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Goal

Mathematical structures in planar N=4 SYM
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| Non-planar N=4 SYM
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N=8 SUGRA |




(Questions

+ Do non-planar integrands have special properties?

+ N=8 supergravity: singularity structure, from IR to UV



Singularities of amplitudes

+ Scattering amplitudes of massless particles in D=4

Fixed by singularities

/A:;/dzj: I .

Loop momenta,

No loop momenta, , ,
rational function

complicated functions
Powerful unitarity



Generalized unitarity

(Bern, Dixon, Kosower) (Britto, Cachazo, Feng)

o5 ﬁ%@g

+ Iterative use of cut equation ‘d>
C‘Q&‘\Q\

+ Cuts of loops are products of tree-level amplitudes
+ Cut everything you can: maximal cuts

+ Factorization into three point amplitudes

On-shell diagrams



On-shell diagrams

(Arkani-Hamed, Bourjaily, Cachazo, Goncharov, Postnikov, JT 2012)

+ Draw planar graph with three point vertices

Cuts of loop integrands Product of 3pt amplitudes

+ Exist in all theories, special in planar N=4 SYM



Recursion relations

(Britto, Cachazo, Feng, Witten, 2005) (Arkani-Hamed, Bourjaily, Cachazo, Caron-Huot, JT, 2010)

+ Recursion relations for £-loop integrand

+ Example: 4pt 1-loop

2 3

5-loop on-shell diagram =
1-loop off-shell box



Momentum conservation

+ Deep connection: on-shell diagrams vs Grassmannian

+ Simple motivation: linearize momentum conservation

5(P) =6 (Z Aa’ia>

2+ The Grassmannian as matrix of coefficients
(Arkani-Hamed, Cachazo, Cheung, Kaplan, 2009) (Mason, Skinner, 2009)

0 (Cabxb> 5 (Cap o)



Positive Grassmannian

(Postnikov, 2006)

+ Building positive matrix: face or edge variables

+ Connection to mathematics for planar diagrams
Choose «a; > 0: positive minors -> Positive Grassmannian

Area of research in algebraic geometry, combinatorics



Connection to amplhitudes

(Arkani-Hamed, Bourjaily, Cachazo, Goncharov, Postnikov, JT, 2012)

+ Building positive matrix: face or edge variables

+ Same function as a product of 3pt amplitudes equal to

doq dag dag do ;
O — 1 2 3 45(0 | Z) : .Solves for a;
a1 Qo (3 Oy in terms of A;, \;

and gives d(P)d(Q)

5(C-Z)=6(C-Ns(CE-Ns(C-7)



Hidden properties

+ Dual conformal symmetry: absence of poles at infinity

o Cuts never localized at ¢ — o0

o Relation to UV behavior

: . " dx
# Logarithmic singularities —
¢ Statement about types of poles in the cut structure

o Link to the uniform transcendentality

+ Recursion relations, complete geometry picture?



Amplituhedron

(Arkani-Hamed, JT, 2013)

+ Motivation: Grassmannian + polytope picture

:

+ Definition of the space Y =C -7
“

Grassmannian and generalizations

+ Loop integrand = logarithmic volume on this space

Amplitudes are
volumes!

external data:

/ momentum twistors



Scattering inequalities

+ Amplitudes are fixed by cuts: unique object

+ Amplituhedron: provides the list of all legal cuts in the
form of inequalities (for both loops and helicity)

Pi(zr) > 0 2}, parametrize loop momenta

Furthermore the inequalities define
a nice region in Grassmannian

+ Implication: homogeneous equations Cut / = 0
(Arkani-Hamed, Hodges, JT, 2014)



Example of inequalities

+ Consider 4pt two-loop amplitude 3

+« Inequalities: 21,22, 23,24 > 0
25, 26, 275 28 = 0

(21 — 2’5)(2’6 — 22) + (23 — Z?)(ZS — 24) >0

1 4

+ Check: one-loop cut \

—z2526 — 2728 > 0
21 — 0

_____ . 2 =0 w

<3 = 0 . .
20 = 0 () vanishes on this cut



Non-planar amplitudes

i N=4 SYM

(Arkani-Hamed, Bourjaily, Cachazo, JT, 2014)
(Bern, Herrmann, Litsey, Stankowicz, JT, 2014, 2015)



Non-planar problems

+ No unique integrand, labeling problem

2 3 2 4 32
Whatis ¢ ?
1 4 13 1 4
+ No momentum twistors, no known hidden symmetries

+ On-shell diagrams for singularities
(Arkani-Hamed, Bourjaily, Cachazo, Postnikov, JT, 2014) (Franco, Galloni, Penante, Wen 2015)

Connection to Grassmannian, logarithmic form

doy dos dos doy dos dog

Q) = 5(C - Z)

1 Qg (3 Q4 Q5 Qg see Jake’s talk



Non-planar amplitudes

+ No unique integrand, no recursion relations
+ On-shell diagrams: cuts of amplitudes

+ Conjecture: amplitudes have the same properties

o Logarithmic singularities —  Volumes of something?

» No poles at infinity -y Analogue od DCI?

¢ Only homogeneous cuts —%  Scattering inequalities?
Amplituhedron?



Non-planar amplitudes

+ Conservative approach: sum of integrals

A%:;Li.cf.liw ;z>.

Fix by homogeneous flab pbed def Basis of integrals:
conditions ot ¢ Logarithmic singularites

¢ No poles at infinity

+ Some diagrams forbidden



Explieit checks

+ Construct basis for 4pt at 2-loop and 3-loop, 5pt 2-loop
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Non-planar conclusion

+ Same properties of amplitudes as in planar sector

+ Open questions: identify new symmetries, role of
color factor, complete geometric formulation.....

+ What about gravity?



Gravity on-shell diagrams

(Herrmann, JT 2016)
(Heslop, Lipstein 2016)



First look: gravity on-shell diagrams

+ Let us just get some data

+ Simplest class: MHV leading singularities
1 2

Yang-Mills

4 3 Gravity

1 13][24]
(12)(23)(34) (41) (12)(13)(14)(23)(24)(34)




First look: gravity on-shell diagrams

+ Let us just get some data

+ Simplest class: MHV leading singularities
2

; 3
1
Yang-Mills ’ Gravity

1 [12][23][45)?
(12)(23)(34) (45) (51) (12)(13)(15)(23)(34) (45)




First look: gravity on-shell diagrams

+ Let us just get some data

+ Simplest class: MHV leading singularities

Yang-Mills Gravity

(13) [12][23][45]°
(12)(23) (14)(15) (34) (35) (12)(14)(15)(23)(34) (35)




First look: gravity on-shell diagrams

+ Based on these results: in Yang-Mills we could already
conjecture the structure

+ Natural conjecture for gravity

T
oD

“*single poles in the denominator

__w anti-holomorphic numerator




First look: gravity on-shell diagrams

+ Higher poles, more complicated numerators

2
1 3

(5|6 + 1]2](2|3 + 4]5][16]*[34]*
(12)(23)(34)(45)(56)(61)(25)?




First look: gravity on-shell diagrams

+ Higher poles, more complicated numerators

(5|6 + 1]2](2|3 + 4]5][16]*[34]*
(12)(23)(34)(45)(56)(61)(25)?

e

ich les:
Each numerator factor: , ng ©F POIES
. L infinite momentum
collinear condition in the vertex
<25> — 0

blows up the loop in hexagon



Grassmannian formula

+ Edge variables for each edge

+ The value of the diagram in Yang-Mills

- dag dag do,, Solves for «;

() = . —0(C - Z) | ~

a1 Q9 oy in terms of A;, A;
and gives d(P)d(Q)

5(C-Z)=46(C-N)6(C*-Ns(C-7)



Grassmannian formula

(Herrmann, JT 2016)

+ Edge variables for each edge

0 — day das douy, H A, -8(C-2) Special numerator:

Oz:f Oz% a3 factor in each vertex




Grassmannian formula

(Herrmann, JT 2016)

: do do do
+ Analvzing: O 122 Tm A, -0(C-Z
yzing ol H )

o Higher poles at infinity
» Single poles for finite momentum

¢ Vanishes if for collinear momenta in vertex

< Similar formula for N<8 SUGRA



Relation to other work

(Heslop, Lipstein 2016)

+ Gravity on-shell diagrams in the context of BCFW
recursion relations

+ Gravity tree amplitudes not just sum of on-shell diagrams

Extra kinematical factors



Singularities of gravity amplitudes

(Herrmann, JT 2016)



Conjectures for the amplitude

+ No loop recursion using on-shell diagrams

¢ Absence of variables, generic non-planar problem

+ Conjectures for loop integrands
¢ Logarithmic poles for cuts
—% IR

¢ Collinearity conditions
o Poles at infinity —% UV



Logarithmic poles

+ On-shell diagrams: all finite cuts logarithmic
da

Integral — Cut — Cut — —
@

never happens

+ Strong hint from BC]J relations

TL(BCJ)C' n(dlog)c_
o = 5 e
S; S;

. 1 .
1 1

Some diagrams prohibited
cancels double polei‘

dlo BCJ
A(GR) _ Z ni g)ng )
Sq

1




Collinearity conditions

+ On-shell diagrams: any cut of the form

~ [lq £o] ~ (l1 L2)

+ In special case of external legs: collinear limit

L2
A g (o)




Collinearity conditions

+ Example: prediction for cut
IR behavior of gravity

2

- 1—loo 1

0= MM\ 1{@»3 ~ [61] > AGR PNE
/

4

+ Expansion of the 4pt 1-loop amplitude: three boxes

9 3 9 3 2 3
Z i Each scales ~
Ii(s;t) = Ii(tsu) = Ij(u;s) = M w 1]
/
4 1 l 4 1 4

Sum ~ 1

~A



Collinearity conditions

+ We made a choice in labeling diagrams

+ Consider another labels, and sum over both options

2

. 3 2\\ 82 ’ Total sum
) - +e Tit i) = /< EWM ~ (1]
g 4 17 T 1 4

1

+ Two loop checks more complicated, symmetrization!
%

Also important in the pre-integrand story
(Carrasco, 2015)



Poles at infinity and UV behavior
ol N=8 supergravity




Poles at infinity

+ They are present starting at 3-loops

1 2

dz Pole at
o Z — 00
l(z) = o0

4 3

+ Higher poles at higher loops

+ Generically everything complex, the detailed
description of space of poles at infinity needed



Poles at infinity

+ Expected divergence at 7-loops

matches the on-shell diagram
with pole at infinity

N

6 Ay
+ What is the relation between poles at infinity and UV?

+ The problem: real vs complex kinematics



Poles at infinity

+ Lower cuts: real kinematics, no poles at infinity

=

+ Requires cancelations between ditferent diagrams

+ Higher cuts: kinematics complex, poles at infinity



Cancelations of UV divergencies

+ Expansion of the amplitude in terms of integrals

Enhanced cancelations

+ Understand these cancelations at the integrand level

(Bern, Herrmann, Martinez, Stankowicz, JT, in progress)

¢ Relation to poles at infinity

o Lower supersymmetry -> lower loops

+ We saw these cancelation in IR in the collinear regions



Rigidity of N-8 SUGRA

+ Related to the UV question:

What is special about loop integrands in N=8 SUGRA?

+ For N=4 SYM: simple singularity structure (logarithmic) +
all singularities captured by inequalities = Amplituhedron

+ If N=8 SUGRA is special, it must be the rigidity of poles at
infinity which are absent in N=4 SYM



Gravitational polytopes

(Herrmann, JT, in progress)

+ The key to gravity is hidden in tree-level amplitudes

+ Amplituhedron: first sign in NMHV tree amplitudes

4y *
B ‘/ ALl Translate to momentum space
> Look at gravity: different than BC]

N4

+ Encouraging preliminary results: gravity volume forms
((12)[45](3[4 + 5[6])* _  ((12)[45](3[4 + 5/6])"

5345 * $34545 * 561512 5345 * 834545553 * $61512526




Conclusion




Conclusion

+ Grassmannian formula for gravity on-shell diagrams
+ Conjecture for IR properties of the gravity integrands
+ Poles at infinity: key to UV behavior

+ First signs of new structures in tree-level amplitudes



Thank you for your attention



