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Motivation

The main motivation for studying the classical double copy
comes from:
• Amplitudes [Kawai-Lewellen-Tye ’85, Bern-Carrasco-Johansson ’08, Cachazo-He-Yuan ’14]

• Classical solutions [Monteiro-O’Connell-White ’14]

Our goal: Build a dictionary between super-Yang-Mills and
supergravity fields. How far can we go?

Study this via symmetries:
• Spacetime
• Global internal
• Local internal
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Framework

(
linear super-Yang-Mills

)2
=
(

linear supergravity
)

Focus on pure sYM.

Symmetries:

Type sYM suGra
Spacetime Global sPoincaré Global sPoincaré (1)
Global internal R× E G/H (2)
Local internal YM gauge graviton, gravitino (3)

and p-form gauge

What about matter couplings? [Chiodaroli-Gunaydin-Johansson-Roiban ’15]

What about non-linear?
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Dictionary

How should the sYM fields combine? [Siegel ’88, ’95]

ΦiA
µ (x)⊗ Φ̃i′A′

α (x) (4)

Propose:
• Decompose the SO(1,D− 1) tensor product into irreps.
• Keep the R× E × R̃× Ẽ indices.
• Kill the gauge indices using a biadjoint scalar. [Hodges ’11, ’12]

• Use a convolution to combine the field dependence.(
Φi
µ ◦ Φ̃i′

α

)
(x) ≡

(
ΦiA
µ ? ΦAA′ ? Φ̃i′A′

α

)
(x)

=

∫
dDy dDz ΦiA

µ (y)ΦAA′(z− y)Φ̃i′A′
α (x− z) (5)
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Example: NL ×NR = 4× 4

Focus on global symmetries and thus work with on-shell fields
and drop gauge indices.

Each theory has U(1)st × SU(4) under which the content is the
vector 1−2 + 12, four complex spinors 4−1 + 4̄1 and six real
scalars 60.

The resulting theory will have U(1)st × SU(4)L × SU(4)R × U(1)d
where:

U(1)st = U(1)L
st + U(1)R

st (6)

U(1)d = U(1)L
st − U(1)R

st (7)
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The squaring table

V4\V4 1−2 + 12 4−1 + 4̄1 60

1−2 + 12 (1, 1)4
0 + (1, 1)−4

0 (1, 4)1
3 + (1, 4̄)−1

−3 (1, 6)2
2 + (1, 6)−2

−2

+(1, 1)0
4 + (1, 1)0

−4 +(1, 4)−3
−1 + (1, 4̄)3

1

4−1 + 4̄1 (4, 1)1
−3 + (4̄, 1)−1

3 (4, 4)−2
0 + (4̄, 4̄)2

0 (4, 6)−1
−1 + (4̄, 6)1

1

+(4, 1)−3
1 + (4̄, 1)3

−1 +(4, 4̄)0
−2 + (4̄, 4)0

2

60 (6, 1)2
−2 + (6, 1)−2

2 (6, 4)−1
1 + (6, 4̄)1

−1 (6, 6)0
0



Motivation Introduction Global Symmetries Local Symmetries Outlook

The supergravity

Collect fields of the same helicity under
SU(4)L × SU(4)R × U(1)d:

g∗ : (1, 1)0

→ 1

Ψ∗ : (4, 1)1 + (1, 4)−1

→ 8

A∗ : (6, 1)2 + (1, 6)−2 + (4, 4)0

→ 28

ψ∗ : (4̄, 1)3 + (1, 4̄)−3 + (6, 4)1 + (4, 6)−1

→ 56

ϕ : (1, 1)4 + (1, 1)−4 + (4̄, 4)2 + (4, 4̄)−2 + (6, 6)0

→ 70

Therefore H = SU(8) and G = E7(7)

Can we find a formula which takes as input (D,QL,QR) and
gives out the respective H and G?
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The FRT magic square

[Freudenthal ’54, Rosenfeld ’56, Tits ’66]

A(L) \ A(R) O H C R

O e8(8) e7(−5) e6(−14) f4(−20)

H e7(−5) so(8, 4) su(4, 2) sp(2, 1)

C e6(−14) su(4, 2) 2su(2, 1) su(2, 1)

R f4(−20) sp(2, 1) su(2, 1) so(2, 1)

L1,2 = tri
(
A(L)

)
⊕ tri

(
A(R)

)
+ 3
(
A(L)⊗ A(R)

)
(8)
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The D = 3 magic square

[Borsten-Duff-Hughes-Nagy ’13]

NL \ NR 8 4 2 1

8 e8(8) e7(−5) e6(−14) f4(−20)

4 e7(−5) so(8, 4) su(4, 2) sp(2, 1)

2 e6(−14) su(4, 2) 2su(2, 1) su(2, 1)

1 f4(−20) sp(2, 1) su(2, 1) so(2, 1)

g =
(
int(QL)⊕ int(QR)+sNL⊗sNR

)
+
(

sNL⊗sNR +S(QL)⊗S(QR)
)

(9)



Motivation Introduction Global Symmetries Local Symmetries Outlook

The D = 3 magic square

[Borsten-Duff-Hughes-Nagy ’13]

NL \ NR 8 4 2 1

8 e8(8) e7(−5) e6(−14) f4(−20)

4 e7(−5) so(8, 4) su(4, 2) sp(2, 1)

2 e6(−14) su(4, 2) 2su(2, 1) su(2, 1)

1 f4(−20) sp(2, 1) su(2, 1) so(2, 1)

g =
(
int(QL)⊕ int(QR)+sNL⊗sNR

)
+
(

sNL⊗sNR +S(QL)⊗S(QR)
)

(9)



Motivation Introduction Global Symmetries Local Symmetries Outlook

Extension to 3 ≤ D ≤ 10

Start with p because it is the space parametrised by the
supergravity scalars:

p(3,QL,QR) = s(3)NL ⊗ s(3)NR + S(3,QL)⊗ S(3,QR) (10)

p(D,QL,QR) = (1− δ3D + iδ4D)R⊗ R + D[NL,NR]

+ S(D,QL)⊗ S(D,QR)

(11)

Use this to build the compact subgroup h:

h(3,QL,QR) = int(3,QL)⊕ int(3,QR) + s(3)NL ⊗ s(3)NR

(12)

h(D,QL,QR) = int(D,QL)⊕ int(D,QR) + D[NL,NR]

(13)

[AA-Borsten-Duff-Hughes-Nagy ’13, ’14, ’15]
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A magic pyramid of supergravities
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Yang-Mills origin of H

Can we find a Yang-Mills interpretation of H?

Can we find a Yang-Mills origin of all the dim(H) parameters?

How do we transform the Yang-Mills pieces such that the net
effect is a full H tranformation on the supergravity fields?

h = intL ⊕ intR + D[NL,NR] (14)

δ
H

(
Φi ◦Φi′

)
= δ

intL
Φi ◦Φi′ + Φi ◦ δ

intR
Φi′ + Scalar

(
δ
εL

Φi ◦ δ
εR

Φi′
)

(15)
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The transformations
Focus on local symmetries and thus work with off-shell fields
and drop global internal indices. vector ⊗ vector.

δAA
µ = ∂µϑ

A − fBC
AθBAC

µ (16)

δÃA′
ν = ∂ν ϑ̃

A′ − fB′C′A
′
θ̃B′ÃC′

ν (17)

δΦAA′ = fBA
CθBΦCA′ + fB′A′C

′
θB′ΦAC′ (18)

Using:

Zµν(x) ≡
(

Aµ ◦ Ãν

)
(x) =

(
AA
µ ? ΦAA′ ? ÃA′

ν

)
(x) (19)

we want to reproduce:

δZµν = ∂µαν + ∂νβµ (20)

[AA-Borsten-Duff-Hughes-Nagy ’14]
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The relation

The transformation calculation gives:

δZµν(x) =
(
δAA

µ ? ΦAA′ ? ÃA′

ν + AA
µ ? δΦAA′ ? ÃA′

ν + AA
µ ? ΦAA′ ? δÃA′

ν

)
(x)

= ∂µ

(
ϑA ? ΦAA′ ? ÃA′

ν

)
(x)−

(
fBC

AθBAC
µ ? ΦAA′ ? ÃA′

ν

)
(x)

+
(

AA
µ ? fBA

CθBΦCA′ ? ÃA′

ν + AA
µ ? fB′A′

C′
θ̃B′

ΦAC′ ? ÃA′

ν

)
(x)

+ ∂ν

(
AA
µ ? ΦAA′ ? ϑ̃A′

)
(x)−

(
AA
µ ? ΦAA′ ? fB′C′

A′
θ̃B′

ÃC′

ν

)
(x)

= ∂µ

(
ϑA ? ΦAA′ ? ÃA′

ν

)
(x) + ∂ν

(
AA
µ ? ΦAA′ ? ϑ̃A′

)
(x)

(21)

A similar calculation reproduces the gauge transformations for the
gravitini and p-form gauge potentials.
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ν + AA
µ ? δΦAA′ ? ÃA′
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ν

)
(x) + ∂ν

(
AA
µ ? ΦAA′ ? ϑ̃A′

)
(x) (21)

A similar calculation reproduces the gauge transformations for the
gravitini and p-form gauge potentials.



Motivation Introduction Global Symmetries Local Symmetries Outlook

Outlook

The two most obvious improvements would be to:
• Find the Yang-Mills origin of the non-compact generators in

G.
• Extend the local symmetries dictionary to include

next-to-leading orders of diffeomorphims.

Thank you!
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