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Basics of SPH
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Origins.....

Continous func. 

A?
Fix A → dx(A)

Space?:
Fix dx → f(dx)
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Basics.....
∫
V

W (δ r , h(r ))dV '=1

Kernel 
definition is 
important: 

-Gaussian
-Cubic 
-Quintic
- etc...

ρ(r)=∑
j=1

N

m jW (δ r ,h(ρ))

f (r)=∫ f (r ' )δ(r ' )dr '

f (r)=∫ f (r ' )W (Δ r ' , h(ρ))dV '

f (r)=∫ f (r ' )
ρ(r ' )

W (Δ r ' , h(ρ))ρ(r ' )dV '

f (r)=∑
j

N f bm j
ρb W (Δ r ' , h(ρ))

Example:

h(ρ)=η(mρ )
1 /d
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Why this is nice ???.....

∇ 2 f (r )=2∑
i

N

( f (r )− f i)
mi
ρb w(r , i , h)

We can write the function derivatives as derivatives of the Kernel!

∇ f (r )=∑
i

N f bmi
ρb ∇W (Δ r ' , h(ρ))

∇⋅ f (r )=∑
i

N f bmi
ρb ⋅∇W (Δ r ' , h(ρ))

∇× f (r )=∑
i

N f bmi
ρb ×∇W (Δ r ' , h(ρ))
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d
dt
= δ
δ t

+ v⃗⋅∇

However, life is not easy... 
The derivatives, in this straight forward way, are not the best choice.

Therefore there are a lot of games in the literature of writing the SPH eq.
And adding the physics that we need...

d v⃗ i
dt

=−∑
j

m j(
P i
ρi

2
+
P j

ρ j
2
+Παβ) v⃗ ij∇ iW ij

ρi=∑
j

m jW i

dui
dt

=∑
j

m j

P i
ρi

2
v⃗ ij⋅∇ iW ij

Lmhd=∫ [ 1
2
ρv 2−ρu− B2

2μ0

]dV

d
dt
( δ L
δ v⃗

)−δ L
δ r

=0

dv i
α

dt
=∑

j

m j [
M i

αβ

ρi
2
⋅∇ i

βW ij+
M j

αβ

ρ j
2
⋅∇ j

βW ij ]

P=(γ−1)uρ

Reference: Price D.(PhD thesis)
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Now..... what about MHD???

dv i
α

dt
=∑

j

m j [
M i

αβ

ρi
2
+
M j

αβ

ρ j
2
+Παβ]⋅∇ j

βW ij

M αβ=−(P+ B
2

2μ0

)δαβ+ B
α Bβ

μ0

dui
dt

=∑
j

m j [
P i
ρi

2
v j⋅∇ iW ij+

P j

ρ j
2
v j⋅∇ jW ij ]

dBi
dt

= 1
ρi∑

j

m j [Bi(v ij⋅∇ iW i)+v ij(Bi⋅∇ iW i)]
d B⃗
dt

=( B⃗⋅∇) v⃗−B⃗(∇⋅⃗v)

d
dt
= δ
δ t

+ v⃗⋅∇

d v⃗
d t

=∇⋅M
ρ =−∇ P

ρ +
(∇×B⃗)× B⃗

μ0ρ

d u
d t

=−P
ρ (∇⋅⃗v)

d ρ
d t

=−ρ(∇⋅⃗v)

M=−(P+ B
2

2μ0

) I + B⃗ B⃗μ0

P=(γ−1)uρ

ρ(r)=∑
i=1

N

miW i

MHD Eq. SPH form

Ref: Price D. (2010), Springel, Rosswog (2009), Borve
Videos: Price D. (2009, Krakow), Springel (2009, Cambrigde)
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● Winning Recipes against instabilities:

● DivB Subtraction

● Cleaning Schemes

● Smoothing of the Field

● Art. Dissipation 

– Euler Potentials

– Vector Potential

d V⃗
d t

=∇⋅M
ρ =−∇ P

ρ +
(∇× B⃗)× B⃗

μ0ρ + B⃗∇⋅B⃗μ0ρ

DivB substraction:

δ B
δ t

=∇×V×B=V (∇⋅B)−V (∇⋅V )+(B⋅∇)V−(V⋅∇)B
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Smoothing:

Art. Dissipation:

Cleaning Scheme 
(Dedner):

〈 B⃗ 〉=
∑
i

B⃗i
mi
ρb W i

∑
i

mi
ρb W i

d B⃗ i
dt diss

=ηart∇
2 Bi

d B⃗ i
dt Dedner

=−∇ϕ

d ϕ
dt

=−c s
2∇⋅B−ϕ

τ−
ϕ
2
(∇⋅⃗v )

Euler Potentials:

B⃗ i=∇α×∇β

Just Averaging

Diffuse gradients.
Eta “local”

Clean Scheme local.
Error as a source, 
Propagated and 

Damped

Divergenceless by Definition.

ηart=αB cs∣r ij∣

d α
d t

= d β
d t

=0
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– Smoothed Particles 
Hydrodinamics: 

● Natural Adaptativity and Huge 
Dynamical Range

● Gravity Coupling (Tree) 
● Scalability
● Momentum Conservation 
● Invariance
● ...

Highlight uses:
– Cosmology

– Galactic formation

– Star formation



Tuesday 9 May 2017 Nordita 21

Stability of the SPMHD codes are been reached a production stage (in 
general with constrains). To achieve this the necessary recipes are:
● Subtraction of DivB terms in the force
● Regularization of the field (always)
● Artificial Viscosity
● Thermal Conductivity

We are able to test several implementations, with different features (which 
does not to have to be forgotten). For example: Pressure SPH or a DivB 
cleaning scheme.
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SPH vs GRID
Fight!

SPH vs GRID
GRID: 
●RAMSES
●FLASH
●ENZO
●AMIGA
●ZEUS
●PENCIL
●….

SPH:
●GADGET
●GASOLINE
●GIZMO
●MAGMA
●PHANTOM
●….
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SPH vs GRID
Fight!

SPH vs GRID
GRID: 
●RAMSES
●FLASH
●ENZO
●AMIGA
●ZEUS
●PENCIL
●….

SPH:
●GADGET
●GASOLINE
●GIZMO
●MAGMA
●PHANTOM
●….

Agertz et al. (2007)
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SPH vs GRID
Fight!

SPH vs GRID

SPH:
●GADGET
●GASOLINE
●GIZMO
●MAGMA
●PHANTOM
●….

Gasoline (SPH)

Gadget-2 (SPH)

Enzo (Grid)

Flash (Grid)

Art-hydro (Grid)

Agertz et al (2007)

T=1/3        2/3              1 t_hk
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But, this issues 
have been solved 
changing the 
algorithms. From 
2014 towards…

So finnally, the real 
problem is which 
sub-grid physics 
you are gonna 
use….
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Mitchell (2013)
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Here a story Begins...

B⃗=∇× A⃗
δ A⃗
δ t

=v⃗×B⃗+∇ϕ

d ϕ
d t

=−(ch
2∇⋅A⃗+ch

ϕ
h
) Pseudo-Lorenz Gauge

While I was studying dynamos in Postdam, I need to change the code to 
use the Vector Potential



Roberts Flow Dynamo

29

• Definition:

v⃗=U 0[sin(ky )cos (kx) x̂ , sin (kx)cos (ky ) ŷ ,
1

√(2)
cos (ky)cos(kx) ẑ ]

Colors: Vz

Charboneau (2012)

Rm=
U 0

ηk



Tuesday 9 May 2017 Nordita 30

Roberts Flow



Tuesday 9 May 2017 Nordita 33



Tuesday 9 May 2017 Nordita 34

Doing simulations in nowadays common and even a requirement in some 
cases. However, the interpretation of those results are in general not 
rigorous enough. 

The number of parameters involved, models and sub-grid recipes, require 
an extreme detailed analysis. 
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