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Color-kinematics duality
for adjoint & fund. particles



Color algebra of Yang-Mills coupled to fund. matter
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Representation in terms of color graphs:
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Color-kinematics duality
Bern, Carrasco, Johansson (2008,10)

Johansson, AO (2014,15)
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» absorb quartic interactions into trivalent graphs
» take algebraic identities true for color factors
» check/impose on kinematic numerators < C-K duality
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Double copy construction of gravity amplitudes

Bern, Carrasco, Johansson (2008,10)

.AL loop __ ’LL Z / dLDE 1 nzcl
om)PL S; D;

C-K duality i€cubic
for YM: CGi—Cj=Cp < Nj—Nj=ng
Ci— —C = Ny — =1y
LD
Double C(‘)py ML Lloop _ Z / d [fL 1 n;n
for gravity: 2m) DL S, D

i€cubic



Double copy of fund./chiral matter
Bern, Carrasco, Johansson (2008,10)
Johansson, AO (2014)

d¥Pr 1 nge
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C-K duality for A 0P = Z / 2m)DLS; D;
YM + fund. iEeublc

CG—Ci=C < Ni—n;=mn
matter: v k ! J k

Ci—> —C <= N; — —Ny

Double copy for
dLD / N‘ i I
gravity + abelian ~ ML-oop — jL+1 Z /27r DL g, nlz)

iE€cubic

matter:

Ny + 1 = number of complex matter multiplets
|i| = number of fundamental loops in i-th diagram
bar denotes flipping fundamental arrows

and their helicities (massless case)



Gauge theories with color-kinematics duality

> Pure N == 0, 1, 2, 4 SYM Bern, Carrasco, Johansson (2008,10)
Bjerrum-Bohr, Damgaard, Vanhove; Mafra, Schlotterer, Stieberger; Feng, Huang, etc.
Self-dual Yang—MlllS Monteiro, O’Connell (2011)

> Yang—MlllS + F3 theOI'y Broedel, Dixon (2012)
» Heterotic string theory AO, Tourkine (2013)
Stieberger, Taylor (2014)

(S)QCD Johansson, AO (2015)

(S)YM coupled to matter in generic representation
Johansson, AO (2014)
Chiodaroli, Gunaydin, Johansson, Roiban (2014)

» (S)YM coupled to scalar ¢® theory

Chiodaroli, Gunaydin, Johansson, Roiban (2014)
» Spontaneously broken (S)YM
Chiodaroli, Gunaydin, Johansson, Roiban (2015)

» Bagger-Lambert-Gustavsson theory in D = 3
Bargheer, He, McLoughlin (2012)
Huang, Johansson, Lee (2013)

» Nonlinear sigma model Chen, Du (2013)



Gravity theories as double copies

>

Pure N = 4,5, 6,8 supergravity

Bern, Carrasco, Johansson (2008,10)

Self—dual graVlty Monteiro, O’Connell (2011)
Einstein + R3 theory Broedel, Dixon (2012)
Closed String theories Mafra, Schlotterer, Stieberger (2011)

Stieberger, Taylor (2014)

Huang, Schlotterer, Wen (2016)

Abelian matter coupled to (super)gravity — Johansson, A0 (2014)
(Super)gravity coupled to (S)YM

Chiodaroli, Gunaydin, Johansson, Roiban (2014)

Spontaneously broken YM-Einstein gravity

Chiodaroli, Gunaydin, Johansson, Roiban (2015)

Homogeneous and magical N=2 Maxwell-Einstein
Supergravities Chiodaroli, Gunaydin, Johansson, Roiban (2015)

N — 16 Supergravity ln D = 3 Bargheer, He, McLoughlin (2012)
Huang, Johansson, Lee (2013)

Born-Infeld, Dirac-Born-Infeld, Galileon theories
Cachazo, He, Yuan (2014)

more in Chiodaroli’s talk



This talk: applications to QCD

QCD = SU(N.) YM + Ny massive quarks

also true for G, YM + N; massive fermions/scalars
in arbitrary representation of G,
and with/without supersymmetry
in D dimensions

» Both adj./real & fund./complex representations
» Color-kinematics duality for numerators
= BCJ relations for color-ordered amplitudes
» Color structure also nontrivial
= New color decomposition for color-dressed amplitudes
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New color decomposition
for QCD tree amplitudes



Kleiss-Kuijf relations
Color ordering = (n — 1)! gluonic primitive amplitudes:

Alree — Y T (TUT%® . Tm)A(L,0(2),...,0(n))
0€Sn-1({2,-..,n})
KK relations: Kleiss, Kuijf (1988)
AL B,2,0) = (-1 3 A(1,2,0)
o€awpT

= KK basis of (n — 2)! primitives:
{A(1727U) | S Sn—2({377n})}
= DDM decomposition: Del Duca, Dixon, Maltoni (1999)

A%r%e _ Z fa2a°(3)b1 fblaa(4)b2 o J?bn—saa(n)al
c€Sp—2({3,...,n})
x A(1,2,0(3),...,0(n))
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DDM color decomposition

Del Duca, Dixon, Maltoni (1999)

o@3) o) ... o)

+ oo,

A%r%e — Z fa2a0(3)b1fb1aa(4)b2 o ]Ebn_gaa(n)al
0E€Sn—2({3,...,n})
< A(1,2,0(3),...,0(n))

R S
c€Sp—2({3,....,n})

jﬂ.lA(l, 2,0(3),...,0(n))



Aside: 2-loop color dressing in pure YM

Badger, Mogull, AO, O’Connell (2015)
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Aside: a 2-loop full-color amplitude
Badger, Mogull, AO, O’Connell (2015)

leading-color/planar amplitude = full-color /nonplanar amplitude
BCJ relations
on cuts

AZoP(1F 2% 3% 47 5T

)= o3 i =o 0 ==V 10 ==¢
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Melia basis of QCD color-ordered amplitudes

Goal:
Color decomposition for 2k quarks and (n — 2k) gluons?
Basis w.r.t. KK relations found by Melia (2013)

Melia basis =

{A(l, 2,0) | o € {quark brackets};_; x {gluon insertions}n_gk}

n=>5k=2:

n==6,k=23:
{34}{56}, {56}{34} & A(1,2,3,4,5,6), A(1,2,5,6,3,4)
{3{56}4}, {5{34}6} = A(1,2,3,5,6,4), A(1,2,5,3,4,6)




New color decomposition

Johansson, AO (2015)

A= > C(L2,0)40,2,0),

o € Melia basis

= {q|T*® =Y,
- |q}

=%
— =

C(L,2,0) = (-1)" " {2/o]1}

Q Qe

I s

=) 192107 01le---®1)1
s=1 l

» checked analytically up to 8 points
» proven by induction by Melia (2015)
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5-point color example

t
Asrge = 12554 A125§Z + C;§§Z5 A;§§Z5 + C;§§5Z A;§§5Z
: . 5 _ (_1\k—1 q — {Q‘Tb®:'? 1
Reminder: C(1,2,0) = (-1)""" {2|0|1} 7 - |
g — 9
b b —a5 b :?§ :C: Z
Cipsga =~ ZEFEIT oSN = - T T T = § B
2 —> > — 1
-5
3 g7 5
—_ —a b a =
Cragrs = — 2B ES ) = - (T T )i Tl =~ § 1
2 |
2 z=—{2I{3I(Tb®5l{)”““’l4}ll}——(_ Ty, o, — Tayiy (TPT) i,
5 5 5
C
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Tensor color representation
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Higher-point color example

Color coefficient of A(1,2,13,3,5,6,4,

I\I

—_ =
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BCJ relations
for QCD tree amplitudes



Color-kinematics at 4 points

3,a 4,b ,
;o TeTY.
i _ cin
E = (st misies) = O
1,i 2,7 s13—m 1
4,b 3,a ,
i T2T2 can
% é =3 R (w1 (bh a+m)dhve) = %2
1,4 2,7 S14—m 2
3,a 4,b
Z-fabch_ ) )
E = 55 (ke en) (i) — 2k <) (@ghva)
. _ _ c3n
Li 2,7 + (s en)(@mls — o)) = 5
c1 — cg = c3 — commutation relation

ny —ng —ng X UK13g4v2 + U1g3gukave — (€3 - €4) (U1 (K1 + K2)v2) =0
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BCJ relation at 4 points

Start with DDM color decomposition:
Atree _ ciny ~ Cang  C3N3
bl Dy Dy D3

= CoAg34 + 1 A543

ny  ngy
Apggy = 2 18
1234~ D D,
2 2
Mo o | (514 —m) Az = (513 —m7) Ay

Ay =L 4 18 1 1
1243 = P + Ds

ny—mn2=mn3

Minimal decomposition:

Atree _ (Tag, T4 4 794763 S14 — m2)A _
i1 = — 5 A3

2] Jll 2j7J0n 513 — m2

N
N

N



Color-kinematics at 5 points

3,k 4,7
7 1 b b s _ cini
5a= ———————— Ty Trni T K =
9= 5V (o1 = m)sm 7Tt (s (.5 1 )y va) (U yuva) = 5
2,7 1,1
k 4,1

—1 1 | _ cana
5, - - T’ TP H _ - =
aé é AT T T Tt (@1y" (Ho,5 —ma2) ghva) (U137, 04) D,

3,k 4,1
1 1 z _ _ _ _
E\ 5,0= 15 512591 FTS T ((u1%v2)(u3/ﬁ/5v4) — (w1 Ksv2) (usghva)
. _ _ Cs5M
25 Li — (017" 02) (Ty04) (kaz-e5) ) = 52
5
Cl — C2 = Cp C3 —C4 = —Cs
ny —n2 =nNs n3 —Ng = —Ns

2 2
= (825 — m2)Al§5§Z + (814 — 823)Al§§51 — (815 — ml)Al§§Z5 =




BCJ relations for QCD

number of independent BCJ relations:

kK\n|3[4]5]| 6|7 8
0 0114|1896 | 600
1 0114|1896 | 600
2 - 10| 1] 6 |36] 240
3 - -|-]101] 4] 40
4 - -] -] - - 0
n—1 7
purely gluonic: Z (Zsjn)A(l,Z cotynyi+1,...,m=1)=0
i=2  j=2

cannot all stay true

in fact

n—1 1
3 (Zsjn—m?)A(l,Q,...i,n,i—i—1,...,n—1):O
=2

Jj=2

where n is a gluon

proven via BCEW by De la Cruz, Kniss, Weinzierl (2015)



Solution to BCJ relations for QCD

General BCJ relations:
2 F (g, 0, 1]0)

2
i=1 52,a1,...,a; — 1)

e
L»—t
Nl
R
=
=

Il
=

—
ol
|

where « is purely gluonic
Melia basis of (n — 2)!/k! primitives
{A(1,2,0) | o € {quark brackets},_1 x{gluon insertions}, o }
= new BCJ basis of (n — 3)!(2k — 2)/k! primitives

{A(1,2,q,0) | {g,0} € {quark brackets},_; x {gluon insertions in o },_o; }

N
N



Minimal amplitude decomposition

Full color-dressed amplutude in terms of only
(n — 3)!(2k — 2)/k! color-ordered primitive amplitudes:

:Lr,ekeZQ = Z A(lv 5) q,0

(g,0) € BCJ basis

o] ,
x{C(l,Zg,a) + > C(l,za,g,ﬁ)n%}

BCo aeS(c\B) =1 T2
o\B gluonic

:Lr,ekegl = Z A(172a370)
aESn,3({4,...,’I’L})

o] <
{ (1,2,3,0) + Y 2012a36)HL1_|2)mg}

BCo a€S(a\B) 52,010

or (n — 3)! primitives for kK = 0,1



Conclusions



Summary

» Color-kinematics duality for QCD with or without masses

A=) CiA

n particles:

color

kinematics

n gluons only

KK relations =
KK basis, (n —2)! =
DDM decomposition

BCJ relations =
BCJ basis, (n — 3)!

(n—2k) gluons
k quark pairs

KK relations =
Melia basis, (n —2)!/k! =
new color decomposition

new BCJ relations
reduced BCJ basis,
(n—3)1(2k — 2)/k!




Outlook

» Color decomposition for general QCD tree amplitudes
= systematic full color at loop level
» BCJ relations with distinct massive particles
= applications to loop calculations in QCD
» Double copy with quark/scalar masses
= identify resulting theories
» Prescription for amplitude integrands in pure gravities
= revisit the UV divergence structure of pure gravities,
expected subtlety: chiral fermions in D dimensions,
relation to evanescent effects?

Bern, Cheung, Chi, Davies, Dixon, Nohle (2015)
more in Chiodaroli’s, Bern’s talks

Thank you!



Backup slides



DDM decomposition applied to loops

A(1,2,3,4) + A(1,2,4,3) + A(1,4,2,3) =0
4 points, 2 loops:

2 3 2 4 2
la I3 lo 1y la I3

l1 l4 ll l3

5 points, 2 loops:
5 1 5 2 5




BCJ relations

Bern, Carrasco, Johansson (2008)

Atree — § Ciny
n,0 Dz

cubic graphs I';

Ci—Cj=C <= Ny —Nj=ng

=
n—1 7
Z(Zsjn) A2, inyit 1. n—1)=0
i—2 =2

Existence of such numerators is enough!

All other BCJ relations can be derived from relabelings thereof.
Feng, Huang, Jia (2010)

=

basis of (n — 3)! primitives



Trivial tree-level example

2.7 37,k
i <13>[24] c1nq
:_ZTZI}TI{% s Dl
17,4 4+ 1
2.7 37,k
. <13>[24] Co19
:_Z];%T’gj t Do
1,4 4t 1

no algebraic relations among diagrams



Double- copy at 4 and 5 points

2+ 37 27 37 27

=T

1* 4t 1* 4t 1*

— — . 3
Mtree( 2+— 3¢+ 4(—;—) _ i{nlnl +n2n2} _ mu

S t g

¢T and ¢~ are mixed dilaton-axion states

ME=(H 23R 455 = i3

» We get: YTRY™ = ¢t YTRYT =T
» Usually: AT @A™ = ¢~ AT AT = ¢ T



One loop calculations for gzauge theory

2
}&:
. M W

1 Nhox Tty nbub

Particle content:

| helicity | 1 [ 12 ] 0o | -1/2 ] -1 |
N =1 chiral (adjoint) 0 1 2 1 0
N =1 chiral (fund.) 0 1 1 0 0
N =1 chiral (antifund.) 0 0 1 1 0
fundamental fermion 0 1 0 0 0
antifundamental fermion 0 0 0 1 0
complex scalar 0 0 2 0 0

after integration analytic agreement with Bern, Morgan (1995)
Carrasco, Chiodaroli, Giinaydin, Jin, Roiban (2012-13)
Bern, Davies, Dennen, Huang, Nohle (2013)



One-loop calculations for gravity

SUGRA tensoring vector states ghosts = matter ® matter
N=0+0 AP @ AV — WM ¢ a £¢®?)@(¢?¢)j2¢ or
Wey )o@ ey") = da

(@ Dpre — @

N=1+0] Vyo1® A = Guy, Byyg (B ©6)© By ©0) = Py or
(Pa=1 @Y7) D (Py=1 @YT) = Py

N=24+0| Voo ® A" = Greg, Vy—a (Par=2 @ 97) ® (P2 @ YT) = Vs
N=14+1]Vye1 @ Vo1 = G, 20p— (q)j\/':l ®6N:1) D (‘1) -1 ® ‘I)Nzl) — 2P p—p
N=241| Vv @ Vn=1 = Greg, Vet | (Pr—2 @ Pp—1) @ (P @ D)) = Vs
N=242| Vv @ Vy—s = Gr=1,2Vn=s | (D=2 @ Pr—s) & (Pr—z @ Py—a) = 2Vn—y

after integration analytic agreement with Dunbar, Norridge (1994)
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Two-loop checks on cuts

Matter circulates in both loops:

i\

Sty AT

X



Melia basis of primitive amplitudes

Melia (2013)

{A(1,2,0) | 0 € Dyck;_; x {gluon insertions},_ox }

Melia basis for n =5, k = 2:

A(lu 27 57 37 4—) ) A(l7 §7 37 57 Z) ) A(lu 57 37 Zu 5)

empty brackets
e N
(2k — 2)!
Kk —1)!

dressed quark brackets

(n —2)!
k!

x(n, k) = x(kE—=1)!x(2k—-1)(2k)...(n—2) =

insertions of (n—2k) gluons
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6-point color example

tree
6,3

= Ciaas6 Aizas6+ Crasosa Arzseaa+Crass
<<« 5—<x3e3j
23 4 o S 6
3 - _ 8. 1
S—ege§ 3—ege]
[~ [~
2 :S > S: 1
H—= : -3 5 —= : <
3 —e— S#Z + 3—e—ge g <
——2p—2p—1 > >
{218IT*® E{{5|T°® E3|6}[4}|1}
3—e—z+—] 3 —e—g
g g
5 —e— - + D—ege——=
——2p—2p—1 > >
{21{5IT*® E{{3|T"® E3|4}(6}|1}

= {2/{3|T"® 7 |4}{5/T"® =] (6} |1}

= {2|{5|T"® E4|6}{3|T"® =4|4}|1}

[l ~S B =

IS

= o



Theory multiplication table

Factorizable pure gravities:

(N =4 SYM) x (A =4 SYM) =
(N =4 SYM) x (N =2 SYM) =
(N =4 SYM) x (" =1 SYM) =
(W =4SYM) x ( Yang-Mills ) =

Factorizable non-pure gravities:

(N =2 SYM) x (N =2 SYM) =
(N =2 SYM) x (M =1 SYM) =
(M =28SYM) x ( Yang-Mills ) =
(N =1SYM) x (M =1 SYM) =
(M =18SYM) x ( Yang-Mills ) =
( Yang-Mills ) x ( Yang-Mills ) =

=2 SUGRA) 42 x (N
=1 SUGRA) +

Einstein gravity + dilaton + axion

(N = 8 SUGRA)
(N = 6 SUGRA)
(N =5 SUGRA)
(N = 4 SUGRA)

(N =4 SUGRA) + 2 x (N = 4 matter)
(M =3 SUGRA) +
(M =2SUGRA) +
W
WV

)
) + (N = 4 matter)
) + (N = 2 matter)
) = 2 matter)
+ (N = 2 matter)



Schematic depiction of ghost prescription for amplitudes

in pure gravity
Johansson, AO (2014)

Ny 4 1 = number of complex matter multiplets

Ny =-—1 = pure gravity

dLDE ||n
L-1 _ 17
My loow =it +t Y /27T DL~ g Di
i€cubic
N
— _ 2 \ L X & \
¥ kY X
GR YM matter matter

Einstein gravity = ( Yang-Mills )* — (dilaton 4 axion)
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UV properties of gravity

Naively, SUSY allows R* counterterm — to be seen at 3 loops

» N = 8 supergravity: valid D®R?* counterterm at 7 loops
Beisert, Elvang, Freedman, Kiermaier, Morales, Stieberger (2010)
works by Kallosh, Ramond, Bjornsson, Green, Bossard, Howe, Stelle, Vanhove,
Lindstrém, Berkovits, Grisaru, Siegel, Russo, etc.

state of the art: UV finite at 3 and 4 loops

Bern, Carrasco, Dixon, Johansson, Kosower, Roiban (2007
Bern, Carrasco, Dixon, Johansson, Roiban (2009

» N =4 supergravity: valid R* counterterm at 3 loops
Bossard, Howe, Stelle, Vanhove (2010-11)

state of the art: UV finite at 3 loops, divergent at 4 loops
Tourkine, Vanhove (2012)
Bern, Davies, Dennen, Huang (2012)

Bern, Davies, Dennen, Smirnov, Smirnov (2013)
» pure N < 4 supergravities: lower-loop divergences expected
but less accessible by the BCJ approach

» Kinstein gravity: UV finite at 1 loop, divergent at 2 loops
Goroff, Sagnotti (1985)
van de Ven (1991)
Bern, Cheung, Chi, Davies, Dixon, Nohle (2015)

(pure YM) x (pure YM) = Einstein gravity + dilaton + axion



