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Classical realizations of the double copy

Exact Solutions:
I Kerr-Schild spacetimes

F Black holes (Monteiro, O’Connell, White; 2014)

F Taub - NUT spacetime (Luna, Monteiro, O’Connell, White; 2015)

F Stress tensors, energy conditions (Ridgway, Wise; 2015)

F Accelerating black holes (Luna, Monteiro, Nicholson, O’Connell, White; 2016)

F In curved space (Bahjat-Abbas ,Luna, White; 2017), (MCG, Penco, Trodden; 2017)

I Weyl Double Copy
F Type D spacetimes (Luna, Monteiro, Nicholson, O’Connell; 2018)

Perturbative case: Double copy of radiation
I For color charges (Goldberger, Ridgway; 2016), (Goldberger, Prabhu, Thompson; 2017)

I For bound states (Goldberger, Ridgway; 2017)

I Including spin (Goldberger, Li, Prabhu; 2017)

I NLO (Chia-Hsien Shen; 2018)

I Relation to amplitudes (Luna, Nicholson, O’Connell, White; 2017),(Plefka, Steinhoff,
Wormsbecher; 2018),(Kosower, Maybee, O’Connell: 2018)

...
Mariana Carrillo González June 6, 2018 3 / 11



Set-up

Consider N weakly interacting particles

No point-particles are created or
annihilated → ECM � 1

Perturbative solution requires:
small deviations ∆x ,∆c � 1
→ small impact parameter

Map scalar radiation at spatial infinity

E.g. for biadjoint scalar: Aa ã(k) = y J a ã(k)
∣∣∣
k2=0

, �φaã = yJ aã

At large observation time T : dP
dΩd|k| =

∣∣Aa ã
∣∣2 |k|2

2(2π)2 T
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The scalar theories & their couplings to point particles

Biadjoint Scalar (Zeroth Copy)

LBS =
1

2

(
∂ϕa ã

)2 − y

3
f abc f̃ ãb̃c̃ ϕa ãϕb b̃ϕc c̃

Spp = −1

2

∑
α

∫
dλ

[
η−1(λ)

dxα
dλ
· dxα
dλ

+ η(λ)
(
m2
α − 2 y ϕa ã caαc̃

ã
α

)]
Non-Linear Sigma Model-NLSM (Single Copy)

L(2)
NLSM =

F 2

4
Tr
(
∂µU∂

µU−1
)
,U = e i

√
2

F
φaT a

caαpµA
µa → caαp

µ ∂µφ
a + · · · ⇒ No radiation

Special Galileon (Double Copy)

LSG =
1

2
(∂π)2 − 1

12Λ6
(∂π)2

[
(�π)2 − (∂µ∂νπ)2

]
hµν → ∂µ∂νφ+ · · · ⇒ No radiation
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The scalar theories & their couplings to point particles

Biadjoint Scalar (Zeroth Copy)

LBS =
1

2

(
∂ϕa ã

)2 − y

3
f abc f̃ ãb̃c̃ ϕa ãϕb b̃ϕc c̃

Spp = −1

2

∑
α

∫
dλ

[
η−1(λ)

dxα
dλ
· dxα
dλ

+ η(λ)
(
m2
α − 2 y ϕa ã caαc̃

ã
α

)]
Non-Linear Sigma Model-NLSM (Single Copy)

L(2)
NLSM =

F 2

4
Tr
(
∂µU∂

µU−1
)
,U = e i

√
2

F
φaT a

Spp = −1

2

∑
α

∫
dλ

[
η−1(λ)

dxα
dλ
· dxα
dλ

+ η(λ)m2
α (1− 2Ma

α
µ(λ)∇µφa)

]
Special Galileon (Double Copy)

LSG =
1

2
(∂π)2 − 1

12Λ6
(∂π)2

[
(�π)2 − (∂µ∂νπ)2

]
Spp = −

∑
α

mα

∫
dλ

√
1 + 2

π

Λ

√
dxα
dλ
· dxα
dλ
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Perturbative calculation for J a ã

O(y2) :

p.p. interaction field self-interactions

J a ã(k)
∣∣
O(2)

= y2
∑

α, β 6=α

∫
qα, qβ

(
−

q2
α

(k · pα)

[
caα(cα ·cβ ) c̃ ãα(c̃α · c̃β )

k · qβ
k · pα

− i f abc ccαcbβ c̃ ãα(c̃α · c̃β )

− i f̃ ãb̃c̃ c̃ c̃α c̃ b̃βc
a
α(cα · cβ )

]
− f abc f̃ ãb̃c̃ cbαccβ c̃

b̃
α c̃ c̃β

)( ∏
i=α,β

(2π)δ(qi · pi )
e i qi ·bi

q2
i

)
(2π)dδd (k − qβ − qα)

O(y4) :
p.p. interactions bi-adjoint self-interactions
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Perturbative calculation for J a and J

O(g2) :

p.p. interaction

J a(k)
∣∣
O(2)

= i
√

2
4

F 2

∑
α, β 6=α

∫
qα, qβ

m2
αm2

β

(
m2
α (k · Ma

α)(qβ · M
b
α) (qβ · M

b
β )

k · qβ
(k · pα)2

+ i f abc (qα · Mb
α)(qβ · M

c
β )

)
q2
α

( ∏
i=α,β

(2π)δ(qi · pi )
e i qi ·bi

q2
i

)
(2π)dδd (k − qβ − qα)

J (k)
∣∣
O(2)

=
1

Λ2

∑
α, β 6=α

∫
qα, qβ

m2
αm2

β (−m2
αq2
α

k · qβ
(k · pα)2

)

( ∏
i=α,β

(2π)δ(qi · pi )
e i qi ·bi

q2
i

)
(2π)dδd (k − qβ − qα)

O(g4) :

p.p. interactions pions self-interactions
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Double Copy

Single copy: C̃ (c̃ ã)→ Ñ({q}) , C ({q}; ca)→ C ({q} ·Ma)
Double Copy: C ({q} ·Ma)→ N({q})

1 Coupling constants:

y →
√

2

F
→ 1

Λ
2 Color charges:

c̃ ãca → q ·Ma → 1

3 Three-point vertex:
f · c · c → 0

4 Color-kinematics duality for the double copy:

i 4
√

2 f abc f bde(qβ·Mβ)d(qγ ·Mγ)e(qα·Mα)c →
(qβ + qα)2 − (qγ + qα)2

3
,

Both satisfy Jacobi identity
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Examples of color-kinematic replacements: Single copy

caα(cα · cβ)(cα · cγ)→ i 4
√

2m6
αm

2
βm

2
γ(k ·Mα)a(qβ ·Mα) · (qβ ·Mβ)(qγ ·Mα) · (qγ ·Mγ) ,

(cα · cγ)f abccbαc
c
β

qβ · pα
→ i 4

√
2m4

αm
2
βm

2
γ(qγ ·Mα) · (qγ ·Mγ)f abc ((k − qβ) ·Mα)b(qβ ·Mβ)c ) ,

f abc f bdecdβc
e
γc

c
α

(qβ · pγ)(qδ · pα)
→ i 4

√
2m2

αm
2
βm

2
γ f

abc f bde(qβ ·Mβ)d (qγ ·Mγ)e×

×
[(

k − qδ + qα
q2
δ

12q2
αq

2
γ

n(α, β, γ)

)
·Mα

]c
,

· · ·

c̃ ãα(c̃α · c̃β)(c̃α · c̃γ)→ 1 ,

c̃ ãα (f̃ · c̃α · c̃β · c̃γ)→ 0 ,

(c̃α · c̃γ)f̃ ãb̃c̃ c̃ b̃αc̃
c̃
β → 0 ,

· · ·

J a ã(k)
∣∣∣
k2=0

→ J a(k)
∣∣∣
k2=0
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Color-kinematic replacements: Double copy

At order g4:

i 4
√
2 (k ·Mα)

a(qβ ·Mα) · (qβ ·Mβ)(qγ ·Mα) · (qγ ·Mγ)→ −1 ,

i 4
√
2 (k ·Mα)

a(qδ ·Mα) · (qδ ·Mβ)(qγ ·Mβ) · (qγ ·Mγ)→ −1 ,

i 4
√
2 (k ·Mα)[f · (qγ ·Mα) · (qβ ·Mβ) · (qγ ·Mγ)]→ 0 ,

i 4
√
2 (k ·Mα)[f · (qδ ·Mα) · (qβ ·Mβ) · (qγ ·Mγ)]→ 0 ,

i 4
√
2 (qγ ·Mα) · (qγ ·Mγ)f

abc(q ·Mα)
b(qβ ·Mβ)

c → 0 ,

i 4
√
2 (qγ ·Mα) · (qγ ·Mγ) f

abc(q ·Mβ)
b(qδ ·Mα)

c → 0 ,

i 4
√
2 f abc f bde(qδ ·Mα)

d(qβ ·Mβ)
e(qγ ·Mγ)

c → −2 n(γ, α, β)
(
1 +

qβq
2
γ

qδq2
α

+
n(γ, α, β)

8q2
γ

)
,

i 4
√
2 f abc f bde(qβ ·Mβ)

d(qγ ·Mγ)
e(qα ·Mα)

c → n(α, β, γ) ,

J a(k)
∣∣∣
k2=0
→ J (k)

∣∣∣
k2=0
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Summary

Bi-adjoint
scalar

Special
Galileon

NLSM

J a ã(k)
∣∣∣
k2=0

→ J a(k)
∣∣∣
k2=0

→ J (k)
∣∣∣
k2=0

Future directions

Born Infeld radiation from NLSM × YM

Higher derivative corrections to the EFTs allowing a double copy
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