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Introduction and Content

(2+1)-dimensional higher spins (s > 2) + scalar CFT:

We will consider a sourced unfolded equation for a scalar field ®
DP|0), = S(P)|0),, with D=d+A (1)

and suggest some non-linear source terms S(P).
This unfolded equation is related to the hs field strength equation

F(A) = T(®, DD) 2)

which however will be discussed in some detail only for 7 = 0.
The aim of this talk is to describe

@ how to derive the spin 2 covariant spin 3 Cotton eq from F = 0
@ and how to obtain the correct non-linear spin 2 - spin 0 equations
from the sourced unfolded equation above
We work in a multi-commutator expansion of the star product x
corresponding to Weyl ordering (x not written explicitly).
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Motivation

MOTIVATION:

Interacting 3d higher spin (hs) CFTs coupled to scalars
@ have not yet been constructed (compare to Vasiliev hs in AdS)
@ seems to be part of the AdSs/CFT3 with N/mixed bc for spin > 2

Related work: Horne-Witten (1988), Fradkin-Linetsky (1989),
Pope-Townsend (1989), Vasiliev (1992), Segal (2002),
Shaynkman-Vasiliev (2001,...), Vasiliev (2009, 2012,...)
Damour-Deser (1987), Bergshoeff et al (2009),
Henneaux et al (2015)
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3d conformal higher spin basics

Basics

e We introduce two hermitian so(2, 1) spinorial operators g%, p,,
satisfying [¢“, pg] = i6%, (o, B = 1,2). Then

o M= —1(v")a"q%ps =>s0(2,1), the 3d Lorentz algebra

e all bilinears in g, p, => the set P, M*, D, K* =>
50(3,2), the 3d conformal algebra

o the Weyl ordered form of all even polynomials =>
the generators of the hs algebra hs(S0(3,2))

o this corresponds to the simplest realization of this hs algebra
—> compare to c;, ¢’ in e.g. Giinaydin-Warner (1986):
o canonical pairs ¢;, ¢’, a;(r), a(r) and b;(r), b’ (r)
withi=1,2andr=1,2,.p
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The higher spin set-up

The higher spin one-form gauge potential A

o A=%%,(—i)"'A, where
0 Ay = e (X)Pyy . ayy F e + b= (x)Ky, a,
e similar expansions valid for the field strength F = dA + A?
and the gauge parameter A

e the action is "just" the Chern-Simons one for 4s(SO(3,2))
written out explicitly by Fradkin-Linetsky in 1987 including all
auxiliary fields

o auxiliary fields = here Stiickelberg and dependent fields

o we will instead study the theory AFTER eliminating all the
auxiliary fields! ("solving" the Chern-Simons eq F = 0)
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The higher spin set-up: spin 2

The standard spin 2 case: Ay(x; q,p)
Ay = Py + w*M, + bD + K,

spin 2 generators with n, + n, = 2 where (ny,n,) = (g, p)-content

1 1
PY(2,0) = _E(a“)agqaqﬁ, M4(1,1) = —E(Oﬂ)aﬁqapﬁ

1 1
D(1> 1) = _Z(CIQPCM +paqa)’ Ka(o?z) = _i(o—a)aﬁpapﬁ
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The higher spin set-up: spin 3

The spin 3 part: A3(x; g,p) withn, +n, =4
A3 = eabPab+éabPab+éai)a+a)abMab_H:}bMa+Bb+f‘ai{a+j€abi{ab+fﬂbl{ab

o atilde indicates that the flat vector indices ab... = irrep
e P%(4,0) and K% (0,4) are automatically irreducible (Fierz)

Spin 3 generators:
1
P(4,0) = 1(0")ap(0”)1540 074",

4
~ 1
P*(3,1) = Z(U(“)ag(ab))y‘;qaqﬂq”ps,
. 1
P(3,1) = B(Ua)a,é’(qaqﬁ 4Py +4d°prq" +4" P’ 4 +prq° 4P 4)

etc to 1
K(0,4) = Z(U“)aﬁ (a")°papsp-ps,
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The Scalar field

The scalar field ®(x; p) defined as acting on |0),
Singleton: (Ey, s) = (%,0) repr of SO(3,2)

P (x;p) = X520 (=1)" oM (x)Kay...a, (P)>
that is

O(x;p) = ¢(x) — i¢* (x)Ka(p) — ™ (X)Kan(p) + -,

where
Kal...an(P) — Kal,,,an(o,zrn) - KalKa2 ..... Ka

@ We will now start "solving" F = 0 assuming that the dreibein is
invertible and return to the scalar eq later!
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The spin 2 equations

The pure spin 2 equations: all spin 3 and higher fields are set to zero

® F, = 0in the gauge b, = 0 (using A“(0, 2)):

P,(2,0): F%(2,0) = T* =0, the torsion constraint => w = w(e)

M,(1,1): FU(1,1) = R* — 2¢%ce” A f€ = 0, s0lved for f,* (below)

D(l, 1): F(1,1) = e A fy = 0, constraint on f," (fj,.,) = 0)
K,(0,2) : F%(0,2) = Df* =0, Cotton equation

Schouten tensor S,

1 1 1
f;w = E(R,uu - Zg,ule) = ES,UJja

Field equation (3rd order in derivatives): Cotton equation
Cuv :=€,""D,So, =0

which is symmetric and traceless, i.e., in irrep 5 of SO(2, 1)
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The spin 3 equations

Analysis of the spin 3 equations: (BN (2013)), (Linander, BN (2016))
(here all fields with spin > 4 are set to zero)

e recall the spin 3 generators: (ng,ny)
Pup(4,0), Pup(3,1),Py(3,1), ....... ,Kap(0,4)
e the corresponding F3(ng,n,) = 0 eqs divide into 3 groups:
e equations which make it possible to solve for all fields in A3 in
terms of the frame field eu"b (includes the "cascade" below)
e after implementing a set of gauge conditions (eliminating all
Stiickelberg fields) some of the equations become constraints
o the last component eq is the spin 3 Cotton equation:

F3(074) =0

@ the spin 4 sector behaves the same way
e linearly all spins behave like this (Pope-Townsend (1989))
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The spin 3 cascade equations

The subset of equations in irrep 5 gives :

ab b

o the cascade solution £, — f,% — @, — &, — ¢,
o and the 5’th order spin 3 Cotton equation (last equation below)

o F(4,0) =

De 4 o A elac, b)) — (e(“ Aeb) — trace) = 0,
o F(3,1) =

D& — 26 N e ) — (el AGP) — trace) — 4 A e e g?) =0,
o F(2,2) =

D™ 4 3¢ A f e ) — (el AFD) 4 Fl@ A &) — trace)

+3f¢ A elle =0,
o F(1,3) =

Df® — 4¢¢ A flac b) 4 (F@ AP — trace) — 2f A ey?) = 0,
° F“b((), 4) =

Df? + (£@ A2 — trace) + f¢ A f@eq”) = 0. (spin 3 Cotton eq)

@ the terms in brackets simplify after choosing gauges (not unique)
e remaining parts play a role later!
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Spin 3 gauges

Spin 3 gauge choices
The spin 3 fields in irrep 3: Using the gauge symmetry we can set
°¢,°3,1) =0, ©,%2,2) =e, 0, etc

@ remaining spin 3 symmetry parameters:
A%(4,0), A(3,1), A“(3,1) 3)

e i.e. the spin 3 "translations", "Lorentz" and "dilatations"
o the spin 3 dilatation gauge field b,,(2,2) and the above (hatted)
fields are also determined by the zero field strength equations!
=> All fields are then given in terms of the spin 3 frame field e,ﬂb =>

@ The spin 2 covariant spin 3 Cotton eq is quite complicated even
when neglecting all spin > 4 fields: (see the arXiv)
o when expressed in terms of e,“? it has more than 1300 terms!
e about 900 terms in the metric version!
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Spin 3 Cotton eq

Some spin 3 linearized equations

Define the operator O by &, |, (e,*") = (Oe),,
Then

wuabhm (euab) — _%(026)#ab
= _%(—Deu“b + 8M8”e,,“b _ %e“(uauape\wﬂb) + %eu(ameyb)u
+ another 12 terms).
Spin 3 Cotton equation
Cu(€)liin := (af (€)lin)u® = La(O%e + 000%), % = 0.

@ here g, O are constructed from an epsilon tensor and a derivative
e O is another operator similar to O
@ by turning 0, into D,, we get the first term in the full Cotton eq:

Cuvp = Crup(D’) + Cpup(R, D*) + Cpup (R?, D)
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Spin 3 Cotton eq: checks on the non-linear equations

Checks on the spin 2 covariant spin 3 Cotton equation (> 1300 terms)

o The Cotton eq is invariant under spin 3 translation, Lorentz and
scale transformations related to A% (4,0), A%®(3, 1), A%(3,1)!
(this is true provided the other parameters are solved for and
inserted into the transformations rules for translations etc)

o the linearized Cotton eq in the metric formulation coincides with
the one of Damour-Deser (1987)

e anice way to write it is (Bergshoeft et al (2010), Henneaux et al (2015))
Cuvplin(h) := (2)u7(2)0 " Sorpliin = 0
where the linearized Schouten tensor
Sul/p‘lin (/’l) = lep|1,‘n — %n(uVGp)hin (note the second term)
and the spin 3 “Einstein” tensor
Guvpliin(h) == *é(g)ua(g)ub(g)pchahc

o the non-linear field @M“b (e) is Lorentz invariant when linearized
but not otherwise! (i.e. has no metric formulation)

o but @&, |;;,(h) coincides with the Damour-Deser Ricci tensor
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Coupling to a scalar field: unfolding

Unfolding (38N:1312.5883)

A minimal requirement: the unfolded equation must reproduce the
conformal scalar equation in an arbitrary curved background:

O¢ — tRp =0
This is easy to demonstrate: recall A(g, p) while ®(p)

DD|0), = (d + A)®|0), = (d — iAy — A3+ ...)B|0), = 0

e |0), component eq => ¢, = —0,,¢
o dropping higher spin terms s > 3 here (e,,“ used)
e K,|0), component eq => %R(b from f¢(0,2)K,(0,2) term in A,
e including the spin 3 sector gives
06 — R +f¢ =0
where f := eu“f““(l, 3) from solving F3 =0
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Further requirements

Back reaction (BN:1506.03328)

The term — %Rgb leads to back reaction in the spin 2 Cotton equation.

@ => must add source terms to the unfolded equation!

This follows from from looking at the component eqs —
In detail: expand D®|0), = 0in K, 4,[0):

n=0: (9ud+du+ O(euab%b(s =3)+..))|0); =0,
n=1: (Du¢* +f. ¢+ 64, + O(s > 3))K 10)g =0,
n=2: (Du¢™ +£, 0" + 150, + O(s > 3))Ka|0)g = 0,

where D = d + w,—>.
For n > 1 we split these into irreps (in p and a, b, ..) with spin

0

n=n—1 n"=n nt=n+1 4)
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Background discussion: the classical case

The n = 0eq=> ¢, = —0,¢ (as above).
Inserting this into the other equations gives

n=1": 0o+ '+ 0(s>3) =0,

n=19: " + O(s > 3) =0,

n=1%: —D(,0,)¢ + fyw) + 60 + O(s > 3) = 0.
— a 1 a lab

n=2": D, ¢" +ff,ﬂ<i> 2 ¢p+0(s 23) =0,

n=2": eW”Dqﬁ’M gD g, +0(s = 3) = 0,

n=2"%: D, bup) +f,w¢p +15¢,p + O(s > 3) = 0.

e note that the n equations will just determine ¢(x),,, ...,
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Unfolding

From the equations on the previous slide we find that
o the 17 eq => the linear Klein-Gordon equation (as above)

o the 2™ eq=>

(le — 2w — prpgw)8V¢ - (DVqu - Dyfvy)¢ =0.
but this eq becomes an identity if we set, as found from F, = 0,

1 1 1

f,uu = ES/J,Z/ = E(R;w - ZEWR),

where §,,,, is the Schouten tensor.

o the 2° part eq =>
1
_5 ;w¢ =0
i.e. the Cotton equation without a source term!

What kind of coupled spin 2 / scalar theory are we aiming for? —>
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Topologically gauged BLG theory

Prototype field theory: gauged CFT3 with N = 8 susy
(Gran, BN (2008)), (Gran, Greitz, Howe, BN(2012))

@ BLG scalars X';: i,j,.. SOg(8) and a, b, .. gauge group indices,

@ The bosonic part of L is

[ — Lpsugra + LBLG _ %XZR _ Vr(tgv)v

— g conf cov

the total scalar potential has
e a contribution from LBL¢

cov

2 . . . .
VS — 2 (XX, XK f0) (X X XK o 5% )

e and a new term from the topological gauging

2 . . L . .
VL = s () - SOC)X[XIXAXS + 16XX X XXX )

@ setting A = 0 => SO(4) can be extended to SO(N) for any N!
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The Cotton equation in gauged CFTs

@ The bosonic field equations relevant for this talk are obtained by
replacing X', (x) by one scalar ¢(x):

1 27¢% s
06 — —Rp — =
0 gk 3529
and
1 1
C,uzz - %(R,LLI/ - Eg,uuR)sz - g(a,ugbavqs - Eg,uuap¢ap¢)
5 (000 +0°60,0)8p + (B0 + ,:00,0)
=0
2.32.328m9 =
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The Cotton equation in gauged CFTs and unfolding

In the hs context we split all equations into irreps.
The irreducible spin 2 Cotton eq is in the irrep 5 and reads

° C,ul/ - %(QZ)ZRMV - 2¢Du81/¢ + 68u¢au¢)|5 =0
This is the equation we need to obtain from the unfolded equation!

@ now, using the 2~ and 17 parts of the unfolded eq to eliminate
D,,0,¢ in the above eq our prototype Cotton eq becomes:

Cov = 5 (000 — 2000

o But recall the 2° part of the unfolded eq D®|0), = 0:

1
_Ecpu(b = O

i.e. the Cotton equation without a source term!
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Source terms

Unfolded eq with sources
Thus we must add source terms to the unfolded equation

@ the source term (1-form, dim = Lfé) that seems to do the job is
Su = —iMM(Q*®)® with M = dx"'e, "M,
@ in fact, expanding in powers of K, gives
Sul0)g = —iIMM((¢°¢" — 206™)pKap + --..)|0)g
o with this source term the 2° eq gives the Cotton equation above

Crv = 361 (Pudv — 20hu)|s

which indicates that we are on the right track!
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Sixth order potential

The sixth order potential

From dimensional arguments alone it is possible to add also
Sk = —iMK(D*®)?® with K = dx*e,"K,
which gives the contributions to the unfolded equation

P6NK,P°[0>, =0, n=0,
= -30¢0°0>, n=17,
= — 1000 ¢ K0 >, n=2".

o thus these new terms give the correct non-linear spin 2 Cotton
and Klein-Gordon equations

@ The 2™ equation (def of Schouten) remains the same due to new
terms on both sides which cancel

Interacting higher spin CFTs in 3d Bengt E.W. Nilsson, Chalmers



Comments

@ Conclusions:

e we derived the spin 2 covariant spin 3 Cotton (complicated!)
e we proposed source terms for the unfolded eq which seems to
give the correct spin 2 Cotton/scalar theory
(for F = T see BN:1506.03328)

@ but many aspects are still unclear:

o what are the full set of source terms in the two higher spin eqs?
o what is the Lagrangian in terms of A(x; g, p) and ®(x;p) 7?
o is there a hs invariant metric definition? (Campoleoni, Fredenhagen, ...)
o does g, = Tr(e,.f,)) (has dim=L"?) work?
e is 3d conformal hs-theory on AdS; a new theory?
(sI(A) x sl(A) « s0(1,2) x s0(1,2) — hs(s0(3,2)))
@ can we learn anything about derivative dressing in AdS?
(Bekaert, Skvortsov, Taronna, , Erdmenger,...)
e what is its exact role in AdS,/CFT3? (N/mixed bc)
(Giombi, Yin, Klebanoyv, ...)
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