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Figure 1: A parameter space for quantifying the strength of a gravitational field. The x-axis
measures the potential ϵ ≡ GM/rc2 and the y-axis measures the spacetime curvature ξ ≡ GM/r3c2

of the gravitational field at a radius r away from a central object of mass M . These two parameters
provide two different quantitative measures of the strength of the gravitational fields. The various
curves, points, and legends are described in the text.
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with HST. As a result, the MW solutions for H0 are unstable
(see Appendix A of E14). The LMC solution is sensitive to the
metallicity dependence of the Cepheid period-luminosity rela-
tion which is poorly constrained by the R11 data. Furthermore,
the estimate in Eq. (30) is based on a di↵erential measurement
comparing HST photometry of Cepheids in NGC 4258 with
those in SNe host galaxies. It is therefore less prone to pho-
tometric systematics, such as crowding corrections, than is the
LMC+MW estimate of Eq. (31). It is for these reasons that we
have adopted the prior of Eq. (30) in preference to using the
LMC and MW distance anchors.19

Direct measurements of the Hubble constant have a long and
sometimes contentious history (see e.g., Tammann et al. 2008).
The controversy continues to this day and one can find “high”
values (e.g., H0 = (74.3 ± 2.6) km s�1Mpc�1, Freedman et al.
2012) and “low” values (e.g., H0 = (63.7 ± 2.3) km s�1Mpc�1,
Tammann & Reindl 2013) in the literature. The key point that we
wish to make is that the Planck only estimates of Eqs. (21) and
(27), and the Planck+BAO estimate of Eq. (28) all have small
errors and are consistent. If a persuasive case can be made that
a direct measurement of H0 conflicts with these estimates, then
this will be strong evidence for additional physics beyond the
base ⇤CDM model.

Finally, we note that in a recent analysis Bennett et al. (2014)
derive a “concordance” value of H0 = (69.6±0.7) km s�1Mpc�1

for base ⇤CDM by combining WMAP9+SPT+ACT+BAO
with a slightly revised version of the R11 H0 value (73.0 ±
2.4 km s�1Mpc�1). The Bennett et al. (2014) central value for
H0 di↵ers from the Planck value of Eq. (28) by nearly 3 % (or
2.5�). The reason for this di↵erence is that the Planck data are
in tension with the Story et al. (2013) SPT data (as discussed in
Appendix B of PCP13; note that the tension is increased with the
Planck full mission data) and with the revised R11 H0 determi-
nation. Both tensions drive the Bennett et al. (2014) value of H0
away from the Planck solution.

5.5. Additional data

5.5.1. Redshift space distortions

Transverse versus line-of-sight anisotropies in the redshift-space
clustering of galaxies induced by peculiar motions can, poten-
tially, provide a powerful way of constraining the growth rate
of structure. A number of studies of redshift space distortions
(RSD) have been conducted to measure the parameter combina-
tion f�8(z), where for models with scale-independent growth

f (z) =
d ln D
d ln a

, (32)

and D is the linear growth rate of matter fluctuations. Note that
the parameter combination f�8 is insensitive to di↵erences be-
tween the clustering of galaxies and dark matter, i.e., to galaxy
bias (Song & Percival 2009). In the base ⇤CDM cosmology, the
growth factor f (z) is well approximated as f (z) = ⌦m(z)0.545.

19As this paper was nearing completion, results from the Nearby
Supernova Factory have been presented that indicate a correlation be-
tween the peak brightness of Type Ia SNe and the local star-formation
rate (Rigault et al. 2014). These authors argue that this correlation in-
troduces a systematic bias of ⇠ 1.8 km s�1Mpc�1 in the SNe/Cepheid
distance scale measurement of H0 . For example, according to these
authors, the estimate of Eq. 30 should be lowered to H0 = (68.8 ±
3.3) km s�1Mpc�1, a downward shift of ⇠ 0.5�. Clearly, further work
needs to be done to assess the important of such a bias on the distance
scale. It is ignored in the rest of this paper.
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Fig. 16. Constraints on the growth rate of fluctuations from
various redshift surveys in the base ⇤CDM model: green star
(6dFGRS, Beutler et al. 2012); purple square (SDSS MGS,
Howlett et al. 2014); cyan cross (SDSS LRG, Oka et al. 2014);
red triangle (BOSS LOWZ survey, Chuang et al. 2013); large red
circle (BOSS CMASS, as analysed by Samushia et al. 2014);
blue circles (WiggleZ, Blake et al. 2012); and green diamond
(VIPERS, de la Torre et al. 2013). The points with dashed red
error bars (o↵set for clarity) correspond to alternative analy-
ses of BOSS CMASS from Beutler et al. (2014b, small circle)
and Chuang et al. (2013, small square). The BOSS CMASS
points are based on the same data set and are therefore not in-
dependent. The grey bands show the range allowed by Planck
TT+lowP+lensing in the base ⇤CDM model. Where available
(for SDSS MGS and BOSS CMASS), we have plotted condi-
tional constraints on f�8 assuming a Planck⇤CDM background
cosmology. The WiggleZ points are plotted conditional on the
mean Planck cosmology prediction for FAP (evaluated using the
covariance between f�8 and FAP given in Blake et al. (2012)).
The 6dFGS point is at su�ciently low redshift that it is insensi-
tive to the cosmology.

More directly, in linear theory the quadrupole of the redshift-
space clustering anisotropy actually probes the density-velocity
correlation power spectrum, and we therefore define

f�8(z) ⌘
h
�(vd)

8 (z)
i2

�(dd)
8 (z)

, (33)

as an approximate proxy for the quantity actually being mea-
sured. Here �(vd)

8 measures the smoothed density-velocity corre-
lation and is defined analogously to�8 ⌘ �(dd)

8 , but using the cor-
relation power spectrum Pvd(k), where v = �r · vN/H and vN is
the Newtonian-gauge (peculiar) velocity of the baryons and dark
matter, and d is the total matter density perturbation. This defi-
nition assumes that the observed galaxies follow the flow of the
cold matter, not including massive neutrino velocity e↵ects. For
models close to ⇤CDM, where the growth is nearly scale inde-
pendent, it is equivalent to defining f�8 in terms of the growth of
the baryon+CDM density perturbations (excluding neutrinos).

The use of RSD as a measure of the growth of structure is
still under active development and is considerably more di�cult
than measuring the positions of BAO features. Firstly, adopt-
ing the wrong fiducial cosmology can induce an anisotropy in
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Figure 1: A parameter space for quantifying the strength of a gravitational field. The x-axis
measures the potential ϵ ≡ GM/rc2 and the y-axis measures the spacetime curvature ξ ≡ GM/r3c2

of the gravitational field at a radius r away from a central object of mass M . These two parameters
provide two different quantitative measures of the strength of the gravitational fields. The various
curves, points, and legends are described in the text.
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Figure 18: Expected constraints on the growth rates in each redshift bin. For each z the central
error bars refer to the Reference case while those referring to the Optimistic and Pessimistic case
have been shifted by �0.015 and +0.015 respectively. The growth rates for di↵erent models are
also plotted: ⇤CDM (green tight shortdashed curve), flat DGP (red longdashed curve) and a model
with coupling between dark energy and dark matter (purple, dot-dashed curve). The blue curves
(shortdashed, dotted and solid) represent the f(R) model by [612], Eq. 1.5.36 with n = 0.5, 1, 2
respectively and µ = 3. The plot shows that it will be possible to distinguish these models with
next generation data.
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erate a late-time cosmic acceleration – would be protected against quantum corrections and therefore
remains small. This is because m! 0 restores a symmetry (di↵eomorphism invariance or general co-
variance). Although the simplest massive gravity theory was shown not to admit a flat FLRW universe,
its bimetric generalization was indeed able to provide self-accelerating solutions [104, 105, 106], con-
sistent with all existing observational data at the background level [107, 108]. Since then, an extensive
amount of work has been done to study the viability of the theories through metric perturbation theory
and structure formation studies [e.g. 109, 110, 111, 112, 113, 114, 115, 116]. Unfortunately, although
the simplest bigravity models are able to provide viable self-accelerating background expansions, all
such models su↵er from ghost and/or gradient instabilities [117, 112, 114, 118]. While it is possible to
push these instabilities back to unobservably early times, beyond the regime of validity of the theory,
without losing self-acceleration and obtaining a technically natural acceleration parameter [119], the
theory becomes observationally indistinguishable from ⇤CDM in this case. While this may render
the theory less favorable from an Occam’s razor perspective, the fact that a small mass is protected by
the symmetry of di↵eomorphisms makes the theory more favorable than ⇤CDM from the perspective
of naturalness. It is then mainly a matter of subjective taste and further observational tests to decide
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erate a late-time cosmic acceleration – would be protected against quantum corrections and therefore
remains small. This is because m! 0 restores a symmetry (di↵eomorphism invariance or general co-
variance). Although the simplest massive gravity theory was shown not to admit a flat FLRW universe,
its bimetric generalization was indeed able to provide self-accelerating solutions [104, 105, 106], con-
sistent with all existing observational data at the background level [107, 108]. Since then, an extensive
amount of work has been done to study the viability of the theories through metric perturbation theory
and structure formation studies [e.g. 109, 110, 111, 112, 113, 114, 115, 116]. Unfortunately, although
the simplest bigravity models are able to provide viable self-accelerating background expansions, all
such models su↵er from ghost and/or gradient instabilities [117, 112, 114, 118]. While it is possible to
push these instabilities back to unobservably early times, beyond the regime of validity of the theory,
without losing self-acceleration and obtaining a technically natural acceleration parameter [119], the
theory becomes observationally indistinguishable from ⇤CDM in this case. While this may render
the theory less favorable from an Occam’s razor perspective, the fact that a small mass is protected by
the symmetry of di↵eomorphisms makes the theory more favorable than ⇤CDM from the perspective
of naturalness. It is then mainly a matter of subjective taste and further observational tests to decide

26

Models


Observations

Many theoretical models of modified 
gravity, each with their own motivation 
and phenomenology 



Motivations
Our Limited Eyes

Galaxy Counts Galaxy Shapes/ 
Brightness

Supernovae:
𝑑

13 August 2014 Modern Cosmology 2014, Benasque

Galaxy clustering

Weak lensing

CMB (ISW)

Grav. waves

Modified Gravity

Add new field content

Higher dimensions Non-local

Scalar

Vector

Tensor

f

�
R

⇤

�

Some!
 degravitation 

scenarios

Scalar-tensor & Brans-Dicke

Galileons
Ghost condensates

the Fab Four

Coupled Quintessence
f(T)

Einstein-Cartan-Sciama-Kibble

Chern-Simons

Cuscuton

Chaplygin gases

Einstein-Aether

Massive gravity
Bigravity

EBI

Bimetric MOND

Horndeski theories Torsion theories

KGB

TeVeS

General RμνRμν, 
☐R,etc.f (R)

Hořava-Lifschitz

f (G)

Conformal gravity

Strings & Branes

Generalisations 
of SEH

Cascading gravity

Lovelock gravity

Einstein-Dilaton-
Gauss-Bonnet

Gauss-Bonnet

Randall-Sundrum Ⅰ & Ⅱ DGP

Kaluza-Klein

Lorentz violation

Lorentz violation

Emergent 
Approaches

Padmanabhan 
thermo. 

2T gravity

Rµ�⇤�1Rµ�

Higher-order

CDT

Tessa Baker

Figure 3: Tree diagram of modified theories of gravity. (Tessa Baker, reproduced with permission.)

erate a late-time cosmic acceleration – would be protected against quantum corrections and therefore
remains small. This is because m! 0 restores a symmetry (di↵eomorphism invariance or general co-
variance). Although the simplest massive gravity theory was shown not to admit a flat FLRW universe,
its bimetric generalization was indeed able to provide self-accelerating solutions [104, 105, 106], con-
sistent with all existing observational data at the background level [107, 108]. Since then, an extensive
amount of work has been done to study the viability of the theories through metric perturbation theory
and structure formation studies [e.g. 109, 110, 111, 112, 113, 114, 115, 116]. Unfortunately, although
the simplest bigravity models are able to provide viable self-accelerating background expansions, all
such models su↵er from ghost and/or gradient instabilities [117, 112, 114, 118]. While it is possible to
push these instabilities back to unobservably early times, beyond the regime of validity of the theory,
without losing self-acceleration and obtaining a technically natural acceleration parameter [119], the
theory becomes observationally indistinguishable from ⇤CDM in this case. While this may render
the theory less favorable from an Occam’s razor perspective, the fact that a small mass is protected by
the symmetry of di↵eomorphisms makes the theory more favorable than ⇤CDM from the perspective
of naturalness. It is then mainly a matter of subjective taste and further observational tests to decide

26

↵K(t), ↵B(t), ↵M (t),

↵T (t), ↵T (t), . . .

Models


Observations

↵K(t), ↵B(t), ↵M (t),

↵T (t), ↵T (t), . . .

Many theoretical models of modified 
gravity, each with their own motivation 
and phenomenology 



Motivations

ETofDE

Our Limited Eyes

Galaxy Counts Galaxy Shapes/ 
Brightness

Supernovae:
𝑑

13 August 2014 Modern Cosmology 2014, Benasque

Galaxy clustering

Weak lensing

CMB (ISW)

Grav. waves

Modified Gravity

Add new field content

Higher dimensions Non-local

Scalar

Vector

Tensor

f

�
R

⇤

�

Some!
 degravitation 

scenarios

Scalar-tensor & Brans-Dicke

Galileons
Ghost condensates

the Fab Four

Coupled Quintessence
f(T)

Einstein-Cartan-Sciama-Kibble

Chern-Simons

Cuscuton

Chaplygin gases

Einstein-Aether

Massive gravity
Bigravity

EBI

Bimetric MOND

Horndeski theories Torsion theories

KGB

TeVeS

General RμνRμν, 
☐R,etc.f (R)

Hořava-Lifschitz

f (G)

Conformal gravity

Strings & Branes

Generalisations 
of SEH

Cascading gravity

Lovelock gravity

Einstein-Dilaton-
Gauss-Bonnet

Gauss-Bonnet

Randall-Sundrum Ⅰ & Ⅱ DGP

Kaluza-Klein

Lorentz violation

Lorentz violation

Emergent 
Approaches

Padmanabhan 
thermo. 

2T gravity

Rµ�⇤�1Rµ�

Higher-order

CDT

Tessa Baker

Figure 3: Tree diagram of modified theories of gravity. (Tessa Baker, reproduced with permission.)

erate a late-time cosmic acceleration – would be protected against quantum corrections and therefore
remains small. This is because m! 0 restores a symmetry (di↵eomorphism invariance or general co-
variance). Although the simplest massive gravity theory was shown not to admit a flat FLRW universe,
its bimetric generalization was indeed able to provide self-accelerating solutions [104, 105, 106], con-
sistent with all existing observational data at the background level [107, 108]. Since then, an extensive
amount of work has been done to study the viability of the theories through metric perturbation theory
and structure formation studies [e.g. 109, 110, 111, 112, 113, 114, 115, 116]. Unfortunately, although
the simplest bigravity models are able to provide viable self-accelerating background expansions, all
such models su↵er from ghost and/or gradient instabilities [117, 112, 114, 118]. While it is possible to
push these instabilities back to unobservably early times, beyond the regime of validity of the theory,
without losing self-acceleration and obtaining a technically natural acceleration parameter [119], the
theory becomes observationally indistinguishable from ⇤CDM in this case. While this may render
the theory less favorable from an Occam’s razor perspective, the fact that a small mass is protected by
the symmetry of di↵eomorphisms makes the theory more favorable than ⇤CDM from the perspective
of naturalness. It is then mainly a matter of subjective taste and further observational tests to decide
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erate a late-time cosmic acceleration – would be protected against quantum corrections and therefore
remains small. This is because m! 0 restores a symmetry (di↵eomorphism invariance or general co-
variance). Although the simplest massive gravity theory was shown not to admit a flat FLRW universe,
its bimetric generalization was indeed able to provide self-accelerating solutions [104, 105, 106], con-
sistent with all existing observational data at the background level [107, 108]. Since then, an extensive
amount of work has been done to study the viability of the theories through metric perturbation theory
and structure formation studies [e.g. 109, 110, 111, 112, 113, 114, 115, 116]. Unfortunately, although
the simplest bigravity models are able to provide viable self-accelerating background expansions, all
such models su↵er from ghost and/or gradient instabilities [117, 112, 114, 118]. While it is possible to
push these instabilities back to unobservably early times, beyond the regime of validity of the theory,
without losing self-acceleration and obtaining a technically natural acceleration parameter [119], the
theory becomes observationally indistinguishable from ⇤CDM in this case. While this may render
the theory less favorable from an Occam’s razor perspective, the fact that a small mass is protected by
the symmetry of di↵eomorphisms makes the theory more favorable than ⇤CDM from the perspective
of naturalness. It is then mainly a matter of subjective taste and further observational tests to decide
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erate a late-time cosmic acceleration – would be protected against quantum corrections and therefore
remains small. This is because m! 0 restores a symmetry (di↵eomorphism invariance or general co-
variance). Although the simplest massive gravity theory was shown not to admit a flat FLRW universe,
its bimetric generalization was indeed able to provide self-accelerating solutions [104, 105, 106], con-
sistent with all existing observational data at the background level [107, 108]. Since then, an extensive
amount of work has been done to study the viability of the theories through metric perturbation theory
and structure formation studies [e.g. 109, 110, 111, 112, 113, 114, 115, 116]. Unfortunately, although
the simplest bigravity models are able to provide viable self-accelerating background expansions, all
such models su↵er from ghost and/or gradient instabilities [117, 112, 114, 118]. While it is possible to
push these instabilities back to unobservably early times, beyond the regime of validity of the theory,
without losing self-acceleration and obtaining a technically natural acceleration parameter [119], the
theory becomes observationally indistinguishable from ⇤CDM in this case. While this may render
the theory less favorable from an Occam’s razor perspective, the fact that a small mass is protected by
the symmetry of di↵eomorphisms makes the theory more favorable than ⇤CDM from the perspective
of naturalness. It is then mainly a matter of subjective taste and further observational tests to decide
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✦   Simplest models of modified gravity are base on single scalar field

✦   Generally, higher-derivatives lead to extra instable d.o.f. (Ostrogradski ghost) 
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;µ⌫ + 2�;µ⌫�
;⌫�� ;µ
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erate a late-time cosmic acceleration – would be protected against quantum corrections and therefore
remains small. This is because m! 0 restores a symmetry (di↵eomorphism invariance or general co-
variance). Although the simplest massive gravity theory was shown not to admit a flat FLRW universe,
its bimetric generalization was indeed able to provide self-accelerating solutions [104, 105, 106], con-
sistent with all existing observational data at the background level [107, 108]. Since then, an extensive
amount of work has been done to study the viability of the theories through metric perturbation theory
and structure formation studies [e.g. 109, 110, 111, 112, 113, 114, 115, 116]. Unfortunately, although
the simplest bigravity models are able to provide viable self-accelerating background expansions, all
such models su↵er from ghost and/or gradient instabilities [117, 112, 114, 118]. While it is possible to
push these instabilities back to unobservably early times, beyond the regime of validity of the theory,
without losing self-acceleration and obtaining a technically natural acceleration parameter [119], the
theory becomes observationally indistinguishable from ⇤CDM in this case. While this may render
the theory less favorable from an Occam’s razor perspective, the fact that a small mass is protected by
the symmetry of di↵eomorphisms makes the theory more favorable than ⇤CDM from the perspective
of naturalness. It is then mainly a matter of subjective taste and further observational tests to decide
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Constructing the action
✦   Use metric quantities in uniform scalar field slicing
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 ADM decomposition

ds

2 = �N

2
dt

2 + hij(N
i
dt+ dx

i)(N j
dt+ dx

j)

✦   Lagrangian contains all possible scalars under spatial diffs, ordered by number of 
perturbations and derivatives

�̇(t) 6= 0

S =

Z
d

4
x

p
�gL[t;N,K

i
j ,

(3)
R

i
j , . . .]

 Lapse

 Extrinsic curvature

 Intrinsic curvature

N

Kij

(3)Rij

(@�)2 = ��̇2
0(t)/N

2⇠ �̇

⇠ @tgij Kij =
1

2N
(ḣij �riNj �rjNi)

⇠ @2gij
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Constructing the action
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2
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i
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✦   Expand the action

�N ⌘ N � 1 , �Kij ⌘ Kij �Hhij ,
(3)Rij

3.2 Quadratic action

In order to describe the dynamics of linear perturbations about the FLRW background solution, we
now expand the action up to quadratic order. The tensor Rij vanishes in the background and is thus
a perturbative quantity. It is useful to introduce the two other perturbative quantities (remembering
the definition of H in eq. (33))

δN ≡ N − N̄ , δKj
i ≡ Kj

i −Hδji . (45)

The expansion of the Lagrangian L up to quadratic order yields

L(N,Ki
j , R

i
j , . . . ) = L̄+ LNδN +

∂L

∂Ki
j

δKi
j +

∂L

∂Ri
j

δRi
j + L(2) + . . . , (46)

with the quadratic part given by

L(2) =
1

2
LNNδN

2 +
1

2

∂2L

∂Ki
j∂K

k
l

δKi
jδK

k
l +

1

2

∂2L

∂Ri
j∂R

k
l

δRi
jδR

k
l +

+
∂2L

∂Ki
j ∂R

k
l

δKi
jδR

k
l +

∂2L

∂N∂Ki
j

δNδKi
j +

∂2L

∂N∂Ri
j

δNδRi
j + . . . ,

(47)

where all the partial derivatives are evaluated on the FLRW background (without explicit notation,
as will be the case in the rest of this paper). The coefficient LNN denotes the second derivative of
the Lagrangian with respect to N . The dots in the two above equations correspond to other possible
terms which are not indicated explicitly to avoid too lengthy equations, but can be treated exactly
in the same way. This includes for instance the spatial derivatives of the curvature or of the lapse,
which appear in Horava-Lifshitz gravity.

The third term on the right hand side of (46) can be simplified as follows. Rewriting it as

∂L

∂Ki
j

δKi
j = FδK = F(K − 3H) , (48)

and noting that K = ∇µnµ, one can use the integration by parts

∫

d4x
√
−gFK = −

∫

d4x
√
−g nµ∇µF = −

∫

d4x
√
−g

Ḟ
N

. (49)

This implies that the Lagrangian (46) can be replaced by the equivalent Lagrangian

Lnew = L̄− 3HF −
Ḟ
N

+ LNδN + L(2) . (50)

Let us now consider the quadratic part (47). Because of the background geometry, the coefficient
of the second term is necessarily of the form4

∂2L

∂Kj
i ∂K

l
k

= ÂK δij δ
k
l +AK

(

δil δ
k
j + δikδjl

)

, (51)

4This is equivalent to the definition below, expressed with covariant indices for the extrinsic curvature tensors,
which makes the symmetry under exchange of the indices more manifest:

∂2L
∂Kij ∂Kkl

≡ ÂK ḡij ḡkl +AK

(

ḡik ḡjl + ḡil ḡjk
)

.
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✦   Lagrangian contains all possible scalars under spatial diffs, ordered by number of 
perturbations and derivatives
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✦   Two types of degeneracy conditions lead to
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c2s / �c2T ruled out!

related to Horndeski by metric redefinitions (that change the matter couplings)

✦   Generic scalar dispersion relation: E1!4 + E2!2k2 + E3!2 + E4k4 + E5k2 = 0

!2 � c2sk
2 = 0
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Figure 3: Tree diagram of modified theories of gravity. (Tessa Baker, reproduced with permission.)

erate a late-time cosmic acceleration – would be protected against quantum corrections and therefore
remains small. This is because m! 0 restores a symmetry (di↵eomorphism invariance or general co-
variance). Although the simplest massive gravity theory was shown not to admit a flat FLRW universe,
its bimetric generalization was indeed able to provide self-accelerating solutions [104, 105, 106], con-
sistent with all existing observational data at the background level [107, 108]. Since then, an extensive
amount of work has been done to study the viability of the theories through metric perturbation theory
and structure formation studies [e.g. 109, 110, 111, 112, 113, 114, 115, 116]. Unfortunately, although
the simplest bigravity models are able to provide viable self-accelerating background expansions, all
such models su↵er from ghost and/or gradient instabilities [117, 112, 114, 118]. While it is possible to
push these instabilities back to unobservably early times, beyond the regime of validity of the theory,
without losing self-acceleration and obtaining a technically natural acceleration parameter [119], the
theory becomes observationally indistinguishable from ⇤CDM in this case. While this may render
the theory less favorable from an Occam’s razor perspective, the fact that a small mass is protected by
the symmetry of di↵eomorphisms makes the theory more favorable than ⇤CDM from the perspective
of naturalness. It is then mainly a matter of subjective taste and further observational tests to decide
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• Undo unitary gauge:

Phenomenology

• Newtonian gauge (scalar flucts):
dt

2 = �(1 + 2�)dt2 + a

2(t)(1� 2 )d~x2

Perturbations in an arbitrary gauge 

•  The action for the perturbations in an arbitrary gauge can 
be obtained via the Stueckelberg trick:  

•  The new quadratic action can be derived using the following 
substitutions:  

f ! f + ḟ⇥ +
1

2
f̈⇥2 ,

g00 ! g00 + 2g0µ⇥ + gµ�⇤µ⇥⇤�⇥ ,

�Kij ! �Kij � Ḣ⇥hij � ⇤i⇤j⇥ ,

�K ! �K � 3Ḣ⇥ � 1

a2
⇤2⇥ ,

(3)Rij ! (3)Rij +H(⇤i⇤j⇥ + �ij⇤
2⇥) ,

(3)R ! (3)R+
4

a2
H⇤2⇥ .

t ! t+ �(t, ⇥x)

Note: the 3-dim quantities 
on the right are defined 
with respect to the new 
time hypersurfaces.  
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1

2
f̈⇥2 ,

g00 ! g00 + 2g0µ⇥ + gµ�⇤µ⇥⇤�⇥ ,

�Kij ! �Kij � Ḣ⇥hij � ⇤i⇤j⇥ ,

�K ! �K � 3Ḣ⇥ � 1
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• Quasi-static approximations — valid on scales                      .                                      
E.g., for surveys such as Euclid                .  
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Fisher matrix analysis
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FIDUCIAL I

Figure 3: Two-dimensional 68% CL contours for the fiducial model I (⇤CDM model), obtained
by fixing all the other parameters to their fiducial values. The parameter ↵T,0 is absent, as it is
unconstrained on this fiducial model. Shaded blue regions correspond to theoretically forbidden
parameter space where c2s↵ < 0. Note that the axis range is di↵erent for di↵erent parameter planes.

The reason for this discrepancy is that the background is also modified when ↵M 6= 0, as
discussed earlier, whereas the background for ↵B 6= 0 is the same as the fiducial one.
Since the transfer function T�+ depends not only on the coe�cient ⌥lens but also on the
background, the degeneracy is more complex. In fact, the background modification also
a↵ects the matter growth but more modestly than for weak lensing.

To conclude, let us note that a large region of the observationally constrained parameter
space is forbidden by the stability requirements, i.e. c2s↵ > 0.
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by fixing all the other parameters to their fiducial values. The parameter ↵T,0 is absent, as it is
unconstrained on this fiducial model. Shaded blue regions correspond to theoretically forbidden
parameter space where c2s↵ < 0. Note that the axis range is di↵erent for di↵erent parameter planes.

The reason for this discrepancy is that the background is also modified when ↵M 6= 0, as
discussed earlier, whereas the background for ↵B 6= 0 is the same as the fiducial one.
Since the transfer function T�+ depends not only on the coe�cient ⌥lens but also on the
background, the degeneracy is more complex. In fact, the background modification also
a↵ects the matter growth but more modestly than for weak lensing.

To conclude, let us note that a large region of the observationally constrained parameter
space is forbidden by the stability requirements, i.e. c2s↵ > 0.
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Figure 3: Two-dimensional 68% CL contours for the fiducial model I (⇤CDM model), obtained
by fixing all the other parameters to their fiducial values. The parameter ↵T,0 is absent, as it is
unconstrained on this fiducial model. Shaded blue regions correspond to theoretically forbidden
parameter space where c2s↵ < 0. Note that the axis range is di↵erent for di↵erent parameter planes.

The reason for this discrepancy is that the background is also modified when ↵M 6= 0, as
discussed earlier, whereas the background for ↵B 6= 0 is the same as the fiducial one.
Since the transfer function T�+ depends not only on the coe�cient ⌥lens but also on the
background, the degeneracy is more complex. In fact, the background modification also
a↵ects the matter growth but more modestly than for weak lensing.

To conclude, let us note that a large region of the observationally constrained parameter
space is forbidden by the stability requirements, i.e. c2s↵ > 0.
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✦   Free functions parametrization:

✦   Background parametrization:

Euclid specifications (LCDM fiducial)

Quasi-static approximation

with Gleyzes, Langlois, Mancarella ‘15

Piazza et al. ’13, Bellini, Sawicki ’14

see also Alonso et al. ‘16



Fisher matrix analysis
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Figure 3: Two-dimensional 68% CL contours for the fiducial model I (⇤CDM model), obtained
by fixing all the other parameters to their fiducial values. The parameter ↵T,0 is absent, as it is
unconstrained on this fiducial model. Shaded blue regions correspond to theoretically forbidden
parameter space where c2s↵ < 0. Note that the axis range is di↵erent for di↵erent parameter planes.

The reason for this discrepancy is that the background is also modified when ↵M 6= 0, as
discussed earlier, whereas the background for ↵B 6= 0 is the same as the fiducial one.
Since the transfer function T�+ depends not only on the coe�cient ⌥lens but also on the
background, the degeneracy is more complex. In fact, the background modification also
a↵ects the matter growth but more modestly than for weak lensing.

To conclude, let us note that a large region of the observationally constrained parameter
space is forbidden by the stability requirements, i.e. c2s↵ > 0.
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Figure 3: Two-dimensional 68% CL contours for the fiducial model I (⇤CDM model), obtained
by fixing all the other parameters to their fiducial values. The parameter ↵T,0 is absent, as it is
unconstrained on this fiducial model. Shaded blue regions correspond to theoretically forbidden
parameter space where c2s↵ < 0. Note that the axis range is di↵erent for di↵erent parameter planes.

The reason for this discrepancy is that the background is also modified when ↵M 6= 0, as
discussed earlier, whereas the background for ↵B 6= 0 is the same as the fiducial one.
Since the transfer function T�+ depends not only on the coe�cient ⌥lens but also on the
background, the degeneracy is more complex. In fact, the background modification also
a↵ects the matter growth but more modestly than for weak lensing.

To conclude, let us note that a large region of the observationally constrained parameter
space is forbidden by the stability requirements, i.e. c2s↵ > 0.
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Figure 3: Two-dimensional 68% CL contours for the fiducial model I (⇤CDM model), obtained
by fixing all the other parameters to their fiducial values. The parameter ↵T,0 is absent, as it is
unconstrained on this fiducial model. Shaded blue regions correspond to theoretically forbidden
parameter space where c2s↵ < 0. Note that the axis range is di↵erent for di↵erent parameter planes.

The reason for this discrepancy is that the background is also modified when ↵M 6= 0, as
discussed earlier, whereas the background for ↵B 6= 0 is the same as the fiducial one.
Since the transfer function T�+ depends not only on the coe�cient ⌥lens but also on the
background, the degeneracy is more complex. In fact, the background modification also
a↵ects the matter growth but more modestly than for weak lensing.

To conclude, let us note that a large region of the observationally constrained parameter
space is forbidden by the stability requirements, i.e. c2s↵ > 0.
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✦   Free functions parametrization:

✦   Background parametrization:

Euclid specifications (LCDM fiducial)

Quasi-static approximation

with Gleyzes, Langlois, Mancarella ‘15

✦  Time dependence of free functions α’s still critical issue

Piazza et al. ’13, Bellini, Sawicki ’14

see also Alonso et al. ‘16

see e.g. Linder ’16, Gleyzes ’17, Kennedy et al. ‘17



Boltzmann codes

• EFTCAMB        (Hu, Raveri, Frusciante, Silvestri et al.)

• hi_class        (Zumalacarregui, Bellini, Sawicki, Lesgourgues et al.)

• Full Boltzmann solver:

&

dfI
d⌘

= CI [fI ] , I = �, ⌫, b,CDM

Gmodified

ij = 8⇡G
X

I

T (I)
ij

�S(2)

�⇡
= 0

• COOP (Zhiqi Huang) (with D’Amico, Huang and Mancarella)

✦  We want to go beyond the quasi-static approximation:
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FIG. 9. Top figure: The T T , EE, lensing and T E angular powerspectra of the CMB for a reference LCDM and four different choices of the
{wDE, aX} functions along with the relative difference between EFTCAMB and hi class . Bottom figure: The same as in the top figure but
for the matter power spectrum at different redshifts.

For the models we considered we verified that the disagree-
ment between the different codes was never worse than 1%,
but it should be care of the user to verify that the precision pa-
rameters chosen are sufficient in order to obtain the accuracy
desired.

All the models we considered in this paper have the com-
mon property of being insensitive to the initial conditions as-
sumed for the evolution of the perturbation. This is a cru-
cial point when adding new degrees of freedom to the stan-
dard cosmological model. If it is true that probably most of

the models in the literature satisfy this requirement (with the
remarkable exceptions of the so-called “early dark energy”
models), it is also true that if one chooses arbitrary config-
urations for the additional degree of freedom the issue of the
initial conditions may be important. In these cases the agree-
ment between different codes could be much worse, due to
the fact that either during the era dominated by radiation the
scalar field has no attractor or it exists but the initial condi-
tions chosen are outside its basin of attraction. In the first
scenario one could simply discard the model under considera-

20

100

101

102

103

104

105

P(k)[(h�1 Mpc)3]

z=0
�CDM
�K, B

�K, M

�K, T + w

�K, B, M, T + w

�0.5
0.0
0.5�P(k)/P(k) [%]

100

101

102

103

104

105

P(k)[(h�1 Mpc)3]

z=0.5

�0.5
0.0
0.5

�P(k)/P(k) [%]

100

101

102

103

104

105

P(k)[(h�1 Mpc)3]

z=1

10�4 10�3 10�2 10�1 100 101

k[h/Mpc]

�0.5
0.0
0.5�P(k)/P(k) [%]

100

101

102

103

104

105

P(k)[(h�1 Mpc)3]

z=2

10�3 10�2 10�1 100 101

k[h/Mpc]

�0.5
0.0
0.5

�P(k)/P(k) [%]

FIG. 9. Top figure: The T T , EE, lensing and T E angular powerspectra of the CMB for a reference LCDM and four different choices of the
{wDE, aX} functions along with the relative difference between EFTCAMB and hi class . Bottom figure: The same as in the top figure but
for the matter power spectrum at different redshifts.

For the models we considered we verified that the disagree-
ment between the different codes was never worse than 1%,
but it should be care of the user to verify that the precision pa-
rameters chosen are sufficient in order to obtain the accuracy
desired.

All the models we considered in this paper have the com-
mon property of being insensitive to the initial conditions as-
sumed for the evolution of the perturbation. This is a cru-
cial point when adding new degrees of freedom to the stan-
dard cosmological model. If it is true that probably most of

the models in the literature satisfy this requirement (with the
remarkable exceptions of the so-called “early dark energy”
models), it is also true that if one chooses arbitrary config-
urations for the additional degree of freedom the issue of the
initial conditions may be important. In these cases the agree-
ment between different codes could be much worse, due to
the fact that either during the era dominated by radiation the
scalar field has no attractor or it exists but the initial condi-
tions chosen are outside its basin of attraction. In the first
scenario one could simply discard the model under considera-

20

0

2000

4000

6000

DTT
� [µK2]

�0.5
0.0
0.5�DTT

� /DTT
� [%]

0

10

20

30

40

50

DEE
� [µK2]

�CDM
�K,B

�K,M

�K,T + w

�K,B,M,T + w

�0.5
0.0
0.5

�DEE
� /DEE

� [%]

0.0

0.5

1.0

1.5

2.0

2.5

3.0

107 ⇥ D��
� [µK2]

101 102 103

Multipole �

�0.5
0.0
0.5�D��

� /D��
� [%]

�100

�50

0

50

100

DTE
� [µK2]

2 1000 2000 3000
Multipole �

�0.5
0.0
0.5

�DTE
� [µK2]

FIG. 9. Top figure: The T T , EE, lensing and T E angular powerspectra of the CMB for a reference LCDM and four different choices of the
{wDE, aX} functions along with the relative difference between EFTCAMB and hi class . Bottom figure: The same as in the top figure but
for the matter power spectrum at different redshifts.

For the models we considered we verified that the disagree-
ment between the different codes was never worse than 1%,
but it should be care of the user to verify that the precision pa-
rameters chosen are sufficient in order to obtain the accuracy
desired.

All the models we considered in this paper have the com-
mon property of being insensitive to the initial conditions as-
sumed for the evolution of the perturbation. This is a cru-
cial point when adding new degrees of freedom to the stan-
dard cosmological model. If it is true that probably most of

the models in the literature satisfy this requirement (with the
remarkable exceptions of the so-called “early dark energy”
models), it is also true that if one chooses arbitrary config-
urations for the additional degree of freedom the issue of the
initial conditions may be important. In these cases the agree-
ment between different codes could be much worse, due to
the fact that either during the era dominated by radiation the
scalar field has no attractor or it exists but the initial condi-
tions chosen are outside its basin of attraction. In the first
scenario one could simply discard the model under considera-

20

100

101

102

103

104

105

P(k)[(h�1 Mpc)3]

z=0
�CDM
�K, B

�K, M

�K, T + w

�K, B, M, T + w

�0.5
0.0
0.5�P(k)/P(k) [%]

100

101

102

103

104

105

P(k)[(h�1 Mpc)3]

z=0.5

�0.5
0.0
0.5

�P(k)/P(k) [%]

100

101

102

103

104

105

P(k)[(h�1 Mpc)3]

z=1

10�4 10�3 10�2 10�1 100 101

k[h/Mpc]

�0.5
0.0
0.5�P(k)/P(k) [%]

100

101

102

103

104

105

P(k)[(h�1 Mpc)3]

z=2

10�3 10�2 10�1 100 101

k[h/Mpc]

�0.5
0.0
0.5

�P(k)/P(k) [%]

FIG. 9. Top figure: The T T , EE, lensing and T E angular powerspectra of the CMB for a reference LCDM and four different choices of the
{wDE, aX} functions along with the relative difference between EFTCAMB and hi class . Bottom figure: The same as in the top figure but
for the matter power spectrum at different redshifts.

For the models we considered we verified that the disagree-
ment between the different codes was never worse than 1%,
but it should be care of the user to verify that the precision pa-
rameters chosen are sufficient in order to obtain the accuracy
desired.

All the models we considered in this paper have the com-
mon property of being insensitive to the initial conditions as-
sumed for the evolution of the perturbation. This is a cru-
cial point when adding new degrees of freedom to the stan-
dard cosmological model. If it is true that probably most of

the models in the literature satisfy this requirement (with the
remarkable exceptions of the so-called “early dark energy”
models), it is also true that if one chooses arbitrary config-
urations for the additional degree of freedom the issue of the
initial conditions may be important. In these cases the agree-
ment between different codes could be much worse, due to
the fact that either during the era dominated by radiation the
scalar field has no attractor or it exists but the initial condi-
tions chosen are outside its basin of attraction. In the first
scenario one could simply discard the model under considera-

20

0

2000

4000

6000

DTT
� [µK2]

�0.5
0.0
0.5�DTT

� /DTT
� [%]

0

10

20

30

40

50

DEE
� [µK2]

�CDM
�K,B

�K,M

�K,T + w

�K,B,M,T + w

�0.5
0.0
0.5

�DEE
� /DEE

� [%]

0.0

0.5

1.0

1.5

2.0

2.5

3.0

107 ⇥ D��
� [µK2]

101 102 103

Multipole �

�0.5
0.0
0.5�D��

� /D��
� [%]

�100

�50

0

50

100

DTE
� [µK2]

2 1000 2000 3000
Multipole �

�0.5
0.0
0.5

�DTE
� [µK2]

100

101

102

103

104

105

P(k)[(h�1 Mpc)3]

z=0
�CDM
�K, B

�K, M

�K, T + w

�K, B, M, T + w

�0.5
0.0
0.5�P(k)/P(k) [%]

100

101

102

103

104

105

P(k)[(h�1 Mpc)3]

z=0.5

�0.5
0.0
0.5

�P(k)/P(k) [%]

100

101

102

103

104

105

P(k)[(h�1 Mpc)3]

z=1

10�4 10�3 10�2 10�1 100 101

k[h/Mpc]

�0.5
0.0
0.5�P(k)/P(k) [%]

100

101

102

103

104

105

P(k)[(h�1 Mpc)3]

z=2

10�3 10�2 10�1 100 101

k[h/Mpc]

�0.5
0.0
0.5

�P(k)/P(k) [%]

FIG. 9. Top figure: The T T , EE, lensing and T E angular powerspectra of the CMB for a reference LCDM and four different choices of the
{wDE, aX} functions along with the relative difference between EFTCAMB and hi class . Bottom figure: The same as in the top figure but
for the matter power spectrum at different redshifts.

For the models we considered we verified that the disagree-
ment between the different codes was never worse than 1%,
but it should be care of the user to verify that the precision pa-
rameters chosen are sufficient in order to obtain the accuracy
desired.

All the models we considered in this paper have the com-
mon property of being insensitive to the initial conditions as-
sumed for the evolution of the perturbation. This is a cru-
cial point when adding new degrees of freedom to the stan-
dard cosmological model. If it is true that probably most of

the models in the literature satisfy this requirement (with the
remarkable exceptions of the so-called “early dark energy”
models), it is also true that if one chooses arbitrary config-
urations for the additional degree of freedom the issue of the
initial conditions may be important. In these cases the agree-
ment between different codes could be much worse, due to
the fact that either during the era dominated by radiation the
scalar field has no attractor or it exists but the initial condi-
tions chosen are outside its basin of attraction. In the first
scenario one could simply discard the model under considera-

Bellini, Zumalacarregui, et multi alii, in prep. 



Nonlinear ET of DE
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Nonlinear ET of DE
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Example: Horndeski has only 3 cubic operators and nothing more

✦   Standard Perturbation Theory

mildly NL scaleslarge nonlinearities, screening, …
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EFT of DE and LSS combined

✦   Naturally incorporated into the Effective Field Theory of Large Scale Structures 
Baumann et al. ’10, 

Senatore et al. ’12, etc…

✦   Example: 1-loop Power Spectrum with IR resummation. Comparison with Fabian 
Schmidt ’09 simulations of nDGP, 3 realizations, from 400 to 128 Mpc/h box size:
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Conclusions

   Unifying description for scalar-tensor theories, including higher-order ones 
(and more)


   Analysis of (degenerate higher-order) theories highly simplified  


   Linear regime worked out! Issue of time dependence of α’s


   Straightforward connection to mildly nonlinear and fully nonlinear regime




