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Einstein-Yang-Mills Amplitudes

A(1+, 2+, 3�; q��) =
h3qi4

h12ih23ih31i

basic building blocks for BCFW recursion relations:

A(1��, 2��, 3++) =
h12i6

h23i2h31i2 A(1+, 2�, 3��) =
h23i4

h12i2

A(1�, 2�, 3+) =
h12i3

h23ih31i

standard Feynman diagram computation or BCFW recursion relations yields, e.g.:



Mixed amplitudes involving open and closed strings: 
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EYM Amplitudes from String Theory
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“Doubling trick”:  
• convert disk correlators to the standard holomorphic ones by 

extending the fields to the entire complex plane. 

“KLT trick”: 
• integration over complex positions of closed string states can be 

disentangled into real ones by introducing monodromy phases

monodromy problem on the complex plane

open closed strings:

- point pure open string amplitude  N
o

+ 2N
c

relations between  
amplitudes involving open & closed strings and  

pure open string amplitudes 
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E.g.:

A(1, 2, 3; q1, q2) = e�⇡is24
⇥
e�⇡is51 sin(⇡s34) A(1, 2, 3, 4, 5)� sin(⇡s24) A(1, 3, 2, 4, 5)

⇤
N=5



A(1, 2, 3; q) = sin(⇡s24) A(1, 5, 2, 4, 3) ,

A(1, 2, 3, 4; q) = sin(⇡s25) A(1, 6, 2, 5, 3, 4) + sin(⇡s45) A(1, 2, 3, 5, 4, 6) ,

A(1, 2, 3, 4, 5; q) = sin(⇡s26) A(1, 7, 2, 6, 3, 4, 5) + sin(⇡s36) A(1, 2, 7, 3, 6, 4, 5)

+ sin[⇡(s36 + s26)] A(1, 7, 2, 3, 6, 4, 5) + sin(⇡s56) A(1, 2, 3, 4, 6, 5, 7)

E.g.:

take collinear limit:                                

take field-theory limit:

with SYM amplitude:

“graviton appears as a pair of collinear gauge bosons”

yields Einstein-Yang-Mills  
for any kinematical configuration 

AEYM (1+, 2+, 3�; q��) = ⇡ s24 AYM(1+, 5�, 2+, 4�, 3�)

q1 = kN�1 =
1

2
q,

q2 = kN =
1

2
q

graviton is replaced by two gluons  
in collinear configurations



generalization to arbitrary collinear configuration:

q1 = kN�1 = x q,

q2 = kN = (1� x) q
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graviton is replaced by two gluons  
in arbitrary collinear configurations

can explicitly be checked !

x is a free real parameter !

E.g.:

highly non-trivial !



based on these results we may take: 
x = 0

soft-gluon limit of (N-1)-th gluon 

q1 = kN�1 ! 0,

q2 = kN ! q

with:
lim
x!0

x (1� x) A(. . . ,m, xq

+
, n, . . . ) = g

hmni
hmqihqni A(. . . ,m, n, . . . ) ,

lim
x!0

x (1� x) A(. . . ,m, xq

�
, n, . . . ) = g

[mn]

[mq][qn]
A(. . . ,m, n, . . . )

xl =
lX

k=1

pk

AEYM (1, 2, . . . N ; q++) =


g

N�1X

l=2

h1|xl|q]
h1qi A(1, 2, . . . , l, q+, l+1, . . . , N)

AEYM (1, 2, . . . N ; q��) =


g

N�1X

l=2

[1|xl|qi
[1q]

A(1, 2, . . . , l, q�, l+1, . . . , N)

(N+1)-point on both sides ! 

New Relations between 

Einstein-Yang-Mills and Yang-Mills Amplitudes

n



in any dimension D: 

the graviton is inserted into partial gauge amplitudes in the same way as 
a vector boson of a spectator group commuting with the group 

associated to N gauge bosons.

Note:
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factors appear in Mason-Skinner representation  
of multi-graviton MHV amplitudes

hints towards multi-graviton generalization
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back to string theory: generic form factor

• branching (monodromies) from non-integer part  
•make integrand single-valued and consider contour integral
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mixed monodromy relations:

A(1, 2, . . . , N � 2; q1, q2) + e�i⇡s23 A(1, 3, 2, . . . , N � 2; q1, q2)

+ e�i⇡(s23+s24) A(1, 3, 4, 2, . . . , N � 2; q1, q2)

+ . . .+ e�i⇡(s23+s23+...+s2,N�2) A(1, 3, . . . , N � 2, 2; q1, q2) = T (3, . . . , N � 2)

E.g.:

A(1, 2, 3; q1, q2) + e�i⇡s23 A(1, 3, 2; q1, q2) = �2i e�i⇡s51 sin(⇡s24) sin(⇡s35) A(1, 2, 4, 5, 3)

tube contribution T(3,…,N-2) 
string effect

T(3,…,N-2) can be expressed 
in terms of pure open string subamplitudes

T (3) = 2i e�i⇡s51 sin(⇡s24) { sin(⇡s34) A(1, 5, 4, 3, 2) + sin[⇡(s23 + s34)] A(1, 5, 4, 2, 3) }

system can be solved 
for mixed amplitudes 

in terms of pure open string amplitudes



Extract various amplitude relations:                                

A(1, . . . , N � 2, q) = ↵0 AEYM (1, . . . , N � 2, q) + i↵02 A(1) + ↵03 A(2) +O(↵04)

AEYM (1, 2, . . . , N � 2; q) +AEYM (1, 3, 2, . . . , N � 2; q)

+AEYM (1, 3, 4, 2, . . . , N � 2; q) + . . .+AEYM (1, 3, . . . , N � 2, 2; q) = 0

KK type relations

E.g. N=6:

BCJ type relations

A(1)(1, 2, 3, 4; q) +A(1)(1, 3, 2, 4; q) +A(1)(1, 3, 4, 2; q)

� ⇡s23 AEYM (1, 3, 2, 4; q)� ⇡ (s23 + s24) AEYM (1, 3, 4, 2; q) = = T (3, 4)|↵02

Actually: A(1)(1, 2, 3; q)�A(1)(1, 3, 2; q) = 0



take field-theory limit:  

Collinear gauge limit from EYM
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collinear limit  
of gluon N-1 and N

Recall:
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Graviton amplitudes from 
gauge amplitudes

express N-graviton amplitude in Einstein’s gravity  
as collinear limits of  

certain linear combinations of pure SYM amplitudes 
in which each graviton is represented by two gauge bosons

no string theory ! 
but motivated from string theory

(2N-2 gluons become collinear  
without producing poles) 



Proof: contributions from factorization on triple pole
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Concluding remarks

• new expression for EYM amplitudes

• monodromy relations for mixed string amplitudes 
giving rise to various amplitude relations

• linear expressions in contrast to KLT        
(linearization of KLT relations) 

• graviton scattering unified into gauge amplitudes

• underlying gauge structure in quantum gravity


