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Overview

•  The	kineFc	equaFons.	
•  Numerics	of	the	parFcle-in-cell	method.	
•  Laser-plasma	experiments.	
•  Reproducing	the	experimental	findings.	
•  A	‘textbook’	MHD	shock	in	1D.	
•  Expansion	of	a	radial	blast	shell	into	a	magneFzed	plasma.	
•  Summary.	



Maxwell’s equa+ons

𝜕/𝜕𝑡 𝐵= 𝛻⨯𝐸	 𝜇0𝜀0𝜕/𝜕𝑡 𝐸= 𝛻⨯𝐵 −𝜇0 𝐽	

𝛻· 𝐸= ρ/ε0 	 𝛻· 𝐵=0	

The	evoluFon	of	the	electromagneFc	fields	is	described	by	:	
Faraday’s	law,	Ampere’s	law	and	Gauss’	law.		

Gauss’	law	of	electrostaFcs	is	related	to	Ampere’s	law:	

	ε0𝜕/𝜕𝑡 	𝛻· 𝐸= 𝜕/𝜕𝑡 ρ=−𝛻·𝐽  ⇒   𝛻·( 𝜕/𝜕𝑡  ε0𝐸+𝐽)=0	

	

ConFnuity	equaFon:	

Electric	field	update:	solve	Ampere’s	law	and	make	sure	Gauss’	law	is	fulfilled.	
Magne2c	field	update:	solve	Faraday’s	law	and	make	sure	𝛻·B=0		is	fulfilled.		



Charge and current densi+es

•  The	plasma	enters	through	the	charge	density	ρ	and	the	current	density	J.	
•  Both	are	funcFons	of	space	and	Fme	in	a	magneto-fluid:	ρ(x,t)	and	J(x,t).	
•  If	collisions	are	absent	in	the	plasma,	then	the	parFcles	change	their	velocity	
only	via	electromagneFc	fields:	velocity	becomes	an	independent	variable.	

•  Species	i	is	described	by	a	phase	space	density	distribuFon	fi(x,v,t).		
•  We	obtain	from	it	the	charge-	and	current	densiFes	as:	
•  ρi(x,t)=qi	∫	fi(x,v,t)	d3v		and	Ji(x,t)=qi	∫	v	fi(x,v,t)	d3v	(qi	is	the	par8cle	charge).	
•  The	total	charge	is	ρ	=	∑i	ρi	and	the	total	current	is	J	=	∑i	Ji.	



Effects of electromagne+c field on plasma
•  The	charge-	and	current	density	of	the	plasma	drives	electromagneFc	fields.	
•  The	electromagneFc	fields	act	back	on	the	plasma.	
•  The	phase	space	density	is	preserved	in	a	Lagrangian	frame	if	there	is	no	ionizaFon	and	
recombinaFon	of	charges:	(d/dt)	fi	(x(t),	v(t),	t)	=	0.	

•  We	obtain	the	evoluFon	equaFon	for	the	phase	space	density	of	species	i	in	a	Eulerian	frame:	

𝜕/𝜕𝑡 𝑓𝑖(𝑥,𝑣,𝑡)+ 𝑑𝑥/𝑑𝑡 𝛻𝑓𝑖(𝑥,𝑣,𝑡)+ 𝑞𝑖/𝑚𝑖 (𝐸+𝑣⨯𝐵)·𝛻𝑣𝑓𝑖(𝑥,𝑣,𝑡)=0.	

We	need	to	find	suitable	numerical	schemes	for	updaFng	the	phase	space	density	
distribuFon	and	the	fields.	



Numerical scheme: E, B and J.

We	place	E,	B	and	J	on	a	numerical	grid.	
•  Most	PIC	simulaFons	employ	uniform	spacing	
for	∆x,	∆y,	∆z	and	for	∆t.	

•  Maxwell’s	equaFons	can	be	solved	explicitely	
with	a	finite	difference	Fme	domain	(FDTD)	
scheme.		

•  E	is	defined	at	integer	Fme	steps.		
•  B	and	J	at	half-integer	Fme	steps.	

𝜕/𝜕𝑡 𝐵= 𝛻⨯𝐸	𝜇0𝜀0𝜕/𝜕𝑡 𝐸= 𝛻⨯𝐵 −𝜇0 𝐽	
We	solve	the	field	equaFons	in	the	Eulerian	frame:	

Yee	la`ce	for	a	PIC	code	



Numerical scheme: fi(x,v,t)

	

•  Approximate	𝑓𝑚(𝑥,𝑣,𝑡)	by	Nm	computaFonal	
parFcles	(CPs).	

•  The	CP	with	index	α	is	characterized	by	a	posiFon	
Xα	=	(Xαx	,	Xαy	,	Xαz)	and	velocity	Vα.	

•  Sj(ξ)	is	a	B-spline	of	order	j	and	ξ	=	x–Xαx			
•  Sample	the	shape	funcFon	on	the	grid	as:	Sijkα	=	
S(xi	–Xαx	,	yj	–Xαy	,	zk	-Xαz),	where	xi,	yj	and	zk	
correspond	to	cell	coordinates.	

•  Normaliza8on	of	splines	⇒ ∑α	qα	Sijkα	≈	ρm(x,	t)	

Vlasov	equaFon:	 𝜕/𝜕𝑡 𝑓𝑚(𝑥,𝑣,𝑡)+ 𝑑𝑥/𝑑𝑡 𝛻𝑓𝑚(𝑥,𝑣,𝑡)+ 𝑞𝑚/𝑚𝑚 (𝐸+𝑣⨯𝐵)·𝛻𝑣𝑓𝑚(𝑥,𝑣,𝑡)=0.	

Vα	is	iniFalized	with	a	random	number	generator	with	the	probability	density	funcFon	fm(x,v,t).	



Coupling fields and computa+onal par+cles

•  Faraday’s	and	Ampere’s	law	evolve	the	electric	field	and	the	magneFc	field	on	a	grid	with	
the	help	of	the	total	current	density	J	of	the	plasma.	

•  The	electric	field	E	is	known	at	integer	Fme	steps	n∆t.	
•  The	magneFc	field	B	and	the	current	density	J	are	known	at	Fmes	(n+1/2)∆t.	
•  It	makes	sense	to	update	parFcle	posiFons	and	velociFes	at	different	Fmes.	
•  The	current	density	J	is	obtained	by	summing	up	the	current	contribuFons	of	all	CPs	⇒	we	
define	parFcle	velociFes	at	Fmes	(n+1/2)∆t.	

•  We	define	parFcle	posiFons	at	integer	Fme	steps	n∆t.	



Esirkepov’s charge-conserving scheme

•  The	scheme	proposed	by	T.	Zh.	Esirkepov,	
Computer	Physics	Communica8ons	135,	144	
(2001)	fulfills	the	conFnuity	equaFon.	

•  The	charge	is	defined	in	the	center	of	the	cell.	
•  The	currents	and	fields	are	specified	around	it	
similarly	to	the	distribuFon	in	the	Yee	la`ce.	

•  It	uses	gradient	operators	with	forward	and	
backward	schemes.	



Esirkepov’s charge-conserving scheme

•  EquaFons	are	given	in	normalized	
units	(see	paper).	

•  The	electric	field,	the	charge	and	
parFcle	posiFons	are	known	at	
integer	Fme	steps.	

•  The	magneFc	field,	the	current	and	
parFcle	velociFes	are	known	at	half-
integer	Fme	steps.	

•  The	scheme	works	if	the	
computaFonal	parFcles’	shape	
funcFon	is	a	B-spline.	



Experimental setup

•  The	interacFon	beam	ablates	a	target,	thereby	
generaFng	a	dense	blast	shell	of	plasma.	

•  RadiaFon	from	this	plasma	ionizes	residual	gas	
in	the	vessel.	

•  Shocks	form	where	the	blast	shell	collides	with	
the	ambient	plasma.	

•  The	CPA	beam	generates	fast	protons,	which	
cross	the	plasma	and	hit	the	RCF	stack.	

•  The	probing	protons	are	deflected	by	
electromagneFc	fields,	which	yields	a	spaFally	
varying	irradiaFon	of	the	RCF	films.	

•  The	electromagneFc	field	distribuFon	can	be	
reconstructed	from	the	irradiaFon	padern.	 Sketch	from	G.	Sarri	et	al,	New	J.	Phys.	12,	045006,	2010	



Experimental result

•  The	blast	shell	was	launched	at	the	
bodom	and	moved	up.	

•  The	magneFc	field	lines	point	
horizontally.	

•  The	plasma	β≈1/3.5.	
•  The	ambient	plasma	frequency	ωp≈1012	

•  The	electron	gyro-frequency	ωce≈1011.	
•  We	observe	a	turbulent	wave	field	and	a	
flat	front	at	tωp≈103	or	tωce≈102.	

•  The	oscillaFons	have	a	wave	length	of	the	
order	of	the	electron	thermal	gyro-radius.	

Image	provided	by	D.	Doria,	G.	Sarri,	H.	Ahmed	and	
M.	Borghesi	(CPP,	Queens	University	Belfast,	UK)	

PIC	SimulaFons:	
	
1D	simulaFon	along	horizontal	direcFon.	
2D	simulaFon	of	radially	expanding	blast	shell.	



Ini+al condi+ons for 1D simula+on
•  1D	simulaFon	box	with	length	0.75	m.	
•  ReflecFng	boundary	condiFons.	
•  Electron	density	n0	=	2.75	·1014cm-3	

•  Electron	temperature	T0	=	2	keV	
•  SpaFal	density	/	temperature	profiles	are	
shown	to	the	right.	

•  A	spaFally	uniform	magneFc	field				Bz0	=	0.85	T	
fills	the	simulaFon	box.	

•  Electron	thermal	gyro-radius	rge	=	1.25	·10-4	m	
•  Ions	:	fully	ionized	nitrogen	with	temperature	
T0	/12.5	and	density	that	yields	charge	
neutrality.	



Early +me

•  We	track	the	blast	shell	expansion	for	1.1	ns.	
•  The	10-logarithmic	ion	phase	space	density	
distribuFons	are	compared	for																														
(a)	Bz0	=	0	and	(b)	Bz0	=	0.85	T.	

•  Both	shocks	look	similar.	The	magneFzed	one	
is	slower.	

•  Ion	acousFc	speed	in	(a)	:	2.2	·	105	m/s.	
•  Fast	magneto-sonic	speed	in	(b)	:	8.2	·	105	m/s.	
•  The	lader	speed	exceeds	the	shock	speed	:				
(b)	can	thus	not	be	a	fast	MHD	shock.	

•  Observa8on	:	the	magne8c	field	was	not	in	an	
equilibrium.	

From:	Par8cle-in-cell	simula8on	study	of	a	lower-hybrid	shock	:	
Dieckmann,	M.	E.	et	al	Phys.	Plasmas,	23,	062111	(2016).		
		



The shock evolu+on

•  We	keep	all	plasma	parameters	unchanged.		
•  We	evolve	the	expansion	over	227	ns	(14	
million	Fme	steps).	

•  Time	is	given	in	ωlh
-1	=	0.4	ns.	

•  ωlh	:	lower-hybrid	frequency.	

•  Space	unit	:	rge	=	1.25	·	10-4	m	
•  Ion	density	is	normalized	to	that	of	the	
dilute	ions	and	8	is	the	largest	displayed	
value.	

•  MagneFc	field	is	normalized	to	0.85	T.	



The wave front

•  Panel	(a)	shows	the	evoluFon	of	Bz(x,t)	in	the	
reference	frame	of	the	downstream	frame.	
•  X*	and	t*	are	normalized	to	the	electron	
thermal	gyro-radius	and	lower-hybrid	
frequency	downstream.	
•  Panel	(b)	is	the	frequency	spectrum	as	a	
funcFon	of	the	posiFon.	
•  Panel	(c)	is	the	dispersion	relaFon	of	the	low-
frequency	waves	downstream	compares	the	
dispersion	relaFon	of	the	fast	magneto-sonic	
mode	to	the	coupled	FMS/LH	branch.	



Ini+al condi+on for 2D simula+on

•  Periodic	boundary	condiFons.	
•  Lx	=	6.4cm	and	Ly	=	12.8	cm.	
•  Total	of	3·109	CPs.	
•  MagneFc	field	points	along	y.	
•  Ambient	plasma	temperature	2keV	
(electrons)	and	160	eV	(nitrogen).	

•  Dense	plasma	confined	by	circle	1.	
•  Density	inside	1	is	10	Fmes	higher.	
•  Electrons	inside	1	is	3	Fmes	hoder.	
•  StaFsFcal	resoluFon	of	ions	changes	
across	circle	2.	



The shock evolu+on

•  Upper	panel:	magneFc	pressure	in	
units	of	electron	thermal	pressure.	

•  Lower	panel:	ion	density	in	units	of	
ambient	ion	density	(clamped	to	
maximum	value	5).	



Summary

•  I	have	discussed	how	we	derived	the	kineFc	equaFons	for	plasma.	
•  I	have	summarized	Esirkepov’s	numerical	scheme.	
•  Experimental	results	from	my	collaborators	at	QUB	were	presented.	
•  I	have	shown	how	I	used	1D/2D	PIC	simulaFons	to	idenFfy	the	observed	structures.	


