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Era of gravitational-wave astronomy begins!
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Binary black hole merger 1n three phases:

Inspiral
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T'he post-Newtonian (PN) approximation 1s
an expansion 1 powers of

virial theorem
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which are tiny and perturbatively calculable
during the inspiral phase.

T'he post-Minkowskian (PM) expansion 1s an

expansion 1n powers of G.
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LIGO will continue to test PN corrections.
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LIGO will continue to test PN corrections.
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Crucially #-PN corresponds to up to n-loop!

Alp,q) ~ {I} L4t
{K +. } v

{ﬂ+ }

Loop # quantum due to €'?"/" Fourier factor.



Can amplitudes methods give an etficient and
scaleable path to higher PN? Several 1ssues:

* massive black hole #Z SYM gluon

— but BH 15 a point-like particle at long distances

* scattering amplitudes # potential

— but EF'1 methods solved this in NRQCD

* evaluating high loop integrals = hard

— but potential 1s szmple so the integrals should be too!
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full theory ettective theory

amplitudes build
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BH / graviton effective BH
tree amplitudes Apree V(p ’ C]) Lagrangian
generalized Feynman
unitarity diagrams
integral o () 7(2) o (2) (4) integral
representation A= § : a1 AprFT = z : EFT[ representation
1 1
multi-loop multi-loop
integration identical Integration
physics
full 1 _ EFT loo
oo A(p, q) — AgrT(D, q) b

amplitude amplitude



I will present our results at 2PM and 3PM,

focusing on certain aspects of:

 calculating the scattering amplitudes

(newly developed methods for efficient integration)

* extracting the conservative potential

(extending EF T matching to all orders in velocity)

 analyzing the results for consistency

(old and new diagnostics on the final answer)
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1) calculating the amplitude



T'he loop integrands ot amplitudes are built
by matching singularities to tree amplitudes.

See Zvr’s talk for details on the integrands.

Integration 1s highly nontrivial, requiring the

new tools developed 1n 7/806.02489.
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A= / d* 0 d* 0y Tyq

integrals via

l evaluate energy

residues
— / d3€1 d3€2 Igd
(this 1s our slowest step!) l expand in
large mass

= [@owe (B9 478 + 12 + )

evaluate
3d integrals

the answer



After 3d reduction, the vast majority of terms
are 1terated bubble integrals of the form

dSZ gil €i2 S gr&m _ (A.10) of Smirnov’s
g Qo ( Z 4+ q) B - “Feynman Integral Calculus”

T'he 3d integrals which appear exactly mirror

the ssmplicity of those in NRGR.

We also applied several highly nontrivial 4d
checks using IBPs and ditterential equations.



For the nonrelativistic scattering amplitude
for spinless particles at O((G9v?) we obtain
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We checked 1its gauge invariance explicitly.

We have resummed the series expansion into
an analytic all orders in velocity expression.



11) extracting the potential



Define a general Lagrangian for the EF 1,

Lan= [ 41w (0= o2 ) 40
+/p B'(—p) (i&: — \/p2 + sz> B(p)

Lint = — / Vit (p.7') AT (0') A(p) B (—p) B(~p)

which describes the dynamics ot two spinless,
nonrelativistic particles denoted A and B.



potential

(position space)

potential

(momentum space)

Interaction
vertex

icz (47T7°)i

1=1
Fourier
transform
= _wel(p?) | wPea(p?)  KPes(p?)logq
(p 9 q) 2 ! Q q 167 |
oft-shell
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Scattering amplitudes in the EF 1 trivial to
compute using Feynman diagrams.
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F.ach PM order 1s not homogenous 1n loops.
1
A](EP)‘T — I

2
A](EP)‘T —

3
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We solve for the potential by setting the full
amplitude equal to the EF'1" amplitude:

we have

we have
this at 3PM - A= AEFT ' this at 5PM

Key point: even though both the tull and EF T
amplitudes are IR divergent, we can compute
their IR finite difference.

q

AN /

separately non-singular in velocity

_ . > _
A](EQPZT — A(Q) =0 = /£2 2(p ) | /dgg (IEFT — I)




From the one-loop amplitude, we obtain an

analytic form for O(G?v?) ~ 2PM potential:

1

c1(p®) = 72 mamp — 2(p1 - p2)°]
CQ(PQ) — 32225 [QE(f — 1)C% — 16E(p1 - p2)c1

2

+3(ma +mp)(mimy — 5(p1 - p2)°]

Note the amplitude can be calculated via any
method: Feynman diagrams or modern tools.



From the two-loop amplitude, we obtain an
expression for the O(G9v?) potential:
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T'hese have terms far beyond 4PN, tor which

we are unaware of any existing calculation.

S0 how do we check 1t...?



111) checking the answer



Check #1: In the probe limit, ma « msg, this
describes a particle in a black hole geometry.
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Our result agrees with Schwarzschild metric.
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Check #2: Physically equivalent potentials
ogenerate the same energy for a circular orbit,

angular

/ frequency
2

L L

5(x):—§ (1 1332(9—|-V) 24(81—57V+V2)—|—°">

\ energy per

reduced mass

written 1n terms of the appropriate quantities.

We find agreement at the highest order for
which our results apply to a virialized system,

which 15 O(GVY), 2.e. 2PN,



Check #3: Physically equivalent potentials
produce the exact same scattering amplitudes.

state of the art
our potential 4PN potential
from literature

Vi - - Vo

are these physically
equivalent ???

v v

Al — AQ

We found agreement at O(G3v?), e 4PN,



conclusions



* There 1s a concrete and scaleable path to
connect amplitudes results to LIGO.

* We computed the scattering amplitude
at 3PM using newly developed integration
methods which are quite ethcient.

* Merging unitarity and EF [ methods, we
obtain the 3PM potential and 1t satisfies
multiple nontrivial checks.
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map of perturbative theory
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thank you!



