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Dualities
• Kramers-Wannier duality in the 2D Ising model (1941) 
• BKT duality in 2D superfluids (particle-vortex duality) 
• Dasgupta-Halperin duality in 3D Ginzburg-Landau  

superconductors (3=3+0 or 3=2+1)

Earlier examples in condensed matter:

Earlier examples in high-energy physics:
• Dualities in lattice gauge theories  
• S-duality 
• Seiberg-Witten duality (SuSy needed) 
• AdS-CFT duality (gravity dual) 



Outline

• Electromagnetic duality and particle-vortex duality 
• Axion terms: the Witten effect 
•  S-duality and topological states of matter 
• Application: the Josephson-Witten effect



Electromagnetic Duality 
• Maxwell equations are self-dual in vacuum: electric  

and magnetic fields can be exchanged 

!

• In the presence of matter, self-duality holds only if  

magnetic charges are included (Dirac, Schwinger)



Electromagnetic Duality 
Maxwell equations:

r · (E+ iB) = q

@t(E+ iB) + ir⇥ (E+ iB) = j

q = 0 and j = 0 =) invariance under E ! �B, B ! E



Electromagnetic Duality 
Maxwell equations:

qm 6= 0 and jm 6= 0 =) invariance under E ! �B, B ! E

r · (E+ iB) = q + iqm

@t(E+ iB) + ir⇥ (E+ iB) = j+ ijm

More generally (Schwinger):
(E+ iB) ! ei�(E+ iB)

(q + iqm) ! ei�(q + iqm)

Dirac quantization: qqm = 2⇡n



Particle-vortex duality
In 2D: superfluids are equivalent to a Coulomb gas  

of point vortices

HSF =
⇢s
2T

(r✓)2

HSG =

T

8⇡⇢s
(r')2 � z cos'

Superfluid Hamiltonian:

Field theory of a Coulomb gas: 

In 2D the SG theory undergoes a phase transition
BKT transition: no spontaneous symmetry breaking



Particle-vortex duality
3D (2+1 or 3+0): Dasgupta-Halperin duality

Vortex superfluidity Particle superconductivity()
XY model Higgs model()

+ -Vortex loop:

Phase transition: 1st order in type I regime
2nd order in type II regime   

(Mo, Hove, Sudbo, PRB 2002)



Particle-vortex duality
Duality in abelian Higgs model 

4D: Vortices Worldline of magnetic monopoles()

m
L =

1

4e2
F2

µ⌫ [compact U(1)]

LHiggs =
1

4
F 2
µ⌫ + |(@µ � ieAµ)�|2 + V (�)

[U(1) non-compact]

(Peskin, 1978)



Electromagnetic duality and the Witten effect

L =
1

8⇡
(E2 �B2) +

e2✓

4⇡2
E ·B� ⇢�� j ·A

Original derivation for a non-Abelian Higgs model  
[E. Witten, Phys. Lett. B 86,283 (1979)] 

Axion electrodynamics:

D =
@L
@E

H = � @L
@B

r ·D = ⇢ r ·B = ⇢m

=) r ·E = 4⇡

✓
⇢� e2✓

4⇡2
⇢m

◆

=) Q = q|{z}
q=ne

� e2✓

4⇡2
em|{z}

em=2⇡/e

= e

✓
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Electrodynamics of topological insulators
Classical electrodynamics  
of conventional insulators:

L = 1
8⇡

⇣
✏E2 � 1

µB
2
⌘

Axion electrodynamics  
of 3D TIs [Qi, Hughes, Zhang (2008)]:

L = 1
8⇡

⇣
✏E2 � 1

µB
2
⌘
+ ↵✓

4⇡2E ·B

=) ✓ = ⇡ for TIs with TRI

Meaning of ✓:

✓ =
1

8⇡

Z
d3k tr


a(k) ^ f(k)� 2

3
a(k) ^ a(k) ^ a(k)

�

f(k) = da(k) + ia(k) ^ a(k)

a↵�(k) = �ih↵,k|rk|�,ki

Non-abelian Berry vector potential for the Bloch state |↵,ki



Topological insulators
The first TI: quantum Hall effect

Z

M
 = 2⇡�(M)

: physical realization of Gauss-Bonnet theorem�
xy

 ) Gaussian curvature
� ) Euler characteristic

=) � = 0=) � = 2
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(Thouless, Kohmoto,Nightingale, den Nijs): !!
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Electrodynamics of topological insulators
Inducing a Magnetic Monopole with
Topological Surface States
Xiao-Liang Qi,1 Rundong Li,1 Jiadong Zang,2 Shou-Cheng Zhang1*

Existence of the magnetic monopole is compatible with the fundamental laws of nature;
however, this elusive particle has yet to be detected experimentally. We show theoretically that an
electric charge near a topological surface state induces an image magnetic monopole charge due
to the topological magneto-electric effect. The magnetic field generated by the image magnetic
monopole may be experimentally measured, and the inverse square law of the field dependence
can be determined quantitatively. We propose that this effect can be used to experimentally realize
a gas of quantum particles carrying fractional statistics, consisting of the bound states of the
electric charge and the image magnetic monopole charge.

The electromagnetic response of a conven-
tional insulator is described by a dielectric
constant e and a magnetic permeability m.

An electric field induces an electric polarization,
whereas a magnetic field induces a magnetic
polarization. As both the electric field E(x) and
themagnetic inductionB(x) are well defined inside
an insulator, the linear response of a convention-
al insulator can be fully described by the effective

actionS0 ¼ 1
8p ∫d

3xdt eE2− 1
mB

2
! "

, where d3xdt is

the volume element of space and time. However,
in general, another possible term is allowed in the
effective action, which is quadratic in the elec-
tromagnetic field, contains the same number of
derivatives of the electromagnetic potential, and
is rotationally invariant; this term is given by
Sq ¼ q

2p

# $

a
2p

# $

∫d3xdtE⋅B. Here, a ¼ e2
ℏc (where ħ

is Planck’s constant h divided by 2p and c is the
speed of light) is the fine-structure constant, and q
can be viewed as a phenomenological parameter
in the sense of the effective Landau-Ginzburg
theory. This term describes the magneto-electric
effect (1), where an electric field can induce a
magnetic polarization, and a magnetic field can
induce an electric polarization.

Unlike conventional terms in the Landau-
Ginzburg effective actions, the integrand in Sq
is a total derivative term, when E(x) and B(x)
are expressed in terms of the electromagnetic
vector potential (where ∂m denotes the partial
derivative; m, n, r, and t denote the spacetime
coordinates; Fmn is the electromagnetic field
tensor; and Am is the electromagnetic potential)

Sq ¼
q
2p

a
16p

∫d3xdtemnrtFmnFrt

¼ q
2p

a
4p

∫d3xdt∂mðemnrsAn∂rAtÞ

Furthermore, when a periodic boundary condi-
tion is imposed in both the spatial and temporal
directions, the integral of such a total derivative
term is always quantized to be an integer; i.e.,
Sq
ℏ ¼ qn (where n is an integer). Therefore, the
partition function and all physically measurable
quantities are invariant when the q parameter is
shifted by 2p times an integer (2). Under time-
reversal symmetry, eiqn is transformed into e–iqn

(here, i2 = –1). Therefore, all time-reversal in-
variant insulators fall into two general classes,
described by either q = 0 or q = p (3). These two
time-reversal invariant classes are disconnected,
and they can only be connected continuously by
time-reversal breaking perturbations. This classi-
fication of time-reversal invariant insulators in
terms of the two possible values of the q
parameter is generally valid for insulators with
arbitrary interactions (3). The effective action
contains the complete description of the
electromagnetic response of topological insula-
tors. Topological insulators have an energy gap in
the bulk, but gapless surface states protected by
the time-reversal symmetry. We have shown (3)

that such a general definition of a topological
insulator reduces to the Z2 topological insulators
described in (4–6 ) for non-interacting band
insulators; this finding is a three-dimensional
(3D) generalization of the quantum spin Hall
insulator in two dimensions (7–10). For generic
band insulators, the parameter q has a micro-
scopic expression of the momentum space
Chern-Simons form (3, 11). Recently, experi-
mental evidence of the topologically nontrivial
surface states has been observed in Bi1−xSbx alloy
(12), which supports the theoretical prediction
that Bi1−xSbx is a Z2 topological insulator (4).

With periodic temporal and spatial boundary
conditions, the partition function is periodic in q
under the 2p shift, and the system is invariant
under the time-reversal symmetry at q = 0 and
q = p. However, with open boundary conditions,
the partition function is no longer periodic in q,
and time-reversal symmetry is generally broken
(but only on the boundary), even when q = (2n +
1)p. Our work in (3) gives the following physical
interpretation: Time-reversal invariant topologi-
cal insulators have a bulk energy gap but have
gapless excitations with an odd number of Dirac
cones on the surface. When the surface is coated
with a thin magnetic film, time-reversal sym-
metry is broken, and an energy gap also opens up
at the surface. In this case, the low-energy theory
is completely determined by the surface term in
Eq. 1. As the surface term is a Chern-Simons
term, it describes the quantum Hall effect on
the surface. From the general Chern-Simons-
Landau-Ginzburg theory of the quantum Hall
effect (13), we know that the coefficient q =
(2n+1)p gives a quantized Hall conductance of
sxy ¼ nþ 1

2

# $

e2
h . This quantized Hall effect on

the surface is the physical origin behind the
topological magneto-electric (TME) effect.
Under an applied electric field, a quantized
Hall current is induced on the surface, which in
turn generates a magnetic polarization and vice
versa.

REPORTS

1Department of Physics, Stanford University, Stanford, CA
94305–4045, USA. 2Department of Physics, Fudan Uni-
versity, Shanghai, 200433, China.

*To whom correspondence should be addressed. E-mail:
sczhang@stanford.edu

Fig. 1. Illustration of the image charge
and monopole of a point-like electric
charge. The lower-half space is occupied
by a topological insulator (TI) with di-
electric constant e2 and magnetic perme-
ability m2. The upper-half space is occupied
by a topologically trivial insulator (or vac-
uum) with dielectric constant e1 and mag-
netic permeability m1. A point electric
charge q is located at (0, 0, d ). When seen
from the lower-half space, the image
electric charge q1 and magnetic monopole
g1 are at (0, 0, d ); when seen from the
upper-half space, the image electric
charge q2 and magnetic monopole g2
are at (0, 0, −d ). The red solid lines
represent the electric field lines, and blue
solid lines represent magnetic field lines.
(Inset) Top-down view showing the in-plane component of the electric field at the surface (red arrows)
and the circulating surface current (black circles).

(1)
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We propose a manifestation of the TME ef-
fect. When a charged particle is brought close to
the surface of a topological insulator, a magnetic
monopole charge is induced as a mirror image of
the electric charge. The full set of electromag-
netic field equations can be obtained from the
functional variation of the action S0 + Sq (14), and
they can be presented as conventional Maxwell’s
equations but with the modified constituent equa-
tions describing the TME effect (3)

D ¼ E þ 4pP − 2aP3B
H ¼ B − 4pM þ 2aP3E

ð2Þ

where P3(x) = q(x)/2p is the magneto-electric
polarization (3), D is the electric displacement, P
is the electric polarization, H is the magnetic
field, and M is the magnetization. It takes the
value of P3 = 0 in vacuum or conventional
insulators and P3 = T1/2 in topological insulators,
with the sign determined by the direction of the
surface magnetization.

Now consider the geometry as shown in Fig. 1.
The lower-half space (z < 0) is occupied by a
topological insulator with a dielectric constant e2
and a magnetic permeability m2, whereas the
upper-half space (z > 0) is occupied by a
conventional insulator with a dielectric constant
e1 and a magnetic permeability m1. A point elec-
tric charge q is located at (0, 0, d) with d > 0. The
Maxwell equations, along with the modified
constituent equations and the standard boundary
conditions, constitute a complete boundary value
problem. To solve this problem, the method of
images (15) can be used. We assume that, in the
lower-half space, the electric field is given by an
effective point charge q/e1 and an image charge
q1 at (0, 0, d), whereas the magnetic field is given
by an image magnetic monopole g1 at (0, 0, d ).
In the upper-half space, the electric field is giv-
en by q/e1 at (0, 0, d) and an image charge q2 at

(0, 0, −d); the magnetic field is given by an image
magnetic monopole g2 at (0, 0, −d). The above
ansatz satisfies the Maxwell equations on each
side of the boundary. At the boundary z = 0, the
solution is thenmatched according to the standard
boundary condition, giving
q1 ¼ q2

¼ 1
e1

ðe1 − e2Þð1=m1 þ 1=m2Þ − 4a2P2
3

ðe1 þ e2Þð1=m1 þ 1=m2Þ þ 4a2P2
3
q

g1 ¼ −g2
¼ −

4aP3

ðe1 þ e2Þð1=m1 þ 1=m2Þ þ 4a2P2
3
q

We will first take e1 = e2 = m1 = m2 = 1 below
and then recover the e1,2, m1,2 when discussing
the experimental proposals later. The solution
shows that, for an electric charge near the surface
of a topological insulator, both an image mag-
netic monopole and an image electric charge will
be induced, as compared with conventional elec-
tromagnetic media where only an electric image
charge will be induced. It is notable that the
magnitudes of the imagemagnetic monopole and
image electric charge satisfy the relation q1,2 =
T(aP3)g1,2. This is just the relation q = (q/2p)g for
the electric andmagnetic charges of a dyon inside
the q vacuum (16), with q/2p = TP3 here.

The physical origin of the image magnetic
monopole is understood by rewriting part of
the Maxwell equations as

∇% B ¼ 2aP3dðzÞn̂ % E ð4Þ

with P3 = T1/2 the value for the topological in-
sulator [in the above equation, ∇ is the derivative
vector, n̂ is the normal vector of the surface, and
d(z) is the Dirac d function]. The right-hand side
of the above equation corresponds to a surface
current density j¼ sxyðn̂ % EÞ, which is induced

by the in-plane component of the electric field
and is perpendicular to this component. This
current is nothing but the quantized Hall current
mentioned earlier. For the problem under consider-
ation, the surface current density is calculated as

j ¼ P3
e2

h

! "

q
1þ a2P2

3

! "

r

ðr2 þ d2Þ3
2
êϕ ð5Þ

which is circulating around the origin (inset of
Fig. 1) (here, r is the radial distance and êϕ is the
tangental unit vector). Physically, this surface
current is the source that induces the magnetic
field. On each side of the surface, the magnetic
field induced by the surface current can be viewed
as the field induced by an image magnetic mono-
pole on the opposite side.

According to the above calculation, the image
magnetic monopole field indeed has the correct
magnetic field dependence expected from a
monopole, and it can be controlled completely
through the position of the electric charge. As we
started with the Maxwell’s equation, which
includes ∇ ⋅B ¼ 0, the magnetic flux integrated
over a closed surface must vanish. We can check
that this is the case by considering a closed
surface—for example, a sphere with radius a—
that encloses a topological insulator. The detailed
calculation is presented in the supporting online
material (17). Inside the closed surface, there is
not only a image magnetic monopole charge, but
also a line of magnetic charge density whose
integral exactly cancels the point image magnetic
monopole. However, when the separation be-
tween the electric charge and the surface (d) is
much smaller than the spherical radius (a), the
magnetic field is completely dominated by the
image magnetic monopole, and the contribution
due to the line of magnetic charge density is
vanishingly small. Therefore, we propose here to
experimentally observe the magnetic monopole
in the same sense that we can experimentally
observe other fractionalization, or de-confinement,
phenomena in condensed matter physics. In any
closed electronic system, the total charge must
be quantized to be an integer. However, one
can separate fractionally charged elementary

Fig. 2. Illustration of the experi-
mental setup to measure the image
monopole. A magnetic layer is
deposited on the surface of the
topological insulator, as indicated
by the layer with blue arrows. (The
same layer is drawn in Figs. 3 and
4.) A scanning MFM tip carries a
magnetic flux f and a charge q. A
charged impurity is confined on the
surface with charge Q and distance
D out of the surface. By scanning
over the voltage V and the distance
r to the impurity, the effect of the
image monopole magnetic field
can be measured (see text).

Fig. 3. Illustration of the fractional statistics
induced by image monopole effect. Each elec-
tron forms a dyon with its image monopole.
When two electrons are exchanged, an AB phase
factor is obtained (which is determined by half of
the image monopole flux) and leads to statistical
transmutation.

ð3Þ
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Electrodynamics of topological insulators

Dissipationless current: j =
e2

4⇡2
r✓ ⇥E

S

axion

=
↵✓

4⇡2

Z
d

4
xE·B =

↵✓

32⇡2

Z
d

4
x✏

µ⌫�⇢

F

µ⌫

F

�⇢

=
↵✓

16⇡2

Z
d

4
x@

µ(✏µ⌫�⇢A⌫

F

�⇢)

For ✓ uniform, the axion term is a total derivative:

=) For an infinite system, Maxwell equations do not modify

However, TIs have surfaces and ✓ changes there!

Hall conductivity: �
xy

=
e2

2⇡

✓
n� ✓

2⇡

◆



Electrodynamics of topological insulators
Hall conductivity Witten effect

�
xy

=
e2

2⇡

✓
n� ✓

2⇡

◆
Q = e

✓
n� ✓

2⇡

◆

(no monopoles) (monopoles)

=)

Is there a correspondence between the two?

Particle on a ring with magnetic flux �

Current: j = e3

2⇡r2

�
n� e�

2⇡

�

✓ ! e�

In 3D: take vortices and a surface



TI-SC structures

Type II
   SC

TI

x

y

z

r ·E = 4⇡⇢+ (e2/⇡)r✓ ·B

Gauss law:

=) Q = q +
e2

4⇡2

Z
d2rB(r)

Z 0

�1
dz

d✓

dz

= q +
e2✓

4⇡2
�B

�B = Nv
2⇡

(2e)
=

Nv⇡

e
=) Charge fractionalization

=) Witten effect without monopoles!



Josephson and Witten effects
• Josephson effect: 

IJ = Ic sin(�')

@t�' = 2eV

�' = '1 � '2
Superconductor 1

Superconductor 2

• Witten effect: 
charge fractionalization due to magnetic monopoles

Q = e

✓
n� ✓

2⇡

◆

L
Axion

=
e2✓

4⇡2

E ·B Monopole



Josephson-Witten effect

Type II
   SC

TI

x
y

z

TI

SC

V

SC

(a) (b)
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e✓

8⇡2
�B
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� EJ cos��
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Invariance: ✓ ! ✓ + 8⇡, �n ! �n�Nv



AC Josephson effect induced by the 
Witten effect

Witten effect induces an AC Josephson effect by applying 
a magnetic field perpendicular to the junction

IJ(��, t) = 2eEJ sin (��+ !✓t)

!✓ =
e3✓

2⇡2C
�B ,

TI

SC

V

SC



AC Josephson effect induced by the 
Witten effect

Junction Lagrangian:

LJ = �n@t���HJ

Partition function:

Z =

Z
D�nD��e�

R �
0 d⌧(i�n@⌧��+HJ )

�n ! �n� e✓�B/(8⇡
2)

Shift:
=) eie✓�B/(8⇡2)

R �
0 d⌧@⌧��

Phase factor:

=) ✓ =
8⇡m

Nv
m 2 Z =) !✓ =

(2e)2m

C



Electromagnetic duality with 
superconductors

Axionic superconductors with magnetic monopoles:

L =
1

4
F2

µ⌫ +
ie2✓

16⇡2
Fµ⌫F̃µ⌫ +

⇢2

2
(@µ'+ 2eAµ)

2
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⇡

e
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e
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Mµ⌫ = @µM⌫ � @⌫Mµ M̃µ⌫ = (1/2)✏µ⌫�⇢Mµ⌫

Monopole gauge field: Mµ(x) =

Z
d

4
x

0
G(x� x

0)mµ(x
0)

G(x) = 1/(4⇡2
x

2) @µmµ = 0

@µFµ⌫ = j⌫ @µF̃µ⌫ = (⇡/e)m⌫



Electromagnetic duality with 
superconductors

L =
1
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Electromagnetic duality with 
superconductors
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Electromagnetic duality with 
superconductors

Shift: hµ ! hµ � e2✓
4⇡2Aµ Rescalings: hµ ! 2ehµ, Aµ ! (⇡/e)Aµ
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Electromagnetic duality with 
superconductors
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Dual action in terms of charge and monopole currents:

Continuum equivalent of the dual lattice model 
(Cardy1982)
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Renormalization aspects of S-duality
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Renormalized fields: Ar,µ = Z�1/2
A Aµ hr,µ = Z�1/2

h hµ

Duality + Ward identities: ZAZh = 1 =) ✓r =
p

ZAZh✓ = ✓

=) e2r✓rFr,µ⌫ F̃r,µ⌫ = e2✓Fµ⌫ F̃µ⌫

Axion term is an RG invariant!
Consisten with topological character = insensitive to  
scale transformations



Boundary dual theory at strong coupling
For e2 ! 1 the bulk and the boundary decouple

Witten charge Q is constrained to vanish,  
implying ✓ = �8⇡n/m

L1 = i
mn

⇡
✏µ⌫�Aµ@⌫A� + |(@µ � i2mAµ)�|2

+ |(@µ + 2inAµ)�V |2 + U(�,�V )

Dual Lagrangian:
L̃1 =

1

2⇢2
(✏µ⌫�@⌫a�)

2 +
1

2⇢2V
(✏µ⌫�@⌫b�)

2

+ i
2⇡2

✓
✏µ⌫�

✓
2aµ +

✓

4⇡
bµ

◆
@⌫

✓
2a� +

✓

4⇡
b�

◆
+ . . .



Physical consequences
✓ = �8⇡n/m corresponds to a critical point

Reminiscent of the quantization of the AC  
Josephson-Witten effect when quantum fluctuations  
of the phase are accounted for

• Quantized photon mass:

fMA(m,n) = 2⇡
⇣ n

m
⇢2 +

m

n
⇢2V

⌘

• Quantized critical exponents (easier to calculate in  
the dual theory)



Conclusions
• Electromagnetic duality combined with particle-vortex  

duality allows to establish a Witten effect using vortices 

instead of magnetic monopoles 
• Consequences for capacitance in Josephson effect  

using 3D TI as junction: AC Josephson effect is  

induced by just applying a magnetic field perpendicular  

to the junction 
• Boundary theory at strong coupling quantizes ✓


