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IBP:   Chetyrkin, Tkachov 1981,   Laporta 2001, … 
IBP codes: FIRE (Smirnov), Reduze (von Manteuffel, Studerus),  

LiteRed (Lee) 
Syzygy approach: Gluza, Kjada, Kosower 2010, Schabinger 2011 

Chen, Liu, Xie, Zhang, Zhou 2015

also Schabinger 
and Smirnov’s talk



Outline

IBP: Unitarity + Tangent algebra (syzygy) algorithm 

Based on 

Alessandro Georgoudis and YZ, 1507.06310 
Kasper Larsen and YZ, 1511.01071. 
Alessandro Georgoudis, Kasper Larsen and YZ, to appear

Algebraic Geometry
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Baikov 
Representation
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Set up
Dimensional Regularization D = 4� 2�

External momenta are in 4D 

µ11 = �(l�1 )2, µ22 = �(l�2 )2, µ12 = �l�1 · l�2

l1 = l[4]1 + l�1 , l2 = l[4]2 + l�2

K. Larsen and YZ, 1511.01071
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Baikov parametrization
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Baikov 1996
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4D mu’s orthogonal 
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• Easy to apply unitarity cut 
• Adaptive integrand reduction  (Mastrolia, Peraro, Primo 2016) 
• Works for any loop order

Linear
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Maximal cut 

Unitarity cut

measure  
on the cut
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 Syzygy (συζυγία) equation
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α8Fz8 + α9Fz9 + αF = 0  Gluza, Kjada, Kosower 2010

F(x, y) = 0
Case I m1 = m2 = 0 reducible curve: two lines plus one conic
Case II m1 �= 0,m2 = 0 deformed elliptic curve
Case III m1 �= 0,m2 �= 0 elliptic curve
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Tangent algebra
F = 0 defines an affine variety V. The solution set of �8Fz8 +�9Fz9 +�F = 0

is the tangent algebra of V, i.e., polynomial vector fields such that
�

�8
�

�z8
+ �9

�

�z9

�
F � �F�. • (infinite-dimensional) Lie algebra 

• Module over polynomial ring

characterizes  
singular points of V 

Case I, 3 singular points Case II, 1 singular point Case III, no singular point

�8Fz8 + �9Fz9 + �F = 0 defines syzygy for the singular ideal J = �Fz8 ,Fz9 ,F�.

“Affine varieties and Lie algebras of vector fields” 
Hauser, Müller 1993
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We can find tangent algebras in all these case, but before the calculation…
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Tangent algebra and singular points

All cases’ algebra can be automatically found by  
algebraic geometry softwares Macaulay2/Singular 

get all on-shell part of D-dim IBPs

Quillen–Suslin theorem: Syzygy for polynomials without common root is a free module.
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Case III, m1 �= 0,m2 �= 0 has the simplest tangent algebra (generated by
principle syzygies). For case I, II, the tangent algebras are generated by prin-
ciple syzygy + weighted Euler vectors around the singular points.

Tangent algebra is a free module,
generated by principle syzygies.

Fz8 = Fz9 = F = 0 has no solution



Maximal cut 
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 Syzygy equation
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F(x, y1, y2) = 0 surface

αFx + βFy1 + γFy2 + δF = 05-point

Public Package “Azurite” 

Georgoudis, Larsen, YZ, to appear July, 2016

• Find all master integrals quickly (see also MINT package, Lee, Pomeransky 2013) 
• Obtain IBPs at the maximal cut level



Non-maximal cut
4D mu’s spurious 5-cut 

5-cut 
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D6
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Syzygy for polynomials 

2� 4+ 3� 2� 5 = 4 variables left, z3, z6, z8, z9
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l1 · p4

Reduce to 3 MIs 
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Non-maximal cut
4D mu’s spurious 5-cut 

5-cut 

D3

D6

Remove doubled propagator, 
reduce # IBPs
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more about tangent algebra
Let X be an affine variety, X = X1 � X2 . . . � Xk (irreducible components).

The tangent algebra of X, DX is,

DX = DX1 � DX2 . . . � DXk .

X1 = V(x), DX1 = ⟨x ∂

∂x
,
∂

∂y
⟩ X2 = V(y), DX2 = ⟨ ∂

∂x
, y

∂

∂y
⟩
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Let X be an affine variety, X = X1 � X2 . . . � Xk (irreducible components).

The tangent algebra of X, DX is,
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D3: Tangent algebra of V(z3)

D: Tangent algebra of V(F)

D6: Tangent algebra of V(z6) • Algorithm: intersection of modules  
• Much more efficient than direct solving

T = D � (D3 � D6)
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Massless double box 
complete reduction  

of all integrals with rank<=4 
to 8 MIs in 39 seconds 

primitive implementation powered by  
Mathematica/Macaulay2/Singular

Complete IBP reduction, examples



Massless double box 
complete reduction  

of all integrals with rank<=4 
to 8 MIs in 39 seconds 

One-Mass double box 
complete reduction  

of all integrals with rank<=4 
to 19 MIs in 162 seconds 

primitive implementation powered by  
Mathematica/Macaulay2/Singular

Complete IBP reduction, examples



Summary

Future directions 

•Algebraic geometry approach for IBP reduction 

•highly efficient for examples tested 

•arbitrary kind of unitarity cut 

•Large dimension limit 

•Weyl algebra and D-modules approach 

•Recursive reduction 

•A fully automatic program 


