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Key Question: Can we distinguish between these 

two dark matter (DM) scenarios? 
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Dark Matter Solutions to the small-scale Problems of CDM? 7

Figure 6. DM density projections of the selected MW-like halo for the four different models. The suppression of substructure can clearly be seen for M1 to

M3 compared to the CDM model, which does include power down to small scales without a resolved cutoff, which is present in the ETSF models M1 to M3.

The projection has a side length and depth of 500 kpc.

M1, whereasonly about 10% for M3, which istherefore quiteclose

to the CDM case. The differences between the M1-M3 and CDM

essentially vanish abovehalo massesof about⇠ 1011 h− 1 M . We

also note that M1 affects the largest halo mass range, whereas M3

only affects the least massive haloes that can be resolved. We will

show below that the suppression of the faint end of the halo mass

function also carriesover to thesubhalo massfunction. Asexpected

thecutoff in theinitial power spectraof M1-M3 will reducethesub-

halo abundance similarly as in WDM models. However, we stress

again that the shape of the cutoff in our models is significantly dif-

ferent from those in WDM.

The effects we have discussed so far are mainly driven by the

damping of the power spectrum. For example, the mass function

is not strongly affected by late time self-interactions. The differ-

ence found there is largely caused by the different initial power

spectra of the models. Self-interactions will however affect the in-

ternal structure of haloes, wherethedensity ishigh enough to cause

at least some particle collisions during a Hubble time. We can try

to quantify this by measuring the central or core density for all

resolved subhaloes in the uniform box simulations similar to the

analysis presented in Buckley et al. (2014). The mass resolution

of our uniform box is slightly better than that of Buckley et al.

(2014), and we probe at the same time a volume which is about

3.8 times larger. We can therefore sample a larger range of halo

masses compared to our previous work. We present the core den-

sities of haloes, which we define as the density within three times
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On large scales, dark matter physics essentially 

plays no role.
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Dark Matter Solutions to the small-scale Problems of CDM? 5

Figure 2. DM density projections of the parent simulations for our four different models at z = 0. For each model we show a DM map for the full box (side

length 100 h− 1 M pc) with aslice thickness of 10 h− 1 M pc. The damping in the linear power spectrum at largek leads to aslight suppression of small-scale

structure which is essentially not visible on large scales. All alternative models (M1-M3) behave essentially like CDM on large scales, which is important to

preserve the success of CDM on these scales.

Name M 200,cr i t R200,cr i t Vm ax Rm ax N sub f m ass zfor m

CDM

M1

M2

M3

Table 3. Basic characteristics of the halo formed in the different DM models. We list the mass (M 200 ,cr i t ), radius (R200,cr i t ), maximum circular velocity

(Vm ax ), radius where the maximum circular velocity is reached (Rm ax ), number of resolved subhaloes within 300 kpc (N sub ), the mass fraction in resolved

substructure within 300 kpc (f m ass), and the formation time (zfor m ).
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Vogelsberger, Zavala, Cyr-Racine+, in prep.
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show below that the suppression of the faint end of the halo mass

function also carriesover to thesubhalo massfunction. Asexpected

thecutoff in theinitial power spectraof M1-M3 will reducethesub-

halo abundance similarly as in WDM models. However, we stress

again that the shape of the cutoff in our models is significantly dif-

ferent from those in WDM.
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damping of the power spectrum. For example, the mass function

is not strongly affected by late time self-interactions. The differ-

ence found there is largely caused by the different initial power

spectra of the models. Self-interactions will however affect the in-

ternal structure of haloes, wherethedensity ishigh enough to cause

at least some particle collisions during a Hubble time. We can try

to quantify this by measuring the central or core density for all

resolved subhaloes in the uniform box simulations similar to the

analysis presented in Buckley et al. (2014). The mass resolution

of our uniform box is slightly better than that of Buckley et al.

(2014), and we probe at the same time a volume which is about

3.8 times larger. We can therefore sample a larger range of halo

masses compared to our previous work. We present the core den-

sities of haloes, which we define as the density within three times
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500 kpc

Clues about dark matter physics are locked deep 

inside the potential well of massive galaxies. 
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Why small scales? 

• It’s just causality, really.

Vogelsberger, Zavala, Cyr-Racine+, in prep.

Linear Matter 

Power Spectrum

Acoustic Oscillations 

caused by pressure 

support.

Damping tail caused by 

free streaming or 

diffusion
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Why small scales? 

• It’s just causality, really.

Vogelsberger, Zavala, Cyr-Racine+, in prep.

Linear Matter 

Power Spectrum

(Sub-)Halo Mass Function

Linear Matter 

Power 

Spectrum



11/9/2015Francis-Yan Cyr-Racine, Harvard 8

Modified Mass Function

Vogelsberger, Zavala, Cyr-Racine+, in prep.
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Revealing the physics of dark matter 

through the study of small-scale structures 
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• Advantage:

Purely gravitational probe: no need to assume a 

coupling between dark matter and the Standard Model 

(in contrast to direct/indirect detection and collider 

production). 

• Drawback:

Astrophysics! Galaxy formation is messy, baryons play 

a major role.  



Which dark matter physics can we probe 

via its gravitational interactions?
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Small-scale predictions for Warm Dark 

Matter
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Cold DM Warm DM, 3keV 
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• Controversial (!) x-ray signal can be used to pinpoint the 

relevant parameter space for sterile neutrinos:

Warm Dark Matter Candidate: Sterile 

Neutrino

Venumadhav, Cyr-Racine, Abazajian, Hirata. arXiv:1507.06655 
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• Asymmetry-based resonant production leads to a much 

colder spectrum of sterile neutrinos than standard FD.

Warm DM Candidate: Resonantly-Produced Sterile 

Neutrinos

Venumadhav, Cyr-Racine, Abazajian, Hirata. arXiv:1507.06655 

We have a publicly-

available code to 

compute these PSDs.
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• Interestingly, the models that can explain the x-ray excess have 
a free-streaming cutoff in the “right” range to address issues on 
small scales inside the local group.

Warm DM Candidate: Resonantly-Produced Sterile 

Neutrinos

Venumadhav, Cyr-Racine, Abazajian, Hirata. arXiv:1507.06655 
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• Upcoming x-ray observations with Astro-H (JAXA) and 

improved structure formation constraints can rule out (or 

in!) this model.

Venumadhav, Cyr-Racine, Abazajian, Hirata. arXiv:1507.06655 

Warm DM Candidate: Resonantly-Produced Sterile 

Neutrinos



Small-scale predictions for late-

decoupling dark matter
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Cold DM Late-decoupling DM



Dark Acoustic Oscillations (DAO)
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BAO Scale

Cyr-Racine et al. 2013.

DAO Scale
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Cyr-Racine & Sigurdson (2013), Cyr-Racine + (2014), Buckley, Zavala, Cyr-Racine + (2014)

Large-Scale Structure: DAO Scale + Damping 
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Non-linear Evolution of DAO: Halo 

Mass Function

z=0

• Different behavior than 

CDM and WDM.

• Bridges the gap between 

CDM and WDM.

Buckley, Zavala, Cyr-Racine et al. 2014



Natural Extension: dark matter self interaction
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Vogelsberger, Zavala, Cyr-Racine+, in prep.

• DM Self-interaction modifies the inner structure of halos, 

usually making them less dense in the center.

Self-interaction cross 

section

Density profile



Which dark matter physics can we probe via 

its gravitational interactions?
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• Free-streaming/collisional damping

• Self-interaction

8 M. Vogelsberger et al.

Figure 7. DM density projections of the selected MW-like halo for the four different models. The suppression of substructure can clearly be seen for M1 to

M3 compared to the CDM model, which does include power down to small scales without a resolved cutoff, which is present in the ETSF models M1 to M3.

The projection has a side length and depth of 500 kpc.

the actual core density, and the lower panel shows the ratio with

respect to the CDM case. We take the median core density within

each mass bin; the scatter around this median is actually tiny so

we do not show it in the plot. The plot shows that the core densi-

ties over the mass range varies from ⇠ 106 h2M kpc− 3 for halo

masses around ⇠ 1010 h− 1 M to ⇠ 108 h2M kpc− 3 for halo

masses around ⇠ 1014 h− 1 M . The lower panel of Fig. 5 shows

the ratio of the core density with respect to the CDM case. Mod-

elsM1 and M2 haveasignificantly reduced core density compared

to the CDM case for low mass haloes. M3 interestingly shows a

different trend. Here the core density is most reduced for massive

systems. Thiseffect isalso slightly seen for M2, but it ismuch more

pronounced for M3. Thedifference with the result in Buckley et al.

(2014) iscaused by thedifferent crosssection, there it wasconstant

at 1cm2 g− 1 , which created largecores in massivehaloes. Herethe

cross section is< 0.1cm2 g− 1 above the scale of ellipticals due to

the velocity dependence.

To understand the core density behaviour in more detail we

show in Fig. 6 stacked density profiles for different halo masses (as

indicated). One can clearly see that the haloes at the low mass end

are significantly affected by both the damping of the initial power

spectrum and self-interactions. The strongest density reduction oc-

curs here for M1, which is has the largest damping scale. This is

true although the self-interaction cross-section is smallest for this

model. This trend continues up to MW masses. Those halo masses

are not so strongly affected by the damping so the self-interactions

© 2015 RAS, MNRAS 000, 1–15

These can be used to 

rule out broad classes 

of dark matter models
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Sterile Neutrinos

Self-Interacting DM

Revealing the physics of dark matter 

through the study of small-scale structures 

• Many possible approaches:

 Disk Perturbations (Feldmann & Spolyar, 2015).

 Stellar Stream Gaps (Carlberg 2012).

Astrometric Microlensing (Erickcek & Law, 2011)

 Pulsar timing (Clark et al. 2015)

 Dwarf kinematics

 (…)

 Using gravitational lensing to study the substructure 
content of distant galaxies.
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Revealing the physics of dark matter through the 

study of small-scale structures 

• Unlike dark energy science, “astrophysical” dark matter 

science  is lacking a clear roadmap aimed a systematically 

determining its properties.

• We need to assess advantages/drawbacks/complementarity 

of different proposed techniques. 

• We have to assess where THEIA fits in this broad picture. 

• Will it be useful to define a “figure-of-merit” for dark 

matter?



Galaxy-scale Gravitational Lenses
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Credits: Leonidas Moustakas
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source plane
lens plane

(what we see)

us

SDSS0924

11/9/2015

Strong Gravitational Lensing

Credits: Leonidas Moustakas

11/9/2015
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Figure 7. DM density projections of the selected MW-like halo for the four different models. The suppression of substructure can clearly be seen for M1 to

M3 compared to the CDM model, which does include power down to small scales without a resolved cutoff, which is present in the ETSF models M1 to M3.

The projection hasa side length and depth of 500 kpc.

true although the self-interaction cross-section is smallest for this

model. This trend continues up to MW masses. Those halo masses

are not so strongly affected by the damping so the self-interactions

takeoffer such that the reduction of thecentral density is following

the strength of the cross section.

4.2 Galactic halo

NOTE: All results are based on level-2. Level-1 is still running

(those are expensive and running around 1-2 months).

We will now consider the galactic scales by studying the

zoom-in simulation of the selected MW-sized halo. We start by

looking at the density distribution on these scales. Fig. 7 shows

density projections of the halo for CDM simulations and compares

to models M1-M3. At these scales, the suppression of small scale

structure is clearly visible, which is largely driven by the resolved

cutoff scale in the linear power spectra of M1-M3 compared to

CDM. This cutoff reduces the number of resolved subhaloes very

strongly for model M1, which has the largest damping scale. We

stress that self-interactions of the order discussed here largely af-

fect only the internal structure of haloes, but do not significantly

alter the number of subhaloes within MW-like haloes. This would

only happen for cross sections of the order of 10 cm2 g− 1 on full

galactic scales, which isprevented in the themodelsdiscussed here

preventsdue to the strong velocity-dependence. Fig. 7 also demon-

© 2015 RAS, MNRAS 000, 1–13

Galaxy Lenses: Typical Scale
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RXJ 1131-1213 (HST)

Galaxy-scale lenses probe the very inner part 

of their dark matter halo
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Mass Substructures Cause Stochasticity

in Lensing Observables

8 M. Vogelsberger et al.

Figure 7. DM density projections of the selected MW-like halo for the four different models. The suppression of substructure can clearly be seen for M1 to

M3 compared to the CDM model, which does include power down to small scales without a resolved cutoff, which is present in the ETSF models M1 to M3.

The projection has aside length and depth of 500 kpc.
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CDM Substructures: The Pioneers
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• Using the flux from 7 

radio-loud quasars, Dalal

and Kochanek were able 

to put bounds on the 

typical mass scales and 

the abundance of 

substructures. 

Dalal & Kochanek (2002)



Direct Substructure Detection
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• “Gravitational Imaging” of Perturbed Einstein Rings

Vegetti et al. Nature, (2012)



Measuring the Substructure Power Spectrum
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• Use ALMA images of lensed sub-mm galaxies to directly 

measure the convergence power spectrum.

Hezaveh et al. 2014



All of these lenses contain some information about 

small-scale structures inside the lens galaxies
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How do we 

extract it ??

We need a 

comprehensive 

framework that 

can handle any 

type of lens.



Back to basic: mathematical structure of 

gravitational lensing
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Source Lens Light from lens galaxyImage

PSF

• Lensing is a simple map from the source plane to the 

image plane:
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• Here, we assume perfect PSF and no light from the lens 

galaxy.

Simple Example

Lens ImageSource



Question: Which one of these images was 

created by a lens containing substructures?
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• To extract substructure information, we need to be able to distinguish 

between these two.



Consider the residuals between the two images 
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• All the information about substructures is contained in the 

residuals between the actual image and an image created 

from a purely smooth lens.

Residuals Substructure Deflection Field



Understanding the structure of image residuals
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• Divide the lens potential into a dominant smooth component 

and a small substructure correction:

• Then the image residuals are simply given by:

SourceMagnification 

tensor
Substructure 

deflection field

Image 

residuals

PSF



Likelihood Analysis
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• Since the residuals are linear in the substructure potential, 

the likelihood is Gaussian in the ϕk variables:

• If we assume the ϕk to be a Gaussian random field, we can 

marginalize out the substructures to obtain a posterior 

distribution for dark matter parameters.

Dark matter parameters
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sub ,y } in the

presence of a distant populat ion of mass subst ructures. Here, the two images are taken to be x 1 = (0, Rein ) and x 2 = (Rein , 0),
where we take Rein = 100. In the above, φsub stands for the projected potent ial di↵erence between the two images. The grey

points in the 2D plots and the blue histograms along the diagonal show the results from 104 Monte Carlo realizat ions of distant
point mass-like subst ructure populat ion. The solid black lines display the analyt ical result s from sect ion I I I B assuming a purely
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Test gaussianity
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Gaussian characterist ic funct ion, while the dashed red lines show the results obtained by keeping all terms up to order hNd i − 2

in the Edgeworth expansion (see Eq. (58)). In the 2D plots, the inner and outer contours display the 68% and 95% confidence
regions, respect ively. We assume the mass substructures to be spatially distributed according to Eq. (30) with r c = 30Rein .

We also take a power law subhalo mass funct ion with slope β = − 1.9 between M low = 107M and Mhigh = 1010M , and take
h sub (Rein )i = 0.001. This yields an expected number of distant mass substructures hNd i = 3705.
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presence of a distant populat ion of mass substructures. Here, the two images are taken to be x1 = (0, Rein ) and x2 = (Rein , 0),

where we take Rein = 100. In the above, φsub stands for the projected potent ial di↵erence between the two images. The grey
points in the 2D plots and the blue histograms along the diagonal show the results from 104 Monte Carlo realizat ions of distant
point mass-likesubstructurepopulat ion. Thesolid black linesdisplay theanalyt ical results from sect ion I I I B assuming a purely

Gaussian characterist ic funct ion, while the dashed red lines show the results obtained by keeping all terms up to order hNd i − 2

in the Edgeworth expansion (see Eq. (58)). In the 2D plots, the inner and outer contours display the 68% and 95% confidence

regions, respect ively. We assume the mass substructures to be spatially distributed according to Eq. (30) with r c = 30Rein .
We also take a power law subhalo mass funct ion with slope β = − 1.9 between M low = 107M and Mhigh = 1010M , and take

h sub (Rein )i = 0.001. This yields an expected number of distant mass substructures hNd i = 3705.
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where we take Rein = 100. In the above, φsub stands for the projected potent ial di↵erence between the two images. The grey
points in the 2D plots and the blue histograms along the diagonal show the results from 104 Monte Carlo realizat ions of distant
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We also take a power law subhalo mass function with slope β = −1.9 between M low = 107M and Mhigh = 1010M , and take

h sub (Rein)i = 0.001. This yields an expected number of distant mass substructures hNd i = 3705.

Cyr-Racine et al.  arXiv:1506.01724
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What are we trying to measure ?

Dark Mat ter Subhalo Power Spectrum 3

κM provided by a subhalo of mass M ,

κM (k) = κM (r )ei k ·r d2r = 2π κM (r )J0(kr )r dr,

(2)
where the second equality holds for circularly symmetric
κM (r ). Here, we make the flat-sky approximat ion, which
is quite accurate given the ∼ arcsecond field of view
relevant for st rong lensing.

Equat ion (1) is inst ruct ive in understanding exact ly
what aspects of the subhalo dist ribut ion control the
form of the power spect rum shown in Figure 1. For
example, note that on largescales (small wavenumber k),
the subst ructure power spectrum plateaus to a constant
value. The length scale above which P(k) becomes flat
corresponds to the sizes of the largest subhalos (compare
blue vs. purple curves in the Figure). The amplitude
of the power on these large scales is determined by
the total abundance of subhalos of all masses, with
a larger contribut ion from the most massive subhalos.
This can be understood by inspect ing Eqn. (1). Since
κM ∝ M , and assuming a power-law mass funct ion
dn/ dM ∝ M − α , then the integrand in Eqn. (1) behaves

as M 3− α , which is dominated by high masses for typical
α ≈ 2. Towards smaller length scales, the power
spectrum changes shape, declining towards higher k.
The shape of the power spect rum on these scales is
affected by two different terms: the internal profiles of
massivehalos, and the slopeof the subhalo mass funct ion
(through the connect ion of t idal radius to subhalo mass).
Fig. 1 illust rates the effects of varying either of these
propert ies. Given a finite observable dynamic range, it
may be difficult to disentangle these two effects.

3. T HE LIK ELIHOOD OF T HE DENSIT Y POW ER
SPECT RUM

In this sect ion, we describe the formalism for
measuring the subst ructure power spectrum from lensing
measurements. Suppose we have observat ions O (e.g.,
surface brightness maps) and random measurement noise
N measured at n pixels. At each pixel, there is also
a random deflect ion angle α coming from substructure.
We try to model the observat ions with a model that has
parameters p describing the st ructure of the smooth lens
potent ial and the background source emission. Suppose
that both the noise N and deflect ions α are Gaussian
random fields with probability:

P(N ) =
exp − 1

2
N ·C− 1

N · N

(2π)n / 2|CN |1/ 2
(3)

where CN = N N is the n× n noise covariancematrix,
and similarly,

P(α ) =
exp − 1

2
α ·C− 1

α · α

(2π)n |Cα |1/ 2
(4)

where Cα = α α is the 2n × 2n covariance matrix for
deflect ion angles. Explicit ly,

α i (x ) α j (x + r ) = A1(r )δi j + A2(r )
r i r j

r 2
(5)

A1(r ) = 4 |κ(k)|2
J1(kr )

kr

dk

k

A2(r ) = − 4 |κ(k)|2J2(kr )
dk

k
.

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
1

10
2

k [pc− 1 ]

P
(
k

)
[p

c
2
]

 

 

M < 5 × 106M

M < 5 × 107M

10
−4

10
−3

10
−2

10
−1

NF W R s = R t i d a l / 4

NF W R t i d a l → R t i d a l / 4

point masses

NF W R s = R t i d a l / 8

∆ α = 0.5

Fig. 1.— Power spect rum of projected density fluctuat ions
from subhalos in the V ia Lactea I I (VL2) simulat ion. Subhalo
masses, sizes, and locat ions in the VL2 catalog are used to generate
theoret ical power spect ra using Eqn. (1). T he blue solid curve
shows our fiducial model which includes subhalos with M <
5 × 107 M with NFW profiles with Rs = R t i da l / 4. T he purple
and red curves show the power spect rum when we alter the t idal
radius, or t he density profile (Rs ) respect ively. T he solid black
curve shows the power spect rum if the subhalos consist of point
masses. T he light -green curve shows the power spect rum when the
slope of the mass funct ion is altered by 0.5. T he dot ted lines show
the power spect rum of subhalos with M < 5 × 106 M , for our
fiducial model (blue), and for t he point mass model.

where we have used ∇ · α = 2κ. To est imate
the likelihood for a given covariance given a set of
measurements, we’ll use Bayes’ Theorem, which says
that the likelihood for Cα , CN is proport ional to the
likelihood for generat ing our observed measurements
Oobs given Cα and CN :

L (Oobs, p) = dn N d2nα P(N )P(α )

δ Om (p) +
∂O

∂α
∆ α + N − Oobs Pp (p) (6)

Here, Om (p) is the model predict ion for parameter set
p. Recall that p includes parameters for both the
smooth lens and the source emission. In this work,
we describe the source emission non-paramet rically, as
a pixelated map. Because the source map has many
degrees of freedom that are not fully const rained by
the observat ions, regularizat ion is required to avoid
over fit t ing (see e.g., Warren & Dye 2003; Suyu et al.
2006). This regularizat ion acts as a prior, Pp (p), which
mult iplies the above likelihood. We use a Gaussian prior
described by a covariance matrix Cp ,

Pp (p) =
exp − 1

2
(p − ppr ior ) · C− 1

p · (p − ppr ior )

(2π)n p / 2|C p |1/ 2
, (7)

where np is the number of parameters, and ppr ior are
fiducial parameters preferred by the prior. Without loss
of generality, we will set ppr ior = 0 to avoid confusion in
the expressions below.

Assuming that the noise and substructure deflect ions
are small, then the best-fit t ing parameters p are always

Hezaveh et al. 2014

• So far, there are few actual predictions for the substructure 

lensing potential power spectrum in the literature.

Convergence power 

spectrum
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Rethinking Galaxies

• Describing cosmologically distant lens galaxies in terms 

of their substructure power spectrum is largely 

unexplored.

• We must understand how the substructure population 

depends on the host galaxy’s properties.

• The key assumption here is that the statistical properties of 

the substructures are similar across all lens galaxies.

8 M. Vogelsberger et al.

Figure 7. DM density projections of the selected MW-like halo for the four different models. The suppression of substructure can clearly be seen for M1 to

M3 compared to the CDM model, which does include power down to small scales without a resolved cutoff, which is present in the ETSF models M1 to M3.

The projection has aside length and depth of 500 kpc.

true although the self-interaction cross-section is smallest for this

model. This trend continues up to MW masses. Those halo masses

are not so strongly affected by the damping so the self-interactions

takeoffer such that the reduction of thecentral density is following

the strength of the cross section.

4.2 Galactic halo

NOTE: All results are based on level-2. Level-1 is still running

(those are expensive and running around 1-2 months).

We will now consider the galactic scales by studying the

zoom-in simulation of the selected MW-sized halo. We start by

looking at the density distribution on these scales. Fig. 7 shows

density projections of the halo for CDM simulations and compares

to models M1-M3. At these scales, the suppression of small scale

structure is clearly visible, which is largely driven by the resolved

cutoff scale in the linear power spectra of M1-M3 compared to

CDM. This cutoff reduces the number of resolved subhaloes very

strongly for model M1, which has the largest damping scale. We

stress that self-interactions of the order discussed here largely af-

fect only the internal structure of haloes, but do not significantly

alter the number of subhaloes within MW-like haloes. This would

only happen for cross sections of the order of 10 cm2 g− 1 on full

galactic scales, which isprevented in the themodelsdiscussed here

preventsdue to thestrong velocity-dependence. Fig. 7 also demon-

© 2015 RAS, MNRAS 000, 1–13
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Rethinking Galaxies



From Observations to Fundamental Physics
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• It is timely to develop these techniques since upcoming 

surveys will discover thousands of new lenses.
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Take-Home Message
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• The interesting dark matter effects are on small sub-

galactic scales.

• Combining strong gravitational lensing probes offers a 

unique way to probe dark matter on the smallest scales. 

• We have developed a comprehensive framework that 

allows us to extract substructure information from a 

variety of lensed images.

• We are currently implementing it.

• Stay tuned for sensitivity forecast in the near future!


