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Open and unoriented
worldsheets by identification

M.B., Haack, Kang, Sjors '14

fixed line = boundary



Lift to covering torus

M.B., Haack, Kang, Sjors 14
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infrared regularization

Minahan ‘87



Motivations

* moduli stabilization needs quantum effective action
Balasubramanian, Berglund, Conlon, Quevedo '05

(example: Large volume scenario)

... dynamics of light moduli lead to L
phenomenology, cosmology b
* interplay string/field theory amplitudes
(KLT, BCJ, ...)
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The formulation of supersymmetric string theories in ten dimensions is generalized to incorpor-
ate compactified dimensions. Expressions for the one-loop four-particle §-matrix elements of
N =4 Yang-Mills and N =8 supergravity in four dimensions are obtained by studying the
string-theory loop amplitudes in the limit that the radii of the compactified dimensions and the
Regge slope parameter simultaneously approach zero. If certain patterns that emerge should
persist in the higher orders of perturbation theory, then N =4 Yang-Mills in four dimensions
would be ultraviolet finite to all orders, whereas N =8 supergravity in four dimensions would
have ultraviolet divergences starting at three loops.

1. Introduction

A light-cone-gauge action for supersymmetric strings in ten-dimensional space-
time was recently formulated [1]. Depending on the choice of boundary conditions,
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“In order to decide whether theory | or theory Il is the more
promising candidate for phenomenology, some further

theoretical developments may be necessary. For example,
it is clearly important to incorporate symmetry breaking...”
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persist in the higher orders of perturbation theory, then N =4 Yang-Mills in four dimensions
would be ultraviolet finite to all orders, whereas N =8 supergravity in four dimensions would
have ultraviolet divergences starting at three loops.

1. Introduction

A light-cone-gauge action for supersymmetric strings in ten-dimensional space-
time was recently formulated [1]. Depending on the choice of boundary conditions,




Simple models for extra dimensions
moduli: 5,1, U, ¢

local orbifold
singularity

the orbifold/orientifold limit is a
special case of a smooth
Calabi-Yau manifold.



Simple models for extra dimensions

Orbifold: Identify under discrete spatial rotation

To

e yas
|

07" = P 71 here vy = L

(Z' = X* +UXP)




Simple models for extra dimensions
sample A = 1 orbifold: T° /7.




Simple models for extra dimensions
sample A = 1 orbifold: T° /7.




o, 02

“N=1 sector” “N=2 sector”
“‘completely twisted” “partially twisted”

(Z' =X*+UX>) /
@Zl _ 627Tiv1 Zl @Z2 _ 6271'7702 7~ @ZS _ 627TiU3 ZS

_-_)

D7 wraps D7 wra\ D7 pointlike

1 1 1
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Simple models for extra dimensions
moduli: 5,1, U, ¢

local orbifold
singularity

the orbifold/orientifold limit is a
special case of a smooth
Calabi-Yau manifold.



String perturbation theory:
two expansions

(semi-)classical quantum




Curvature 1-loop corrections

review in

M.B., Buchberger, Schlotterer '16

D=10 D=6 D=4
1-loop term || ITA | IIB | Het || TIA/K3 | 1IB/K3 | Het/K3 || TIA/CY | IIB/CY | Het/CY
R X X X
R? X | x| X @ ve ve v ve
R’ X | X | X X X X X X
R? v |V v v v v v v




Curvature 1-loop corrections

review in
M.B., Buchberger, Schlotterer '16

D=10 D=6 D=4
1-loop term || TIA | TIB | Het || TIA/K3 | IIB/K3 | Het/K3 || TIA/CY | TIB/CY | Het/CY
R X X X X X X @ X
R? X | x | x @ ve v v v
R’ X | x | X X X X X X X
R? v | vV |V v v v v v v
“input” “output”

(in principle known,
but more work needed)




Matching to gravity

1 1

Rmnpq — <§hmq,np + g (hmq,rhnp7T + (hrm,q + h"“q,m o thq,r) (hrn,p T hrPﬁ)))

—(m << n)—(p+q)+((m,n) < (p,q))

cross term in Ronpg R



Known facts about R? loop corrections

Harvey, Moore '96

: : : G |, Kiritsis, ... ‘96
consider half-maximal (N =4 in D =4) ~©oon s =

« even-even (kiesks)(koeiesks) + 5 perm.

contracts to same
Invariant as even-even,
times constant ¢

» odd-odd e1eses k1koe k1koe m

(c £ c)RmnpgR™"P? cancel in 1IB

consistent with duality:
there should be R?in IIA from heterotic tree-level R?



Known facts about R® loop corrections
Grisaru 77

Bergshoeff, de Roo 89

* naively vanish at any order “by supersymmetry”
(no cubic superinvariant)

* can be nonzero in non-flat background

Maldacena, Pimentel 11

o H°R>

Liu, Minasian '15



Generating function of z dependence

o Imz\ 9 (0)Y1 (2 + o = 1 el
Q(z,a) = exp (27ma Im7'> élzz)él(a) ) = Za £ (2)

f(())(Z)El, f(l)(Z) :Eﬂnﬁl( )"‘27TZ ilr;lj_
@)= (91m Al iesl
PO = (O () + 2mi )+ 0 mi(e) -

Fay identity (like partial fraction decomposition):

1 1 1 1 1 1 2 2 2
112115+ 130 o)+ a0 £ = 15+ 1+ 1



Basic definitions (open strings)

N—1
A1/2(1727 I ,TL) — /d:ug:% {Fgl) In,max + Z )%kIn,l/Q(gk)}

k=1
measure:
Vb [~ dr
D _ D 2
/d,uu“_n — SN ; (87‘(‘20/7’2)D/2 / le dZQ .. dZn 5(2’1)Hn
0<Im (z1)<Im (22)<...<Im (zp ) <72
even+odd:
In,1/2(vk) = 2,1/2(”16) + IZ,D:@’
even.




Known spin sum

Maximal supersymmetry:

gN(Cll‘l,ZCQ,...,CEN)E Z (—1)1/_1(191/(0))45,/(331)5”(332)...SV(.CCN)

v=2,3,4

Fermion Green'’s function (Szego kernel)

_ 11(0)7,(z)
A

Sy ()

)



Known systematics for maximal
Tsuchiya '88

Stieberger, Taylor '02
On(21,22,...,28) =0, N <3 Dolan, Goddard ’07

g4(371,332,$3,334) =1

. Broedel, Mafra, Matthes Schlotterer '14
g5($1,$2, .« . 7335) — Z fj(l)

Go(x1, T2, . .. Zf(2) 1 Z f(l) (1)
1<]<k
Q7(x1,:1:2, . Z f(3) 4 Z f(Q)féU £+ f(l) (2) _|_ Z f(”f;gl)f(l)
1<]<k 1<j<k<l
Gs(x1,x2,...,28) = z:f(zl)Jr Z f(g)fél>+f(2)f,§2)+f(1) (3) )+ Z f(l)f(l)fl(l)f(l)
=1 1<y <k 1<j<k<l<m
8



Reducing supersymmetry (orbifold)

v = kv
Trick: orbifold partition function is like )

Green’s function evaluated “at twist”

Fip(y) =1,  Fo() =2fP(y) — fO)? &ﬂﬁ’k-?ss
=

FO3) = 2D () = 2f D () D7) + FP(7)°




Reducing supersymmetry (orbifold)

Gara(7, =7, 1, T2
Ga13(7, =7, 1, T2, T3
Gora(Ys =751, - -
Gars(7s =75 T1, - - -
Gare(Y, =7, T1, - - -
Gor7(7s =75 T1, - - -

g2+8(77 -7, 21, ..

= (F)(7) + 3G Va(an, ..., a7)
+ O ()Vs(wr, .. w0) + Va(an, ... o)

Las) = F () + 10Ge + F p(1)Va(r, .., w8) + Fi oy (y)Vala, .., 7s)

+ 3G4(F1(/2;(7) + ‘/2(3317 ce 7378)) T ‘/6(5517 I 7338) ;



IR regularization of (2-pt), 3-pt, ...

e relax momentum conservation

or

e.g. Gregori et al

K3 and K3 x T2
» complex momenta,

as used in spinor helicity formalism

¢ Minahan ‘87



Y, & 3-pt function

(= DI
J#1
left-movers:

= Go(71,72) [(0f12) (e1 - e2)(e3 - Q3) + (3 ¢+ 2,1)) — (e1- Q1) (e2 - Q2)(e3 - Q3)]
+ |Ga(71,72, 212, 221)t(1, 2) (e3 - Q3) + (3 <> 2,1)| 4+ G5(71, V2, 212, 223, 231)t(1,2,3) .

_ fg)[(mg + (12 + 13,23)

K12|3 — t(l, 2, 3) + (61 y kz)t(Q, 3) — (62 ¥ kl)t(l, 3) — 812(61 . 62)(63 . /Cl) .

Lorentz traces of linearized field strength:
t(l, 2) — (6 k’g)( k‘l) (61 62) ]Cl . kg)

t(1,2,3) = (e1 - k2)(e2 - k3)(es - k1) — -e3) (ks - k1)
— (e1-e2) (ks - kS)(es ki) + (e1-e2)(ka - e3)(ks - k1)
— (k1 - ko)(ea - k3)(es - e1) + (k1 - ka)(ea - e3)(ks - e1)
+ (k1 - e2)(k2 - k3)(es - e1) — (k1 - e2)(ka - e3)(ks - e1)
t(1,2,..., n)=(e1-ko)(ea-ks)(es -kq)...(€n_1-kn)len- k1)



Iy 3-ptfunction o

L < >
j#i
left-movers:

Ty = Ga(m1,72) [(0/15 (e1 - e2)(e3 - Q3) + (3 43 2,1)) — (e1 - Q1) (2 - Q2)(es - Qa)]
[94(71,7272127221)13( 2)(es3 - Q3) + (3 <> 2, 1” + G5(715 72, 212, 223, 231)1(1, 2, 3) |

=[5 Kia3 + (12 ¢ 13,23)

K12|3 — t(l, 2,3) + (61 y kz)t(Q, 3) — (62 ¥ kl)t(l, 3) — 812(61 . 62)(63 . /Cl) .

full graviton:
. = T m  Tm
J3172 = 1L31/213,1/2 + T 2 3:1/2%3,1/2
m L m

3,1/2 — 12,3



Berends-Giele building blocks
2 2
ey, 5" RN N

3 3 \
5123

12 9 / 8123. .. —|— / - ..

1 1 2

Berends, Giele '87

1

in supersymmetry & string theory: Mafra, Schiotterer, Stieberger "11

¢] =€ Mafra, Schlotterer '14-'15
1
e’{% — 2— [872%(/{2 . 81) -+ (eg)n 71Tm — (1 <> 2)]
S12
1
6717%3 —_— f{ [e?(kg . 812> -+ (eg)n %n — (12 <> 3)] —+ [Qgé(kgg . 81) —+ (ezg)n ?m — (1 < 23)]}
123

i = 2k e
iy = 2kiyel; — 200"}

(m ]

fias = 21{%3#%3 — 2@[1”213?] + ) ey3)



Berends-Giele building blocks

3 3
N s

2 2

S12 \512
m mmn . o o m mn

€i2; J1g < ; ¢1a3, 123 <

1
MA,B — —51”2”’ ”'Z%” — MB,A

m - Z m n rs m
EAlBc = 1€ nparsCAlB 0 = Ealo,B
building blocks

m . m m m m L m
Mypec=¢esMpco+egMac+ecMap+ 5A|B,C = Majcn



4-pt function

Xo3 = stfz(é)
g§ 17’% regular under integration
one side (which will be double-copied):

T3 172 = Xo3Chj23

La1/2 = —2F)

1O ts(1,2,3,4) + Xo3.4C1 234 + X4 3C 243

112|3,4 T (2 < 3,4) + [523f2(§)P1I(23)I4 T (23 & 24, 34)}

\

built from M'’s

=+ [812f1(2



C’s built from Berends-Giele M’s

gauge invariance from
“particle 1 + gauge invariant completion”

Cliozs = My o3 + Mgz — M3
Chiaza = My o3a + Mioz g + Maioz + Msar o + Mig 34 + My 23

Q

Q
01|2 3 = M 12,3 -+ kmM12,3 T kg),nMISQ

m S

m m m m
11234 = Vqj234 T Myg)34 — 13|2 g — k3 Migoa + k5" Migg 4 — ky' (My1,23 + Myia 3 — Myis2)

1234 = M54+ 2 [kémMILz)BA + (2 ¢ 3, 4)} — 2 [kémkg)MﬂSA + (23 <> 24, 34)]



Finally: closed string 4-pt function
(=)
Tu1/2 = ‘X23,4C1|234 + Xo4,3CT 243 + [812fg)P1|2\3,4 + (2 > 3, 4)}

2
+ [s23./33) Payasya + (23 5 24,34)] — 2F ) (7)ts(1,2,3,4)

" E(X%Omg 4 T X2aCljoy 3 + XaChjay 2)<X2301|23 47T X2401|24 31 X3401|34 2)

T

2 - ~ - ~
1 ymn mn
+ (—ImT) (§ 1)12,3,4%1(2,3,4 — P1|2|3,4P1|2\3,4 — P1\3]2,4P1]3|2,4 — P1|4|2,3P1\4\2,3) .

[see 1603.04790 for closely related 6-pt max. SUSY]



Finally: closed string 4-pt function
(=)
Tu1/2 = ‘X23,4C1|234 + Xo4,3CT 243 + [812fg)P1|2\3,4 + (2 > 3, 4)}

2
+ [s23f55 Priesya + (23 < 24,34)] — 2F1(/%(7)758(1» 2,3,4)

" E(X23C1|23 4 T X2aCljoy 3 + XaChjay 2)<X2301I23 47T X2401!24 31 X3401|34 2)

TN 2 - - = -
1 ~ymn mn
- (—ImT) 5C112.34C 02,34 — Prj23al1)23a — Prsjzalijsjea — Pijap,3Pija23)|-

apparent obstruction to double copy
(cf. Mafra-Schlotterer 1410.0668: obstruction in 6-point,
related to chiral anomaly in hexagon, but: Green-Schwarz!)


http://arxiv.org/abs/arXiv:1410.0668
http://arxiv.org/abs/arXiv:1410.0668

Recreating low-energy results

_2€m(617k27627k3763)€m(éljk27é27k37é3) : IIA
0 . 1IB

_ m A fm _
even o 1‘273 1|273 even o

M (1,2,3)

M (1,2,3) ] m M

odd — “71[2,37712,3 [odd
Z'[GT(GQ . kg)(@g . kg) -+ CYC(l, 2, 3)} Em(él, kg, ég, kg, ég) — (67; < éz) : IIA, odd # of B-field
— < Z'[EBT’(GBQ . kg)(@g . ]fg) -+ CYC(l, 2, 3)} Em(él, k’g, ég, ]{3, ég) -+ (62' < éz) . IIB, two B-fields

|

0 . otherwise

@HAR




Half to quarter supersymmetry

j€7e . je,e
1/4 7 Yn1/2| Lk k oy B (5 el (57
1/ 1/ Fys i) 2 s O s B i) 2 B P 0 0)
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maximal

half-maximal

quarter-maximal



Factorization

T ey
B







Factorization

se! &
e
Fh &,




O O

snall shy snall



Factorization

%EQ; 122 0 ch;fj

ST &

Oz/SZ‘j — 0
v
p; =0
one-mass
T triangle
p5 =0



N=1,2 amplitude

bubble triangles
pr— — /4 7\ N\
dPs Criogza  tmCilazy  tmCily 54
Aoor (1 9. 3 4) = E3(4,)AkM0P(1 93 4 +/ + =4 ’
vl S = e IS BT [ np ! e, T eR.e T EgG,
Piyjps  mlnCT55 4 + lin(s23C o3 4 + 524075, 3 + 534CT 34) — 5523534C1 234
(3340344 (2055405,05
trian;le/box l;orx

interplay locality / gauge invariance

[see 1410.0668 for closely related 6-pt max. SUSY]



MHYV calculation of 4-pt vector

Bianchi, Consoli '15

 Can combine different kinematic factors, leads to
very simple expression

4
&/ g4

AP~ 97 3t 41]=

d1’
++/ /d,u(4) 4.7:N+5N (Vi2+V3u—=V13—Vos—V1a— yz:%)}

no poles!

no factorization! believe 0/0 problem,
but more work needed.

surprising in 4-pt function!

[see 1603.04790 for closely related 6-pt max. SUSY]




Outlook

: . . Cachazo, He, Yuan,
» Scattering equations: relation?

e.g. Mafra, Schlotterer, Stieberger, Tsimpis 10
Ochirov, Tourkine ‘14

* Field theory amplitudes:
more on BCJ from string amplitudes

* Hybrid formalism in orbifold,
AdS/plane wave loop corrections

* Approach from integrability: relation? Hoare, Tseytlin, ...,

« Ambitwistor orbifolds?



