamics converges to the maximal entropy state  
P(A)=P(A’) for all feasible A, A’  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Cash flows to the top



Theory:

one good

two goods

When the total number of objects per agent is large for any class k, we expect that
⁄

1

, ..., ⁄
K

∫ 1, and then the values of z
i,k

are close to their expected values. This
implies that the population of agents splits into K classes, where agents with wealth
c

i

œ [c(k≠1), c(k)] have their budget saturated with goods of class kÕ Æ k and cannot a�ord
more expensive objects (here c(k) = ⁄

k

fi
(k)

, k = 1, . . . , K and c(0) = c
min

). An estimate
for the thresholds c(k) can be derived following the same arguments as for K = 1, by
observing that when analysing the dynamics of goods of type k, all agents in class kÕ < k
are e�ectively frozen and can be neglected. Combining this with the conservation of the
total number of objects of each kind, we obtain a recurrence relation for c(k). We refer the
interested reader to the Appendix A.2.2 for details on the derivation, and report here the
result in the case of goods with fi

(k)

= fi
(1)

gk≠1, g > 1 large enough, with — > 1 and in
the limit N æ Œ:

c(k) ƒ
C

—k ≠
A

— ≠ —k+1

1 ≠ —

B
�

KC

D 1
1≠—

, (13)

p
(suc)

k

= M
k

N⁄
k

ƒ �
KC

E [c]
c(k)

. (14)

In the limit — æ 1+ of large inequality, close inspection3 of Eq. (13) shows that
c(k) æ Œ, ’k, which implies that all agents become cash-starved except for the wealthiest
few. Since p

(suc)

k

≥ E [c] /c(k), this implies that all markets freeze: p
(suc)

k

æ 0, ’k. The arrest
of the flow of goods appears to be extremely robust against all choices of the parameter
fi

(k)

, as p
(suc)

1

is an upper bound for the other success rates of transactions p
(suc)

k

. These
conclusions are fully consistent with the results of extensive numerical simulations (see
Figure 4 in appendix A.2).

5 Summary and conclusions

In this paper we have introduced a zero-intelligence trading dynamics in which agents
have a Pareto distributed wealth and randomly trade goods with di�erent prices. We have
shown that this dynamics leads to a uniform distribution in the space of the allocations
that are compatible with the budget constraints. We have also shown that when the
inequality in the distribution of wealth increases, the economy converges to an equilibrium
where typically (i.e. with probability very close to one) the less wealthy agents have less
and less cash available, as their budget becomes saturated by objects of the cheapest type.
At the same time this class of cash-starved agents takes up a larger and larger fraction of
the economy, thereby leading to a complete halt of the economy when the distribution of
wealth becomes so broad that its expected average diverges (i.e. when — æ 1+). In these
cases, a finite number of the wealthiest agents own almost all the cash of the economy.

The model presented in this paper is intentionally simple, so as to highlight a simple,
robust and quantifiable link between inequality and liquidity. In particular, the model
neglects important aspects such as i) agents’ incentives and preferential trading, ii) en-
dogenous price dynamics and iii) credit. It is worth discussing each of these issues in order
to address whether the inclusion of some of these factors would revert our finding that
inequality and liquidity are negatively related.

First, our model assumes that all exchanges that are compatible with budget con-
straints will take place, but in more realistic setting only exchanges that increase each
party’s utility should take place. Yet if the economy freezes in the case where agents

3Note that the term in square brackets is smaller than one, when — æ 1+.
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Note
• Model: Inequality -> liquidity  

• Incentives? Utilities? Preferential trading? 

• Endogenous price dynamics? 

• Consumption, investment and credit? 

• Quantitative Easing for the people?



Few days of blog folly



Few days of blog folly

Their study makes use of some fairly abstruse 
mathematics coming from physics, developed 
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One further reason why entropy matters 
Entropy = measure of information 

Risk vs transparency


