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Planar (large N.) N=4 SYM Properties

Conformally invariant (5= 0)

Uniform transcendental weight:
“In’tx ” at L loops

Perturbation theory has finite radius of convergence

(no renormalons, no instantons)

« Amplitudes for n=4 or 5 gluons “trivial” to all loop
orders

 Dual (super)conformal invariance for any n

 Amplitudes equivalent to Wilson loops

e Strong coupling - minimal area surfaces

« Integrability + OPE - exact, nonperturbative

predictions for near-collinear limit Basso talk
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Integrability a key

* Not new: For inverse-square law, () = _%f

the Laplace-Runge-Lenz vector "
A =p Xx L —mkr

IS conserved. Leads to non-precessing ellipses.

« Pauli used it to solve hydrogen atom.

* In a version of planar N=4 SYM with masses,

L RL vector - dual conformal transformations
Caron-Huot, Henn, 1408.0296

“Planar N=4 SYM = Hydrogen Atom of 215t Century”
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Goal: Solve Planar N=4 SYM

« Can we solve a relativistic 4d quantum field
theory exactly in the coupling for dynamical
(time-dependent) quantities for generic
Kinematics?

e Can already do so for operator anomalous
dimensions and “nearby” quantities. Basso talk

* Once that's done, we’ll get a more concrete
picture of holography at finite coupling, including
how gluons morph into strings, as a function of
the kinematics and the coupling.
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Amplitudes = Wilson loops

X1
x6 xz
%3
*s5
X4
Spacetime Dual Spacetime

Alday, Maldacena, 0705.0303

Drummond, Korchemsky, Sokatchev, 0707.0243
Brandhuber, Heslop, Travaglini, 0707.1153
Drummond, Henn, Korchemsky, Sokatchev,
0709.2368, 0712.1223, 0803.1466;

Bern, LD, Kosower, Roiban, Spradlin,

Vergu, Volovich, 0803.1465
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Momentum Twistor Space

Hodges, 0905.1473
Arkani-Hamed et al,
0907.5418, 1008.2958,
1212.5605

Adamo, Bullimore, Mason,
Skinner, 1104.2890
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Strong coupling = AdS; minimal surface

4

Semi-classical string stretched tight:

" ) Alday, Maldacena, 0705.0303
- /

o

‘Holographic
direction

Classical integrability of

)
—8 strong-coupling o model
: / Bena, Roiban, Polchinski, hep-th/0305116

leads to “Thermodynamical
Bubble Ansatz”
and “Y-system”
for minimal area problem

Alday, Gaiotto, Maldacena, 0911.4708,
Alday, Maldacena, Sever, Vieira, 1002.2459

l—

Image: A. Sever
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Finite coupling = flux tubes

Alday, Gaiotto, Maldacena, Sever, Vieira, 1006.2788;
Basso, Sever, Vieira, 1303.1396, 1306.2058, 1402.3307, 1407.1736, 1508.03045

BSV+Caetano+Cordova, 1412.1132, 1508.02987

A -
Kol il /\
direction

» Pentagonal “atoms” are integrable 2d S-matrices
* Quantum integrability - pentagons computable exactly as a function

of the ‘t Hooft coupling
« Generate 4d S-matrix as an expansion (OPE) in the number of

flux-tube excitations
« Expansion is around the kinematical limit where gluons are collinear
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Weak coupling = gluons

* Ordinary Feynman diagrams could be used, but
very cumbersome.

* For hexagonal Wilson loop, tractable at 2 loops
Del Duca, Duhr Smirnov, 0911.5332, 1003.1702

« Simplified to

3

_ 1.
Réz)(uhw,ug) — Z (L4(:Jj;."_,aji ) — §L14(1 — 1/u7;)>

=1

1 3 ’ 1 T2 2
— = Lis(1 — 1/u, —Jt+ =T+ —
2 (z; is( /u,)) +tog

using the “symbol” of an iterated integral
Goncharov, Spradlin, Volovich, Vergu, 1006.5703
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Solving Planar N=4 SYM

Images: A. Sever, N. Arkani-Hamed

't Hooft
coupling

A

minimal surface

collinear limit Kinematical variables
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Hexagon function bootstrap

LD, Drummond, Henn, 1108.4461, 1111.1704;

LD, Drummond, Duhr, von Hippel, McLeod, Pennington, 1308.2276,
1402.3300, 1408.1505, 1509.08127;

Drummond, Papathanasiou, Spradlin, 1412.3763

Use analytical properties of
perturbative amplitudes in planar N=4
SYM to determine them directly,
without ever peeking inside the loops

First step toward doing this nonperturbatively
(no loops to peek inside) for general kinematics
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4.

Outline of program

Make ansatz for IR finite versions of 6 gluon scattering
amplitudes as linear combination of “hexagon functions”

NEW: Steinmann constraints dramatically reduce the size
of the ansatz at high loop orders!

Use precise “boundary value data” to fix constants in
ansatz. Linear constraints, solve matrix for rational
numbers.

Cross check.

« Works fantastically well for 6-gluon amplitude, first

“nontrivial” amplitude in planar N=4 SYM
- 5 loops for both MHV = (--++++) and NMHV = (---+++)
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Boundary value data

* Precise information in many different limits (much
more than we need):

 OPE limit Basso, Sever, Vieira (2013,...)

* Multi-Regge-limit Bartels, Lipatov, Sabio-Vera, Schnitzer
(2008, ...); Basso, Caron-Huot, Sever (2014)

 NMHV multi-particle- factorization limit Bern,
Chalmers (1995); LD, von Hippel, 1408.1505; BSV, to appear

« Self-crossing limit
Georgiou, 0904.4675; LD, Esterlis, 1602.02107

Global: Dual superconformal “Descent Equation”
or Q—equation Bullimore, Skinner; Caron-Huot, He (2011)
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BDS Ansatz

Bern, LD, Smirnov, hep-th/0505205
« Captures all IR divergences of amplitude
« Also accounts for an anomaly in dual conformal invariance
due to IR divergences
 Fails for n=6,7,...
« But failure (remainder function) is dual conformally invariant

ABPS = A“eexexp[z[ A (rOE@OMP e i) + 0O + 0()]

=1 o /

Z

constants, indep.of kinematics I

all kinematic dependence from 1-loop amplitude
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Broadhurst (1993); Lipatov (1999); Drummond, Henn, Smirnov, Sokatchev, hep-th/0607160

Dual conformal invariance

Conformal symmetry acting in momentum space,

on dual or sector variables X;

First seen in N=4 SYM planar amplitudes in the loop integrals

k1 + ko)? (ko + k3)?
1 X5 k, I:/dﬂrk (k1 + ko)< (k2 + k3)
k2(k — k1)2(k — k1 — ko)?(k + ka)?
7 = /d4 35'135524 .
K $15$25$35$45
X1 " ¢ X3 ki = 1o Invariant under inversion:
5 _ K
ko = x23 wf’ . 33_7,2
k3 = x34 x;
kg = 2241
k X k 2 2 4 d4£L"
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Dual conformal invariance (cont.)

. . _ 2.2

- Amplitude fixed, up to functions of i) = Lij Tk
. . . 1 —

dual conformally invariant cross ratios: J xzzk%zl

937,23:(’?@+kz+1++k3_1)2

. x§i+1 =k? =0 - no such variables for n =45
_ 13736 _ 512545

u = e

12,735 $1235345

n=6 - precisely 3ratios: v = 723756
$2345123
W — 534561 Remainder function,
53455234 starts at 2 loops
MHV . BDS/ .
Ag V(6 5:5) = Ag (e si5) exp[Re(u, v, w)]

L. Dixon  Amplitude Bootstrap Reloaded Amplitudes 2016 - July 6 15



BDS-like — better than BDS!

BDS—like 20
Consider As = exp [Z aL( FU ) Ug(LE) +C L})]

MHYV (0)
Afi L=1

where

Mg(e) = Mg P + Y (u,v,w)

€
i=1

+6C2, Alday, Gaiotto, Maldacena, 0911.4708

6 _
1 1
— E [2 (1 — € ]11(—53—,#1)) — In(—s;,41) In(—s;1149) + 5 In(—s;41) 111(33+33i+4)]

It contains all the IR poles, but no 3-particle invariants.

Here

1
Y(u,v,w) = Lig(l —u) 4+ Lig(1 —v) + Lig(l — w) + 5 (1112 u 4 In? v + In? u‘)

—

Is the dual conformally invariant part of the one-loop amplitude.
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BDS-like normalized amplitude

Define

ALV YK (a)

~BDS—Tke =E&(u,v,w) = exp[R6 — Y}
6

here A ) '

W a=——
g2 t Hooft coupling

vix(a) = 4 fo(a)  cusp anomalous dimension

No 3-particle invariants in denominator of £
- simpler analytic behavior
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Kinematical
playground

Multi-particle -
factorization u,w = o« ~

-~
o
(near) collmear

| |
v=0, u+w =1
Basdo talk

Basso, Duhr talks

multi—Regge
(1,0,0)
U
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Basic bootstrap assumption

e MHV: ¢ (u,v,w) is a linear combination of
weight 2L hexagon functions at any loop order L

« NMHV: BDS-like normalized super-amplitude

. ANMHV Drummond, Henn, Korchemsky,
PNMHV = AEDS—like Sokatchev, 0807.1095;
MHV LD, von Hippel, McLeod,
1509.08127

has expansion

Pamiy = = [1(1) + (D1E(w,0,w) +[(2) + (9B, w,w) + [(3) + (6)]Bw, u,0)

+[(1) — (DIE(u,v,w) - [(2) = (B)]E(v, w,uw) + [(3) - (6)]1'—:7(’10;%@)]
7

Grassmann-containing
dual superconformal
Invariants
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Functional interlude

Chen; Goncharov; Brown; ...

« Multiple polylogarithms, or n-fold iterated integrals, or
weight n pure transcendental functions f.

» Define by derivatives: df = Z fsk dIn sy
SLES

S = finite set of rational expressions, “symbol letters”, and
f°k ={n — 1,1} coproduct component

are also pure functions, weight n-1

e lterate: d f°% = f%°% ={n—2,1,1} component

Goncharov, Spradlin, Vergu, Volovich, 1006.5703
« Symbol = {1,1,...,1} component (maximally iterated)
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Harmonic Polylogarithms
of one variable (HPLs {0,1})

Remiddi, Vermaseren, hep-ph/9905237
« Subsector of hexagon functions. ]
. udt
- Generalize classical polylogs, Lin(u) = /(]7Lln_1(t)
« Define by iterated integration:
“dt

Hog(u) = THar(T) Hiz(u) /
0

0

* Or by derivatives
dHg z(u) = Hg(u) dinu dHq 5(u) = —Hyg(u)dIn(1l — u)

dt
H;(t
1 —1¢ (t)

« Symbol letters: S = {u,1—u}
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Hexagon symbol letters

e Momentum twistors Z#, i=1,2,...,6 transform simply
under dual conformal transformations. Hodges, 0905.1473

» Construct 4-brackets e pcpZ{ 2P 2 ZP = (ijkl)

« 15 projectively invariant comblnatlons of 4-brackets can
be factored into 9 basic ones:

{u7v7w71_u71_~,071_way’d?y”lhyw}

_ (6123)(3456) . _ (6135)(2346) | (1345)(2456)(1236)
“ = 6134)(2356) ~ T 6134)(2356) 7" T (1235)(3456)(1246)
+ cyclic

—> A, cluster algebra

Golden, Goncharov, Spradlin, Vergu, Volovich, 1305.1617;
Golden, Paulos, Spradlin, Volovich, 1401.6446; Golden, Spradlin, 1411.3289;
Harrington, Spradlin, 1512.07910; talk by M. Spradlin
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Hexagon function symbol letters (cont.)

* y; notindependent of u; :

Yu

u—z_|_

y ===
U — 2—

where

1

Z4 = 5{—1—|—u—|—v—|—w:t\/3}

A\ =

* Function space graded by parity:

L. Dixon

ivVA
2t
Yi

r 117

Amplitude Bootstrap Reloaded
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Branch cut condition

* All massless particles - all branch cuts start at origin in
Sii+1s Sii+1.i+42
- Branch cuts all start from 0 or « in

__ 512545
G — or v or w
$1235345

- First symbol entry € {u, v, w} GMSYV, 1102.0062

« Powerful constraint: At weight 8 (four loops) we
would have 1,675,553 functions without it;
exactly 6,916 with it. But this is still way too many!
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Steinmann relations

Steinmann, Helv. Phys. Acta (1960)
Bartels, Lipatov, Sabio Vera, 0802.2065

« Amplitudes should not have overlapping branch cuts.
« Cuts in 2-particle invariants subtle in generic kinematics

« Easiest to understand for cuts in 3-particle invariants
using 3 - 3 scattering:

Intermediate particle flow
In wrong direction

for S,,, discontinuity

3 4 3 4

B 5

1 6 1 6

DisCss3, DiSC33455(u,v,w)} =0
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Steinmann relations (cont.)

« Amplitudes should not have overlapping branch cuts:

Not Allowed Allowed

DisCsy3, {Discslmé’(u, v, w)} =0
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Steinmann relations (cont.)

$12545 $§23556 __ 561534
$1235345 $2345123 §3455234
> UV uv 812823545556
In? u In® — — 2
w w 83456157123
NO  OK

First two entries restricted to 6 out of 9:

Lio(1—1/u) Lin(1—1/v) Lin(1—1/w) Analog;us constraints
for 1=/ [Spradlin talk
2= 2= p2 = o ]

- - — plus (2 using A, BDS-like
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lterative Construction of
Steinmann hexagon functions

{n-1,1} coproduct F* characterizes first derivatives, defines F

up to overall constant (a multiple zeta value).

£ _ Fu B F1_.;f. . l—u—v— u.*Fyu l —u—v-+ “"Fy-v n l—u+v— urwa
DU |, 0t 1 —u uv A (1— u.)\/E (1— “_)\/K
dln yu/
ou

1. Insert general linear combinations for F*

2. Apply “integrablility” constraint that mixed-partial
derivatives are equal

3. Stay in space of functions with good branch cuts
and obeying Steinmann by imposing a few more

“zeta-valued” conditions in each iteration.
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The first true hexagon function

Areal integral
= Pg(u, v, w) SO i_t must be
Steinmann

* Weight 3, totally symmetric in {u,v,w} (secretly Li;'s)
* First parity odd function, so:

Ib — cI}6 — {I:-G — (I}é_“ — -:i:né_" — (i}é_“; — ()
* Only mdependent {2,1} coproduct:
oY = —QW (v, w,u)=—H¢ — HY — HY —Inv Inw + 2¢

HY = Lis(1 — u)

« Encapsulates first order differential equation found earlier
LD, Drummond, Henn, 1104.2787
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Back to physics

* enumerate all Steinmann hexagon
functions with weight 2L

* write most general linear combination with
unkown rational-number coefficients

* Impose a series of physical constraints
until all coefficients uniquely determined
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Simple constraints on & or R,

* S, permutation symmetry in {u, v, w}

 Even under “parity”: VA o —iVA

Z_|_<—>z_

y; < 1/y;

* Ry vanishes in collinear limit (R, = R;=0)
v— 0 u+w—1
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Dual superconformal invariance

. Dual superconformal generator Q has
anomaly due to virtual collinear singularities.

« Studying structure of anomaly, one can
constrain the first derivatives of amplitudes

- Q equation
Caron-Huot, 1105.5606: Bullimore, Skinner, 1112.1056,
Caron-Huot, He, 1112.1060

« General derivative leads to “source term” from
(n+1)-point amplitude; however, for certain
derivatives the source term vanishes, leading
to homogeneous constraints
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Q equation for MHV

Constraint on first derivative of £ has simple form
In terms of the final entry of symbol, restricts to 6 of
9 possible letters:

{ u (V) w

l1—uw'1—2v 1—w

In terms of {n-1,1} coproducts, equivalent to:

gu + gl—-—-u — £V gl—-——v — W + gl-——-w — 0

s Yus Yo, y’w}

Similar (but more intricate) constraints for NMHV
6-point [Caron-Huot], LD, von Hippel, 1509.08127
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(MHV,NMHV): parameters left in (e(&), g(1))

Constraint L =1 L =2 L =3 L =4 L =5

0. Hexagon functions (10,10) (82,88) (639,761) (5153,6916) 77777

1. Steinmann (7,7)  (37,39) (174,190)  (758,839)  (3105,3434)
2. Symmetry (3,5)  (11,24) (44,106)  (174,451)  (722,277)
3. Final entry (2,2) (5,5) (19,12) (72,32) (272,83)
4. Collinear limit (0,0) (0,0) (1,1) (3,5) (9,15)

5. LL MRK 0,0 (00 (0,0 (1,1) (3.4)

6. NLL MRK 00 (00  (0,0) (0,0) (1,1)

7. NNLL MRK 0,0)  (00)  (0,0) (0,0) (0,0)

(0,0) - amplitude uniquely determined

Next-to-final entry and NMHV spurious pole conditions are
Impotent after imposing Steinmann!!
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Analytical behavior in new limits

» Self-crossing or “double parton scattering” limit
Georgiou, 0904.4675; LD, Esterlis, 1602.02107

uw — ue 2™ then (u,v,w) — (1 —48,v,v), § K 1
* Overlaps MRK limit when v — O

* In £(1—-96,v,v), Ind terms independent of v

« Can derive using Wilson Loop RGE a la

Korchemsky and Korchemskaya hep-ph/9409446
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NMHV Multi-Particle Factorization

Bern, Chalmers, hep-ph/9503236; LD, von Hippel, 1408.1505
3 - -

4

+
S Syus~>0 + +
/ T Sa4s—F . - F IFE-—-_’;{{ ] -
ANMHY () 8520 by, ) 6 ‘I;'“) Au(— K. k3. oy k)
\
- 0 (p)o®
Only interesting for NMHV: MHV tree has no pole Aty =i <12><;Z>> _ -(-q()m)
812845 . __ 561534 .
U — > OO w — r OO
§1235345 §3455234
w/w and v = 2356 fixed
§2345123
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Multi-Particle Factorization (cont.)
(1) = (4) — oo, rest finite

-2 look at E(u,v,w)
Or rather at U(u,v,w) = In E(u,v,w)

ANMHY_ U[(1) 4 (4)]
ABDS_like
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Factorization limit of U

1. .

3 1 71

U (u,v,w)|, ey = 1 (o In?(uw /v) — 5 (3 In(uw/v) + — g4
r(3) 1 : 3 75 - .
U0, 0,0) e = 5 G W (ww/v) = 2 G I uw/o) + (7G5 + 8o Go) Inauw/o)
721
- = G- 3(G)°

U N, v, w) | pwsoe = Eg 1114[-1‘1&;.*“-{!) — (4G + 3¢2(3) ln‘s[-uwf.f-vj + (

SrGDC
32

21
+ —gj In® (uw/v)

_ (T8 19 N L
g o7 1 G364 5 C2(s ) In(uw /v)
62629 133, ., 289, . _
64 (s + 1 G283 ‘l'T%SBS uw 512534 . S45561 ‘ 1
: .. 7y G g2
Simple polynomial in In(uw/v) ! : 5 28 s
Sudakov logs due to on-shell intermediate state
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Numerical results

* Plot perturbative coefficients on various
iInes and surfaces

* |nstructive to take ratios of successive
oop orders:  RgW/R 1 =R

— Planar N=4 SYM has no instantons and no
renormalons.

— Its perturbative expansion has a finite radius
of convergence, 1/8

— For “asymptotically large orders”, R,M/R (1)
should approach -8
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At (u,v,w) = (1,1,1), multiple zeta values

) | 5 see e.g. talk by Green
R (1,1,1) = (&)’ = =5

t - 413

First irreducible MZV

R((;l)(l 1? 1) _ﬂCS — _CQ(C?) N _C?’C + C)
8389

Rg(1,1,1) = —==Cio + 126:GaGs + 1764(¢a)’

— —CSCT — E(Qﬁ)g — gCQCS,B — 67,3
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Cusp anomalous dimension vk (A\)

« Known to all orders, Beisert, Eden, Staudacher [hep-th/0610251]
* Closely related to amplitude/Wilson loop
« Use as benchmark for approach to large orders:

L / AL=1) RéL)(l. 1.1) thf]i(i 3 %) thl(li(i % i)
2 | -1.6449340 00 -2.7697175 -2.8015275

3 | -3.6188549 | -7.0040885 -5.0036164 -5.1380714
4 | -4.9211827 | -6.5880519 -5.8860842 -6.0359857

5 | -5.6547494 | -6.7092373 -6.3453695 -6.4658887

6 | -6.0801089 — - .

7 | -6.3589220 — - .

8 —6.535'08621 - - ~

-8
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-
(near) collmear
v=0, ut+tw =

multi—Regge
(1,0,0) &~~~ "~~~ 7~
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On (u,u,1), everything collapses to HPLs of u

ReD)(u,u,1)/Rs'L"V(u,u,1)

_12 . | | 1 | | ! ! | ! . ]
0.001 1 1000 106 10°

L. Dixon  Amplitude Bootstrap Reloaded Amplitudes 2016 - July 6 43



Ratio of successive loop orders extremely flat on (u,u,w)

R4 (u,u,w)

RsG)(u,u,w)

RsG)(u,u,w)

Rs2(u,u,w)

Not too far from -8, though not yet approaching -8 monotonically
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Rescaled IﬁéL}(’U-, u,u) and strong coupling

1.4F
1.2+
g L
—  10f
ul :
S L
—© 0.8
o -
""--.._‘_‘_‘_ -
= [)_6__ - Héz;'(-u.: u.‘ujj'fféﬂ['l__ 1, 1)
< i H.,EJ' (u,u,u)/l f,;ljg'l (1,1,1)
5 0'4__ """" Hl'r-j;}i_te'.'u. u‘_ll.-"'ﬁéj'l':::l. 1,1)
— 0 o . . (o) ==}
- iM strong coupling R, w,u,u)/Re (1,1,
S 02 AGM st ling R™( )/RE(1,1,1)
[ Alday, Gaiotto, Maldacena, 0911.4708
[} - ] ] ] | ] ] ! | ] ] ] | ] ] ] | ] ] ! |
0 2 4 6 8 10
u

(u,u,u) = cyclotomic polylogs (weak coupling)
arccos?(1/4/u) (strong coupling)
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Ratio function odd part V(u,1,1)

V(u,1,1)
After rescaling 2, 3 and 4 loop functions
_ to match In?u term in u - 0 limit, they are
di indistinguishable (!) for0.1<u<1
5L
4l
5L
1 | 1 1 1 | 1 1 1 | 1 I 1 | 1 L L | u
0.2 0.4 0.6 0.8 1.0
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Beyond 6 gluons

* Cluster Algebras provide strong clues to

“the right functions” Spradlin talk

Golden, Goncharov, Paulos, Spradlin, Volovich, Vergu,
1305.1617, 1401.6446, 1411.3289

* Power seen particularly in symbol of
3-loop MHV 7-point amplitude
Drummond, Papathanasiou, Spradlin 1412.3763

« Can turn such symbols into functions
using same ideas discussed here.

L. Dixon  Amplitude Bootstrap Reloaded Amplitudes 2016 - July 6

a7



Summary & Outlook

Hexagon function ansatz - planar N=4 SYM
amplitudes over full kinematical phase space,
for 6 gluons, both MHV and NMHYV, to high
loop orders

Steinmann + Q equation = powerful constraints
—> No need for loop-momentum integrands
Only need very little additional information from
multi-Regge (or OPE) limits

Numerical and analytical results intriguing!

- finite coupling for generic kinematics?

- other theories? even QCD?
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Amplitudes 2018 @ SLAC/Stanford

Amplitudes 2016 at Nordita is part of a conference series that begun in 2009. Previous and upcoming conferences are:

2009: IPPP Durham

« 2010: Queen Mary University of London to be preceded by a

« 2011: University of Mlchlgan Ann Arbor school at QMAP

« 2012: DESY Hamburg ..

. 2013: Ringberg Castle y AMPLITUDES 2016 (Center for Quantum

» 2014 IPhT Saclay Cecsonessoy - Mathematics and Physics)
« 2015: ETH Ziirich )

« 2017: University of Edinburgh @ UC Davis

4

3.

NATIONAL ACCELERATOR LABORATORY h /‘ /'),[':g; .g{\;ﬁ
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Combining N=4 approaches

\INims 3ce TBA

Tub ?
opPgy(¢(*
N

lrl
Ay

I GITons/ eraregintegrals

T>
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MHYV (6-point) timeline

=4 SYM

Planar N

N=4 SYM

QCD

1990 1995 2000 2005 2010 2015

1985

52
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Iterative construction

(] 1—u ey Ay Y 1 — S T 1 1 — 22 ] — ]
F* F N l—u—v—u e 4 1 ? u—1 —Lu. Fvo 4 l—u+v—u
v  1—u uv A (1—u)VA (1—u)vVA

oF

el Fyw
o

(A TH)

* F weight n, from F* weight n-1 (already classified)
» Just need to impose: 1. mixed-partials: & _ &F

Ou;0u;  Ou;du;

Fru — pues
Py = o — fwde 4 Press pove _ puee
Fvw = Fow — Pyt 4 Poode oo _ e
Fwi — puw | Pyweyu | [Yebe e _ [0 _ e L [t
Flowl-v _ pl-vl-u 4 Fyude | [Wwlbe | PYeilu g [Welw | PYedu _ [eide P — P _ FYot 4 [
Floviow — plowlev g pusbe _ [ots _ Phods 4 [yeds 4 Poato _ Pusss Foww — Fovw _ Pyav 4 Frow
plowl-u _ plowl-w \ pywde _ [Ywlv _ FYube | [Yele 4 FYol¥u _ [l Flovye — pyel=v _ pywl-u | plouyu | Pyew | Fuye _ Pyest 4 U
Pu.]—r — Fl—a-.u + Fy“"y"' _ Pyi,.,y:_.. Fl_u"y“ _ Fy.!.l—u- _ Fy;-.l—a' 1+ Fl—l‘.y;- + Foett _ pude _ Pyuw +F1¢'_yu
Ful-w _ ploww | Pyvas . Pyuye Flowye — pywl-v  pywlow p plowye 4 ey Qg Pyet 4 b
Fel-u _ plouww | pwede _ Pede Flovwye = Puel=w 4 Puow _ [y
Fwl-w _ plowu 4 Puuye _ [Yobu Flvuyw = pywl=v 4 [yen _ [uye

Flmwvn — Fual=v 4 Fuuy _ fovs
ot = el g prey [t
Fl—a-.y,, — Fy,,.l—r + Fy;_..u- _ Fu-.y“_
Flmwws = Puoi=w 4 Puet — fuve

e 2. No bad branch cuts: F' “(yi=1,y;,u.) = 0
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T OPE for NMHV: 1111 component

« Evaluate (i (') prefactors -

73(1111)|T —{V(u v,w) + V(w,u,v) — V(u,v,w) + V(w,u,v)
1+ 54 1-— 52 T =g
FT -
T2 (w0 - 2V o w)) =
. : y , | = @id
BSV 7)(1111) — 1+ T / ';’“‘“(“)(h(”) . l)(_3-z.p(u.)a—f3-(u)'r F €

o lu _
_}_(%—-z..q;—, /;—ﬂ(“)(i( )_ l) ip(u)o—y(u)T 4o

rT(u)a (u) hw) — g
h(u) = e ' hw) rr(u)r—(u)

Quantities x4, p, y meromorphic in rapidity u
« Evaluate u integral as (truncated) residue sum

See also Papathanasiou, 1310.5735
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Q equation for NMHV

Caron-Huot, He, 1112.1060; S. Caron-Huot (2015)

QRe,1 = =K /d2|337[R7 » — Re,1RY$] + cyclic

Z A R 1 = ANMHV
. 8Za " ABDS—like

prevents second (simpler) term /
from generating new “final entries”

= Only 18 out of 5 x 9 = 45 possible R-invariants x final entries:

(1) dIn(uw/v), (1) dln(w((l —__:‘i))f:) |

)+ (1)d|n(

[(2) + (5) + (3) + (6)] dln(l
+ cyclic

)+(4)d|n(

yu(l — w) Y (1 —u))
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. _—7

224 multi-Regge Imit — ——

* Euclidean MRK limit vanishes
* To get nonzero result for physical region, first let
uy —uie 2™, then u; 2>1, u,u;>0

uUo 1 us3 |z[2

A >
1—u; |1-—2z|2 1—u; |1-—2[?

RD 5 (2mi) SEZdinr (1 - w) (689 (2, 2) + 2mi P (2, )]

Fadin, Lipatov, 1111.0782;
g(L) and h(L) LD, Duhr, Pennington, 1207.0186;
r r Pennington, 1209.5357; Basso, Caron-

all well understood by now; Huot, Sever, 1407.3766: Broedel,
Sprenger, 1512.04963

. Lipatov, Prygarin, Schnitzer, 1205.0186;
also NMHV behavior LD, von Hippel, 1408.1505
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MRK Master formulae

* MHV:

MV IRK = COS TWap + 1 % n;w(—lj’” (;)_’ /_:‘ uﬂ ijn{ " Oreeg (v, )
NLL: Fadin, Lipatov, 1111.0782; 1|1+ w2 wiv,n)
Caron-Huot, 1309.6521 X (—1 “u w|

 NMHYV:

exp( RNV 1 in8) vrk=|Plexp( RMY + i76)

7 1 |1 + .u;lg w L’.,-n)
v.n) | —
| L—u |

LL: Lipatov, Prygarin, Schnitzer, 1205.0186
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MRK limits agree with all-orders predictions
Basso, Caron-Huot, Sever 1407.3766

 BFKL eigenvalue:

EM (v, n), E®(,n), EC)(v,n)

LL, NLL, NNLL, NNNLL
* Impact factors:
cl:)(RI\Iez:JI\/IHV.(l)(Vj n), qD(RI\é)gMHV,@)(V,n)’ q)(Rrglgl\/lHV,(i%)(y’ n), q)(Rl\é)gMHV,(él)(V’ ’n,)

 All zeta-valued linear combinations of:
i i n L n
derivatives of InT(1 4+ v + 5)

27 2
2 n 2 n
u—|—4 1/—|—4
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NMHYVY MRK limit

Like g, h for Rg: N
Extract p, g from V, V
- linear combinations of SVHPLs [Brown, 2004]

REY — (2mi) DL25InT (1 = w) [987 (w, w) 4 2mi b (w, w)]

1
Pﬁﬁlh (27i) lel (1 —u) [ ( ) (w, w*) + 2mi ¢ (w, w*))

= (P'E) (w, w*) + 27i ¢'F) (w, -'u.'*))|(_u_,__u,*)_>(%7$) + O(1 — u)

« Then match p, g to master formula for factorization in
Fourier-Mellin space
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On the line (u,u,1), everything
collapses to HPLs of u.
In a linear representation,

and a very compressed notation,

HyHY, = HiHY = 3HY 4+ Hig,y — 308 + R

2 and 3 loop answers:

-
Rg)(u_._ u, 1) = 31.[14] — hEI + hgl] — h?ﬂ — ig_i_

2
3 9 1 3 :
B (w,u,1) = —3hY) + 5k + Sh’ — hy' — She' — hij — hig — Sh
3 1 3 3
+21 Qh[;} 5@@ — 3hl +5hl + Eh_gi] — b
1 g 3 6 3 3 16
—5;1.41]_21 - Qh Qh 2;![5?}__
+Go [ i+ 3Rl + 2000 — B+ 30l + 2nlf]

413 |
+Ca { 2hl — 2]1[2]} + G+ TR

4 loop answer -
5 loop answer is several pages

L. Dixon  Amplitude Bootstrap Reloaded

R (u,u, 1) = 1588 — 41pY 5 = p

3
2

_3 %h@] - %hga] + 523h[8] +12h5 — a2p
+ %hgﬂ + %h[ﬁ} - %I 5 h[3 + bl — 1305 — 7al] — 5h5]
+on - m[;g — 308+ 30 — 4 — AR 118+ A
— 3hE) — 508 ShE — 2hE] + onf) — oshl — oml) + o7hl — 2l
+orld + onl — o3pll 4 opll — B spl 4 onlll — 3Rl + Ehf?]
Eh% f [01 + _; [03 + —" [1%9 + 1h[ﬂ? + %h[ﬁ}g - %"1[181]1 + 1Jhlzg
— 41hi, — 31} L + 100'7 [183.0 - —‘f B+ 3'71[18‘;)]9 + 12k, — 42k

8 8 8 8 g o1 [8 8
;’f s ghﬁlf —hHQ - —71[13.1 +hidy — 13RS, — 7Y
- 5h185'!9 + Gh[lgell - 115[185];3 BhlSo + 3"3151 - 4h[l%r]l — 4hy [8]

8 8 3.8
—11h 1.];. + - f 177 - _hlfg 31| 181 h[18]3 + §h[18]5 - —"118;

+ 9?1193 — 29[1195 — Qh[l%f + 2712199 — Qh[ﬁll + Qh[8]3 —|— 2?1[28[15 - 23,h20r

8 8 8 8 8 18
+ 2"1209 - ;1'51]3 - Sh[ls + Qh[Ql]r — 3h 21]9 + = hzz]s - —'I [22]“’ - —hgz]g

2
_'13231 + _}1233 + _‘i 28919 + hzsf ;[2839
oz 16l 4, [671_0[5 7 (6] 6 100
TG [th 1419 ] WY+ SR f h + 7hd 21 4l
+= h[6] + - igl += h..[ —3nl Bh[ﬁ] +onl —1apld i[f
2 g 1 5
—h ——h_ +2i43+ 7hi) — Eiﬁg}Jrgf h
Zh[f;' — 3nf + 3nly|
715 55 11 15 55 1w Al o,
+ G [?h[f] — ?;1_[4] f 4 2 hg] — 7]@.[143 — ?h[ﬁ;}
5 73 . ; ;
(4243 - Eé ) [hB +h [3]] (C§ - z@a) {;1'[12] + h-lsﬂ
VPR PN s S N
56263 2§3Qa 158 2@:.,3-
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V(u,1,1)
1.2

1.1

1.0 —
0.9 —
0.8 —
0.7F

06

V(u,1,1), normalized atu =1

1 loop

L. Dixon
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V(1,v,1)
1.2F

11F
1.0F
0.9F

0.8

0.7F

0.6F

V(1,v,1), normalizedatv=1

1 loop

L. Dixon

0.2 04
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0.6

0.8
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R sign stable within A > 0 regions

;:u+v+W:1

1.0

But not of uniform sign in “MHYV positive region at 4 loops;
other quantities might be
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A menagerie of functions

. HPLs: One variable, symbol letters {u,1-u}.
Near-collinear limit, lines (u,u,1), (u,1,1)

. Cyclotomic Polylogarithms [Ablinger, Blumlein,
Schneider, 1105.6063]. One variable, letters
{y,1+y,.1+y,+y2}. For line (u,u,u).

. SVHPLSs [F. Brown, 2004]. Two variables, letters
{z,1-2,7,1-7}. First entry/single-valuedness constraint
(real analytic function in z plane). Multi-Regge limit.

. Full hexagon functions. Three variables,
symbol letters {u,v,w,1 —u,1 —v,1 —w,yu, Yo, yuw},
branch-cut condition
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Hexagon functions are
multiple polylogarithms iny;

© i
Glay,...,ap;z) = / Gl(ag,...,an;t) L0
Jo t—a
W o5
: A>0, O<wu; <1, and u+v+w<l,
Region I :
0<y <1.
0.0
0.0~~~ 1.0

0 e i )
u 1.0 0.0 v

w; € {0, 1,1}}u{6‘(-ﬁ; ya)|wi € {0, L }}
Yu Yu Yu Yuly

« Useful for analytics and for numerics for A >0

GINAC implementation: Vollinga, Weinzierl, hep-th/0410259
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