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Space-Time in the SYK Model

MOTIVATION & INTRODUCTION

e Simple and Solvable examples of AdS/CFT are needed for better understanding
of holography itself and quantum gravity problems.

e Based on earlier Sachdev-Ye model [Sachdev & Ye '93], Sachdev-Ye-Kitaev
(SYK) model was proposed as a simpler version of AdS/CFT, which is a quantum
mechanical many-body system based on N(>> 1) fermionic sites. [Kitaev '15]

e From maximally chaotic behavior of the model, dual gravity theory was conjec-
tured to be AdS; black hole theory. [Kitaev '15]

e As a first step of understanding of this SYK duality, in this talk | will explore
some aspects of the SYK model, in the large N limit.
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Space-Time in the SYK Model

1 SYK MODEL

e SYK model [Kitaev '15] consists of Majorana fermions on N sites (N > 1):

N
1
HZZ Z Jijht Xi X5 Xk XI5

i,5,k, =1
with
{xi, x5} = di5.
e Jijw are all-to-all & random; distributions are Gaussian:

N3JZ,
P(Jijri) ~ exp (— Tﬁ“)

e Generalization to g-point interaction model is straightforward.
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ime in the SYK Model

O(N) Gauge Symmetry

e At least in the leading order of 1/N, the random coupling of this model can be treated
by Replica Trick. [Sachdev & Ye '93], [Anninos, Anous & Denef '16].

o After evaluating the disorder average [Sachdev '15]:

N n
n 1 a a
(Z™; = /DXiTexp l:i/dt E E Xi OLXi

i=1 a=1

J? =
=+ W/dtldtz Z

a,b=1

(Z x?(tl)x?(tz)> } :

i=1

e Now O(N) symmetry x; — O;;x; dynamically appeared. Therefore,

SYK Model ~ O(N) Vector Model !
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Space-Time in the SYK Model

Collective Theory

e The Large N theory is represented through a (replica diagonal) bi-local collective field:

N
Z t1 Xi tQ

U(ty,t0) =

ZI

The corresponding path-integral is

7 = / H DU (t1,t2) €7SC°1[\I}],
t1,t2

where Scor is the (Euclidean time) collective action [Jevicki, K.S. & Yoon '16]:

J2N

Scol[\lf] = %/dt |:8t\11(t,t/):| v =+ %Tﬂog\ll — /dt1dt2 \I/q(tl,tg).
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Space-Time in the SYK Model

Saddle-Point

e In strongly coupling limit J|¢| > 1 (critical IR fixed point), one can drop the Kinetic

term:
JAN

SC = %Tr(log\li) — /dtldtz [\If(tl,tQ)]q.

e Saddle-Point Equation:

08, N1 2 qa—1
= — = —|¥ ta,t1) — A t1,t
0 (S\I/(tl,tQ) 2 |: ( 2, 1) J ( 1, 2)

e Critical Saddle-Point Solution [Kitaev '15]:

b sgn(t
To(tr,bs) = — &122)
Ja |t12|‘1

where b is a dimensionless number depending on ¢ and t12 = t1 — to.

Kenta Suzuki | Brown University & Ecole Polytechnique 7/18



ime in the SYK Model

2 QUADRATIC FLUCTUATION

e Expansion around the critical IR background ¥y as

2
U(t,t2) = Wolts,t2) + 4/ N n(ti,ta),

the collective action Scol leads to the systematic 1/N expansion:
1
Scol = NS(O) + S(g) + \/_NS(B) 4+ o

o Bi-local Quadratic Action:

4
1
Sy = _§/Hdti n(t1,t2) K(t1, t2; s, ta) n(ts, ta) -
=1
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Time in the SYK Model

SL(2,R) Casimir
e Quadratic kernel K is a function of the bi-local SL(2,R) Casimir

Ciye = (ﬁ1 +f)2)2 -
= —(t1 —t2)? 010a.

(Pt Po) (R + K) — 5 (R + Ra) (P + Po)

N =

e The eigenfunctions of the bi-local SL(2,R) Casimir C142 are, because of the properties
of conformal blocks, given by the three-point function of the form

_ sgn(ti2)
[t1o|"[tao|"|t12]24 =R

(On(to) Oa(t1) Oa(t2))
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Space-Time in the SYK Model

Diagonalizing the Kernel
e |t is more useful to Fourier transform from ¢y to w by

<6h(w) OA(tl)OA(t2)> = /dto giwto <Oh(to)(’)A(t1)OA(t2)>

sgn(ti2 . (titto w
senha) ) 7, (o)),
[t12]*272

where h = v +1/2 and

Zy(x) = Ju(z) + & Ju(x), & = %

e The complete set of v can be fixed from the representation theory of the conformal
group [Kitaev '17]. The discrete modes v = 2n + 3/2 (n = 0,1,2,---) and the
continuous modes v = ir (0 < r < co).
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Space-Time in the SYK Model

Bi-local Propagator

e Therefore, the bi-local propagator (D = K1) is

~ = ertvt iT,W t/,t/
D(tr, to;t1,t5) o J ' / dr/ dw —— 2 (1~ 2)u w(th; 1)
0 _ o sinh(mr) g(ir) —1

uw tlth)UVw(tlth)
+ )
Z/ (l/) -1 u:%+2n

where for ¢ = 4
~ 2
gv) = —gy cot (%) .

e The zero mode v = 3, (n = 0) gives a divergence since

5(%) =1, (for any q)
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3 RADON TRANSFORM and LEG FACTORS

e After change of coordinates by

t1 +t2 _t1—12
o 1ETg
the bi-local SL(2,R) Casimir becomes

t =

C1+2 = —772(—872; + atz) s
which is the Laplacian of Lorentzian dS2 space (or AdS2)
2 2
ds® = —d” +di” ;_dt .
n
e In fact, the eigenfunctions
1w
uvw(n,t) = sgu(n) n|2 " Z,(lwnl).

are particular choice of a-vacuum wave functions in Lorentzian dS, space.
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Space-Time in the SYK Model

a-Vacuum

e There is a unique vacuum for Lorentzian de-Sitter space, which satisfies the Hadamard
condition: Euclidean (Bunch-Davis) vacuum [Bunch & Davis '78]

$E(n) =n? HP (Jwln).

e The a-vacuum wave function is defined by Bogoliubov transformation from this
Euclidean wave function [Mottola '84] [Allen '85] as

da(n)

Na[65() + 0" ()]

N [HP (jwln) + e B ()|

e The choice with a = im(v + 1/2) recovers the SYK eigenfunctions.
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Space-Time in the SYK Model

Ilil!

-Problem

e However, this Lorentzian dSs space cannot be the correct dual spacetime.

e If the dual gravity theory is on Lorentzian dS», it must has

Z = /Dcl)m exp |:71 (Sgrav [(I)] + Smatter[q)]):| 5
while the SYK partition function is

Z = /D\I/efswl[“”.

wen

e The mismatch of the factor “i" proceeds for all n-point functions
[Das, Ghosh, Jevicki & K.S. '17].

Kenta Suzuki | Brown University & Ecole Polytechnique 14/18



ime in the SYK Model

Radon Transform
e There is a natural transform from Euclidean AdS to Lorentzian dS, given by Radon

transform:

[Rf](n,t —2n/ / —5 77 —(r—1)? - 2)f(7'72)-

e The inverse transformation is

RAGED m,6) = L7 w) g0 (7, 2).

where

wlt mlt
~—

L(v) = (Leg Factor) = —2iy/7 FE
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Bi-local Propagator and Leg factors

e The bi-local propagator with n = (t1 —t2)/2 and t = (1 + t2)/2
451n7r1/n —

t; t d t

Gon, 51, /wlz T (10 T, (0.0)

< Pl )Y, 0, )
d 3 — 3
* /0 " gv)—1

e Using the inverse Radon transform to bring the dS wave functions into the EAdS wave

Vn=2n+%

u—ir]

functions:
Glr 57, 7) o / dw[; % L7 ) 6L, (1, 2) G, (1 2)
+/°Odr |L—1( )|2 ¢wu(7—z)¢ (T Z)
0 ( ) v=1ir
16/18
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Space-Time in the SYK Model

4 IMPLICATIONS of the LEG FACTORS

e The extra Leg factors |L™'(1)|? in the integrand leads to additional poles in the
propagator.

e This is analog to the "old” ¢ = 1 matrix model/2D string duality, where the extra leg
pole factors are characterizing the so-called “discrete modes” (gauge d.o.f.) in the 2D
string theory.

e In fact, higher spin theory in AdSs also has similar discrete modes.
[Work in progress; Jevicki, K.S. & Yoon]

o We speculate that our leg factors in the SYK model also play a central role to identify
the gauge degree of freedom in the dual gravity theory.
[Das, Ghosh, Jevicki & K.S. '17]
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Thank you!




