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Integration-by-parts (IBP) reduction
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Mult-loop Integration-by-parts reduction

massless/massive, supersymmetric/non-supersymmetric

crucial for the next-to-next-to-leading (NNL.O) order of

LLHC processes

l.arge number of terms
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IBP: Unitarity + Tangent algebra (syzygy) algorithm

Algebraic Geometry

Unitarity

Based on

Alessandro Georgoudis and YZ, 1507.06510
: Kasper Larsen and YZ, 1511.01071.
Representation Alessandro Georgoudis, Kasper Larsen and YZ, to appear

Baikov




K. Larsen and YZ, 1511.01071
See also: Ita 1510.05626

Set up
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K. Larsen and YZ, 1511.01071
See also: Ita 1510.05626

Set up

Dimensional Regularization D =4 — 2e

2_100p — l£4] + lf‘, l, = l£4] 4+ lj_ External momenta are in 4D
w=—7)?, pun=—(L) po=- I Dimensional decomposition
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D D
l.-loo d-1 d-l D = N
P /mw .../mw D ™ 1<11;[<Lduljdet ) d411...d41LD1ka

n external legs. If n < 4,5 —n orthogonal directions can be integrated out,
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Baikov parametrization Bl a0

Z3 Z4 . = D i—1 . .7 orthogonal
Z2 Z7 zs 8 = (i +p4)?/2, z9= (L +p1)*/2 ///
o 6 4-point double box, 8+3-2=9 variables

Inverse map exists,
(1,1, i) — (z1,-..29) 1s nonlinear, but the Jacobian is a and has the
form of polynomials!

(degree-2 case of
Jacobian conjecture,
proven)
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Inverse map exists,
(1,1, i) — (z1,-..29) 1s nonlinear, but the Jacobian is a and has the
form of polynomials!

(degree-2 case of

d°1, dPl, N 9 s N(2) Jacobian conjecture,
/7TD/2 w2/2 DD, ...D- X / (Hdzz)F(Z) : 2 , proven)
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® [asy to apply unitarity cut
® Adaptive integrand reduction (Mastrolia, Peraro, Primo 2016
® Works for any loop order



Maximal cut
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on the cut
F(x,y) =0
Casel | my =my =0 reducible curve: two lines plus one conic
Case Il | my £0,mp, =0 deformed elliptic curve
Case LI | m; #£0,my #0 elliptic curve
dimension
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Taﬂ g C ﬂt al g C b ra “Affine varieties and lLie algebras of vector fields”

Hauser, Muller 1993

F = 0 defines an affine variety V. The solution set of agF,, + agF,, +aF =0
is the tangent algebra of V| 1.e., polynomial vector fields such that

( 0 0 ) Fe(F). ® (infinite-dimensional) l.ie algebra
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agl., + aoF,, + aF = 0 defines syzygy for the@ar ideal J = <FZS,FEE. Characte.rizes
singular points of 1/
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Taﬂ g C ﬂt al g C b ra “Affine varieties and lLie algebras of vector fields”

Hauser, Muller 1993

F = 0 defines an affine variety V. The solution set of agF,, + agF,, +aF =0
is the tangent algebra of V| 1.e., polynomial vector fields such that

g - X9~
5&8 5&9

( 0 ? ) F e (F). ® (infinite-dimensional) .Lie .algebra
® \lodule over polynomial ring

agl., + aoF,, + aF = 0 defines syzygy for the@ar ideal J = <FZS7FME. Characte.rizes
singular points of 1/

AR EEELEREERERRRRY
AR R REREERERRRRR
MO Y OO
ANy VY VU OO
AN by VNN A e
*\\\\\\& VN A SR A e e
- N
A NN
' b O A
RN
R EETENNERN
Case |, 3 singular points Case I1, T singular point Case l11, no singular point

We can find tangent algebras in all these case, but before the calculation...



1a

ngent algebra and singular points

Quillen—Suslin theorem: Syzygy for polynomials without common root is a free module.

F=0is smooth ——p F, =F, =F =0 has no solution —p langent algebra is a free module,

generated by principle syzygies.

i i Case I, m; # 0,m; # 0 has the simplest tangent algebra (generated by
principle syzygies). For case |, 11, the tangent algebras are generated by prin-
s m, ciple syzygy + weighted Euler vectors around the singular points.

All cases’” algebra can be automatically found by
algebraic geometry softwares Macaulay2/Singular

=0+...

/ dlll) / dlg —&(D—6)/2+8048/828—F@Oég/({)Zg

itD/2 | inD/2 Dy ...D;

oet all on-shell part of D-dim IBPs



M&leal CUt F(x,vy1,y2) = 0 surface
.

fﬁenmbox cut = / / / dxdy1dy,N(x, y1,32)F(x,v1,y2) T

/d[((w’yl A dyy + Bdyy A dx + ydx A dyy)F 7]
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aF, + BF,, +~F, +6F =0

Syzygy equation

® ['ind all master integrals quickly (see also MINT package, lL.ee, Pomeransky 2015}
® Obtain IBPs at the maximal cut level

Georgoudis, Larsen, YZ, to appear July, 2016



Non-maximal cut
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Reduce to 3 Mls
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NOD = maXimal CUt 2 x4+ 3 5 = 4 vanables left, z3, z¢, zg, z9

N ot ek

X
+ + + J-cut dbox‘5 cut X /dZ3dZ6d28ng NF "
X
/ D \ 0:/d<(043d26/\d28/\d29_a6d28/\d29/\d23

+ Cvgng /N\ d23 A dZ6 — 049d23 /N\ dZ6 N\ ng)NF( )—623_126_1>

8F
- BF =0 Syzygy for polynomials
— —_—) } Tangent algebra of z3zgFF = 0
3 + baz3 = (23F.., 26Fs , oo, Fo , F)
a6 1 Beze = 0
Reduce to 3 Mls

Remove doubled propagator,
reduce # 1BPs




more about tangent algebra

L.et X be an affine variety, X = X; UX, ... U X} (irreducible components).
The tangent algebra of X, Dy 1s,

Dy = Dy, N Dy, ... N Dy..
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more about tangent algebra

L.et X be an affine variety, X = X; UX, ... U X} (irreducible components).
The tangent algebra of X, Dy 1s,

Dy = Dy, N Dy, ... N Dy..
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X = V(X), ID>X1 <xax7 ay> Xy = V()/), ]D)Xz <a_7ya_y‘>~~ ~~~~~ X = Xj U)(z7 Dy = <xa—)£l);a—y>
OF
Qo o - BF =0  D: Tangent algebra of V(F) T = DN (D5 N D)
a3z + B3zz =0  D3: Tangent algebra of V(z3)
ag + Bsze =0  Dg: Tangent algebra of V(ze) ® Algorithm: intersection of modules

® Much more efficient than direct solving



Complete reduction

massless

(I - pa)*

code powered by
Mathematica/Macaulay2/Singular



C()mplete Ire dUCtiOﬂ code powered by

Mathematica/Macaulay2/Singular
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C()mplete Ire dUCtiOﬂ code powered by
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COmplete Ire dUCtiOﬂ code powered by

Mathematica/Macaulay2/Singular
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Complete IBP reduction, examples

primitive implementation powered by
Mathematica/Macaulay2/Singular

Massless double box

complete reduction

of all integrals with rank<=4
to 8 Mls 1in 3Y seconds




Complete IBP reduction, examples

primitive implementation powered by
Mathematica/Macaulay2/Singular

Massless double box

complete reduction

of all integrals with rank<=4
to 8 Mls 1in 3Y seconds

One-Mass double box

complete reduction

of all integrals with rank<=4

/ to 19 Mls in 162 seconds




Summary

® Algebraic geometry approach for IBP reduction
® highly efficient for examples tested

® arbitrary kind of unitarity cut

Future directions

® [ .arge dimension limit
® Weyl algebra and D-modules approach
® Recursive reduction

® A fully automatic program



