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Group	of	Patrick	Norman	
Division	of	TheoreAcal	Chemistry

The	Algebraic	DiagrammaAc	ConstrucAon	-	
a	versaAle	approach	to	excited	electronic	states,	

ionizaAon	potenAals	and	electron	affiniAes
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Group	of	Patrick	Norman	
Division	of	TheoreAcal	Chemistry

MoAvaAon:	QM	methods	for	excited	states	of	large	molecules

2

Wish list of properties:	
!
• balanced treatment of all states:   	
       reliable excitation energies	
!
• direct comparison with experiment:	
       error of 0.1–0.2 eV	                  	
       0.5 eV more realistic                    	
       reliable transition moments	
       reliable geometries	
       predictable errors	
!
• “black-box” method	
!
• computationally cheap

!!!
IntroducAon
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Group	of	Patrick	Norman	
Division	of	TheoreAcal	Chemistry

MoAvaAon:	QM	methods	for	excited	states	of	large	molecules

2

Available methods:	
!
• wavefunction based:	
	 CIS, ADC, CC2, CASSCF, SAC-CI....	
• density based:	
	 TDDFT and variants	
• semi-empirical methods: 	
	 INDO/S,  AM1/MRCI, OM2/MRCI....	
!
None of the available methods fulfills all	
points of our wish list.	
!
Even worse:	
No thorough evaluation possible: 	
    no benchmarks, no experiments

Wish list of properties:	
!
• balanced treatment of all states:   	
       reliable excitation energies	
!
• direct comparison with experiment:	
       error of 0.1–0.2 eV	                  	
       0.5 eV more realistic                    	
       reliable transition moments	
       reliable geometries	
       predictable errors	
!
• “black-box” method	
!
• computationally cheap

!!!
IntroducAon
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Group	of	Patrick	Norman	
Division	of	TheoreAcal	Chemistry

ADC:	general	introducAon

Algebraic	diagrammaAc	construcAon	(ADC)	scheme	
• based	on	many-body	Green’s	funcAon	(propagator)	theory	
• uses	diagrammaAc	perturbaAon	theory	to	construct	algebraic	expressions	from	

propagator	approximaAons	
• applicable	to	“all”	propagators

3

ADC	scheme	for	the	polarizaAon	propagator	
• gives	access	to	excitaAon	energies	and	transiAon	moments

ADC	scheme	for	the	single	parAcle	propagator	
• gives	access	to	ionizaAon	energies	and	electron	affiniAes

Intermediate	state	representaAon	(ISR)	
• gives	access	to	excited	state	properAes	and	transiAon	moments	
• intuiAve	derivaAon	of	ADC	matrix	equaAons

!!!
IntroducAon
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Division	of	TheoreAcal	Chemistry

Overview	I

Theory	
• many-body	Green’s	funcAons	(propagators)	

• Green’s	funcAons	
• Green’s	funcAons	in	quantum	mechanics	(single	parAcle)	
• propagators	and	quasi-parAcles	
• many-body	single-parAcle	and	two-parAcle	propagator	
• polarizaAon	propagator	

• Algebraic	diagrammaAc	construcAon	for	the	polarizaAon	
propagator	
• derivaAon	of	ADC(0)	and	ADC(1)	matrix	expressions	
• uniqueness	of	the	ADC	procedure

4

!!!
IntroducAon
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Green’s	funcAons

What	are	Green’s	funcAons?
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◆
G(x, t;x0, t0) = �(x� x
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Z
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 (x, t) =

Z
d3x0hx|e�iH(t�t0)|x0ihx0|Q, t0i (16)
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|Q, t0; ti = Ĥe�iH(t�t0)|Q, t0i = Ĥ|Q, t0; ti (12)

(13)

Z
d3x0|x0ihx0| = 1 (14)

 (x, t) = hx|Q, t0; ti = hx|e�iH(t�t0)|Q, t0i (15)

 (x, t) =

Z
d3x0hx|e�iH(t�t0)|x0ihx0|Q, t0i (16)

 (x, t) = i

Z
d3x0G̃(x, t;x0, t0) (x0, t0) (17)

G̃(x, t;x0, t0) = �ihx|e�iH(t�t0)|x0i (18)

G̃(x, t;x0, t0) = �ihx, t|x0, t0i (19)

G(x, t;x0, t0) = ✓(t� t0)G̃(x, t;x0, t0) (20)

✓(t� t0) =

⇢
1, t� t0 � 0
0, t� t0 < 0

(21)

✓(t� t0) =

⇢
e�i⌘, t� t0 � 0 , ⌘ # 0
0, t� t0 < 0

(22)

Ĥ|ni = En|ni (23)
X

n

|nihn| = 1 (24)
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IntegraAng	with	the	inhomogeneity	yields:

Propagators	
ADC	
ISR	

ApplicaAons



Dirk	R.	Rehn	and	Andreas	Dreuw Stockholm,	October	5	 	 Nordita	School	on	Photon-Ma?er	InteracAon

Ne
ga
ti
ve
 n
or
m 
is
 d
et
ec
te
d 
fo
r 
ve
ct
or
 0
: 
NO
RM
=-
0.
99
89
74

Ne
ga
ti
ve
 n
or
m 
is
 d
et
ec
te
d 
fo
r 
ve
ct
or
 1
: 
NO
RM
=-
0.
99
90
03

Ne
ga
ti
ve
 n
or
m 
is
 d
et
ec
te
d 
fo
r 
ve
ct
or
 2
: 
NO
RM
=-
0.
99
90
00

Ne
ga
ti
ve
 n
or
m 
is
 d
et
ec
te
d 
fo
r 
ve
ct
or
 3
: 
NO
RM
=-
0.
99
90
96

CA
LC
UL
AT
E 
LE
FT
 A
ND
 R
IG
HT
 V
EC
TO
RS
:

It
r|
Co
nv
R|
Co
nv
L|
Re
sN
or
mR
|R
es
No
rm
L|
NV
ec
s|
Lo
ck
|C
om
me
nt
s

  
0|
  
6 
 |
  
6 
 |
3.
1E
-0
7 
|5
.8
E-
07
 |
  
6 
 |
  
6 
|C
ol
la
ps
e 
cu
rr
en
t 
su
bs
pa
ce

DA
VI
DS
ON
 I
TE
RA
TI
ON
S 
CO
NV
ER
GE
D,
  
  
 0
 I
TE
RA
TI
ON
S

Ex
ci
ta
ti
on
 e
ne
rg
ie
s,
 h
ar
tr
ee

  
  
  
  
  
  
  
  
0

  
  
0 
  
 0
.3
29
66
2

  
  
1 
  
 0
.3
49
19
9

  
  
2 
  
 0
.3
99
64
8

  
  
3 
  
 0
.4
40
15
4

  
  
4 
  
 0
.4
88
19
8

  
  
5 
  
 0
.4
99
36
3

CA
LC
UL
AT
E 
NO
N-
RE
LA
XE
D 
TR
AN
SI
TI
ON
 E
OM
 P
RO
PE
RT
IE
S:

<R
EF
ER
EN
CE
|M
u|
ST
AT
E 
 1
/A
' 
 >
:

To
t 
En
e=
 -
22
5.
97
94
55
88
0 
ha
rt
re
e 
(E
x 
En
e 
8.
97
06
 e
V)

 3
7 
A'
  
 3
8 
A'
  
 3
9 
A'
  
 4
0 
A'
  
 4
1 
A'
  
 4
2 
A'
  
 4
3 
A'
  
 4
4 
A'
  
  
  
  
  
  
  
  
 

  
2.
91
7 
  
2.
92
2 
  
3.
14
6 
  
3.
18
2 
  
3.
25
1 
  
3.
28
0 
  
3.
30
9 
  
3.
32
8

 4
5 
A'
  
 4
6 
A'
  
 4
7 
A'
  
 4
8 
A'
  
 4
9 
A'
  
 5
0 
A'
  
 5
1 
A'
  
 5
2 
A'
  
  
  
  
  
  
  
  
 

  
3.
42
0 
  
3.
45
8 
  
3.
65
0 
  
3.
72
1 
  
3.
79
8 
  
3.
88
3 
  
4.
53
3 
  
4.
58
1

 5
3 
A'
  
 5
4 
A'
  
 5
5 
A'
  
 5
6 
A'
  
 5
7 
A'
  
 5
8 
A'
  
 5
9 
A'
  
 6
0 
A'
  
  
  
  
  
  
  
  
 

  
4.
99
7 
  
5.
18
0 
  
5.
51
8 
  
5.
52
4 
  
5.
96
8 
  
6.
04
8 
  
6.
65
5 
  
6.
69
4

 6
1 
A'
  
 6
2 
A'
  
 6
3 
A'
  
 6
4 
A'
  
 6
5 
A'
  
 6
6 
A'
  
 6
7 
A'
  
 6
8 
A'
  
  
  
  
  
  
  
  
 

  
6.
74
7 
  
6.
75
4 
  
6.
81
3 
  
6.
96
7 
  
7.
19
6 
  
7.
23
4 
  
7.
31
5 
  
7.
37
0

 6
9 
A'
  
 7
0 
A'
  
 7
1 
A'
  
 7
2 
A'
  
 7
3 
A'
  
 7
4 
A'
  
 7
5 
A'
  
 7
6 
A'
  
  
  
  
  
  
  
  
 

Ei �
E0) |⇥�0 |µ̂| �i⇤|

2

Group	of	Patrick	Norman	
Division	of	TheoreAcal	Chemistry

Green’s	funcAons
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Group	of	Patrick	Norman	
Division	of	TheoreAcal	Chemistry

Single	parAcle	Green’s	funcAon

Green’s	funcAon	for	the	Ame-dependent	
Schrödinger	equaAon:
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gives	access	to	the	Ame-dependent	wave-funcAon
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How	does	the	Green’s	funcAon	look	like?

8

Considering	a	single	parAcle	at	iniAal	Ame		 					
described	by:

D̂f(x) = I(x) (1)

D̂G(x, x0) = �(x� x0) (2)Z
dx0D̂G(x, x0)I(x0) =

Z
dx0�(x� x0)I(x0) = I(x) (3)

D̂f(x) = I(x) =

Z
dx0D̂G(x, x0)I(x0) (4)

D̂f(x) = D̂

✓Z
dx0G(x, x0)I(x0)

◆
(5)

f(x) =

Z
dx0G(x, x0)I(x0) (6)

✓
i
@

@t
� Ĥ
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=
X

n
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|Q, t0; ti = e�iĤ(t�t0)|Q, t0i (11)

i
@

@t
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h0|ĉx|nihn|ĉ†x0 |0ie�iEn(t�t0) (27)

(28)

1

D̂f(x) = I(x) (1)

D̂G(x, x0) = �(x� x0) (2)Z
dx0D̂G(x, x0)I(x0) =

Z
dx0�(x� x0)I(x0) = I(x) (3)

D̂f(x) = I(x) =

Z
dx0D̂G(x, x0)I(x0) (4)

D̂f(x) = D̂

✓Z
dx0G(x, x0)I(x0)

◆
(5)

f(x) =

Z
dx0G(x, x0)I(x0) (6)

✓
i
@

@t
� Ĥ
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Group	of	Patrick	Norman	
Division	of	TheoreAcal	Chemistry

Single	parAcle	Green’s	funcAon

Physical	interpretaAon	(Huygens’	principle)
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=
X

n
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=
X

n
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⇢
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Ĥ|ni = En|ni (23)
X

n

|nihn| = 1 (24)
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Division	of	TheoreAcal	Chemistry

Single	parAcle	Green’s	funcAon

“actual”	Green’s	funcAon
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D̂f(x) = I(x) (1)

D̂G(x, x0) = �(x� x0) (2)Z
dx0D̂G(x, x0)I(x0) =

Z
dx0�(x� x0)I(x0) = I(x) (3)

D̂f(x) = I(x) =

Z
dx0D̂G(x, x0)I(x0) (4)

D̂f(x) = D̂

✓Z
dx0G(x, x0)I(x0)

◆
(5)

f(x) =
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dx0G(x, x0)I(x0) (6)

✓
i
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� Ĥ

◆
G(x, t;x0, t0) = �(x� x

0)�(t� t0) (7)

 (x, t) = i

Z
d3x0G(x, t;x0, t0) (x0, t0) (8)

t > t0 (9)

|Q, t0i (10)

|Q, t0; ti = e�iĤ(t�t0)|Q, t0i (11)

i
@

@t
|Q, t0; ti = Ĥe�iH(t�t0)|Q, t0i = Ĥ|Q, t0; ti (12)
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Z
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G̃(x, t;x0, t0) = �ihx|e�iH(t�t0)|x0i (18)

G̃(x, t;x0, t0) = �ihx, t|x0, t0i (19)

G(x, t;x0, t0) = ✓(t� t0)G̃(x, t;x0, t0) (20)

✓(t� t0) =

⇢
1, t� t0 � 0
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⇢
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=
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n

h0|ĉx|nihn|e�iH(t�t0)|nihn|ĉ†x0 |0i (26)

=
X

n

h0|ĉx|nihn|ĉ†x0 |0ie�iEn(t�t0) (27)
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dx0D̂G(x, x0)I(x0) =

Z
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D̂f(x) = D̂

✓Z
dx0G(x, x0)I(x0)
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f(x) =
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=
X

n
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Step	funcAon

D̂f(x) = I(x) (1)

D̂G(x, x0) = �(x� x0) (2)Z
dx0D̂G(x, x0)I(x0) =

Z
dx0�(x� x0)I(x0) = I(x) (3)

D̂f(x) = I(x) =
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dx0D̂G(x, x0)I(x0) (4)

D̂f(x) = D̂
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 (x, t) = i

Z
d3x0G̃(x, t;x0, t0) (x0, t0) (17)

G̃(x, t;x0, t0) = �ihx|e�iH(t�t0)|x0i (18)
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G̃(x, t;x0, t0) = h0|ĉxe�iH(t�t0)ĉ†x0 |0i (25)
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Single	parAcle	Green’s	funcAon

Analysis	of	the	single	parAcle	propagator
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Spectrum	of	the	Hamiltonian		 	 	 	 	 ,	with

D̂f(x) = I(x) (1)

D̂G(x, x0) = �(x� x0) (2)Z
dx0D̂G(x, x0)I(x0) =

Z
dx0�(x� x0)I(x0) = I(x) (3)

D̂f(x) = I(x) =

Z
dx0D̂G(x, x0)I(x0) (4)

D̂f(x) = D̂

✓Z
dx0G(x, x0)I(x0)

◆
(5)

f(x) =

Z
dx0G(x, x0)I(x0) (6)

✓
i
@

@t
� Ĥ

◆
G(x, t;x0, t0) = �(x� x

0)�(t� t0) (7)

 (x, t) = i

Z
d3x0G(x, t;x0, t0) (x0, t0) (8)

t > t0 (9)

|Q, t0i (10)

|Q, t0; ti = e�iĤ(t�t0)|Q, t0i (11)

i
@

@t
|Q, t0; ti = Ĥe�iH(t�t0)|Q, t0i = Ĥ|Q, t0; ti (12)

(13)

Z
d3x0|x0ihx0| = 1 (14)

 (x, t) = hx|Q, t0; ti = hx|e�iH(t�t0)|Q, t0i (15)

 (x, t) =

Z
d3x0hx|e�iH(t�t0)|x0ihx0|Q, t0i (16)

 (x, t) = i

Z
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G̃(x, t;x0, t0) = �ihx, t|x0, t0i (19)
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✓(t� t0) =

⇢
1, t� t0 � 0
0, t� t0 < 0

(21)
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⇢
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0, t� t0 < 0
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Ĥ|ni = En|ni (23)
X
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=
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h0|ĉx|nihn|e�iH(t�t0)|nihn|ĉ†x0 |0i (26)

=
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n
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(28)

1

D̂f(x) = I(x) (1)
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(13)

Z
d3x0|x0ihx0| = 1 (14)

 (x, t) = hx|Q, t0; ti = hx|e�iH(t�t0)|Q, t0i (15)

 (x, t) =

Z
d3x0hx|e�iH(t�t0)|x0ihx0|Q, t0i (16)

 (x, t) = i

Z
d3x0G̃(x, t;x0, t0) (x0, t0) (17)

G̃(x, t;x0, t0) = �ihx|e�iH(t�t0)|x0i (18)

G̃(x, t;x0, t0) = �ihx, t|x0, t0i (19)

G(x, t;x0, t0) = ✓(t� t0)G̃(x, t;x0, t0) (20)

✓(t� t0) =

⇢
1, t� t0 � 0
0, t� t0 < 0

(21)

✓(t� t0) =

⇢
e�i⌘, t� t0 � 0 , ⌘ # 0
0, t� t0 < 0

(22)
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=
X

n
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=
X

n
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◆
G(x, t;x0, t0) = �(x� x

0)�(t� t0) (7)

 (x, t) = i

Z
d3x0G(x, t;x0, t0) (x0, t0) (8)

t > t0 (9)

|Q, t0i (10)
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(13)

Z
d3x0|x0ihx0| = 1 (14)

 (x, t) = hx|Q, t0; ti = hx|e�iH(t�t0)|Q, t0i (15)

 (x, t) =

Z
d3x0hx|e�iH(t�t0)|x0ihx0|Q, t0i (16)

 (x, t) = i

Z
d3x0G̃(x, t;x0, t0) (x0, t0) (17)

G̃(x, t;x0, t0) = �ihx|e�iH(t�t0)|x0i (18)

G̃(x, t;x0, t0) = �ihx, t|x0, t0i (19)

G(x, t;x0, t0) = ✓(t� t0)G̃(x, t;x0, t0) (20)

✓(t� t0) =

⇢
1, t� t0 � 0
0, t� t0 < 0

(21)

✓(t� t0) =

⇢
e�i⌘, t� t0 � 0 , ⌘ # 0
0, t� t0 < 0

(22)
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Analysis	of	the	single	parAcle	propagator
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Ĥ = Ĥ0 + Ĥ1 (33)

Ĥ0|n(0)
i i = Ĥ0c
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! � Ĥ0 + i⌘
=

1

A
(37)

(38)

G(!) = G(0)(!) +G(0)(!)Ĥ1G(!) (39)
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! � Ĥ � i⌘
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Ĥ = Ĥ0 + Ĥ1 (33)
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! � Ĥ � i⌘
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Ĥ0|n(0)
i i = Ĥ0c
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! � Ĥ + i⌘
=

1

A� Ĥ1
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! � Ĥ0 + i⌘
=

1

A
(37)

(38)

G(!) = G(0)(!) +G(0)(!)Ĥ1G(!) (39)
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=
1

A
+

1

A
Ĥ1
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ĉ†x0 |0i (32)

Ĥ = Ĥ0 + Ĥ1 (33)
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1

! � Ĥ � i⌘
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! � Ĥ + i⌘
=

1

A� Ĥ1
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(35)
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! � Ĥ0 + i⌘
=

1

A
(37)

(38)

G(!) = G(0)(!) +G(0)(!)Ĥ1G(!) (39)
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! � Ĥ � i⌘
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! � En + i⌘

(31)

= h0|ĉx
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! � Ĥ + i⌘
=

1

A� Ĥ1
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Ĥ0|ii = ✏i|ii, i 2 {p, q, r, . . .} (34)
1

A� Ĥ1
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= G(0)(!) +G(0)(!)H1G
(0)(!) +G(0)(!)H1G

(0)(!)H1G
(0)(!) + . . . (40)

= G(0)(p, q;!) = hp| 1
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! � En + i⌘

(31)

= h0|ĉx
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Propagators	
ADC	
ISR	

ApplicaAons

Checklist Single	par1cle	
propagator

Many-body	
propagators

Describes	1me	propaga1on Yes Yes

FT:	poles	spectrum	of	Hamiltonian Yes Yes

0th	order	propagator	looks	like idenAcal/similar

Has	recursive	PT	expansion Yes Yes

Has	diagramma1c	expansion Yes	(trivial) Yes	(not	trivial)
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Quasi	parAcles:	
• ion	in	solvataAon	shell	
• electron	and	shell	in	uniform	
electron	gas

insert particle at x’ and time t’

propagates

remove particle at x and time t

D̂f(x) = I(x) (1)

D̂G(x, x0) = �(x� x0) (2)Z
dx0D̂G(x, x0)I(x0) =

Z
dx0�(x� x0)I(x0) = I(x) (3)

D̂f(x) = I(x) =

Z
dx0D̂G(x, x0)I(x0) (4)

D̂f(x) = D̂

✓Z
dx0G(x, x0)I(x0)

◆
(5)

f(x) =

Z
dx0G(x, x0)I(x0) (6)

✓
i
@

@t
� Ĥ

◆
G(x, t;x0, t0) = �(x� x

0)�(t� t0) (7)

 (x, t) = i

Z
d3x0G(x, t;x0, t0) (x0, t0) (8)

t > t0 (9)

|Q, t0i (10)

|Q, t0; ti = e�iĤ(t�t0)|Q, t0i (11)

i
@

@t
|Q, t0; ti = Ĥe�iH(t�t0)|Q, t0i = Ĥ|Q, t0; ti (12)

(13)

Z
d3x0|x0ihx0| = 1 (14)

 (x, t) = hx|Q, t0; ti = hx|e�iH(t�t0)|Q, t0i (15)

 (x, t) =

Z
d3x0hx|e�iH(t�t0)|x0ihx0|Q, t0i (16)

 (x, t) = i

Z
d3x0G̃(x, t;x0, t0) (x0, t0) (17)

G̃(x, t;x0, t0) = �ihx|e�iH(t�t0)|x0i (18)

G̃(x, t;x0, t0) = �ihx, t|x0, t0i (19)

G(x, t;x0, t0) = ✓(t� t0)G̃(x, t;x0, t0) (20)

✓(t� t0) =

⇢
1, t� t0 � 0
0, t� t0 < 0

(21)

✓(t� t0) =

⇢
e�i⌘, t� t0 � 0 , ⌘ # 0
0, t� t0 < 0

(22)

Ĥ|ni = En|ni (23)
X

n

|nihn| = 1 (24)

G̃(x, t;x0, t0) = h0|ĉxe�iH(t�t0)ĉ†x0 |0i (25)

=
X

n

h0|ĉx|nihn|e�iH(t�t0)|nihn|ĉ†x0 |0i (26)

=
X

n

h0|ĉx|nihn|ĉ†x0 |0ie�iEn(t�t0) (27)

(28)

1

insert particle 1 at x1’ and time t1’

propagate

remove particle 1 at x1 and time t1

insert particle 2 at x2’ and time t2’

remove particle 2 at x2 and time t2

⌧ = t� t0 (29)

G(x,x;!) =

Z
d⌧ei!⌧G(x,x0; ⌧) (30)

=
X

n

h0|ĉx|nihn|ĉ†x0 |0i
! � En + i⌘

(31)

= h0|ĉx
1

! � Ĥ � i⌘
ĉ†x0 |0i (32)

Ĥ = Ĥ0 + Ĥ1 (33)

Ĥ0|ii = ✏i|ii, i 2 {p, q, r, . . .} (34)
1

A� Ĥ1

=
1

A
+

1

A
Ĥ1

1

A� Ĥ1

(35)

Ĝ =
1

! � Ĥ + i⌘
=

1

A� Ĥ1

(36)

Ĝ0 =
1

! � Ĥ0 + i⌘
=

1

A
(37)

(38)

G(!) = G(0)(!) +G(0)(!)Ĥ1G(!) (39)

= G(0)(!) +G(0)(!)H1G
(0)(!) +G(0)(!)H1G

(0)(!)H1G
(0)(!) + . . . (40)

= G(0)(p, q;!) = hp| 1

! � Ĥ0 + i⌘
|qi = �pq

! � ✏p + i⌘
(41)

X

qr

�pq
! � ✏p + i⌘

hq|Ĥ1|ri
�rs

! � ✏r + i⌘
(42)

G(p, q;!) = (43)

G(0)(p, q;!) =
�pq

! � ✏p + i⌘
(44)

(45)

G(x1, t1;x
0
1, t

0
1;x2, t2;x

0
2, t

0
2) (46)

2

} weakly	interacAng
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3.3 3. Theoretical Methods

portant are the one- and two-particle Green’s function which are defined as

Gp,q (tp, tq) = −ı
〈

Ψ0

∣
∣
∣T̂
[

ĉH p (tp) ĉ†H q (tq)
]∣
∣
∣Ψ0

〉

(3.51)

Gp,q;r,s (tp, tq; tr, ts) =

(−ı)2
〈

Ψ0

∣
∣
∣T̂
[

ĉH p (tp) ĉH q (tq) ĉ†H s (ts) ĉ†H r (tr)
]∣
∣
∣Ψ0

〉

(3.52)

where |Ψ0⟩ refers to the exact N-particle ground state. Thus, the many-body

Green’s functions are ground-state expectation values of a time-ordered series of

creation (ĉ†H p (t)) and annihilation (ĉH p (t)) operators in the Heisenberg picture

which, respectively, create or annihilate a particle at time t in a single-particle

orbital φp (r). The operators in the Heisenberg picture are related to the time-

independent annihilation and creation operators in the Schrödinger picture via the

transformation

ĉH p (t) = eıĤt ĉp e−ıĤt

ĉ†H p (t) = eıĤt ĉ†p e−ıĤt
(3.53)

The time-ordering of the operators is introduced by the time-ordering operator T̂

which is defined as

T̂
[

ÂH(t)B̂H(t′)
]

= ÂH(t)B̂H(t′)θ(t − t′) − B̂H(t′)ÂH(t)θ(t′ − t) (3.54)

where the “−” is valid in fermionic systems, e.g. electrons.

The use of ground-state expectation values for the Green’s functions implies

loss of information about the ground state of the system compared to the ground-

state wave function. However, the information content of the one-particle Green’s

function (eq. (3.51)) is still sufficient to calculate the ground-state expectation

value of any single-particle operator, the ground-state energy, as well as the ion-

ization and absorption spectra of the system. The two-particle Green’s function

(eq. (3.52)) can be employed to calculate the ground-state expectation value of

two-particle operators and the excitation spectrum.

To rationalize these statements we first consider the second quantized form of

an arbitrary single-particle operator in a single-particle basis from (3.18). The
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portant are the one- and two-particle Green’s function which are defined as

Gp,q (tp, tq) = −ı
〈

Ψ0

∣
∣
∣T̂
[
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where |Ψ0⟩ refers to the exact N-particle ground state. Thus, the many-body

Green’s functions are ground-state expectation values of a time-ordered series of

creation (ĉ†H p (t)) and annihilation (ĉH p (t)) operators in the Heisenberg picture

which, respectively, create or annihilate a particle at time t in a single-particle

orbital φp (r). The operators in the Heisenberg picture are related to the time-

independent annihilation and creation operators in the Schrödinger picture via the

transformation

ĉH p (t) = eıĤt ĉp e−ıĤt

ĉ†H p (t) = eıĤt ĉ†p e−ıĤt
(3.53)
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which is defined as
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ÂH(t)B̂H(t′)
]

= ÂH(t)B̂H(t′)θ(t − t′) − B̂H(t′)ÂH(t)θ(t′ − t) (3.54)

where the “−” is valid in fermionic systems, e.g. electrons.

The use of ground-state expectation values for the Green’s functions implies

loss of information about the ground state of the system compared to the ground-

state wave function. However, the information content of the one-particle Green’s

function (eq. (3.51)) is still sufficient to calculate the ground-state expectation

value of any single-particle operator, the ground-state energy, as well as the ion-

ization and absorption spectra of the system. The two-particle Green’s function

(eq. (3.52)) can be employed to calculate the ground-state expectation value of

two-particle operators and the excitation spectrum.

To rationalize these statements we first consider the second quantized form of

an arbitrary single-particle operator in a single-particle basis from (3.18). The
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Two-parAcle	propagator

3.3 3. Theoretical Methods

portant are the one- and two-particle Green’s function which are defined as

Gp,q (tp, tq) = −ı
〈
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∣
∣
∣T̂
[

ĉH p (tp) ĉ†H q (tq)
]∣
∣
∣Ψ0

〉

(3.51)

Gp,q;r,s (tp, tq; tr, ts) =

(−ı)2
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Ψ0

∣
∣
∣T̂
[

ĉH p (tp) ĉH q (tq) ĉ†H s (ts) ĉ†H r (tr)
]∣
∣
∣Ψ0

〉
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where |Ψ0⟩ refers to the exact N-particle ground state. Thus, the many-body

Green’s functions are ground-state expectation values of a time-ordered series of

creation (ĉ†H p (t)) and annihilation (ĉH p (t)) operators in the Heisenberg picture

which, respectively, create or annihilate a particle at time t in a single-particle

orbital φp (r). The operators in the Heisenberg picture are related to the time-

independent annihilation and creation operators in the Schrödinger picture via the

transformation

ĉH p (t) = eıĤt ĉp e−ıĤt

ĉ†H p (t) = eıĤt ĉ†p e−ıĤt
(3.53)

The time-ordering of the operators is introduced by the time-ordering operator T̂

which is defined as

T̂
[

ÂH(t)B̂H(t′)
]

= ÂH(t)B̂H(t′)θ(t − t′) − B̂H(t′)ÂH(t)θ(t′ − t) (3.54)

where the “−” is valid in fermionic systems, e.g. electrons.

The use of ground-state expectation values for the Green’s functions implies

loss of information about the ground state of the system compared to the ground-

state wave function. However, the information content of the one-particle Green’s

function (eq. (3.51)) is still sufficient to calculate the ground-state expectation

value of any single-particle operator, the ground-state energy, as well as the ion-

ization and absorption spectra of the system. The two-particle Green’s function

(eq. (3.52)) can be employed to calculate the ground-state expectation value of

two-particle operators and the excitation spectrum.

To rationalize these statements we first consider the second quantized form of

an arbitrary single-particle operator in a single-particle basis from (3.18). The
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portant are the one- and two-particle Green’s function which are defined as
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[
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where |Ψ0⟩ refers to the exact N-particle ground state. Thus, the many-body

Green’s functions are ground-state expectation values of a time-ordered series of

creation (ĉ†H p (t)) and annihilation (ĉH p (t)) operators in the Heisenberg picture

which, respectively, create or annihilate a particle at time t in a single-particle

orbital φp (r). The operators in the Heisenberg picture are related to the time-

independent annihilation and creation operators in the Schrödinger picture via the

transformation

ĉH p (t) = eıĤt ĉp e−ıĤt

ĉ†H p (t) = eıĤt ĉ†p e−ıĤt
(3.53)

The time-ordering of the operators is introduced by the time-ordering operator T̂

which is defined as

T̂
[

ÂH(t)B̂H(t′)
]

= ÂH(t)B̂H(t′)θ(t − t′) − B̂H(t′)ÂH(t)θ(t′ − t) (3.54)

where the “−” is valid in fermionic systems, e.g. electrons.

The use of ground-state expectation values for the Green’s functions implies

loss of information about the ground state of the system compared to the ground-

state wave function. However, the information content of the one-particle Green’s

function (eq. (3.51)) is still sufficient to calculate the ground-state expectation

value of any single-particle operator, the ground-state energy, as well as the ion-

ization and absorption spectra of the system. The two-particle Green’s function

(eq. (3.52)) can be employed to calculate the ground-state expectation value of

two-particle operators and the excitation spectrum.

To rationalize these statements we first consider the second quantized form of
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3. Theoretical Methods 3.3

expectation value of Ô with respect to |Ψ0⟩ is given by

〈

Ψ0

∣
∣
∣Ô
∣
∣
∣Ψ0

〉

=
∑

pq

Opq

〈

Ψ0

∣
∣ĉ†pĉq

∣
∣Ψ0

〉

= −ı lim
t′↘t

∑

pq

OpqGq,p (t, t′) (3.55)

where ↘ refers to t′ being always larger than t. The second equality shows how

the one-particle Green’s function can be used to calculate expectation values of

single-particle operators. Similarly, it can be shown, that the two-particle Green’s

function is sufficient to determine the expectation value of any two-particle oper-

ator. To express the ground state energy, i.e. the expectation value of the Hamil-

tonian, in terms of the one-particle Green’s function is more involved. Since the

Hamiltonian in general comprises particle-particle interaction potentials which are

by definition two-particle operators, one would expect that also the two-particle

Green’s function is necessary for the calculation of the ground state energy. How-

ever, it is possible to derive an expression for the expectation value of the inter-

action potential in terms of the one-particle Green’s function by transforming the

Schrödinger equation.

At last, it shall be shown that the two-particle Green’s function contains all in-

formation about the excitation spectrum of the system. Actually, this information

is already present in the simpler polarization propagator

Πpq,rs (t, t′) = lim
tq↘t

lim
ts↘t′

ı {Gp,s;q,r (t, ts; tq, t
′) − Gp,q (t, tq) Gs,r (ts, t

′)}

= − ı
〈

Ψ0

∣
∣
∣T̂
[

ĉ†H q (t) ĉH p (t) ĉ†H r (t′) ĉH s (t′)
]∣
∣
∣Ψ0

〉

+ ı
〈

Ψ0

∣
∣
∣ĉ†H q (t) ĉH p (t)

∣
∣
∣Ψ0

〉〈

Ψ0

∣
∣
∣ĉ†H r (t′) ĉH s (t′)

∣
∣
∣Ψ0

〉

(3.56)

When inserting a complete set of N-particle eigenstates of the system into the

equation for the polarization propagator we obtain

Πpq,rs (t, t′)

= −ı
∑

n̸=0

〈

Ψ0

∣
∣
∣ĉ†H q (t) ĉH p (t)

∣
∣
∣Ψn

〉〈

Ψn

∣
∣
∣ĉ†H r (t′) ĉH s (t′)

∣
∣
∣Ψ0

〉

θ (t − t′)

−ı
∑

n̸=0

〈

Ψ0

∣
∣
∣ĉ†H r (t′) ĉH s (t′)

∣
∣
∣Ψn

〉〈

Ψn

∣
∣
∣ĉ†H q (t) ĉH p (t)

∣
∣
∣Ψ0

〉

θ (t′ − t)

(3.57)

35

3.3 3. Theoretical Methods

and

Πpq,rs (t, t′)

= −ı
∑

n̸=0

[

e−ı(En−E0)(t−t′) θ (t − t′)
〈

Ψ0

∣
∣ĉ†q ĉp

∣
∣Ψn

〉 〈

Ψn

∣
∣ĉ†rĉs

∣
∣Ψ0

〉

+ e−ı(En−E0)(t′−t) θ (t′ − t)
〈

Ψ0

∣
∣ĉ†rĉs

∣
∣Ψn

〉 〈

Ψn

∣
∣ĉ†q ĉp

∣
∣Ψ0

〉
]

(3.58)

The latter equality is obtained by using equation (3.53) and the fact that |Ψ0⟩
and |Ψn⟩ are eigenstates of the system. This expression for the polarization prop-

agator shows that Πpq,rs (t, t′) only depends on the time difference τ = t − t′. A

Fourier transform with respect to τ then yields the spectral representation of the

polarization propagator

Πpq,rs (ω) =

∫

dτeıωτ Πpq,rs (τ)

=
∑

n̸=0

〈

Ψ0

∣
∣ĉ†q ĉp

∣
∣Ψn

〉 〈

Ψn

∣
∣ĉ†rĉs

∣
∣Ψ0

〉

ω − (En − E0) + ıη
︸ ︷︷ ︸

Π+(ω)

+
∑

n̸=0

〈

Ψ0

∣
∣ĉ†rĉs

∣
∣Ψn

〉 〈

Ψn

∣
∣ĉ†q ĉp

∣
∣Ψ0

〉

−ω − (En − E0) + ıη
︸ ︷︷ ︸

Π−(ω)

(3.59)

In this representation it becomes obvious that the polarization propagator consists

of two parts, and both parts contain the information about the excitation spectrum

of the system: the excitation energies are the poles of Π+ (ω) and Π− (−ω); the

nominators can be used to obtain the transition amplitudes, since the transition

moment of an arbitrary single-particle transition operator D̂ can be written as

Tn =
〈

Ψn

∣
∣
∣D̂
∣
∣
∣Ψ0

〉

=
∑

pq

Dpq

〈

Ψn

∣
∣ĉ†pĉq

∣
∣Ψ0

〉

(3.60)

The statements for the one-particle Green’s function about ionization and absorp-

tion spectra can be shown likewise by inserting a complete set of (N − 1)- and

(N + 1)-particle eigenstates into the equation of the one-particle Green’s function.

Perturbation Theory and Feynman Diagrams

Up to now, only the definition of the many-body Green’s functions in terms of the

exact N-particle ground state has been given. But how can the Green’s functions be
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PolarizaAon	propagator	
• propagaAon	of	parAcle-hole	pair	
• linear	response	with	respect	to	Ame-dependent	field	

insert particle and hole at x’p and x’h at time t’

propagate

remove particle and hole at xp and xh at time t

corresponds	to	moving	polarizaAon	

Propagators	
ADC	
ISR	

ApplicaAons

Probability	amplitude

TA
1 (!) =

X

ia,jb

D⇤
ia

1

! + ✏a � ✏i
(�haj||bii) 1

! + ✏b � ✏j
Djb (89)

) M
(1)
ia,jb = �haj||bii (90)

1

! � ✏a � ✏i

1

! � ✏b � ✏j
=

1

(✏i � ✏a + ✏b � ✏j)

✓
1

! + ✏a � ✏i
� 1

! + ✏b � ✏j

◆
(91)

) M̃
(1)
ia,jb = ��ab�ijhai||aii 6= M

(1)
ia,jb (92)

i 6= j (93)

a 6= b (94)

Ĥ = Ĥ0 + Ĥ1G(xp,xh, t;x
0
p,x

0
h, t

0) (95)
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Chapter 3. Algebraic Diagrammatic Construction Scheme for the
Polarization Propagator

with respect to a single-particle operator d̂ =
P

pq dpq ĉ
†
pĉq. Since both parts of

⇧pq,rs(!) = ⇧+

pq,rs(!)+⇧
�
pq,rs(!) contain all information on the excitation spectrum,

it is su�cient to only consider one of them.

The representation of the polarization propagator in the exact eigenstates as

given in equation 3.1, diagonalize the molecular Hamiltonian. Hence, it is called

the diagonal form of ⇧(!) and can be expressed in matrix notation as:

⇧+

pq,rs(!) =
X

n 6=0

h 
0

|ĉ†pĉq| nih n|ĉ†pĉq| 0

i
! � (En � E

0

)
= x†

pq ( ! �⌦)�1 xrs, (3.3)

by introducing the vectors of transition amplitudes xpq = h 
0

|ĉ†pĉq| ni and the

diagonal matrix ⌦ of excitation energies !n. The ADC scheme postulates the

existence of a non-diagonal representation of ⇧+(!):

⇧(!) = F† ( ! �M)�1 F, (3.4)

with the secular matrix M, the so-called ADC matrix, and the modified transition

amplitudes f . The index + has been dropped for brevity. M and f are expanded

in a perturbation series:

M = M(0) +M(1) +M(2) + . . . (3.5)

F = F(0) + F(1) + F(2) + . . . , (3.6)

which is compared to a perturbation expansion of ⇧(!). The diagrammatic anal-

ysis of the perturbation expansion of the polarization operator using the Møller-

Plesset partitioning leads to algebraic expressions for the matrix elements of MIJ

and fI . Here, the indices I and J refer to excitation classes, i.e., singly, doubly and

higher excitation classes. The n-th order ADC approximation (ADC(n)) contains

all blocks of excitation classes required for the consistent describtion of ⇧(!) in a

given order n of perturbation theory. The highest excitation class m contained in

20
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second part of equation (3.72) suggested. The complete set of Feynman diagrams

for the polarization propagator up to second order is displayed in Figure 3.2.

(a) (b) (c)

+ + + +

Figure 3.2: Zeroth (a), first (b) and second (c) order Feynman diagrams of the polar-
ization propagator

Evaluation of the Feynman diagrams yields expressions for Green’s functions

in the time domain. To obtain similar expressions in the frequency domain, the

Feynman diagrams can be transformed into Goldstone diagrams. Each Feynman

diagram results in one or more Goldstone diagrams which then can be evaluated.

A more detailed explanation of Goldstone and Feynman diagrams can be found in

the literature [25, 71].

Derivation of the ADC Equations

The ADC scheme is based on the perturbation expansion of the transition function

in terms of Feynman and Goldstone diagrams. The transition function is defined

as

T (ω) = D†Π+(ω)D (3.73)

with D being the matrix representation of an arbitrary transition operator (e.g. the

dipole operator). For the perturbation expansion the Hamiltonian is partitioned

in the same way as in Møller-Plesset perturbation theory (see (3.27) and (3.28)).

The resulting perturbation series is given by

T (ω) =
∞
∑

n=0

T (n)(ω) =
∞
∑

n=0

D†Π(n)
+ (ω)D, (3.74)

where the equations for Π(n)
+ (ω) can be determined from the Goldstone diagrams

in n-th order.
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F = F(0) + F(1) + F(2) + . . . , (3.6)
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Chapter 3. Algebraic Diagrammatic Construction Scheme for the
Polarization Propagator

with respect to a single-particle operator d̂ =
P

pq dpq ĉ
†
pĉq. Since both parts of

⇧pq,rs(!) = ⇧+

pq,rs(!)+⇧
�
pq,rs(!) contain all information on the excitation spectrum,

it is su�cient to only consider one of them.

The representation of the polarization propagator in the exact eigenstates as

given in equation 3.1, diagonalize the molecular Hamiltonian. Hence, it is called

the diagonal form of ⇧(!) and can be expressed in matrix notation as:

⇧+

pq,rs(!) =
X

n 6=0

h 
0

|ĉ†pĉq| nih n|ĉ†pĉq| 0

i
! � (En � E

0

)
= x†

pq ( ! �⌦)�1 xrs, (3.3)

by introducing the vectors of transition amplitudes xpq = h 
0

|ĉ†pĉq| ni and the

diagonal matrix ⌦ of excitation energies !n. The ADC scheme postulates the

existence of a non-diagonal representation of ⇧+(!):

⇧(!) = F† ( ! �M)�1 F, (3.4)

with the secular matrix M, the so-called ADC matrix, and the modified transition

amplitudes f . The index + has been dropped for brevity. M and f are expanded

in a perturbation series:

M = M(0) +M(1) +M(2) + . . . (3.5)

F = F(0) + F(1) + F(2) + . . . , (3.6)

which is compared to a perturbation expansion of ⇧(!). The diagrammatic anal-

ysis of the perturbation expansion of the polarization operator using the Møller-

Plesset partitioning leads to algebraic expressions for the matrix elements of MIJ

and fI . Here, the indices I and J refer to excitation classes, i.e., singly, doubly and

higher excitation classes. The n-th order ADC approximation (ADC(n)) contains

all blocks of excitation classes required for the consistent describtion of ⇧(!) in a

given order n of perturbation theory. The highest excitation class m contained in
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in a perturbation series:
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ysis of the perturbation expansion of the polarization operator using the Møller-
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i
! � (En � E

0

)
= x†

pq ( ! �⌦)�1 xrs, (3.3)

by introducing the vectors of transition amplitudes xpq = h 
0
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:	 vector	of	operator		
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4

3.3. Construction of the ADC matrix using the ISR approach

shifted Hamiltonian H̃

H̃ = Ĥ � E
0

(3.14)

is formed:

MIJ = h ̃I |Ĥ � E
0

| ̃Ji. (3.15)

Again, solving the hermitian eigenvalue problem

YtMY = ⌦ (3.16)

yields the excitation energies !I . So far, no approximations have been introduced

and the equation 3.16 formally yields the exact excitation energies. However, by

using the Møller-Plesset partitioning of the Hamiltonian and by expanding the

exact ground state energy and exact ground state wavefunction in a perturbative

theoretical series, approximative expressions for M can be obtained which are

identical to the ADC matrix introduced earlier in section 3.1.

3.3 Construction of the ADC matrix using the

ISR approach

To derive the ADC matrix expressions via the ISR approach, a series expansion of

both the exact ground state energy and ground state wavefunction is inserted in

3.15. The auxiliary index � is used to collect expressions with the same order of

perturbation theory.

M (k+l+m)

I,J �k+l+m =
X

K,L

⇣
S
� 1

2

I,K

⌘
(k)

�k
⇣
h #

K |Ĥ � E
0

| #

L i
⌘
(l)

�l
⇣
S
� 1

2

L,J

⌘
(m)

�m

(3.17)

In the following the expressions on the right-hand-side of equation 3.17 required for

the ADC(2) matrix are evaluated. For ADC(2) the indices I, J, . . .M are limited

to the excitation space of single and double excitations (p-h, and 2p-2h) according

to equation 3.7. Base on the block structure given in table 3.1, the p-h,p-h-block

of the ADC(2) matrix is needed up to second order, the coupling blocks p-h,2p-2h

and 2p-2h,p-h are required up to first order and the doubles excitation block is

required in zeroth order.
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ADC(0)

PerturbaAon	expansion	of	the	transiAon	funcAon	using	
Goldstone	(FT)	diagrams

3.3 3. Theoretical Methods

second part of equation (3.72) suggested. The complete set of Feynman diagrams

for the polarization propagator up to second order is displayed in Figure 3.2.

(a) (b) (c)

+ + + +

Figure 3.2: Zeroth (a), first (b) and second (c) order Feynman diagrams of the polar-
ization propagator

Evaluation of the Feynman diagrams yields expressions for Green’s functions

in the time domain. To obtain similar expressions in the frequency domain, the

Feynman diagrams can be transformed into Goldstone diagrams. Each Feynman

diagram results in one or more Goldstone diagrams which then can be evaluated.

A more detailed explanation of Goldstone and Feynman diagrams can be found in

the literature [25, 71].

Derivation of the ADC Equations

The ADC scheme is based on the perturbation expansion of the transition function

in terms of Feynman and Goldstone diagrams. The transition function is defined

as

T (ω) = D†Π+(ω)D (3.73)

with D being the matrix representation of an arbitrary transition operator (e.g. the

dipole operator). For the perturbation expansion the Hamiltonian is partitioned

in the same way as in Møller-Plesset perturbation theory (see (3.27) and (3.28)).

The resulting perturbation series is given by

T (ω) =
∞
∑

n=0

T (n)(ω) =
∞
∑

n=0

D†Π(n)
+ (ω)D, (3.74)

where the equations for Π(n)
+ (ω) can be determined from the Goldstone diagrams

in n-th order.
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K |Ĥ � E0| #
L i

⌘(0) ⇣
S
� 1

2
L,J

⌘(m)
(71)

�IK (72)

�JL (73)

h (0)
K |Ĥ0 � E

(0)
0 | (0)

L i (74)

) M
(0)
ia,jb = �ab�ij (✏a � ✏i) (75)

h n|D̂| ni = y

†
nD̃yn (76)

h n|D̂| mi = y

†
nD̃ym (77)

(78)

En = y

†
nM̃yn = y

†
nMyn + E0 = !n + E0 (79)

M̃IJ = h ̃I |H| ̃Ji = MIJ + �IJE0 (80)

T (!) = D

†
⇧(!)D (81)

T (!) = F

† ( ! �M)�1
F (82)

T (0)(!) =
X

ia

D⇤
ia

1

! + ✏a � ✏i
Dia (83)

⇧(0)
ia,jb =

�(ia),(jb)

! + ✏a � ✏i
=

�ab�ij
! + ✏a � ✏i

(84)

= F

(0)†
⇣

! �M

(0)
⌘�1

F

(0) (85)

F

(0)
ia = Dia (86)

( ! �M)�1 =
⇣

! �M

(0)
⌘�1

+
⇣

! �M

(0)
⌘�1

M

(1)
⇣

! �M

(0)
⌘�1

+ . . . (87)

(88)

3

| 1i (58)

h N | (59)

| N i (60)

E0 (61)

!1 (62)

!N (63)

(64)
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ADC(1)

PerturbaAon	expansion	of	the	TransiAon	funcAon	using	Goldstone	diagrams

3.3 3. Theoretical Methods

second part of equation (3.72) suggested. The complete set of Feynman diagrams

for the polarization propagator up to second order is displayed in Figure 3.2.

(a) (b) (c)

+ + + +

Figure 3.2: Zeroth (a), first (b) and second (c) order Feynman diagrams of the polar-
ization propagator

Evaluation of the Feynman diagrams yields expressions for Green’s functions

in the time domain. To obtain similar expressions in the frequency domain, the

Feynman diagrams can be transformed into Goldstone diagrams. Each Feynman

diagram results in one or more Goldstone diagrams which then can be evaluated.

A more detailed explanation of Goldstone and Feynman diagrams can be found in

the literature [25, 71].

Derivation of the ADC Equations

The ADC scheme is based on the perturbation expansion of the transition function

in terms of Feynman and Goldstone diagrams. The transition function is defined

as

T (ω) = D†Π+(ω)D (3.73)

with D being the matrix representation of an arbitrary transition operator (e.g. the

dipole operator). For the perturbation expansion the Hamiltonian is partitioned

in the same way as in Møller-Plesset perturbation theory (see (3.27) and (3.28)).

The resulting perturbation series is given by

T (ω) =
∞
∑

n=0

T (n)(ω) =
∞
∑

n=0

D†Π(n)
+ (ω)D, (3.74)

where the equations for Π(n)
+ (ω) can be determined from the Goldstone diagrams

in n-th order.
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Remembering	from	the	single	parAcle	propagator
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†
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! � En + i⌘

(31)

= h0|ĉx
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! � Ĥ + i⌘
=

1

A� Ĥ1
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Uniqueness	of	the	ADC	procedure
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ADC:	maximum	possible	number	of	
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Chapter 3. Algebraic Diagrammatic Construction Scheme for the
Polarization Propagator

Eventually, the last part in equation 3.62, E(2)

0

cancels against the first terms on

the right-hand side of equations 3.54 and 3.55 and the final result is given as:

M (2)

ia,jb = =
1

4
�ij
X

ckl

 
tacklhkl||bci+ tklbchkl||aci

!

+
1

4
�ab
X

cdk

 
tcdikhjk||cdi+ tjkcdhcd||iki

!

� 1

2

X

ck

 
tacikhjk||bci+ tjkbchac||iki

!
.

(3.63)

3.4.3 Summary

Finally, all contributions to the ADC(2) matrix are summarized:

Mia,jb = M (0)

ia,jb +M (1)

ia,jb +M (2) A
ia,jb +M (2) B

ia,jb +M (2) C
ia,jb (3.64)

Mia,kcld = M (1)

ia,kcld (3.65)

Miajb,kc = M (1)

iajb,kc (3.66)

Miajb,kcld = M (0)

iajb,kcld (3.67)

and the explicit expressions are given as:

M (0)

ia,jb = (✏a � ✏i) �ab�ij (3.68)

M (1)

ia,jb = �haj||bii (3.69)

M (2) A
ia,jb =

1

4
�ij
X

ckl

 
hac||klihkl||bci
✏a + ✏c � ✏k � ✏l

+
hac||klihkl||bci
✏b + ✏c � ✏k � ✏l

!
(3.70)

M (2) B
ia,jb =

1

4
�ab
X

cdk

 
hcd||ikihjk||cdi
✏c + ✏d � ✏i � ✏k

+
hcd||ikihjk||cdi
✏c + ✏d � ✏j � ✏k

!
(3.71)

M (2) C
ia,jb = �1

2

X

ck

 
hac||ikihjk||bci
✏a + ✏c � ✏i � ✏k

+
hac||ikihjk||bci
✏b + ✏c � ✏j � ✏k

!
(3.72)

M (1)

ia,kcld = hkl||idi�ac � hkl||ici�ad � hal||cdi�ik + hak||cdi�il (3.73)

M (1)

iajb,kc = hkb||iji�ac � hka||iji�bc � hab||cji�ik + hab||cii�jk (3.74)

M (0)

iajb,kcld = (✏a + ✏b � ✏i � ✏j) �ac�bd�ik�jl. (3.75)
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Theory	
• Intermediate	state	representaAon	 	

• derivaAon	
• linear	and	non-linear	properAes
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ImplementaAon		
• How	to	code	in	adcman

ApplicaAons	
• UADC	
• SOS-ADC	
• ADC(3)	
• Spin-flip	ADC	

!
• wave-funcAon	analysis	
• IP-ADC	and	EA-ADC	
• ADC	geometry	opAmizaAons	
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! � Ĥ � i⌘
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1

! � Ĥ � i⌘
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Ĥ1

1

A� Ĥ1
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Ĥ = Ĥ0 + Ĥ1 (33)
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(36)
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Ĥ = Ĥ0 + Ĥ1 (33)
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hq|Ĥ1|ri
�rs

! � ✏r + i⌘
(42)

G(p, q;!) = (43)

G(0)(p, q;!) =
�pq

! � ✏p + i⌘
(44)

(45)

G(x1, t1;x
0
1, t

0
1;x2, t2;x

0
2, t

0
2) (46)

h HF | (47)

h a
i | (48)

h ab
ij | (49)

| HF i (50)

| a
i i (51)

| ab
ij i (52)
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Ĝ0 =
1
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! � Ĥ � i⌘
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1

! � Ĥ � i⌘
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! � Ĥ + i⌘
=

1

A� Ĥ1
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! � Ĥ0 + i⌘
=

1

A
(37)

(38)

G(!) = G(0)(!) +G(0)(!)Ĥ1G(!) (39)
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• size	consistent	
• systemaAcally	

improvable	
• hermiAan	

(compared	to	CC)
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Ĝ0 =
1
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! � Ĥ � i⌘
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! � Ĥ0 + i⌘
=

1

A
(37)

(38)

G(!) = G(0)(!) +G(0)(!)Ĥ1G(!) (39)

= G(0)(!) +G(0)(!)H1G
(0)(!) +G(0)(!)H1G

(0)(!)H1G
(0)(!) + . . . (40)

= G(0)(p, q;!) = hp| 1
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! � Ĥ + i⌘
=

1

A� Ĥ1
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hq|Ĥ1|ri
�rs

! � ✏r + i⌘
(42)

G(p, q;!) = (43)

G(0)(p, q;!) =
�pq

! � ✏p + i⌘
(44)

(45)

G(x1, t1;x
0
1, t

0
1;x2, t2;x

0
2, t

0
2) (46)

h HF | (47)

h a
i | (48)

h ab
ij | (49)

| HF i (50)

| a
i i (51)

| ab
ij i (52)
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3.3. Construction of the ADC matrix using the ISR approach

shifted Hamiltonian H̃

H̃ = Ĥ � E
0

(3.14)

is formed:

MIJ = h ̃I |Ĥ � E
0

| ̃Ji. (3.15)

Again, solving the hermitian eigenvalue problem

YtMY = ⌦ (3.16)

yields the excitation energies !I . So far, no approximations have been introduced

and the equation 3.16 formally yields the exact excitation energies. However, by

using the Møller-Plesset partitioning of the Hamiltonian and by expanding the

exact ground state energy and exact ground state wavefunction in a perturbative

theoretical series, approximative expressions for M can be obtained which are

identical to the ADC matrix introduced earlier in section 3.1.

3.3 Construction of the ADC matrix using the

ISR approach

To derive the ADC matrix expressions via the ISR approach, a series expansion of

both the exact ground state energy and ground state wavefunction is inserted in

3.15. The auxiliary index � is used to collect expressions with the same order of

perturbation theory.

M (k+l+m)

I,J �k+l+m =
X

K,L

⇣
S
� 1

2

I,K

⌘
(k)

�k
⇣
h #

K |Ĥ � E
0

| #

L i
⌘
(l)

�l
⇣
S
� 1

2

L,J

⌘
(m)

�m

(3.17)

In the following the expressions on the right-hand-side of equation 3.17 required for

the ADC(2) matrix are evaluated. For ADC(2) the indices I, J, . . .M are limited

to the excitation space of single and double excitations (p-h, and 2p-2h) according

to equation 3.7. Base on the block structure given in table 3.1, the p-h,p-h-block

of the ADC(2) matrix is needed up to second order, the coupling blocks p-h,2p-2h

and 2p-2h,p-h are required up to first order and the doubles excitation block is

required in zeroth order.
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intermediate state representation (ISR) o↵ers an advantageous alternative route to the ex-

pressions in the ADC scheme.

In the ISR approach the intermediate states are constructed from so-called correlated ex-

cited states | I

0i, which are formed by letting excitation operators {Ĉ
I

} ⌘ {ĉ†
a

c
i

, ĉ†
a

ĉ†
b

ĉ
i

ĉ
j

, . . . }

(i < j, a < b, . . . ) act on the exact ground state wavefunction. The successive orthonormal-

ization with respect to the ground state and each other using the Gram-Schmidt procedure

yields the intermediate states:

| I

0i = Ĉ
I

| 0i
GS�! | ̃

I

i. (8)

The ADC matrix M can identified as a representation of the ground-state-energy shifted

electronic Hamiltonian H of the molecular system in the orthonormal basis of intermediate

states {| ̃
I

i}

M
IJ

= h ̃
I

|H � E0| ̃J

i = h ̃
I

|H| ̃
J

i � �
IJ

E0. (9)

Similar the modified transition amplitudes can be found as:

f I

pq

= h ̃
I

|ĉ†
p

ĉ
q

| 0i. (10)

As can be readily seen, the ISR approach is not limited to representing the Hamiltonian.

Herein lies a major advantage of the explicit construction of the intermediate states since

representing arbitrary operators gives access to excited-state and state-to-state transiton

properties.

B. ADC formulation of the molecular dipole polarizability

In addition, to obtaining the ADC expressions and enabling access to excited state and

transition properties, the ISR o↵ers a convenient and straightforward way to transform

expressions from time-dependent response theory into closed-form matrix expressions4,5.

The molecular dipole polarizability ↵
AB

(!) (with A,B 2 {x, y, z}) is given as an energy-

dependent repsonse function:

↵
AB

(!) = �h 0|µ̂A

⇣
h̄! � Ĥ + E0

⌘�1

µ̂
B

| 0i+ h 0|µ̂B

⇣
h̄! + Ĥ � E0

⌘�1

µ̂
A

| 0i, (11)

5

ExcitaAon	operators

| 1i (58)

h N | (59)

| N i (60)

E0 (61)

!1 (62)

!N (63)

(64)

{ĈI} ⌘ {ĉ†aci, ĉ†aĉ
†
b ĉiĉj , . . .} (65)

ĉ†aci| HF i = | a
i i (66)

3
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, ĉ†
a

ĉ†
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Chapter 3. Algebraic Diagrammatic Construction Scheme for the
Polarization Propagator

Table 3.1: Block structure of the n-th-order ADC matrix M(n) and transition
amplitudes F(n) up to third order of perturbation theory [32]. The bold numbers
indicate the order of perturbation theory for each block of the n-th-order ADC
matrix and transition amplitudes.

M(n) p� h 2p� 2h

p� h

n = 0 : 0

n = 1 : 1

n = 2 : 2

n = 3 : 3

n = 2 : 1

n = 3 : 2

2p� 2h
n = 2 : 1

n = 3 : 2

n = 2 : 0

n = 3 : 1

F(n)

n = 0 : 0

n = 1 : 1

n = 2 : 2

n = 3 : 3

n = 2 : 1

n = 3 : 2

onalized with respect to the ground state:

| #

I i = ĈI | 0

i � | 
0

ih 
0

|ĈI | 0

i. (3.11)

Successively, these precursor states are orthonormalized yielding the intermediate

states | ̃Ii:
| ̃Ii =

X

J

| #

J i(S� 1

2 )I,J . (3.12)

Here, the overlap matrix S = {SI,J} has been introduced with the elements:

SI,J = h #

I | 
#

J i =
⇣
h 

0

|Ĉ†
I � h 

0

|Ĉ†
I | 0

ih 
0

|
⌘⇣

ĈJ | 0

i � | 
0

ih 
0

|ĈJ | 0

i
⌘

= h 
0

|Ĉ†
I ĈJ | 0

i � 2h 
0

|Ĉ†
I | 0

ih 
0

|ĈJ | 0

i
+ h 

0

|Ĉ†
I | 0

ih 
0

| 
0

ih 
0

|ĈJ | 0

i
= h 

0

|Ĉ†
I ĈJ | 0

i � h 
0

|Ĉ†
I | 0

ih 
0

|ĈJ | 0

i
(3.13)

From the intermediate states a matrix representation of the ground-state-energy-
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|Ĉ†
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i
(3.13)

From the intermediate states a matrix representation of the ground-state-energy-
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I:	Orthogonalize	with	respect	to	ground	state

II:	OrthonormalizaAon

Chapter 3. Algebraic Diagrammatic Construction Scheme for the
Polarization Propagator

Table 3.1: Block structure of the n-th-order ADC matrix M(n) and transition
amplitudes F(n) up to third order of perturbation theory [32]. The bold numbers
indicate the order of perturbation theory for each block of the n-th-order ADC
matrix and transition amplitudes.

M(n) p� h 2p� 2h

p� h

n = 0 : 0

n = 1 : 1

n = 2 : 2

n = 3 : 3

n = 2 : 1

n = 3 : 2

2p� 2h
n = 2 : 1

n = 3 : 2

n = 2 : 0

n = 3 : 1

F(n)

n = 0 : 0

n = 1 : 1

n = 2 : 2

n = 3 : 3

n = 2 : 1

n = 3 : 2

onalized with respect to the ground state:

| #

I i = ĈI | 0

i � | 
0

ih 
0

|ĈI | 0

i. (3.11)

Successively, these precursor states are orthonormalized yielding the intermediate

states | ̃Ii:
| ̃Ii =

X

J

| #

J i(S� 1

2 )I,J . (3.12)

Here, the overlap matrix S = {SI,J} has been introduced with the elements:

SI,J = h #

I | 
#

J i =
⇣
h 

0

|Ĉ†
I � h 

0

|Ĉ†
I | 0

ih 
0

|
⌘⇣

ĈJ | 0

i � | 
0

ih 
0

|ĈJ | 0

i
⌘

= h 
0

|Ĉ†
I ĈJ | 0

i � 2h 
0

|Ĉ†
I | 0

ih 
0

|ĈJ | 0

i
+ h 

0

|Ĉ†
I | 0

ih 
0

| 
0

ih 
0

|ĈJ | 0

i
= h 

0

|Ĉ†
I ĈJ | 0

i � h 
0

|Ĉ†
I | 0

ih 
0

|ĈJ | 0

i
(3.13)

From the intermediate states a matrix representation of the ground-state-energy-
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3.3. Construction of the ADC matrix using the ISR approach

shifted Hamiltonian H̃

H̃ = Ĥ � E
0

(3.14)

is formed:

MIJ = h ̃I |Ĥ � E
0

| ̃Ji. (3.15)

Again, solving the hermitian eigenvalue problem

YtMY = ⌦ (3.16)

yields the excitation energies !I . So far, no approximations have been introduced

and the equation 3.16 formally yields the exact excitation energies. However, by

using the Møller-Plesset partitioning of the Hamiltonian and by expanding the

exact ground state energy and exact ground state wavefunction in a perturbative

theoretical series, approximative expressions for M can be obtained which are

identical to the ADC matrix introduced earlier in section 3.1.

3.3 Construction of the ADC matrix using the

ISR approach

To derive the ADC matrix expressions via the ISR approach, a series expansion of

both the exact ground state energy and ground state wavefunction is inserted in

3.15. The auxiliary index � is used to collect expressions with the same order of

perturbation theory.

M (k+l+m)

I,J �k+l+m =
X

K,L

⇣
S
� 1

2

I,K

⌘
(k)

�k
⇣
h #

K |Ĥ � E
0

| #

L i
⌘
(l)

�l
⇣
S
� 1

2

L,J

⌘
(m)

�m

(3.17)

In the following the expressions on the right-hand-side of equation 3.17 required for

the ADC(2) matrix are evaluated. For ADC(2) the indices I, J, . . .M are limited

to the excitation space of single and double excitations (p-h, and 2p-2h) according

to equation 3.7. Base on the block structure given in table 3.1, the p-h,p-h-block

of the ADC(2) matrix is needed up to second order, the coupling blocks p-h,2p-2h

and 2p-2h,p-h are required up to first order and the doubles excitation block is

required in zeroth order.
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III:	Matrix	representaAon	of	shined	Hamiltonian

IV:	Approximate													and

| 1i (58)

h N | (59)

| N i (60)
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!1 (62)

!N (63)

(64)

{ĈI} ⌘ {ĉ†aci, ĉ†aĉ
†
b ĉiĉj , . . .} (65)

ĉ†aci| HF i = | a
i i (66)

Ĥ = Ĥ0 + �Ĥ1 (67)

E0 =
1X

n=0

�nE
(n)
0 (68)

| 0i =
1X

n=0

�n (69)
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0 i = E

(0)
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0 i (70)

3

| 1i (58)
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3

Overlap	matrix

Precursor	states

3.3. Construction of the ADC matrix using the ISR approach

shifted Hamiltonian H̃

H̃ = Ĥ � E
0

(3.14)

is formed:

MIJ = h ̃I |Ĥ � E
0

| ̃Ji. (3.15)

Again, solving the hermitian eigenvalue problem

YtMY = ⌦ (3.16)

yields the excitation energies !I . So far, no approximations have been introduced

and the equation 3.16 formally yields the exact excitation energies. However, by

using the Møller-Plesset partitioning of the Hamiltonian and by expanding the

exact ground state energy and exact ground state wavefunction in a perturbative

theoretical series, approximative expressions for M can be obtained which are

identical to the ADC matrix introduced earlier in section 3.1.

3.3 Construction of the ADC matrix using the

ISR approach

To derive the ADC matrix expressions via the ISR approach, a series expansion of

both the exact ground state energy and ground state wavefunction is inserted in

3.15. The auxiliary index � is used to collect expressions with the same order of

perturbation theory.

M (k+l+m)

I,J �k+l+m =
X

K,L

⇣
S
� 1

2

I,K

⌘
(k)

�k
⇣
h #

K |Ĥ � E
0

| #

L i
⌘
(l)

�l
⇣
S
� 1

2

L,J

⌘
(m)

�m

(3.17)

In the following the expressions on the right-hand-side of equation 3.17 required for

the ADC(2) matrix are evaluated. For ADC(2) the indices I, J, . . .M are limited

to the excitation space of single and double excitations (p-h, and 2p-2h) according

to equation 3.7. Base on the block structure given in table 3.1, the p-h,p-h-block

of the ADC(2) matrix is needed up to second order, the coupling blocks p-h,2p-2h

and 2p-2h,p-h are required up to first order and the doubles excitation block is

required in zeroth order.

23

HermiAan	eigenvalue	problem

Propagators	
ADC	
ISR	

ApplicaAons



Dirk	R.	Rehn	and	Andreas	Dreuw Stockholm,	October	5	 	 Nordita	School	on	Photon-Ma?er	InteracAon

Ne
ga
ti
ve
 n
or
m 
is
 d
et
ec
te
d 
fo
r 
ve
ct
or
 0
: 
NO
RM
=-
0.
99
89
74

Ne
ga
ti
ve
 n
or
m 
is
 d
et
ec
te
d 
fo
r 
ve
ct
or
 1
: 
NO
RM
=-
0.
99
90
03

Ne
ga
ti
ve
 n
or
m 
is
 d
et
ec
te
d 
fo
r 
ve
ct
or
 2
: 
NO
RM
=-
0.
99
90
00

Ne
ga
ti
ve
 n
or
m 
is
 d
et
ec
te
d 
fo
r 
ve
ct
or
 3
: 
NO
RM
=-
0.
99
90
96

CA
LC
UL
AT
E 
LE
FT
 A
ND
 R
IG
HT
 V
EC
TO
RS
:

It
r|
Co
nv
R|
Co
nv
L|
Re
sN
or
mR
|R
es
No
rm
L|
NV
ec
s|
Lo
ck
|C
om
me
nt
s

  
0|
  
6 
 |
  
6 
 |
3.
1E
-0
7 
|5
.8
E-
07
 |
  
6 
 |
  
6 
|C
ol
la
ps
e 
cu
rr
en
t 
su
bs
pa
ce

DA
VI
DS
ON
 I
TE
RA
TI
ON
S 
CO
NV
ER
GE
D,
  
  
 0
 I
TE
RA
TI
ON
S

Ex
ci
ta
ti
on
 e
ne
rg
ie
s,
 h
ar
tr
ee

  
  
  
  
  
  
  
  
0

  
  
0 
  
 0
.3
29
66
2

  
  
1 
  
 0
.3
49
19
9

  
  
2 
  
 0
.3
99
64
8

  
  
3 
  
 0
.4
40
15
4

  
  
4 
  
 0
.4
88
19
8

  
  
5 
  
 0
.4
99
36
3

CA
LC
UL
AT
E 
NO
N-
RE
LA
XE
D 
TR
AN
SI
TI
ON
 E
OM
 P
RO
PE
RT
IE
S:

<R
EF
ER
EN
CE
|M
u|
ST
AT
E 
 1
/A
' 
 >
:

To
t 
En
e=
 -
22
5.
97
94
55
88
0 
ha
rt
re
e 
(E
x 
En
e 
8.
97
06
 e
V)

 3
7 
A'
  
 3
8 
A'
  
 3
9 
A'
  
 4
0 
A'
  
 4
1 
A'
  
 4
2 
A'
  
 4
3 
A'
  
 4
4 
A'
  
  
  
  
  
  
  
  
 

  
2.
91
7 
  
2.
92
2 
  
3.
14
6 
  
3.
18
2 
  
3.
25
1 
  
3.
28
0 
  
3.
30
9 
  
3.
32
8

 4
5 
A'
  
 4
6 
A'
  
 4
7 
A'
  
 4
8 
A'
  
 4
9 
A'
  
 5
0 
A'
  
 5
1 
A'
  
 5
2 
A'
  
  
  
  
  
  
  
  
 

  
3.
42
0 
  
3.
45
8 
  
3.
65
0 
  
3.
72
1 
  
3.
79
8 
  
3.
88
3 
  
4.
53
3 
  
4.
58
1

 5
3 
A'
  
 5
4 
A'
  
 5
5 
A'
  
 5
6 
A'
  
 5
7 
A'
  
 5
8 
A'
  
 5
9 
A'
  
 6
0 
A'
  
  
  
  
  
  
  
  
 

  
4.
99
7 
  
5.
18
0 
  
5.
51
8 
  
5.
52
4 
  
5.
96
8 
  
6.
04
8 
  
6.
65
5 
  
6.
69
4

 6
1 
A'
  
 6
2 
A'
  
 6
3 
A'
  
 6
4 
A'
  
 6
5 
A'
  
 6
6 
A'
  
 6
7 
A'
  
 6
8 
A'
  
  
  
  
  
  
  
  
 

  
6.
74
7 
  
6.
75
4 
  
6.
81
3 
  
6.
96
7 
  
7.
19
6 
  
7.
23
4 
  
7.
31
5 
  
7.
37
0

 6
9 
A'
  
 7
0 
A'
  
 7
1 
A'
  
 7
2 
A'
  
 7
3 
A'
  
 7
4 
A'
  
 7
5 
A'
  
 7
6 
A'
  
  
  
  
  
  
  
  
 

Ei �
E0) |⇥�0 |µ̂| �i⇤|

2

Group	of	Patrick	Norman	
Division	of	TheoreAcal	Chemistry

Approximate	ISR

33

ApproximaAon:	Møller-Plesset	PT

Expansion	of	the	energy	and	wave-funcAon
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†
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Expansion	of	the	ADC	matrix

3.3. Construction of the ADC matrix using the ISR approach

shifted Hamiltonian H̃

H̃ = Ĥ � E
0

(3.14)

is formed:

MIJ = h ̃I |Ĥ � E
0

| ̃Ji. (3.15)

Again, solving the hermitian eigenvalue problem

YtMY = ⌦ (3.16)

yields the excitation energies !I . So far, no approximations have been introduced

and the equation 3.16 formally yields the exact excitation energies. However, by

using the Møller-Plesset partitioning of the Hamiltonian and by expanding the

exact ground state energy and exact ground state wavefunction in a perturbative

theoretical series, approximative expressions for M can be obtained which are

identical to the ADC matrix introduced earlier in section 3.1.

3.3 Construction of the ADC matrix using the

ISR approach

To derive the ADC matrix expressions via the ISR approach, a series expansion of

both the exact ground state energy and ground state wavefunction is inserted in

3.15. The auxiliary index � is used to collect expressions with the same order of

perturbation theory.

M (k+l+m)

I,J �k+l+m =
X

K,L

⇣
S
� 1

2

I,K

⌘
(k)

�k
⇣
h #

K |Ĥ � E
0

| #

L i
⌘
(l)

�l
⇣
S
� 1

2

L,J

⌘
(m)

�m

(3.17)

In the following the expressions on the right-hand-side of equation 3.17 required for

the ADC(2) matrix are evaluated. For ADC(2) the indices I, J, . . .M are limited

to the excitation space of single and double excitations (p-h, and 2p-2h) according

to equation 3.7. Base on the block structure given in table 3.1, the p-h,p-h-block

of the ADC(2) matrix is needed up to second order, the coupling blocks p-h,2p-2h

and 2p-2h,p-h are required up to first order and the doubles excitation block is

required in zeroth order.
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p-h 2p-2h

p-h M M

2p-2h M M

ADC1 ADC2 ADC2-x ADC3

M 0..1 0..2 0..2 0..3

M - 1 1 1..2

M - 0 0..1 0..1
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{ĈI} ⌘ {ĉ†aci, ĉ†aĉ
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ĉ†aci| HF i = | a
i i (66)
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Ĥ0| (0)
0 i = E

(0)
I | (0)

0 i (70)

M
(0)
I,J =

X

K,L

⇣
S
� 1

2
I,K

⌘(0) ⇣
h #
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How	to	truncate	the	expansion?		
=>	use	PT	order	structure	from	ADC
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K |Ĥ0 � E

(0)
0 | (0)

L i (74)

) M
(0)
ia,jb = �ab�ij (✏a � ✏i) (75)

h n|D̂| ni = y

†
nD̃yn (76)

h n|D̂| mi = y

†
nD̃ym (77)

(78)

En = y

†
nM̃yn = y

†
nMyn + E0 = !n + E0 (79)

M̃IJ = h ̃I |H| ̃Ji = MIJ + �IJE0 (80)

T (!) = D

†
⇧(!)D (81)

T (!) = F

† ( ! �M)�1
F (82)

T (0)(!) =
X

ia

D⇤
ia

1

! + ✏a � ✏i
Dia (83)

⇧(0)
ia,jb =

�(ia),(jb)

! + ✏a � ✏i
=

�ab�ij
! + ✏a � ✏i

(84)

= F

(0)†
⇣

! �M

(0)
⌘�1

F

(0) (85)

F

(0)
ia = Dia (86)

( ! �M)�1 =
⇣

! �M

(0)
⌘�1

+
⇣

! �M

(0)
⌘�1

M

(1)
⇣

! �M

(0)
⌘�1

+ . . . (87)

(88)

3

Propagators	
ADC	
ISR	

ApplicaAons



Dirk	R.	Rehn	and	Andreas	Dreuw Stockholm,	October	5	 	 Nordita	School	on	Photon-Ma?er	InteracAon

Ne
ga
ti
ve
 n
or
m 
is
 d
et
ec
te
d 
fo
r 
ve
ct
or
 0
: 
NO
RM
=-
0.
99
89
74

Ne
ga
ti
ve
 n
or
m 
is
 d
et
ec
te
d 
fo
r 
ve
ct
or
 1
: 
NO
RM
=-
0.
99
90
03

Ne
ga
ti
ve
 n
or
m 
is
 d
et
ec
te
d 
fo
r 
ve
ct
or
 2
: 
NO
RM
=-
0.
99
90
00

Ne
ga
ti
ve
 n
or
m 
is
 d
et
ec
te
d 
fo
r 
ve
ct
or
 3
: 
NO
RM
=-
0.
99
90
96

CA
LC
UL
AT
E 
LE
FT
 A
ND
 R
IG
HT
 V
EC
TO
RS
:

It
r|
Co
nv
R|
Co
nv
L|
Re
sN
or
mR
|R
es
No
rm
L|
NV
ec
s|
Lo
ck
|C
om
me
nt
s

  
0|
  
6 
 |
  
6 
 |
3.
1E
-0
7 
|5
.8
E-
07
 |
  
6 
 |
  
6 
|C
ol
la
ps
e 
cu
rr
en
t 
su
bs
pa
ce

DA
VI
DS
ON
 I
TE
RA
TI
ON
S 
CO
NV
ER
GE
D,
  
  
 0
 I
TE
RA
TI
ON
S

Ex
ci
ta
ti
on
 e
ne
rg
ie
s,
 h
ar
tr
ee

  
  
  
  
  
  
  
  
0

  
  
0 
  
 0
.3
29
66
2

  
  
1 
  
 0
.3
49
19
9

  
  
2 
  
 0
.3
99
64
8

  
  
3 
  
 0
.4
40
15
4

  
  
4 
  
 0
.4
88
19
8

  
  
5 
  
 0
.4
99
36
3

CA
LC
UL
AT
E 
NO
N-
RE
LA
XE
D 
TR
AN
SI
TI
ON
 E
OM
 P
RO
PE
RT
IE
S:

<R
EF
ER
EN
CE
|M
u|
ST
AT
E 
 1
/A
' 
 >
:

To
t 
En
e=
 -
22
5.
97
94
55
88
0 
ha
rt
re
e 
(E
x 
En
e 
8.
97
06
 e
V)

 3
7 
A'
  
 3
8 
A'
  
 3
9 
A'
  
 4
0 
A'
  
 4
1 
A'
  
 4
2 
A'
  
 4
3 
A'
  
 4
4 
A'
  
  
  
  
  
  
  
  
 

  
2.
91
7 
  
2.
92
2 
  
3.
14
6 
  
3.
18
2 
  
3.
25
1 
  
3.
28
0 
  
3.
30
9 
  
3.
32
8

 4
5 
A'
  
 4
6 
A'
  
 4
7 
A'
  
 4
8 
A'
  
 4
9 
A'
  
 5
0 
A'
  
 5
1 
A'
  
 5
2 
A'
  
  
  
  
  
  
  
  
 

  
3.
42
0 
  
3.
45
8 
  
3.
65
0 
  
3.
72
1 
  
3.
79
8 
  
3.
88
3 
  
4.
53
3 
  
4.
58
1

 5
3 
A'
  
 5
4 
A'
  
 5
5 
A'
  
 5
6 
A'
  
 5
7 
A'
  
 5
8 
A'
  
 5
9 
A'
  
 6
0 
A'
  
  
  
  
  
  
  
  
 

  
4.
99
7 
  
5.
18
0 
  
5.
51
8 
  
5.
52
4 
  
5.
96
8 
  
6.
04
8 
  
6.
65
5 
  
6.
69
4

 6
1 
A'
  
 6
2 
A'
  
 6
3 
A'
  
 6
4 
A'
  
 6
5 
A'
  
 6
6 
A'
  
 6
7 
A'
  
 6
8 
A'
  
  
  
  
  
  
  
  
 

  
6.
74
7 
  
6.
75
4 
  
6.
81
3 
  
6.
96
7 
  
7.
19
6 
  
7.
23
4 
  
7.
31
5 
  
7.
37
0

 6
9 
A'
  
 7
0 
A'
  
 7
1 
A'
  
 7
2 
A'
  
 7
3 
A'
  
 7
4 
A'
  
 7
5 
A'
  
 7
6 
A'
  
  
  
  
  
  
  
  
 

Ei �
E0) |⇥�0 |µ̂| �i⇤|

2

Group	of	Patrick	Norman	
Division	of	TheoreAcal	Chemistry

Dipole	and	transiAon	moments

35

1

2

N + 1 , N odd (0.1)

1

2

(N � 1) + 1 , N even (0.2)

��
 0

↵ ��
 

a
i

↵ ��
 

ab
ij

↵

��˜
 ia

↵ ��˜
 ijab

↵

MIJ =

⌦
˜

 I

�� ˆH � E0

��˜
 J

↵

DIJ =

⌦
˜

 I

�� ˆD �D0

��˜
 J

↵

˜DIJ = DIJ +D0�IJ

Dn =

⌦
 n

�� ˆD
��
 n

↵
= X†

nD̃Xn (0.3)

Tnm =

⌦
 n

�� ˆD
��
 m

↵
= X†

nD̃Xm (0.4)

Tn =

⌦
 n

�� ˆD
��
 0

↵
=

P
J XJn

⌦
˜

 J

�� ˆD
��
 0

↵

1

1

2

N + 1 , N odd (0.1)

1

2

(N � 1) + 1 , N even (0.2)

��
 0

↵ ��
 

a
i

↵ ��
 

ab
ij

↵

��˜
 ia

↵ ��˜
 ijab

↵

MIJ =

⌦
˜

 I

�� ˆH � E0

��˜
 J

↵

DIJ =

⌦
˜

 I

�� ˆD �D0

��˜
 J

↵

˜DIJ = DIJ +D0�IJ

Dn =

⌦
 n

�� ˆD
��
 n

↵
= X†

nD̃Xn (0.3)

Tnm =

⌦
 n

�� ˆD
��
 m

↵
= X†

nD̃Xm (0.4)

Tn =

⌦
 n

�� ˆD
��
 0

↵
=

P
J XJn

⌦
˜

 J

�� ˆD
��
 0

↵

1

RepresentaAon	of	arbitrary	operator
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!

Uses	the	same	PT	order	structure	from	the	ADC	matrix

Gives	access	to	excited-state	staAc	and	transiAon	moments:	
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Absolute	energies

36

RepresentaAon	of	unshined	Hamiltonian

gives	formal	access	to	absolute	energies:	

!

Important	for	ADC	gradients!
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K |Ĥ0 � E

(0)
0 | (0)

L i (74)

) M
(0)
ia,jb = �ab�ij (✏a � ✏b) (75)

h n|D̂| ni = y

†
nD̃yn (76)

h n|D̂| mi = y

†
nD̃ym (77)

(78)

En = y

†
nM̃yn = y

†
nMyn + E0 = !n + E0 (79)

M̃IJ = h ̃I |H| ̃Ji = MIJ + �IJE0 (80)

3

Propagators	
ADC	
ISR	

ApplicaAons



Dirk	R.	Rehn	and	Andreas	Dreuw Stockholm,	October	5	 	 Nordita	School	on	Photon-Ma?er	InteracAon

Ne
ga
ti
ve
 n
or
m 
is
 d
et
ec
te
d 
fo
r 
ve
ct
or
 0
: 
NO
RM
=-
0.
99
89
74

Ne
ga
ti
ve
 n
or
m 
is
 d
et
ec
te
d 
fo
r 
ve
ct
or
 1
: 
NO
RM
=-
0.
99
90
03

Ne
ga
ti
ve
 n
or
m 
is
 d
et
ec
te
d 
fo
r 
ve
ct
or
 2
: 
NO
RM
=-
0.
99
90
00

Ne
ga
ti
ve
 n
or
m 
is
 d
et
ec
te
d 
fo
r 
ve
ct
or
 3
: 
NO
RM
=-
0.
99
90
96

CA
LC
UL
AT
E 
LE
FT
 A
ND
 R
IG
HT
 V
EC
TO
RS
:

It
r|
Co
nv
R|
Co
nv
L|
Re
sN
or
mR
|R
es
No
rm
L|
NV
ec
s|
Lo
ck
|C
om
me
nt
s

  
0|
  
6 
 |
  
6 
 |
3.
1E
-0
7 
|5
.8
E-
07
 |
  
6 
 |
  
6 
|C
ol
la
ps
e 
cu
rr
en
t 
su
bs
pa
ce

DA
VI
DS
ON
 I
TE
RA
TI
ON
S 
CO
NV
ER
GE
D,
  
  
 0
 I
TE
RA
TI
ON
S

Ex
ci
ta
ti
on
 e
ne
rg
ie
s,
 h
ar
tr
ee

  
  
  
  
  
  
  
  
0

  
  
0 
  
 0
.3
29
66
2

  
  
1 
  
 0
.3
49
19
9

  
  
2 
  
 0
.3
99
64
8

  
  
3 
  
 0
.4
40
15
4

  
  
4 
  
 0
.4
88
19
8

  
  
5 
  
 0
.4
99
36
3

CA
LC
UL
AT
E 
NO
N-
RE
LA
XE
D 
TR
AN
SI
TI
ON
 E
OM
 P
RO
PE
RT
IE
S:

<R
EF
ER
EN
CE
|M
u|
ST
AT
E 
 1
/A
' 
 >
:

To
t 
En
e=
 -
22
5.
97
94
55
88
0 
ha
rt
re
e 
(E
x 
En
e 
8.
97
06
 e
V)

 3
7 
A'
  
 3
8 
A'
  
 3
9 
A'
  
 4
0 
A'
  
 4
1 
A'
  
 4
2 
A'
  
 4
3 
A'
  
 4
4 
A'
  
  
  
  
  
  
  
  
 

  
2.
91
7 
  
2.
92
2 
  
3.
14
6 
  
3.
18
2 
  
3.
25
1 
  
3.
28
0 
  
3.
30
9 
  
3.
32
8

 4
5 
A'
  
 4
6 
A'
  
 4
7 
A'
  
 4
8 
A'
  
 4
9 
A'
  
 5
0 
A'
  
 5
1 
A'
  
 5
2 
A'
  
  
  
  
  
  
  
  
 

  
3.
42
0 
  
3.
45
8 
  
3.
65
0 
  
3.
72
1 
  
3.
79
8 
  
3.
88
3 
  
4.
53
3 
  
4.
58
1

 5
3 
A'
  
 5
4 
A'
  
 5
5 
A'
  
 5
6 
A'
  
 5
7 
A'
  
 5
8 
A'
  
 5
9 
A'
  
 6
0 
A'
  
  
  
  
  
  
  
  
 

  
4.
99
7 
  
5.
18
0 
  
5.
51
8 
  
5.
52
4 
  
5.
96
8 
  
6.
04
8 
  
6.
65
5 
  
6.
69
4

 6
1 
A'
  
 6
2 
A'
  
 6
3 
A'
  
 6
4 
A'
  
 6
5 
A'
  
 6
6 
A'
  
 6
7 
A'
  
 6
8 
A'
  
  
  
  
  
  
  
  
 

  
6.
74
7 
  
6.
75
4 
  
6.
81
3 
  
6.
96
7 
  
7.
19
6 
  
7.
23
4 
  
7.
31
5 
  
7.
37
0

 6
9 
A'
  
 7
0 
A'
  
 7
1 
A'
  
 7
2 
A'
  
 7
3 
A'
  
 7
4 
A'
  
 7
5 
A'
  
 7
6 
A'
  
  
  
  
  
  
  
  
 

Ei �
E0) |⇥�0 |µ̂| �i⇤|

2

Group	of	Patrick	Norman	
Division	of	TheoreAcal	Chemistry

Non-linear	properAes

37

Two-photon	absorpAon	(TPA)	matrix

ResoluAon	of	idenAty	yields	sum	over	states:	

Chapter 5. Obtaining Optical Properties Using the Intermediate
State Representation

the same techniques can also be used to compute the polarizability and higher

order hyperpolarizabilties. A closed-form expression of the complex polarizability

is presented in section 5.5.

5.4 Two-photon absorption

The expression for the two-photon absorption (TPA) matrix S = {S↵�}, with

↵, � 2 {x, y, z}, stems from time-dependent response theory. For resonant TPA,

meaning the simultaneous absorption of two photons with the same energy, the

elements of S for the final excited state f with the excitation energy !f have the

form [46]:

S↵� = h 
0

|µ̂↵
h
Ĥ � !f

2

i�1

µ̂�| fi+ h 
0

|µ̂�

h
Ĥ � !f

2

i�1

µ̂↵| fi. (5.13)

From the two-photon absorption matrix, TPA cross-sections �TP for linear-polarized

light can be calculated according to [46]:

�TP =
1

30

X

µ⌫

2SµµS
?
µ⌫ + 2Sµ⌫S

?
µ⌫ + 2Sµ⌫S

?
⌫µ. (5.14)

In this section the two alternative routes to evaluate the expressions for S based

on the ISR approach are presented, which have been outlined in section 5.3.

5.4.1 Sum-over-states

Inserting the resolution of the identity (RI) of exact states
1P
n
| nih n| in equation

5.13 yields a sum-over-states (SOS) [14] expression for S [47]:

S↵� =
1X

n

h 
0

|µ̂↵| nih n|µ̂�| fi
!n � !

2

+ ↵ $ �, (5.15)

with !
0

= E
0

. Equation 5.15 simplifies to

S↵� =
1X

n

µ↵
0nµ

�
nf

!n � !
2

+ ↵ $ � (5.16)
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Ĥ � !f

2

i�1

µ̂�| fi+ h 
0

|µ̂�

h
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5.4. Two-photon absorption

and can directly be evaluated after the computation of the eigenvalues of the

ADC-matrix and the successive computation of the static dipole and state-to-state

transition dipole moments via the ISR approach as described in section 5.1, and

the ground-to-excited state transition dipole moments via the modified transition

amplitudes.

5.4.2 Closed-form expression

Inserting the RI of the intermediate states
1P
I
| ̃Iih ̃I | in two positions in equation

5.13 leads to the following expression:

S↵� =
NX

I,J

h 
0

|µ̂↵| ̃Iih ̃I |
h
Ĥ � !f

2

i�1

| ̃Jih ̃J |µ�| fi+ ↵ $ �. (5.17)

This can be rewritten in matrix form yielding:

S↵� = F†
↵ (M� !)�1 B�Yf +

µ↵
00

µ�
0f

E
0

� !
2

+ ↵ $ �. (5.18)

Here, B� is the IS representation of the dipole operator in direction �, F†
↵ is the

matrix of modified transition amplitudes along coordinate ↵, and Yf is the eigen-

vector of the final state the f . It should be noted that the RI of intermediate

states contains the ground state as zeroth order excitation class, but the contribu-

tion from the ground state is not included in this matrix representation and has

to be added separately.

To solve the term involving the inverse shifted ADC matrix in 5.18, the vector

x†
↵ is introduced:

x†
↵ = F†

↵

⇣
M� !

2

⌘�1

. (5.19)

which is the solution of the system of linear equations:

x†
↵

⇣
M� !

2

⌘
= F†

↵. (5.20)

Equation 5.20 has to be solved iteratively for each component ↵ 2 {x, y, z}. The

resulting vectors can be used to compute pseudo-densities according to equation
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ResoluAon	of	idenAty	yields	ISR	expression:	

!
TPA	probabiliAes	are	obtained	by	contracAon	of	S-matrix	with	ADC	vector.
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CI(n) ADC(n) CC(n)

size-consistency no yes yes

hermiticity yes yes no

compactness n
even (n=2m) : m+1	
odd (n=2m+1): m+1

even (n=2m) : m+1	
odd (n=2m+1): m+2

ground state CI(n) MPn CC(n)
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Block tensor contraction library: libtensor	
• C++ template library (open source)	
• create tensors of arbitrary rank and size and perform linear algebra operations	
•  parallelisation of tensor operations in a shared memory environment	
•  fully supports symmetry, in particular spin and point group symmetry	
•  allows for the direct translation of equations into code

E. Epifanovsky, M. Wormit, T. Kus, A. Landau, D. Zuev, K. Khistyaev, P. Manohar, 
I. Kaliman, A. Dreuw, A. I. Krylov J. Comp. Chem. 34, 2293 (2013)
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Figure 2. Comparison of an ADC equation to its actual implementation using libtensor.

absorption cross sections. Below an overview of the imple-
mentation and the capabilities is given including examples
of applications.

3.1. Implementation using the tensor library

The adcman suite has been implemented as an indepen-
dent module in Q-Chem with a minimal interface to the
rest of the quantum chemical package. This modular de-
sign allows for the possibility to combine it with other
quantum chemistry packages in future by replacing the
interface.

To perform the tensor operations which are required
by most wavefunction-based electronic structure methods
adcman uses the newly developed general-purpose tensor
librarylibtensor[48] in Q-Chem. The tensor library is a
C++ template library which is also available as open source.
It provides the infrastructure for adcman to create tensors
of arbitrary rank and size and perform linear algebra opera-
tions on them. The data model whichlibtensor employs
divides every tensor into smaller blocks of the same rank by
splitting every dimension into several parts. This allows for
immediate parallelisation of tensor operations in a shared
memory environment, since operations on individual blocks
can be performed independently. Furthermore, blocks can
be moved separately in and out of memory by the virtual
memory management module operating in the background
of libtensor, if the available memory is not sufficient
to accommodate all tensor data.

The library also fully supports symmetry, in particu-
lar spin and point group symmetry. Thereby, no special
symmetry-adapted versions of the ADC equations are re-
quired to perform symmetry-aware calculations. Only the
initial tensors at the beginning of an ADC calculation have
to be set up appropriately to enable the symmetry adapta-
tion.

For the implementation of the ADC equations an easy-
to-use interface is provided by libtensor which allows
for the direct translation of equations into code, in a similar
fashion as they would be written in LATEX. To illustrate this,
a part of the equations required for the ADC(2) method is
compared to the respective code in Figure 2.

3.2. Calculation of valence-excited states

For the calculation of energetically low-lying excited
states the ADC methods ADC(1), ADC(2), ADC(2)-x and
ADC(3) [38,43] are currently available within adcman.
Thereby, excited states can be obtained at different lev-
els of accuracy and at quite different computational costs.
The lowest level provided is ADC(1) which is exactly
identical to the well-known configuration interaction sin-
gles(CIS) method [49]. Next in the hierarchy are ADC(2)
and ADC(2)-x where the former yields excitation energies
comparable in quality to the excited state methods CC2
[33,50] and CIS(D) [51,52], while the excitation energies
generated by the latter come closer to equation-of-motion
coupled cluster singles doubles(EOM-CCSD) [53–55]. Fi-
nally, the ADC(3) method provides results with almost the
same accuracy as CC3 [31], but at costs which are an order
of magnitude smaller. As example, the excitation energies
and oscillator strengths of the two lowest excited states of
formaldehyde are shown in Table 1 obtained with different
ADC methods and various basis sets.

To compute the excited statesadcman usually employs
the Davidson algorithm [56] to find the N smallest eigen-
values of the respective ADC matrix. In case of ADC(2) an
alternative method is available [33] which combines David-
son and direct inversion of the iterative subspace(DIIS)
algorithm resulting in reduced computational costs. How-
ever, this algorithm might not always converge or it might
not converge to the intended states, i.e. missing some en-
ergetically lower states. Any ADC calculation can exploit
the resolution-of-the-identity (RI) approximation to speed
up the transformation of the two-electron integrals from
atomic orbitals to molecular orbitals [33]. The full imple-
mentation of the ADC equations in terms of the RI integrals
is currently in progress.

To demonstrate the performance of the ADC implemen-
tation Figure 3 shows how the calculation speed increases
when run on multiple cores of the same computer for a
number of systems with varying sizes. It can clearly be
seen from the figure that for small systems, the paralleli-
sation does not improve calculation times. Only when the
calculations become more demanding, they start to bene-
fit from the available cores resulting in an almost optimal
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adcman (rem variables): 
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ADC_ORDER
Deprecated! Controls the order in perturbation theory of ADC. Only read, if METHOD is
not set.

TYPE:
INTEGER

DEFAULT:
None

OPTIONS:
0 Activate ADC(0).
1 Activate ADC(1).
2 Activate ADC(2)-s or ADC(2)-x.

RECOMMENDATION:
Use METHOD instead.

ADC_EXTENDED
Deprecated! Activates the ADC(2)-x variant. This option is ignored unless ADC_ORDER
is set to 2 and METHOD is not set.

TYPE:
LOGICAL

DEFAULT:
FALSE

OPTIONS:
TRUE Activate ADC(2)-x.
FALSE Do an ADC(2)-s calculation.

RECOMMENDATION:
Use METHOD instead.

EE_STATES
Controls the number of excited states to calculate.

TYPE:
INTEGER

DEFAULT:
0 Do not perform an ADC calculation

OPTIONS:
n > 0 Number of states to calculate for each irrep or
[n1, n2, ...] Compute n1 states for the first irrep, n2 states for the second irrep, ...

RECOMMENDATION:
Use this variable to define the number of excited states in case of unrestricted or open-
shell calculations. In restricted calculations it can also be used, if neither EE_SINGLETS
nor EE_TRIPLETS is given. Then, it has the same effect as setting EE_SINGLETS.
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EE_SINGLETS
Controls the number of singlet excited states to calculate.

TYPE:
INTEGER

DEFAULT:
0 Do not perform an ADC calculation of singlet excited states

OPTIONS:
n > 0 Number of singlet states to calculate for each irrep or
[n1, n2, ...] Compute n1 states for the first irrep, n2 states for the second irrep, ...

RECOMMENDATION:
Use this variable to define the number of excited states in case of restricted calculations
of singlet states. In unrestricted calculations it can also be used, if EE_STATES not set.
Then, it has the same effect as setting EE_STATES.

EE_TRIPLETS
Controls the number of triplet excited states to calculate.

TYPE:
INTEGER/INTEGER ARRAY

DEFAULT:
0 Do not perform an ADC calculation of triplet excited states

OPTIONS:
n > 0 Number of triplet states to calculate for each irrep or
[n1, n2, ...] Compute n1 states for the first irrep, n2 states for the second irrep, ...

RECOMMENDATION:
Use this variable to define the number of excited states in case of restricted calculations
of triplet states.

CC_SYMMETRY
Activates point-group symmetry in the ADC calculation.

TYPE:
LOGICAL

DEFAULT:
TRUE If the system possesses any point-group symmetry.

OPTIONS:
TRUE Employ point-group symmetry
FALSE Do not use point-group symmetry

RECOMMENDATION:
None
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EE_SINGLETS
Controls the number of singlet excited states to calculate.

TYPE:
INTEGER

DEFAULT:
0 Do not perform an ADC calculation of singlet excited states

OPTIONS:
n > 0 Number of singlet states to calculate for each irrep or
[n1, n2, ...] Compute n1 states for the first irrep, n2 states for the second irrep, ...

RECOMMENDATION:
Use this variable to define the number of excited states in case of restricted calculations
of singlet states. In unrestricted calculations it can also be used, if EE_STATES not set.
Then, it has the same effect as setting EE_STATES.

EE_TRIPLETS
Controls the number of triplet excited states to calculate.

TYPE:
INTEGER/INTEGER ARRAY

DEFAULT:
0 Do not perform an ADC calculation of triplet excited states

OPTIONS:
n > 0 Number of triplet states to calculate for each irrep or
[n1, n2, ...] Compute n1 states for the first irrep, n2 states for the second irrep, ...

RECOMMENDATION:
Use this variable to define the number of excited states in case of restricted calculations
of triplet states.

CC_SYMMETRY
Activates point-group symmetry in the ADC calculation.

TYPE:
LOGICAL

DEFAULT:
TRUE If the system possesses any point-group symmetry.

OPTIONS:
TRUE Employ point-group symmetry
FALSE Do not use point-group symmetry

RECOMMENDATION:
None
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EE_SINGLETS
Controls the number of singlet excited states to calculate.

TYPE:
INTEGER

DEFAULT:
0 Do not perform an ADC calculation of singlet excited states

OPTIONS:
n > 0 Number of singlet states to calculate for each irrep or
[n1, n2, ...] Compute n1 states for the first irrep, n2 states for the second irrep, ...

RECOMMENDATION:
Use this variable to define the number of excited states in case of restricted calculations
of singlet states. In unrestricted calculations it can also be used, if EE_STATES not set.
Then, it has the same effect as setting EE_STATES.

EE_TRIPLETS
Controls the number of triplet excited states to calculate.

TYPE:
INTEGER/INTEGER ARRAY

DEFAULT:
0 Do not perform an ADC calculation of triplet excited states

OPTIONS:
n > 0 Number of triplet states to calculate for each irrep or
[n1, n2, ...] Compute n1 states for the first irrep, n2 states for the second irrep, ...

RECOMMENDATION:
Use this variable to define the number of excited states in case of restricted calculations
of triplet states.

CC_SYMMETRY
Activates point-group symmetry in the ADC calculation.

TYPE:
LOGICAL

DEFAULT:
TRUE If the system possesses any point-group symmetry.

OPTIONS:
TRUE Employ point-group symmetry
FALSE Do not use point-group symmetry

RECOMMENDATION:
None
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ADC_PROP_ES
Controls the calculation of excited state properties (currently only dipole moments).

TYPE:
LOGICAL

DEFAULT:
FALSE

OPTIONS:
TRUE Calculate excited state properties.
FALSE Do not compute state properties.

RECOMMENDATION:
Set to TRUE, if properties are required or attachment/detachment densities of the excited
states should be plotted.

ADC_PROP_ES2ES
Controls the calculation of transition properties between excited states (currently only
transition dipole moments and oscillator strengths).

TYPE:
LOGICAL

DEFAULT:
FALSE

OPTIONS:
TRUE Calculate state-to-state transition properties.
FALSE Do not compute transition properties between excited states.

RECOMMENDATION:
Set to TRUE, if state-to-state properties are required.

ADC_SOS
Activates the SOS models in second order ADC calculations.

TYPE:
LOGICAL

DEFAULT:
FALSE Perform a standard ADC calculation

OPTIONS:
TRUE Employ the SOS model, if METHOD is set to ADC(2) or ADC(2)-x.
FALSE Do not use the SOS model.

RECOMMENDATION:

ADC_C_T
Set the spin-opposite scaling parameter cT for an SOS-ADC(2) calculation. The parame-
ter value is obtained by multiplying the given integer by 10�3.

TYPE:
INTEGER

DEFAULT:
1300 Optimized value cT = 1.3.

OPTIONS:
n Corresponding to n · 10�3

RECOMMENDATION:
Use default
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ADC_PROP_ES
Controls the calculation of excited state properties (currently only dipole moments).

TYPE:
LOGICAL

DEFAULT:
FALSE

OPTIONS:
TRUE Calculate excited state properties.
FALSE Do not compute state properties.

RECOMMENDATION:
Set to TRUE, if properties are required or attachment/detachment densities of the excited
states should be plotted.

ADC_PROP_ES2ES
Controls the calculation of transition properties between excited states (currently only
transition dipole moments and oscillator strengths).

TYPE:
LOGICAL

DEFAULT:
FALSE

OPTIONS:
TRUE Calculate state-to-state transition properties.
FALSE Do not compute transition properties between excited states.

RECOMMENDATION:
Set to TRUE, if state-to-state properties are required.

ADC_SOS
Activates the SOS models in second order ADC calculations.

TYPE:
LOGICAL

DEFAULT:
FALSE Perform a standard ADC calculation

OPTIONS:
TRUE Employ the SOS model, if METHOD is set to ADC(2) or ADC(2)-x.
FALSE Do not use the SOS model.

RECOMMENDATION:

ADC_C_T
Set the spin-opposite scaling parameter cT for an SOS-ADC(2) calculation. The parame-
ter value is obtained by multiplying the given integer by 10�3.

TYPE:
INTEGER

DEFAULT:
1300 Optimized value cT = 1.3.

OPTIONS:
n Corresponding to n · 10�3

RECOMMENDATION:
Use default
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ables MEM_STATIC and MEM_TOTAL. The memory used by ADC is currently 95% of the difference
MEM_TOTAL - MEM_STATIC.

An ADC calculation is requested by setting the $rem variable METHOD to the respective ADC variant.
Furthermore, the number of excited states to be calculated has to be specified using one of the $rem vari-
ables EE_STATES, EE_SINGLETS, or EE_TRIPLETS. The former variable should be used for open-shell or
unrestricted closed-shell calculations, while the latter two variables are intended for restricted closed-shell
calculations. Even though not recommended, it is possible to use EE_STATES in a restricted calculation
which translates into EE_SINGLETS, if neither EE_SINGLETS nor EE_TRIPLETS is set. Similarly, the use
EE_SINGLETS in an unrestricted calculation will translate into EE_STATES, if the latter is not set as well.

All $rem variables to set the number of excited states accept either an integer number or a vector of in-
teger numbers. A single number specifies that the same number of excited states are calculated for every
irreducible representation the point group of the molecular system possesses (molecules without symmetry
are treated as C1 symmetric). In contrast, a vector of numbers determines the number of states for each
irreducible representation explicitly. Thus, the length of the vector always has to match the number of ir-
reducible representations. Hereby, the excited states are labeled according to the irreducible representation
of the electronic transition which might be different from the irreducible representation of the excited state
wave function. Users can choose to calculate any molecule as C1 symmetric by setting CC_SYMMETRY to
FALSE.

METHOD
Controls the order in perturbation theory of ADC.

TYPE:
STRING

DEFAULT:
None

OPTIONS:
ADC(1) Perform ADC(1) calculation.
ADC(2) Perform ADC(2)-s calculation.
ADC(2)-x Perform ADC(2)-x calculation.
ADC(3) Perform ADC(3) calculation.
SOS-ADC(2) Perform spin-opposite scaled ADC(2)-s calculation.
SOS-ADC(2)-x Perform spin-opposite scaled ADC(2)-x calculation.
CVS-ADC(1) Perform ADC(1) calculation of core excitations.
CVS-ADC(2) Perform ADC(2)-s calculation of core excitations.
CVS-ADC(2)-x Perform ADC(2)-x calculation of core excitations.

RECOMMENDATION:
None
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Derivation via Intermediate State Representation	
• analogous to closed-shell, but excitation operator needs spin:	
!
!
⇒ Subsequent annihilation and creation operators must act on the 	

    same spin

 Open-shell molecules with UADC(2)
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It is nearly impossible to 	
find experimental data for	
comparison.
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It is nearly impossible to 	
find experimental data for	
comparison.
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It is nearly impossible to 	
find experimental data for	
comparison.
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It is nearly impossible to 	
find experimental data for	
comparison.
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SOS-ADC(2)-x

43

• Semi-empirical method for doubly excited states.	
• rigorous ISR-SOS-ADC(2) possible (no gain)	
• two empirical scaling factors required, cos and cx	
• fitted to Thiel’s benchmark set!	
!
cos influences the excitation energy of both singly and 
doubly excited states 	
cx shifts essentially only doubles	
 (weight of doubles in brackets )

044107-4 Krauter, Pernpointner, and Dreuw J. Chem. Phys. 138, 044107 (2013)

FIG. 1. Schematic representation of the effect of the SOS approximation on
the dimensionality of the ADC(2)-s matrix.

the elements in the ph/2p2h block multiplied by a factor of
cos = 1.3 but not in the 2p2h/ph block. Nevertheless, this
non-hermitian matrix can be similarity transformed to give
a hermitian matrix and when partitioning is used to solve the
problem in the ph space only, like in TURBOMOLE, the two
effective secular matrices are the same and the issue of the
symmetrization of the coupling blocks does not arise. This
hermitian matrix differs from our secular matrix in having
cos
coupling =

√
cos = 1.14 instead of cos

coupling = 1+cos

2 = 1.15
as scaling parameter for the coupling blocks. The differences
in the excitation energies are only small as cos has a value
close to unity. However, it should be borne in mind that to
exactly reproduce excitation energies obtained by specifying
a certain value for cos in TURBOMOLE with our method it is
necessary to choose cos

coupling in a different manner.
In contrast to ISR-SOS-ADC(2)-s, the deletion of same-

spin components in the 2p2h configurations allows for a sig-
nificant reduction of the dimensionality of the ADC matrix
and a concomitant reduction of the computational cost. The
scaling of the method itself is not affected but the prefactor
is reduced. Compared to ISR-SOS-ADC(2)-s, this is an addi-
tional ad hoc approximation stemming from SOS-CC2. Both
methods were implemented into a development version of the
Q-CHEM program package35and the results are discussed in
Sec. IV. For the sake of clarity, the explicit expressions for
the ADC matrices of the different approaches discussed so far
are given in the supplementary material.41

Finally, the concept of scaling with respect to spin com-
ponents was applied to the ADC(2)-x method. For this pur-
pose, the first order correction terms have been added to
the 2p2h/2p2h block and an additional scaling parameter has
been introduced in order to reduce the overestimation of
doubly-excited configurations in ADC(2)-x. Because a reduc-
tion of computational cost is even more desirable here, this
procedure was applied only to SOS-ADC(2)-s with already
reduced dimensionality and not to the more “rigorous” ISR-
SOS-ADC(2)-s. These results constitute the main achieve-
ment of this work and will be analyzed in detail in Sec. IV.

For correcting the overestimation of doubly-excited con-
figurations in the case of ADC(2)-x another method was
tested additionally, namely, the application of a constant shift
to the diagonal elements of the 2p2h/2p2h block. However, in
first tests the definition of a constant shift parameter for a wide
range of states and molecules seems not possible. Therefore,
we concentrate on multiplicative scaling of certain matrix
elements.

III. COMPUTATIONAL METHODS

The methods derived above were implemented in a devel-
opment version of Q-CHEM.35 In all cases, the resolution of
the identity (ri) approximation for four-center integrals26, 27, 42

was employed. For the parameter determination and evalua-
tion of the numerical accuracy the benchmark set of organic
molecules developed by Schreiber et al.39 and Silva-Junior
et al.43 was used. The structures had been optimized at
6-31G*/MP2 level and were taken from the supplementary
material of Ref. 39. The numbering scheme of the states was
chosen in accordance with the original benchmark set which
neglects Rydberg states.

As basis set the augmented correlation consistent double-
ζ basis set aug-cc-pVDZ44 was chosen and the resulting basis
set error has been included in the fitting of the scaling pa-
rameters. We have chosen to use this basis set since diffuse
functions are crucial for the determination of electronically
excited states, while the step from aug-cc-pVDZ to the ac-
cording triple-ζ basis aug-cc-pVTZ44 introduces only minor
changes (compare Table III). As can be seen from compari-
son with values obtained from the non-augmented basis set
cc-pVTZ,44 the reduction of basis set size by neglecting aug-
mentation leads to significant deviations. Consequently, aug-
cc-pVDZ offers a good compromise between accuracy and
basis set size. In all cases, the corresponding auxiliary basis
sets according to Ref. 45 were used.

Altogether, three scaling parameters were introduced.
One for the T-amplitudes (cos), one for the coupling blocks
(cos

coupling) and one for the first order contributions to the
2p2h/2p2h block (cos

x ) in the case of extended ADC(2). The
first parameter was chosen in accordance with SOS-MP2 as
cos = 1.3 and was not subject to any changes. The other two
parameters were fitted to theoretical best estimates (TBE-2)
obtained by Silva-Junior et al.43

In the case of ADC(2)-s, all states with significant dou-
ble excitation character (more than 20% in CC3, compare
Ref. 39) were excluded from the fitting procedure. In the case
of some states no clear assignment could be made. They were
omitted, too.

Reference values with the aug-cc-pVDZ basis set using
the implementation of SOS-ADC(2)-s by Hellweg et al.36

were obtained with TURBOMOLE V6.3.37

IV. RESULTS AND DISCUSSION

As explained above, the ISR-SOS-ADC(2)-s method has
been obtained via the ISR from SOS-MP2, while SOS-
ADC(2)-s as derived from SOS-CC2 includes an additional
ad hoc approximation by neglecting all same-spin contri-
butions to the 2p2h configurations. As such an ISR-SOS-
ADC(2)-s method has not been previously implemented, we
first compare the performance of this scheme with our SOS-
ADC(2)-s method derived from SOS-CC2. The scaling pa-
rameter for the T-amplitudes was kept as cos = 1.3 and
cos
coupling = cos+1

2 = 1.15 was chosen in analogy. The results
are shown in Tables I (singlet excitations) and II (triplet
excitations). The statistical evaluation of the error with re-
spect to the TBE-243 is given in Table III. The ADC(2)-s

Downloaded 03 Apr 2013 to 129.206.120.164. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
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C. Krauter, M. Pernpointner, A. Dreuw, J. Chem. Phys. 138, 044107 (2013)
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TABLE IV. Vertical excitation energies for a small test set of singlet excited states with either high single or double excitation character obtained with different
SOS-ADC(2)-x schemes in eV. SOS-ADC(2)-s and ADC(2)-x values are given for comparison. TBE-2 from Ref. 43 and DFT/MRCI from Ref. 46. The values
in brackets give the net weight of doubly-excited configurations in the expansion of the final states.

State TBE-2 DFT/ SOS- ADC(2)-x SOS- SOS- SOS-
MRCI ADC(2)-s ADC(2)-x ADC(2)-x ADC(2)-x

cos
coupling 1.17 . . . 1.17 1.0 1.0

cos
x . . . . . . . . . 0.85 0.9

Singlet states with high double excitation character
Butadiene 2Ag 6.55 6.18 7.17 (0.08) 5.12 (0.55) 4.71 (0.50) 6.39 (0.40) 6.19 (0.47)
Hexatriene 2Ag 5.09 4.92 6.65 (0.10) 4.06 (0.58) 3.77 (0.58) 5.40 (0.55) 5.16 (0.60)
Octatetraene 2Ag 4.47 4.01 6.04 (0.12) 3.36 (0.61) 3.12 (0.61) 4.69 (0.60) 4.45 (0.66)
Cyclopentadiene 2A1 6.28 6.15 6.93 (0.10) 5.10 (0.49) 4.60 (0.43) 6.20 (0.37) 6.05 (0.42)

Singlet states with high single excitation character
Butadiene 1Bu 6.18 6.02 6.16 (0.06) 5.56 (0.10) 5.26 (0.12) 6.21 (0.09) 6.19 (0.09)
Hexatriene 1Bu 5.10 4.95 5.24 (0.07) 4.60 (0.14) 4.29 (0.13) 5.34 (0.10) 5.33 (0.10)
Octatetraene 1Bu 4.66 4.25 4.62 (0.08) 3.96 (0.12) 3.65 (0.14) 4.77 (0.11) 4.75 (0.11)
Cyclopentadiene 1B2 5.55 5.42 5.48 (0.06) 4.91 (0.09) 4.56 (0.09) 5.55 (0.08) 5.54 (0.10)

doubly-excited states to the singly-excited states can be re-
duced (lowering the value of cos

coupling) and, on the other hand,
a new scaling parameter (cos

x < 1.0) can be applied to the first
order correction terms in the 2p2h/2p2h block. In the latter
case either diagonal, non-diagonal elements, or both can be
scaled. Testing these two possibilities, the following observa-
tions were made:! Reducing cos

coupling influences both singly- and doubly-
excited states to a similar extent. Therefore, once the
doubly-excited states have been adjusted to the right
energy range the singly-excited states lie far too high
in energy.! Scaling the first order correction terms to the non-
diagonal elements of the 2p2h/2p2h block leads to a
strong influence on the doubly-excited states but leaves
the singly-excited ones untouched (Table IV).! Scaling the first order correction terms to the diago-
nal elements of the 2p2h/2p2h block influences both
singly- and doubly-excited states strongly but in a less
consistent and predictable way than scaling the off-
diagonal terms.

Therefore, we decided to introduce only one additional scal-
ing parameter for the off-diagonal elements of the 2p2h/2p2h
block (termed cos

x ) and adjust it together with cos
coupling . From

a rough screening (modifying both parameters in steps of
0.1 and using only the small set of singlet states defined in
Table IV) cos

x = 0.8 and cos
coupling = 1.0 were identified as

promising starting values for a further refinement. In the
course of this, cos

coupling can be used to adjust the singly-excited
states (using the full set of 74 singly-excited singlet states)
and then cos

x has to be chosen in order to shift the doubly-
excited states to the right energy range leaving the singly-
excited states almost unchanged. By this procedure cos

x = 1.0
(i.e., no scaling) was confirmed as a value that leads to simi-
lar errors as in SOS-ADC(2)-s (mean absolute errors of 0.15–
0.17 eV if cos

x is kept in the range of 0.85–0.90). Detailed
statistical analysis is given in Table V.

However, high quality reference data for doubly-excited
states is lacking. In the benchmark set used so far 17 states

with high double excitation character are included. For seven
of those TBE-2 and for 12 DFT/MRCI values exist. At the
same time, we believe that TBE-2 are probably too high
in energy while DFT/MRCI might be too low. Keeping
cos
coupling = 1.0 constant, fitting with respect to TBE-2 yields

cos
x = 0.87, to DFT/MRCI cos

x = 0.92 as optimal values
(Table V). However, the number of states considered is very
small making a proper statistical evaluation impossible for the
time being.

TABLE V. Maximum error, minimum error, mean error, mean absolute er-
ror, and standard deviation for the test set of Table VI obtained with SOS-
ADC(2)-x and different values for cos

coupling and cos
x . Errors with respect to

TBE-2 from Ref. 43 in the case of states with high single excitation charac-
ter. In the case of states with high double excitation character comparison to
either TBE-243 or DFT/MRCI from Ref. 46. For corresponding ADC values
see the supplementary material.41 The numbers in the first column give the
value of cos

coupling and cos
x , respectively.

cos
coupling , cos

x Max. err. Min. err. Mean err. Mean abs. err. Std. dev.

Singlet states with high single excitation character (74)
reference TBE-2

1.0, 0.85 0.42 − 0.63 − 0.08 0.15 0.15
1.0, 0.90 0.38 − 0.65 − 0.11 0.17 0.16

Singlet states with high double excitation character (7)
reference TBE-2

1.0, 0.85 0.31 − 0.46 0.01 0.23 0.15
1.0, 0.87 0.26 − 0.48 − 0.05 0.22 0.14
1.0, 0.89 0.20 − 0.51 − 0.11 0.21 0.16
1.0, 0.90 0.17 − 0.52 − 0.14 0.21 0.18
1.0, 0.92 0.10 − 0.53 − 0.21 0.23 0.20
1.0, 0.94 0.02 − 0.56 − 0.28 0.29 0.21

Singlet states with high double excitation character (12)
reference DFT/MRCI

1.0, 0.85 0.68 − 0.18 0.16 0.22 0.19
1.0, 0.87 0.59 − 0.25 0.11 0.19 0.17
1.0, 0.89 0.49 − 0.32 0.06 0.18 0.13
1.0, 0.90 0.44 − 0.36 0.04 0.17 0.12
1.0, 0.92 0.34 − 0.44 − 0.02 0.18 0.11
1.0, 0.94 0.22 − 0.52 − 0.08 0.18 0.13

Triplet states (63), reference TBE-2
1.0, 0.90 0.31 − 0.74 − 0.04 0.11 0.12

Downloaded 03 Apr 2013 to 129.206.120.164. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
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ADC(3)

44

ADC(3) stays within the 2p2h-excitation manifold, and scales like O(N6)!	
Every molecule, for which ADC(2)-x is possible, also ADC(3) is doable!

P. H. P. Harbach, M. Wormit, A. Dreuw, J. Chem. Phys. 141, 064113 (2014)
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ADC(3)

ADC(3) and CC3 exhibit a much larger predictive power. Based on this statistical analysis

it is impossible to judge whether CC3 or ADC(3) is the more accurate method for singlet

excited states of medium-sized organic molecules. However, it is clear that ADC(3) exhibits

a much larger range of applicability due to its fortunate scaling of only O(N6) with system

size compared to the one of O(N7) of CC3.

TBE as reference

CC2 CCSD CC3 ADC(2)-s ADC(2)-x ADC(3)

Count

b
103 103 84 104 104 104

Min -0.30 -2.92 -0.11 -1.43 -1.86 -0.78

Max 1.58 1.58 1.15 2.05 0.93 0.90

Mean 0.29 0.43 0.23 0.22 -0.70 0.12

Std. Dev 0.28 0.44 0.21 0.38 0.37 0.28

CC3 as reference

CC2 CCSD CC3 ADC(2)-s ADC(2)-x ADC(3)

Count

b
114 114 – 114 114 114

Min -0.22 -3.75 – -2.95 -3.47 -2.41

Max 2.17 2.26 – 2.16 0.76 1.10

Mean 0.14 0.27 – -0.03 -0.99 -0.20

Std. Dev 0.29 0.48 – 0.54 0.48 0.46

ADC3 as reference

CC2 CCSD CC3 ADC(2)-s ADC(2)-x ADC(3)

Count

b
141 141 114 141 141 –

Min -1.15 -2.96 -1.10 -1.29 -1.80 –

Max 2.62 2.68 2.41 2.19 0.24 –

Mean 0.24 0.41 0.20 0.08 -0.83 –

Std. Dev. 0.55 0.59 0.46 0.50 0.38 –

b
Total number of considered states.

TABLE III. Statistical error analysis of the calculated excitation energies of the singlet excited

states of the benchmark set at CC2, ADC(2)-s, ADC(2)-x, CC3 and ADC(3) levels of theory. The

theoretical best estimates (TBE) have been used as reference data as well as the ones obtained at

CC3 and ADC(3).

Since ADC(3) and CC3 exhibit similar accuracies, it is worthwhile to statistically analyze

the excitation energies further. Assuming that CC3 and ADC(3) are valuable benchmark

methods, the excitation energies have been analyzed also with respect to the CC3 values

and the ADC(3) values only (Table III). Of course, the details of the analysis change

18

ADC(3)

TBE as reference

CC2 CCSD CC3 ADC(2)-s ADC(2)-x ADC(3)

Count

b
63 63 63 63 63 63

Min -0.09 -0.28 -0.04 -0.27 -0.96 -0.49

Max 0.48 0.39 0.32 0.48 -0.24 0.44

Mean 0.17 0.06 0.04 0.12 -0.55 -0.18

Std. Dev 0.13 0.14 0.08 0.16 0.20 0.16

CC3 as reference

CC2 CCSD CC3 ADC(2)-s ADC(2)-x ADC(3)

Count

b
71 71 – 71 71 71

Min -0.11 -0.28 – -0.27 -1.33 -1.29

Max 0.56 0.51 – 0.48 -0.22 0.26

Mean 0.14 0.05 – 0.09 -0.63 -0.22

Std. Dev 0.14 0.15 – 0.14 0.24 0.20

ADC3 as reference

CC2 CCSD CC3 ADC(2)-s ADC(2)-x ADC(3)

Count

b
71 71 71 71 71 –

Min -0.37 -0.96 -0.26 -0.38 -1.41 –

Max 1.58 1.39 1.29 1.53 0.08 –

Mean 0.37 0.27 0.22 0.32 -0.41 –

Std. Dev. 0.29 0.21 0.20 0.30 0.33 –

b
Total number of considered states.

TABLE V. Statistical error analysis of the calculated excitation energies of the triplet excited

states of the benchmark set at CC2, ADC(2)-s, ADC(2)-x, CC3 and ADC(3) levels of theory. The

theoretical best estimates (TBE) have been used as reference data as well as the ones obtained at

CC3 and ADC(3).

to evaluate the accuracy of CC3 with respect to the TBE values. A comparison of CC3 and

ADC(3) is still possible to a limited extend, if only the 19 triplet states of the TBE values

are considered which do not correspond to CC3 values. When statistical analyses of the CC3

and ADC(3) values with respect to these states are performed, CC3 exhibits a mean error of

0.12 eV with a standard deviation of 0.10 eV and an error span from -0.04 to 0.32 eV, while

ADC(3) has a mean error of -0.10 with a standard deviation of 0.13 eV and an error span

from -0.41 eV to 0.44 eV. Therefore, CC3 and ADC(3) exhibit also for these triplet states

similar accuracy, CC3 slightly overestimating, ADC(3) slightly underestimating excitation

energies. Overall, the same trend of CC3 and ADC(3) is found for triplet states as previously

23

singlets tripletsADC(3)
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FIG. 3. Benchmark set of molecules considered for testing ADC(3)

More precisely, it includes unsaturated aliphatic hydrocarbons, aromatic hydrocarbons and

heterocycles, carbonyl compounds and nucleobases (Figure 3). For the generation of the

reference data, literature data in combination with CASPT2, CC2, CCSD and CC3 calcula-

tions have been taken into consideration. For consistency, all geometries had been optimized

at the MP2/6-31G* level of theory and the standard TZVP basis set had been used.40 Since

this standard TZVP basis set does not contain di↵use functions,51 it is clear that excited

states which are spatially extended, exhibiting Rydberg character for example, are not well

described.40. An example is the 1 1Bu state of small linear polyenes, the excitation energy of

which strongly depends on the basis set size and in particular the augmentation with di↵use

functions. However, the focus of the benchmark set lies on the provision of a reference data

set for direct comparison and in general not on the most accurate description of the indi-

vidual excited states of the molecules. The electronic structure, as well as the symmetries

and the assignments of the individual transitions of the molecules in the benchmark set

were already discussed in detail before and this will hence not be done again.40 Overall the

benchmark set consists of twenty-eight molecules with 104 benchmarked excitation energies

of singlets and 63 benchmarked excitation energies of triplet states. Due to the computa-

8

Thiel’s benchmark set

Comparison CC3 vs. ADC(3)?

non-CC3 TBEs only!
CC3: 	 0.23 ± 0.21 eV  	 	 0.04 ± 0.08 eV	

ADC(3): 0.08 ± 0.27 eV	 	 -0.10 ± 0.13 eV

P. H. P. Harbach, M. Wormit, A. Dreuw, J. Chem. Phys. 141, 064113 (2014)
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L. S. Cederbaum, W. Domcke, J. Schirmer, Phys. Rev. A 22, 206–222 (1980) 
A. Barth, L. S. Cederbaum, Phys. Rev. A 23, 1038-1061 (1981)  
A. Barth, J. Schirmer, J. Phys. B: Atom. Mol. Phys.18, 867-885 (1985)

Core-Valence Separation (CVS) Approximation 
!
• valence state couple only very weakly to core-excited states	
• set coupling to exactly zero:

!

9"Excited"state"proper/es[6]

5"Benchmarking[6]

CVS 

ADC(2)-x 

CVS-ADC(2)-x 

valence core 
doubly 
valence 

singly 
core 

doubly 
core 

Spin 

CVS-UADC(2)-x 

αβ 

α 

β 

α β αα ββ 

αα 

αβ 

ββ 

βα 

βα 

7"Predic/on"of"the"anthracene"
ca/on[8]

6"XAS"of"different"systems"with"CVSFADC(2)Fx[7,8]

jan.wenzel@iwr.uni-heidelberg.de
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Calcula/ng"accurate"XFray"absorp/on"spectra"with"
the"coreFvalence"separated"algebraicFdiagramma/c"
construc/on"scheme:"overview"and"features"

2"AlgebraicFdiagramma/c"construc/on"(ADC)[2]

3"CoreFvalence"separa/on"(CVS)[3F5]

• Energy of core-excited states (CE) >> Energy of valence-excited states (VE)

1"Introduc/on"
• Core-level excitations are generated by absorption of high-

energy radiation such as X-radiation 
• X-ray photoabsorption leads to meta-stabile bound states 
!
• Near-edge X-ray absorption fine structure spectra[1] 

(NEXAFS) provide information about the electronic structure of 
molecules 

• Localized core excitations serve as fingerprint with very high 
chemical selectivity

Gratefully supported by

en
er

gy
 

virtual 

core 

valence 

…
!

X-ray!

Calculating core-level excitations with quantum 
chemical methods helps interpreting the spectra 
and processes

• The algebraic-diagrammatic construction scheme (ADC) is an excited state method based on 
perturbation theory 

• An orthonormal basis of intermediate states (ISR) is constructed by applying creation and 
annihilation operators to the Møller-Plesset ground state

Solving the ADC eigenvalue problem MX = ΩX 
provides the excitation energies Ω as diagonal 
elements of the ADC matrix M

ADC matrix representing a shifted Hamiltonian

Problem: All VE states have to be calculated as well to obtain the CE

Solution: Core-valence separation approximation

• Energy difference of core and valence orbitals is large 
• Interaction between core and valence orbitals is very weak

➡ Treatment of core and valence excitations separately 
➡ Neglecting coulomb terms as shown in the box on the right

Result: CE states are decoupled from VE states leading 
to a reduced ADC matrix
➡ Diagonalization of the reduced ADC matrix provides the CE states directly

VIpqr = VpIqr = VpqIr = VpqrI = 0 
VIJpq = VpqIJ = 0 

VIJKp = VIJpK = VIpJK = VpIJK = 0

Only VIpJq, VpIqJ, VpIJq and VIpqJ contribute

I,J,K = core and p,q,r = virtual or valence occupied

ANQ

Allyl radical

Porphin

Only states with important 
oscillator strength (fosc) are 

shown!

All values are absolute 
without a correction shift!

1 2

3

1
3

4 2

CVS-(U)ADC(2)-x / 6-311++G**

• CVS-ADC(3): overestimation 
• CVS-ADC(2)-x: underestimation 
• diffuse basis functions mandatory 
• triple-ζ: almost convergence

CVS-ADC(2)-x provides strong orbital 
relaxation via doubly excited amplitudes

Detachement

Attachment

X-ray 
hν

4"Implementa/on

• Q-Chem program 
• Up to ADC(3) 
• Unrestricted calculations 
• Point group symmetry 
• Excitation energies of singlet and triplet core-excited 

states 
• Oscillator strengths 
• Excited state properties: 

• Electron Densities 
• Dipole Moments 
• Rotatory Strengths 

• Excited state absorption (ESA) 
• Fully parallelized code: shared memory

• The relative and absolute 
accuracy justifies the prediction 
of yet unmeasured XAS spectra 

• Example: anthracene cation 
with application in organic 
electronics

aug-cc-pVXZ

CVS-ADC(2)-x constant underestimation 
(about 0.1%), CVS-ADC(3) overestimation 
rises with heavier cores

CVS-ADC(2)-x with a diffuse triple-ζ basis 
set provides excellent results

triplet O2 diradical

• Excited state properties via intermediate state 
representation (CVS-ISR) of a general one-
particle operator

Dipole moments, electron densities, 
rotatory strength, ESA

0

0

0

00 0

00 0

0

0

0

ADC Matrix

CVS-ADC Matrix

Jan Wenzel
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9"Excited"state"proper/es[6]

5"Benchmarking[6]
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valence core 
doubly 
valence 

singly 
core 

doubly 
core 

Spin 

CVS-UADC(2)-x 

αβ 

α 

β 

α β αα ββ 

αα 

αβ 

ββ 

βα 

βα 

7"Predic/on"of"the"anthracene"
ca/on[8]

6"XAS"of"different"systems"with"CVSFADC(2)Fx[7,8]
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Calcula/ng"accurate"XFray"absorp/on"spectra"with"
the"coreFvalence"separated"algebraicFdiagramma/c"
construc/on"scheme:"overview"and"features"

2"AlgebraicFdiagramma/c"construc/on"(ADC)[2]

3"CoreFvalence"separa/on"(CVS)[3F5]

• Energy of core-excited states (CE) >> Energy of valence-excited states (VE)

1"Introduc/on"
• Core-level excitations are generated by absorption of high-

energy radiation such as X-radiation 
• X-ray photoabsorption leads to meta-stabile bound states 
!
• Near-edge X-ray absorption fine structure spectra[1] 

(NEXAFS) provide information about the electronic structure of 
molecules 

• Localized core excitations serve as fingerprint with very high 
chemical selectivity

Gratefully supported by

en
er

gy
 

virtual 

core 

valence 

…
!

X-ray!

Calculating core-level excitations with quantum 
chemical methods helps interpreting the spectra 
and processes

• The algebraic-diagrammatic construction scheme (ADC) is an excited state method based on 
perturbation theory 

• An orthonormal basis of intermediate states (ISR) is constructed by applying creation and 
annihilation operators to the Møller-Plesset ground state

Solving the ADC eigenvalue problem MX = ΩX 
provides the excitation energies Ω as diagonal 
elements of the ADC matrix M

ADC matrix representing a shifted Hamiltonian

Problem: All VE states have to be calculated as well to obtain the CE

Solution: Core-valence separation approximation

• Energy difference of core and valence orbitals is large 
• Interaction between core and valence orbitals is very weak

➡ Treatment of core and valence excitations separately 
➡ Neglecting coulomb terms as shown in the box on the right

Result: CE states are decoupled from VE states leading 
to a reduced ADC matrix
➡ Diagonalization of the reduced ADC matrix provides the CE states directly

VIpqr = VpIqr = VpqIr = VpqrI = 0 
VIJpq = VpqIJ = 0 

VIJKp = VIJpK = VIpJK = VpIJK = 0

Only VIpJq, VpIqJ, VpIJq and VIpqJ contribute

I,J,K = core and p,q,r = virtual or valence occupied

ANQ

Allyl radical

N 1s (6-311++G**)

Transition fosc Energy [eV] Experiment

N1,N2 ➝ π* 0.0351 398.07 398.2
N3,N4 ➝ π* 0.0280 400.35 400.3
N1,N2 ➝ π* 0.0257 401.18 402.3
N1,N2 ➝ π* 0.0178 403.37 403.9

Porphin

Only states with important 
oscillator strength (fosc) are 

shown!

All values are absolute 
without a correction shift!

1 2

3

1
3

4 2

CVS-(U)ADC(2)-x / 6-311++G**

• CVS-ADC(3): overestimation 
• CVS-ADC(2)-x: underestimation 
• diffuse basis functions mandatory 
• triple-ζ: almost convergence

CVS-ADC(2)-x provides strong orbital 
relaxation via doubly excited amplitudes

Detachement

Attachment

X-ray 
hν

4"Implementa/on

• Q-Chem program 
• Up to ADC(3) 
• Unrestricted calculations 
• Point group symmetry 
• Excitation energies of singlet and triplet core-excited 

states 
• Oscillator strengths 
• Excited state properties: 

• Electron Densities 
• Dipole Moments 
• Rotatory Strengths 

• Excited state absorption (ESA) 
• Fully parallelized code: shared memory

• The relative and absolute 
accuracy justifies the prediction 
of yet unmeasured XAS spectra 

• Example: anthracene cation 
with application in organic 
electronics

aug-cc-pVXZ

CVS-ADC(2)-x constant underestimation 
(about 0.1%), CVS-ADC(3) overestimation 
rises with heavier cores

CVS-ADC(2)-x with a diffuse triple-ζ basis 
set provides excellent results

triplet O2 diradical

• Excited state properties via intermediate state 
representation (CVS-ISR) of a general one-
particle operator

Dipole moments, electron densities, 
rotatory strength, ESA

core-excited	states	with	ADC

47

J. Wenzel, M. Wormit, A. Dreuw J. Comp. Chem. 35, 1900 (2014)  
J. Wenzel, M. Wormit, A. Dreuw J. Chem. Theo. Comp. in press (2014)  

Efficient implementation: 
  
• up to ADC(3)	
• restricted as well as unrestricted	
• point group symmetry	
• singlet and triplet core-excited states	
• oscillator strengths	
• properties: densities, dipole moments, excited state absorption	
• fully parallelized

!
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Calcula/ng"accurate"XFray"absorp/on"spectra"with"
the"coreFvalence"separated"algebraicFdiagramma/c"
construc/on"scheme:"overview"and"features"

2"AlgebraicFdiagramma/c"construc/on"(ADC)[2]

3"CoreFvalence"separa/on"(CVS)[3F5]

• Energy of core-excited states (CE) >> Energy of valence-excited states (VE)

1"Introduc/on"
• Core-level excitations are generated by absorption of high-

energy radiation such as X-radiation 
• X-ray photoabsorption leads to meta-stabile bound states 
!
• Near-edge X-ray absorption fine structure spectra[1] 

(NEXAFS) provide information about the electronic structure of 
molecules 

• Localized core excitations serve as fingerprint with very high 
chemical selectivity

Gratefully supported by

en
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virtual 

core 

valence 

…
!

X-ray!

Calculating core-level excitations with quantum 
chemical methods helps interpreting the spectra 
and processes

• The algebraic-diagrammatic construction scheme (ADC) is an excited state method based on 
perturbation theory 

• An orthonormal basis of intermediate states (ISR) is constructed by applying creation and 
annihilation operators to the Møller-Plesset ground state

Solving the ADC eigenvalue problem MX = ΩX 
provides the excitation energies Ω as diagonal 
elements of the ADC matrix M

ADC matrix representing a shifted Hamiltonian

Problem: All VE states have to be calculated as well to obtain the CE

Solution: Core-valence separation approximation

• Energy difference of core and valence orbitals is large 
• Interaction between core and valence orbitals is very weak

➡ Treatment of core and valence excitations separately 
➡ Neglecting coulomb terms as shown in the box on the right

Result: CE states are decoupled from VE states leading 
to a reduced ADC matrix
➡ Diagonalization of the reduced ADC matrix provides the CE states directly

VIpqr = VpIqr = VpqIr = VpqrI = 0 
VIJpq = VpqIJ = 0 

VIJKp = VIJpK = VIpJK = VpIJK = 0

Only VIpJq, VpIqJ, VpIJq and VIpqJ contribute

I,J,K = core and p,q,r = virtual or valence occupied

ANQ

Allyl radical

Porphin

Only states with important 
oscillator strength (fosc) are 

shown!

All values are absolute 
without a correction shift!

1 2

3

1
3

4 2

CVS-(U)ADC(2)-x / 6-311++G**

• CVS-ADC(3): overestimation 
• CVS-ADC(2)-x: underestimation 
• diffuse basis functions mandatory 
• triple-ζ: almost convergence

CVS-ADC(2)-x provides strong orbital 
relaxation via doubly excited amplitudes

Detachement

Attachment

X-ray 
hν

4"Implementa/on

• Q-Chem program 
• Up to ADC(3) 
• Unrestricted calculations 
• Point group symmetry 
• Excitation energies of singlet and triplet core-excited 

states 
• Oscillator strengths 
• Excited state properties: 

• Electron Densities 
• Dipole Moments 
• Rotatory Strengths 

• Excited state absorption (ESA) 
• Fully parallelized code: shared memory

• The relative and absolute 
accuracy justifies the prediction 
of yet unmeasured XAS spectra 

• Example: anthracene cation 
with application in organic 
electronics

aug-cc-pVXZ

CVS-ADC(2)-x constant underestimation 
(about 0.1%), CVS-ADC(3) overestimation 
rises with heavier cores

CVS-ADC(2)-x with a diffuse triple-ζ basis 
set provides excellent results

triplet O2 diradical

O 1s (6-311++G**)
Transition fosc Energy [eV] Experiment

 ➝ π*(SOMO) 0.106 529.82 530.7
➝ diffuse 0.071 538.69 538.8
➝ diffuse 0.019 541.55 541.7

• Excited state properties via intermediate state 
representation (CVS-ISR) of a general one-
particle operator

Dipole moments, electron densities, 
rotatory strength, ESA

Propagators	
ADC	
ISR	

ApplicaAons
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Creation operator regular ADC

Adapting regular ADC to spin-flip is straightforward via ISR

Excitations with ∆ms = -1/+1

αα-ADC 0 0 αα-ADC αα-ADC

0 α —> β 0 0 α —> β

0 0 β —> α 0 β —> α

ββ-ADC 0 0 ββ-ADC ββ-ADC

iαaα iαaβ iβaα iβaβ

iαaα

iαaβ

iβaα

iβaβ

x

{ĈJ} = {ĉ†a� ĉi�, ĉ†a� ĉi� ĉ
†
b⌧ ĉj⌧ , . . . }

Structure of the open-shell ADC matrix:

{ĈJ} = {ĉ†a� ĉi↵, ĉ
†
a� ĉi↵ĉ

†
b⌧ ĉj⌧ , . . . }

Creation operator spin-flip ADC

SF-ADC requires a single-reference 	
triplet ground state!

Daniel Lefrancois

Propagators	
ADC	
ISR	

ApplicaAons
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.

Creation operator regular ADC

Adapting regular ADC to spin-flip is straightforward via ISR

Excitations with ∆ms = -1/+1

αα-ADC 0 0 αα-ADC αα-ADC

0 α —> β 0 0 α —> β

0 0 β —> α 0 β —> α

ββ-ADC 0 0 ββ-ADC ββ-ADC

iαaα iαaβ iβaα iβaβ

iαaα

iαaβ

iβaα

iβaβ

x

{ĈJ} = {ĉ†a� ĉi�, ĉ†a� ĉi� ĉ
†
b⌧ ĉj⌧ , . . . }

Structure of the open-shell ADC matrix:

{ĈJ} = {ĉ†a� ĉi↵, ĉ
†
a� ĉi↵ĉ

†
b⌧ ĉj⌧ , . . . }

Creation operator spin-flip ADC

SF-ADC requires a single-reference 	
triplet ground state!

Daniel Lefrancois

Propagators	
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• Electron density of each state 	

• Difference density/ Natural difference density orbitals (NDDOs)	

• Attachment/Detachment densities	

• Transition density/ Natural transition orbitals (NTOs)

F. Plasser, M. Wormit, A. Dreuw, J. Chem. Phys.  141, 024106 (2014)	
F. Plasser, S.  A. Bäppler M. Wormit, A. Dreuw, J. Chem. Phys.  141, 024107 (2014)	
F. Plasser, B. Thomitzni, S. Bäppler, J. Wenzel, D. Rehn, M. Wormit and A. Dreuw J. Comp. Chem., 2015, 36, 1609	

024107-4 Plasser et al. J. Chem. Phys. 141, 024107 (2014)

Detachment Attachment

pD = −1.450 pA = 1.450

d1 = −0.967 a1 = 0.942

d2 = −0.157 a2 = 0.165

d3 = −0.095 a3 = 0.092

FIG. 4. Attachment/detachment densities (computed from the difference
1DM, isovalue 0.005 e) and the major constituting NDOs for the 11A2 state
of pyridine.

ρ0I (r) =
√

λ1ψ
0I
1 (r)ψ I0

1 (r), (3)

under the assumption that all NTO amplitudes except for λ1
vanish.

The analysis of the difference density matrix of the 11A2
state (Figure 4) is more involved. The primary NDOs corre-
spond to the main transition seen in the NTO or canonical
representation, and the eigenvalues (d1 = −0.97, a1 = 0.94)
indicate that indeed one electron was transferred in this way.
However, there are additional significant contributions lead-
ing to an overall value of p = −

∑
idi =

∑
iai = 1.45. A de-

tailed examination of Figure 4 suggests that these are related
to orbital relaxation effects. While the primary transition takes
away an electron from the nitrogen, there are secondary pro-
cesses restoring electrons around this atom. These processes
may be quantified using a Mulliken analysis, which reveals
that the N-atom contributes 0.655 electrons to the detachment
density, but also receives 0.331 electrons in the formal attach-
ment process. This relaxation effect is probably related to an
extended charge shift in this state (as seen by the dipole mo-
ment µ = 2.90 D), see, e.g., Ref. 31. Finally, it is interesting to
compare the pictorial representation of the attachment density
(Figure 4) with the one of the particle density (Figure 3): the

particle density closely resembles the relevant π∗ MO while
the attachment density possesses a notable additional contri-
bution on the N-atom, in accordance to the previous discus-
sion.

When analyzing excited state character it is common
practice to regard the response vectors of correlated excited
state methods as if they referred to individual Slater deter-
minants. Such an approach is certainly sufficient for many
qualitative purposes (and it has even been used to derive ap-
proximate non-adiabatic interactions32). However, the present
example highlights that the underlying wavefunction struc-
ture is indeed much more complex (the ADC response vec-
tor refers to correlated intermediate states33) and may con-
tain relaxation contributions, which are not directly seen in
the response vector. NDOs provide a convenient tool to un-
cover these phenomena. Furthermore, this type of analysis
carries potential to provide deeper insight into the theory of
energy gradients,34 where orbital relaxation modifies the at-
tachment/detachment densities,30 and into the performance of
orbital-relaxed excited state methods.35

As a second example, the 11B1 (ππ∗) state is briefly dis-
cussed. In this case the different types of analyses produce
similar outcomes. The NDOs (Figure S4 of the supplemen-
tary material29) and NTOs (not shown) are very similar to
the canonical MOs and the in-depth analysis performed above
would not yield any additional information. However, as this
state cannot be described by a single NTO pair (PRNT O ≫ 1),
a different level of complexity is encountered, which is related
to static correlation36 or entropy.37, 38 Additional insight into
these phenomena may be obtained through the analysis of the
charge transfer numbers %AB or in terms of localized molec-
ular orbitals. However, a more detailed discussion of these
ideas is postponed to the model of six neon atoms (Sec. IV)
in which the relevant phenomena are more clearly visible.

The excited states of pyridine were recomputed at the
ADC(3) and MR-CISD levels of theory to evaluate the
method dependence of the reported results (Table II). Com-
parison to ADC(2) shows that the 11A2(nπ∗) state is some-
what increased in energy at these higher levels of theory.
However, aside from this energetic difference, there is a re-
markable agreement of the %, PRNT O , and p values across all
three computational methods suggesting that these are indeed
valuable universal descriptors, independent of the wavefunc-
tion model. The NDOs and attachment/detachment densities

TABLE II. Excitation energies (&E, eV, oscillator strengths in parentheses)
and different density matrix based descriptors (see text) of the first six singlet
excited states of pyridine computed at the MR-CISD and ADC(3) levels of
theory (state ordering according to ADC(2) energies).

ADC(3)/cc-pVDZ MR-CISD(6/8)/cc-pVDZ

State &E % PRNT O p &E+P % PRNT O p

11B2 5.12(0.01) 0.82 1.02 1.29 5.15(0.01) 0.85 1.00 1.34
11A2 5.81(0.00) 0.83 1.01 1.38 5.52(0.00) 0.85 1.00 1.47
11B1 5.19(0.02) 0.80 1.75 1.09 5.17(0.03) 0.88 1.84 1.00
21A1 6.72(0.01) 0.86 1.99 1.06 7.02(0.01) 0.87 1.96 1.02
21B1 7.68(0.53) 0.84 1.96 1.16 7.85(0.75) 0.90 1.97 1.12
31A1 7.80(0.57) 0.86 2.26 1.11 7.91(0.81) 0.93 2.14 1.09

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
129.206.199.233 On: Wed, 27 Aug 2014 13:36:33

024107-3 Plasser et al. J. Chem. Phys. 141, 024107 (2014)

Hole Particle

ψ̄a1,H (1.79) ψ̄a2,E (2.53)

ψ̄a2,H (1.68) ψ̄b2,E (2.49)

ψ̄b2,H (1.64)

FIG. 2. State-averaged natural transition orbitals for the first six excited
states of pyridine at the ADC(2)/cc-pVDZ level of theory. Summed ampli-
tudes (λ̄i,H , λ̄i,E ) are given in parentheses.

(Figure S3 of the supplementary material29) closely resemble
the cc-pVDZ ones (Figure 2).

The five frontier orbitals naturally give rise to six differ-
ent excited states, whose properties are listed in Table I. The
first two excited states possess nπ∗ character while the re-
maining four are ππ∗ states. Considering Table I, there are
two interesting immediate observations: First, the number of
promoted electrons p, as defined by the spatial integral over
the attachment or detachment density,30 is around 1.4 for the
nπ∗ states while it is close to one for all the ππ∗ states. This
remains true even though all cases show predominant single
excitation character (the squared norm T2 of the doubles am-
plitudes is below 0.1 and the squared Frobenius norm # of
the 1TDM is always above 0.85) with little variation. This
counterintuitive phenomenon, i.e., how more than one elec-
tron can be “promoted,” without apparent double excitation
character, will be further discussed below. The second obser-
vation is that each nπ∗ state can be described by a single or-

Hole Particle

(a) (b)

ω = 0.852 ω = 0.852

(c) (d)

λ1 = 0.849 λ1 = 0.849

(e)

FIG. 3. Analysis of the transition density matrix of the 11A2 state of pyridine:
(a) hole ρH and (b) particle ρE densities (isovalue 0.005 e), (c) hole ψ0I

1 and
(d) particle ψI0

1 NTOs, and (e) transition density ρ0I.

bital excitation (PRNT O ≈ 1) while at least two independent
transitions are required to describe the individual ππ∗ states
(PRNT O ≈ 2).

In the following, the 11A2 state is analyzed in more de-
tail as an exemplary nπ∗ state. This state is described by only
one significant transition when considering the canonical MO
basis (11a1 → 2a2 with a weight of 88%, see Figure S1 of
the supplementary material29). The same transition also con-
stitutes the only significant NTO pair (with an amplitude of λ1
= 0.85 ≈ #). The NTOs ψ0I

1 and ψ I0
1 , the resulting hole (ρH)

and particle (ρE) densities as well as the transition density
(ρ0I) are presented in Figure 3. The shapes of these objects
clearly reflect the relations given in Paper I1 (Eqs. (56)– (58))

ρH (r) = λ1ψ
0I
1 (r)2, (1)

ρE(r) = λ1ψ
I0
1 (r)2, (2)

TABLE I. Excitation energies (&E, eV, oscillator strengths in parentheses), dipole moments (µ, D), type assignments, state-averaged NTO transitions, squared
norm of doubles amplitudes (T2), squared Frobenius norm of the 1TDM (#), NTO participation ratio (PRNT O ), and number of promoted electrons (p) of the
first six singlet excited states of pyridine computed at the ADC(2)/cc-pVDZ level of theory.

State &E µ Type Transition T2 # PRNT O p

11B2 5.15(0.00) 3.35 nπ∗ ψ̄a1,H → ψ̄b2,E 0.09 0.86 1.01 1.41

11A2 5.40(0.00) 2.90 nπ∗ ψ̄a1,H → ψ̄a2,E 0.10 0.85 1.01 1.45

11B1 5.47(0.02) 0.46 ππ∗ ψ̄a2,H → ψ̄b2,E / ψ̄b2,H → ψ̄a2,E 0.10 0.85 1.77 1.07

21A1 6.95(0.03) 1.16 ππ∗ ψ̄a2,H → ψ̄a2,E / ψ̄b2,H → ψ̄b2,E 0.06 0.88 1.88 1.01

21B1 7.79(0.60) 1.37 ππ∗ ψ̄b2,H → ψ̄a2,E / ψ̄a2,H → ψ̄b2,E 0.08 0.89 1.95 1.12

31A1 7.89(0.55) 0.33 ππ∗ ψ̄b2,H → ψ̄b2,E / ψ̄a2,H → ψ̄a2,E 0.08 0.89 2.33 1.10

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
129.206.199.233 On: Wed, 27 Aug 2014 13:36:33
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O(N5) for IP-ADC and EA-ADC;  
with N number of basis functions
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non-Dyson IP-ADC and EA-ADC	
! !
different “excitation” operator ISR construction

EE-ADC

IP-ADC

EA-ADC

J. Schirmer, Phys. Rev. A. 26, 2395 (1982).

a b c

IP/EA-ADC(2) 0,2 1 0

IP/EA-ADC(3) 0,2-3 1-2 0-1

Structure of the ADC matrix

Matthias 
Schneider
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9,00 11,00 13,00 15,00 17,00

Exp
ADC(3)/cc-pVTZ
ADC(3)/aug-cc-pVDZ
ADC(3)/cc-pVDZ
ADC(2)/cc-pVTZ
ADC(0)/cc-pVTZ

Serine	
!
• geometry: MP2/def2-tzvpp	
• ADC(0) too high	
• ADC(2) too low	
• ADC(3) with cc-pVTZ and aug-cc-pVDZ:	
	 error < 0.2 eV for 3 lowest states	

IP	in	eV

HOMO (Serine)
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Amino	acids	
!
• geometry:	MP2/def2-tzvpp	
• error	less	than	0.25	eV	for	first	3	IPs

54

serine

methionine

tyrosine

alanine

glycine

ionization potential [eV]

8,00 10,50 13,00 15,50 18,00

serine
ADC(3)/aug-pVDZ
tyrosine
ADC(3)/aug-pVDZ
methionine
ADC(3)/aug-pVDZ
alanine
ADC(3)/aug-pVDZ
glycine
ADC(3)/aug-pVDZ

Propagators	
ADC	
ISR	

ApplicaAons
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Hydrocarbon Radicals	
!
• geometry: MP2/cc-pVTZ	
• alpha and beta states computed independently 	
• 3 lowest IP	

	
State Exp.	

ADC(2) ADC(3) EOM-CC MP2 B3LYP

	 cc-pVTZ

Methylene

1 10.39 10.30 10.35 10.38 10.35 	

2 11.44 11.47 11.49

3 	 16.39 15.66 16.37 	 	

Ethynyl
1 11.65 12.18 11.77 12.39 14.10 14.03

2 12.18 11.77 12.39

3 14.57 13.15 14.46

Propargyl
1 8.67 8.64 8.66 8.78 8.46 8.70

2 10.67 10.73 11.00

3 	 11.98 11.30 12.36 	 	

Propagators	
ADC	
ISR	

ApplicaAons
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Chapter 7. Benchmark and Test Calculations

Sheet1

Page 14

ADC(2) ADC(2)-x ADC(3) CCSD CCSDR(3) CC3
-0.015

0.005

0.025

0.045 Standard deviation
Mean error
Mean absolute error
Max absolute error

Figure 7.1: Errors in calculated bond lengths for 8 excited states of diatomic
molcules compared to experimental data taken from [53]. For technical details see
text.

Table 7.4: Excited state equilibrium geometries for the first two excited states of
trans-butadiene. The ADC(2)-x and ADC(3) results have been obtained using the
6-31G* basis set and CASPT2 results are taken from [58].

CASPT2 ADC(2)-x ADC(3)
11B+

u ⇡ ! ⇡⇤
C=C 1.421 1.425 1.424
C—C 1.399 1.400 1.397

21A�
g ⇡ ! ⇡⇤

C=C 1.418 1.563 1.543
C—C 1.498 1.381 1.399

CH3 CH3

OO

CH�
CH�

CH�

Figure 7.2: The structures of trans-butadiene, acrolein and acetone.

80

[Å]

Diatomic molecules (BH,CO,N2,BF)	
singlet and triplet states

Dirk Rehn

Weak spot: MP ground state	

Propagators	
ADC	
ISR	
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• ADC(n) is an alternative to EOM-CC and CC-LR approaches	

• ADC(2)-s/x and ADC(3) available	

• impressive accuracy of ADC(3)	

• Excited state properties via ISR accessible: excited-state absorption, excited-state 
dipoles, two-photon absorption, spin-orbit coupling elements	

• CVS-ADC(2)-s/x 	

• SOS-ADC(2) 	

• spin-flip ADC	

• density analyses for all ADC variants	

• nuclear gradients for ADC(2) and ADC(3)	

• polarizable continuum model for all ADC variants	

 Summary

57

adcman: general purpose black-box computational tool for 
photochemistry based on ADC. 

!!!
Summary
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 Outlook
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GATOR-meeting, 12-14 April 2016
Participants
Andreas Dreuw, Patrick Norman, Thomas Fransson, Dirk Rehn, Jaime Rosal Sandberg

Goal
Create a new computational tool which is open-access, adapted for easy continuous development,
and for which the (main) nodes in Stockholm and Heidelberg have full control.

Desired properties
1. GATOR 1.0 functionalities

• Excitation energies, transition moments

• Closed-shell systems

• Complex and real linear response

• ADCMAN functionalities

• Full set of one-electron property integrals

• Gaussian basis sets

2. Desired size of systems (without excitation restrictions or local orbitals)
• ADC(2)-s, if not storing T2-amplitudes: ~4000 basis functions?

• Above ADC(2)-s (storing amplitudes): ~1000 basis functions?

• Patrick's suggested systems: ADC(2)/aug-cc-pVDZ on tetraphenylporphyrin

GATOR:		
• free	quantum	chemistry	program	
• based	on:	

• CPP-solver	library	(DALTON)	(Patrick	Norman)	
• adcman (Andreas	Dreuw)	
• independent	SCF	(Jaime	Axel	Rosal)!

Future	developments:		
• CVS-ADC	TPA	
• CVS-ADC	Gradients	
• CVS-CPP	ADC

!!!
Outlook
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Algebraic Diagrammatic Construction 
(ADC)
 
• ADC is an excited state 

m e t h o d b a s e d o n 
propagator theory and 
Møller-Plesset (MP) 
perturbation theory.

The central quantity is 
the hermit ian ADC 
matrix, a represen-
tation of the ground-
state-energy-shifted hamiltonian in the basis of 
intermediate states.
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K-edge of water ConclusionsAims

Damped response theory
References

Develop and utilize a resonance-convergent
scheme for the calculation of linear response
functions
Obtain method insensitive to the density of states
"Black-box" method capable of treating valence
and core excitations on common grounds

The structural origin of the anomalous properties of
liquid water is still in debate4

 - X-ray absorption spectra yields a local probe,
   capable of investigating such structures
Hybridization of LUMOs make spectra sensitive
to H-bond donation

L2,3-edge of silanes
Intensities deviate from
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Analytical Gradients
 
• Lagrangian formalism to avoid derivatives with respect 

to non-variational parameters.

2.2 Excited State Derivatives in ADC

2.2.1 Preliminaries
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• The derivative written as:

Damped Linear Response Theory
• Introduction of an imaginary dampening factors which 

phenomenologically accounts for relaxation.

• Resonant-convergent response expression.
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a (M� 1!� � ı�)�1Bb (M� 1!1 � ı�)�1Bc (M� 1!2 � ı�)�1Fd

1

: poles

2.2 Excited State Derivatives in ADC

2.2.1 Preliminaries

z (2.38)

dE(z)

d⇠
=

@L(z, z̄)

@⇠
(2.39)

@L

@⇠
=

X

pq

h[⇠]
pq�pq +

1

4

X

pqrs

hpq||rsi[⇠]�pqrs +
X

pq

!pqS
[⇠]
pq (2.40)

� = �0 + �00 + �000 (2.41)

� = �0 + �00 + �000 (2.42)

First, we derive the equation for the excitation energy in terms of the excited state vectors v = (via, vijab)
T

! = v†Mv (2.43)

and also in terms of the one- and two-particle reduced density matrices (1RDM and 2RDM)

! =
X

pq

hpq�pq +
1

4

X

pqrs

hpq||rsi�pqsr (2.44)

where �pq and �pqsr are the 1RDM and 2RDM, respectively. Yet, the Fock matrix

fpq = hpq +
X

k2occ

hpk||qki (2.45)

appears naturally as one-particle operator in the ADC equations, but not the core Hamiltonian hpq directly.
Thus, it is useful to express the equations as

! =
X

pq

fpq�̃pq +
1

4

X

pqrs

hpq||rsi�̃pqsr (2.46)

before rewriting them using the proper 1RDM and 2RDM. Using with relation between Fock matrix and core
Hamiltonian it is obvious that

�pq = �̃pq (2.47)

�pqrs = �ps�qr�q2occ � �pr�qs�q2occ � �qs�pr�p2occ + �qr�ps�p2occ + �̃pqrs (2.48)

Starting with the zeroth and first order contributions to ! we obtain

!(0�1) =
X

ab

fab
X

i

v⇤iavib �
X

ij

fji
X

a

v⇤iavja +
X

ijab

hia||bjiv⇤javib

=
X

ab

fab
X

i

v⇤iavib �
X

ij

fij
X

a

v⇤iavja

+
1

4

X

ijab

hia||bjiv⇤javib �
1

4

X

ijab

hia||jbiv⇤javib �
1

4

X

ijab

hai||bjiv⇤javib +
1

4

X

ijab

hai||jbiv⇤javib

=
X

pq

fpq�pq +
1

4

X

pqrs

hpq||rsi�̃pqsr

(2.49)
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Excited-State Geometries: Benchmark

• Excited-state geometries 
of diatomic molecules.

• ADC(2) and ADC(2)-x 
overestimate bondlengths, 
while ADC(3) underestimates. 

Stokes-Shift of Bithiophene
 

•All ADC models correctly describe the twisted excited-state 
geometry

K-Edge Spectra of Water
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Chapter 7. Benchmark and Test Calculations

Table 7.2: Analytical derivative and absolute di↵erence between analytical and
numerical nuclear derivatives of the 2A�

g state with respect to the x-coordinate of
a C and H atom in butadiene in atomic units. The numerical derivatives have been
calculated using 2 and 8 single point calculations with an increment of ±0.001 Å
starting at the ground state MP(2)/cc-pVDZ equilibrium geometry, at which the
analytical derivative has been computed. The calculations have been performed
using the 6-31G* basis set.

coordinate ADC(2) ADC(2)-x ADC(3)
analytical derivative

C-x 0.113281 0.193974 0.188352
H-x 0.005200 0.005774 0.006386

2 point
C-x 5.56E-07 5.20E-07 5.56E-07
H-x 5.28E-07 5.13E-07 5.74E-07

8 point
C-x 1.52E-07 1.32E-07 5.20E-08
H-x 1.08E-07 1.16E-07 9.96E-08

Table 7.3: The equilibrium distances of singlet and triplet excited states of the
four diatomic molecules: N

2

, CO, BF and BH. The results for ADC(2), ADC(2)-x
and ADC(3) have been obtained using the analytical derivative implementation
presented in this work and the aug-cc-pwCVQZ basis set. The results for CC,
CCSD, CCSDR(3) and CC3 have been taken from [38] and experimental results
are from [53].

ADC(2) ADC(2)-x ADC(3) CCSD CCSDR(3) CC3 Exp.
N

2

A3⌃+

u 1.291 1.272 1.291 1.268 1.293 1.287
a01⌃�

u 1.290 1.288 1.272 1.248 1.269 1.280 1.275
a1⇧g 1.246 1.236 1.208 1.201 1.215 1.222 1.220
w1�u 1.281 1.281 1.267 1.242 1.263 1.274 1.268

CO a3⇧ 1.214 1.215 1.194 1.194 1.211 1.206
A1⇧ 1.278 1.250 1.210 1.222 1.233 1.245 1.235

BF a3⇧ 1.316 1.314 1.301 1.306 1.311 1.308
A1⇧ 1.312 1.312 1.294 1.301 1.305 1.307 1.304

BH A1⇧ 1.206 1.218 1.218 1.219 1.221 1.222 1.219
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-0.015

0.005

0.025

0.045

0.065

Standard deviation
Mean error
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8.2. Trans-bithiophene

Table 8.5: Vertical fluorescence and absorption energies and oscillator strengths
for the 11B

1

state of bithiophene in atomic units using ADC(2)-x and ADC(3)/cc-
pVDZ. In addition, vertical excitation energies and TPA cross-sections �TP in
atomic units for the lowest states with A

1

symmetry are given. The results have
been obtained using the cc-pVDZ basis set for geometry optimizations and TPA
cross-sections, which have been computed at the MP2/def2-TZVPP ground state
structure. Experimental values have been taken from a: [87], b: [86].

ADC(2) ADC(2)-x ADC(3) Exp.
11B

1

vert. abs. 4.74 4.14 4.58 4.13a, 3.86 (0 - 0)a

osc.str. 0.47 0.36 0.43
vert. fluo. 3.81 3.23 3.63 3.40b

osc. str. 0.50 0.38 0.45
21A

1

5.50 4.41 4.96

4.96a, 4.48 (0 - 0)b
�TP 1262 1361
31A

1

6.07 4.59 5.38
�TP 4806 122
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K- and L-edge X-ray absorption
spectroscopy through damped
linear response theory
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Introduction

K-edge of water ConclusionsAims

Damped response theory
References

Develop and utilize a resonance-convergent
scheme for the calculation of linear response
functions
Obtain method insensitive to the density of states
"Black-box" method capable of treating valence
and core excitations on common grounds

The structural origin of the anomalous properties of
liquid water is still in debate4

 - X-ray absorption spectra yields a local probe,
   capable of investigating such structures
Hybridization of LUMOs make spectra sensitive
to H-bond donation

L2,3-edge of silanes
Intensities deviate from
statistical 2:1 ratio
�
�

TDDFT calculations yield correct spacings and
qualitative intensity distribution

TDDFT
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UV/vis absorption
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of states for HgP1

XAS spectra of
liquid water5
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CCSD XAS spectra
of  water clusters5
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Multi-channel

Single-channel

Four-component TDDFT yields good spectra and
non-statistical intensity ratios6

0.5

1.0

0 100 200 300 400 500

2

4 ×10�6

10 fs

Time [a.u.] Population of two-state
system, adapted from [2]

�

�
�

Next step: correlate spectral features to local
structures

Sharp decrease of
intensity for H-bond

donation

�

Treatment of core excitations challenging:

�

�

Strong relaxation effects due to contraction of
valence electrons 
Embedded in a manifold of valence-ionized
states

Problems with the embedding and considering
systems with high density of states (DOS)

Particularily high DOS for relativistic
calculations, due to spin-orbit coupling
Example: HgP, 43 states need to be
resolved before the strong Soret band1

Populations of excited states increase
to unity2

Divergent at resonances

Populations of excited states kept low
Can address the molecular response at any
frequency

Linear response function takes the form

Standard form (�.=.0) contains no account
for de-excitation/relaxation events
� 

� 

Phenomenologically accounting for relaxation
yield a resonance-convergent expression3

�
�

El
ec

tr
ic

 �
el

d

Can consider core excitations without restrictions
in excitation channels
Relatively insensitive to the density of states
Applicable to UV/vis/X-ray absorption, circular
dichroism, optical rotary dispersion, Raman
scattering, C6 dispersion coefficients...
Available for HF, DFT (also four-component7),
coupled cluster theory8...

�

�
�

�

Electron-hole exchange interactions needed
Allow spin-orbit channel interaction

Consortium of Theoretical X-ray Sciences

How can we circumvent these issues?
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C6-Coefficients of Noble Gases
ADC(2) ADC(2) ADC(3) Exp.

Static Polari-
zability [a.u.]

He 1.37 1.39 1.38 1.38Static Polari-
zability [a.u.] Ne 2.80 2.82 2.69 2.67

Ar 11.12 11.39 11.09 11.08
Kr 17.41 17.84 17.26 16.79

C6 [a.u.] He 1.44 1.46 1.45 1.46
Ne 6.77 6.80 6.58 6.38
Ar 66.38 67.76 66.18 64.30
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