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LIGO  Raw Data for First Binary Black Hole Events

GW150914 from 
LIGO open data

GW151226 from 
LIGO open data

GW170104 from 
LIGO open data
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LIGO-Virgo data analysis
Various levels of search and  analysis of signals:

Online trigger searches:
CoherentWaveBurst Time-frequency
(Wilson, Meyer, Daubechies-Jaffard-Journe, Klimenko et al.)

Omicron-LALInference sine-Gaussians 
Gabor-type wavelet analysis (Gabor,…,Lynch et al.)

Matched-filter: 
PyCBC (f-domain), gstLAL (t-domain)

Offline data analysis:
Generic transient searches

Binary coalescence searches

Here: focus on matched-filter definition 
(crucial for high SNR, significance assessment, and parameter estimation)

�output|htemplate⇥ =
�

df

Sn(f)
o(f)h�template(f)Matched Filtering



EOB

PN

NR
PM

SF

LIGO’s bank of search templates
O1: 200 000 EOB + 50 000 PN
O2: 325 000 EOB + 75 000 PN
(Taracchini et al.'14, Bohé et al.’17)

v ⌧ c

R � GM/c2

v ⇠ c

R ⇠ GM/c2
R � GM/c2

QFT
perturbation

theory

LISA’s templates
via EOB[SF] ?

STRING
perturbation

theory
Quantum Scattering Amplitudes

m1 ⌧ m2
EOB=  Effective-One-Body
Buonanno-Damour 1999, 2000; 
Damour-Jaranowski-Schaefer 2000;
 Damour 2001



5

Rµ⌫ = 0

ds

2 = gµ⌫(x
�) dxµ

dx

⌫

= 0



6

Basic Physico-Mathematical Tools Having Allowed one to 
Predict GW signals from Coalescing Binary Black Holes 
Matched Asymptotic Expansion  approach to the motion of strongly
self-gravitating bodies

Post-Minkowskian  (PM) approximation theory 
to the motion of binary systems -> binary pulsars

Post-Newtonian  (PN) approximation theory to
the motion of binary systems

PN-matched Multipolar post-Minkowskian (MPM) approximation 
theory to the GW emission of binary systems

Effective One-Body (EOB) Approach to
coalescing binary black holes (and binary neutron stars)

Hyperbolic Systems for Einstein’s equations

Numerical Relativity (NR) simulations of
coalescing binary black holes (and binary neutron stars)
 



Challenge: Motion of Strongly Self-gravitating Bodies (NS, BH)
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Multi-chart approach to motion 
of strong-self-gravity bodies, 
and matched asymptotic expansions
[EIH ’38], Manasse ’63, Demianski-
Grishchuk ’74, D’Eath’75, Kates ’80, 
Damour ’82

Useful even for weakly self-gravitating bodies,   
i.e.“relativistic celestial mechanics”,   
Brumberg-Kopeikin ’89, Damour-Soffel-Xu ‘91-94

Combine two expansions in two charts:

gµ⌫(x) = ⌘µ⌫ +Gh

(1)
µ⌫ (x) +G

2
h

(2)
µ⌫ (x) + · · ·G↵�(x) = G

(0)
↵�(x) +G

(1)
↵�(x) + · · ·



Practical Techniques for Computing the Motion of Compact Bodies (NS or BH) 
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Skeletonization :                     point-masses   (Mathisson ’31) 

delta-functions in GR : Infeld ’54, Infeld-Plebanski ’60 

justified by Matched Asymptotic Expansions ( « Effacing Principle » Damour ’83 

possible internal-structure dependence in strong self-gravity objects (NSs, BHs) 

only arise at 5PN= 5-loop level) 

UV divergences linked to self-field effects (loops on external lines) [Dirac, 1938] 

QFT’s analytic (Riesz ’49) or dimensional regularization (Bollini-Giambiagi ’72, 

t’Hooft-Veltman ’72) imported in GR (Damour ’80, Damour-Jaranowski-Schäfer 

’01, …) 

Feynman-like diagrams and  

« Effective Field Theory » techniques 

Bertotti-Plebanski ’60,  

Damour-Esposito-Farèse ’96,  

Goldberger-Rothstein ’06, Porto ‘06, Gilmore-Ross’ 08, Levi ’10, 

Foffa-Sturani ’11 ‘13, Levi-Steinhoff ‘14, ‘15
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Reduced Worldline Action in Electrodynamics (Fokker 1929)

S

tot

[xµ
a , Aµ] = �

X

a

Z
madsa +

X

a

Z
eadx

µ
aAµ(xa)�

Z
d

D
x

1

16⇡
Fµ⌫F

µ⌫

« Integrate out » the field A_mu in the total (particle+field) action

One-photon-
exchange 
diagram

The effective action S_eff(x_a) was heavily used in the (second) Wheeler-Feynman paper 
(1949) together with similar diagrams to those used by Fokker

+Sgf

time-symmetric Green function G.
G(x) = �(�⌘µ⌫x

µ
x

⌫) =
1

2r
(�(t� r) + �(t+ r)) ; ⇤G(x) = �4⇡�4(x)



g = ⌘ + h

S(h, T ) =

Z ✓
1

2
h⇤h+ @@hhh+ ...+ (h+ hh+ ...)T

◆

⇤h = �T + ... ! h = GT + ...

Sred(T ) =
1

2
T GT + V3(GT,GT,GT ) + ...

Reduced Action in Gravity and its Diagrammatic Expansion

Needs gauge-fixed* action and time-symmetric Green function G.*E.g. Arnowitt-Deser-Misner Hamiltonian 
formalism or harmonic coordinates.Perturbatively solving (in dimension D=4 - eps) Einstein’s equations 
to get the equations of motion and the action for the conservative dynamics

Damour-Esposito-Farese ‘96

O(G)= Newtonian 
+ (v/c)^n corrections

O(G^2)=1PN
=1 loop

O(G^3)=2PN
=2 loop

O(G^5)=4PN
=4 loop

either

or Goldberger-Rothstein ’06

Slow Motion 
(PN) expansion: 
in powers of 1/c^2:  
1PN= (v/c)^2; 2PN= (v/c)^4, etc 
nPN=(v/c)^(2n)

It has been explicitly shown that  S_eff was UV finite  (in ADM gauge, and in dim.reg.) at 3 loops 
(Damour-Jaranowski-Schäfer ’01) and 4 loops (Damour-Jaranowski-Schäfer ’14, Jaranowski-Schäfer ’15)

There appear IR divergences at 4PN (4 loop) linked to non-locality (Blanchet-Damour ’88).



Post-Newtonian Equations of Motion [2-body, wo spins]
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• 1PN (including v2 /c2)  [Lorentz-Droste ’17], Einstein-Infeld-Hoffmann ’38 

• 2PN (inc. v4 /c4) Ohta-Okamura-Kimura-Hiida ‘74, Damour-Deruelle ’81 
                             Damour ’82, Schäfer ’85, Kopeikin ‘85 

• 2.5 PN (inc. v5 /c5)  Damour-Deruelle ‘81, Damour ‘82, Schäfer ’85, 
                                  Kopeikin ‘85 

• 3 PN (inc. v6 /c6) Jaranowski-Schäfer ‘98, Blanchet-Faye ‘00,  
                 Damour-Jaranowski-Schäfer ‘01, Itoh-Futamase ‘03,  
                 Blanchet-Damour-Esposito-Farèse’ 04, Foffa-Sturani ‘11 

• 3.5 PN (inc. v7 /c7) Iyer-Will ’93, Jaranowski-Schäfer ‘97, Pati-Will ‘02, 
              Königsdörffer-Faye-Schäfer ‘03, Nissanke-Blanchet ‘05, Itoh ‘09 

• 4PN (inc. v8 /c8) Jaranowski-Schäfer ’13, Foffa-Sturani ’13,’16  
          Bini-Damour ’13, Damour-Jaranowski-Schäfer ’14, Bernard et al’16 
  
New feature : non-locality in time (Blanchet-Damour’88) 

Inclusion of spin-dependent effects: Barker-O’ Connell’75, Faye-Blanchet-Buonanno’06, 
Damour-Jaranowski-Schaefer’08,   Porto-Rothstein ’06, Levi ’10, Steinhoff-Hergt-Schaefer 
’10, Steinhoff’11, Levi-Steinhoff’15-18 



2-body Taylor-expanded N + 1PN + 2PN Hamiltonian
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2-body Taylor-expanded 3PN Hamiltonian [DJS 01]
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2-body Taylor-expanded 4PN Hamiltonian [DJS, 2014]
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Perturbative Theory of the Generation of Gravitational Radiation

Einstein ’16, ’18 (+ Landau-Lifshitz 41, and Fock ’55) : h+, hx and quadrupole formula
Relativistic, multipolar extensions of LO quadrupole radiation :
Sachs-Bergmann ’58, Sachs ’61, Mathews ’62, Peters-Mathews ’63, Pirani '64
Campbell-Morgan ’71, 
Campbell et al ’75, 
nonlinear effects:
Bonnor-Rotenberg ’66,
Epstein-Wagoner-Will ’75-76
Thorne ’80, .., Will et al 00
MPM Formalism:
Blanchet-Damour ’86, 
Damour-Iyer ’91, 
Blanchet ’95 ‘98
Combines multipole exp. ,
Post Minkowkian exp., 
analytic continuation, 
and PN matching

⌫ =
m1m2

(m1 +m2)2

x =
⇣
v

c

⌘2
=

✓
G(m1 +m2)⌦

c

3

◆ 2
3

=

✓
⇡G(m1 +m2)f

c

3

◆ 2
3



Analytical GW Templates for BBH Coalescences ?

Cutler et al. ’93:
« slow convergence of PN »

Brady-Creighton-Thorne’98: 
« inability of current computational 
techniques to evolve a BBH through its last
 ~10 orbits of inspiral »  and to compute the
merger 

Damour-Iyer-Sathyaprakash’98:
use resummation methods for E and F

Buonanno-Damour ’99-00:
novel, resummed approach:
Effective-One-Body
analytical formalism

PN corrections to Einstein’s quadrupole frequency « chirping »
from PN-improved balance equation dE(f)/dt = - F(f)
d�

d ln f
=

!2

d!/dt
= QN

!
bQ!

QN
! =

5 c5

48 ⌫ v5
; bQ! = 1 + c2

⇣v
c

⌘2
+ c3

⇣v
c

⌘3
+ · · ·

v

c
=

✓
⇡G(m1 +m2)f

c3

◆ 1
3

⌫ =
m1m2

(m1 +m2)2



Effective One Body (EOB) Method)
Buonanno-Damour 1999, 2000; Damour-Jaranowski-Schaefer 2000; Damour 2001; Damour-Nagar 2007; Damour-Iyer-Nagar 2009

Predictions as early as 2000 : 
continued transition,  non adiabaticity, first complete waveform, final spin (OK within 10%), final 
mass

Resummation of both the Hamiltonian, the waveform and radiation-reaction 
—> description of the coalescence + addition of ringdown (Vishveshwara 70, Davis-Ruffini-Tiomno 72) 

Buonanno-Damour 2000



EOB: resumming the energetics of bound states of a two-body system 
(m_1,m_2,S_1,S_2) in terms of the energetics of the bound states of a 
particle of mass mu and spin S*  moving in some effective metric g(M,S)

Effective metric for non-spinning bodies: a nu-deformation of  Schwarzschild

ds2e↵ = �A(r; ⌫) dt2 +B(r; ⌫) dr2 + r2
�
d✓2 + sin2 ✓ d'2

�

µ =
m1m2

m1 + m2
M = m1 +m2 ⌫ =

µ

M
=

m1m2

(m1 +m2)2



TWO-BODY/EOB “CORRESPONDENCE”: 
 THINK QUANTUM-MECHANICALLY (J.A. WHEELER)

1:1 map(m1, m2)
µ =

m1m2

m1 + m2

ge�
µ⇥

Bohr-Sommerfeld’s  
Quantization Conditions 
(action-angle variables & 
  Delaunay Hamiltonian)

J = ⌃� =
1
2�

�
p�d⇥

N = n� = Ir + J

Ir =
1
2�

�
prdr

Real 2-body system 
(in the c.o.m. frame) An effective particle 

in some effective metric

Hclassical(q, p) Equantum(Ia = nah) = f�1[Equantum
e� (Ie�

a = nah)]

E = f(E)

Hclassical(Ia)

µ2 + gµ⇥
e�

⇥Se�

⇥xµ

⇥Se�

⇥x⇥
+O(p4) = 0

+ PN
expansion

in
v^2/c^2

and
G/c^2



Explicit 3PN EOB dynamics (Damour-Jaranowski-Schaefer ’01)

ds2e↵ = �A(R; ⌫)dt2 +B(R; ⌫)dR2 +R2(d✓2 + sin2 ✓d�2)

A simple post-geodesic effective mass-shell:

u ⌘ GM

Rc2

A simple, but crucial transformation between 
the real energy and the effective one:



2-body Taylor-expanded N + 1PN + 2PN+ 3PN Hamiltonian
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Spinning EOB effective Hamiltonian
H

e↵

= H
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Effective One Body (EOB) Method
Buonanno-Damour 1999, 2000 ; Damour-Jaranowski-Schäfer 2000, Damour 2001

200 000 Numerical-Relativity-completed EOB waveforms

r=M
0 1 2 3 4 5 6 7

A
(r

)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

EOB: 5PNlog
EOB: SEOBNRv2
Schwarzschild
EOB - 3PN
LR - EOB 5PNlog
LR - SEOBNRv2
LR - schwarzschild
LR-EOB-3PN



EOB AND GSF
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Comparable-mass case:  

Gravitational Self-Force Theory : m1 << m2 

• Analytical high-PN results : Blanchet-Detweiler-LeTiec-Whiting ’10, 

Damour ’10, Blanchet et al ’10, LeTiec et al ’12, Bini-Damour ’13-15, 

Kavanagh-Ottewill-Wardell ’15 

• (gauge-invariant) Numerical results : Detweiler ’08, Barack-Sago ’09, 

Blanchet-Detweiler-LeTiec-Whiting ’10, Barack-Damour-Sago ’10, Shah-

Friedman-Keidl ’12, Dolan et al ’14, Nolan et al ’15, … 

• Analytical PN results from high-precision (hundreds to thousands of 

digits !) numerical results : Shah-Friedman-Whiting ’14, Johnson-McDaniel-

Shah-Whiting ’15  

m1 ⇠ m2

Bini-Damour-Geralico’16, Hopper-Kavanagh-Ottewill’16

Akcay-van de Meent ‘16

based on BH perturbation theory: 
Regge-Wheeler-Zerilli-Teukolsky



GSF : ANALYTICAL HIGH-ORDER_PN 
RESULTS (22 LOOPS)
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Bini-Damour 15 Kavanagh et al 15

Numerical GSF computation
of the O(nu) A(u;nu)-potential:

with singularity at u=1/3
(Akcay et al 2012)

a(u) ' 0.25(1� 3u)�1/2

A(u; ⌫) = 1� 2u+ ⌫a(u) +O(⌫2)

GSF can also bring 
scattering information

(Damour 2010, Barack et al, in prepar)
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Classical Gravitational Scattering and the EOB
description of the GR 2-body dynamics

G^1

1

2
�class(E, J) =

1

j
�1(Êe↵ , ⌫) +

1

j2
�2(Êe↵ , ⌫) +O(G3)

New (equivalent) dictionary for scattering states:
applicable to the PM approximation (no restriction on v/c). 
[Damour2016]

f(Ereal(Ia)) = Ee↵(Ia)

Original EOB dictionary based on bound states.



New results already at the 1PM order (linear in G)

to order G1, the relativistic dynamics of a two-body system (of masses m1 , m2 ) is equivalent to the relativistic 
dynamics of an effective test particle of mass μ = m1m2/(m1 + m2) moving in a Schwarzschild metric of mass M = 
m1+ m2, i.e. the rather complicated 1PM Hamiltonian of Ledvinka-Schaefer-Bicak2010: with

is fully described by the EOB energy map applied to

ds2lin = �(1� 2
GM

r
)dt2 + (1 + 2

GM

r
)dr2 + r2d⌦2

Derivation of EOB energy map to all orders in v/c:



28

Classical Gravitational Scattering 
and the GR 2-body problem
beyond the linear-in-G level

At each order in G: EOB transcription
of the gauge-invariant scattering function

as a simple energy-dependent modification
of a Schwarzschild-metric mass-shell condition 

Q =

✓
GM

R

◆2

q2(E) +

✓
GM

R

◆3

q3(E) +O(G4)Schwarzschild
metric M=m1+m2

2PM 3PM
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1

2
�class(E, J) =

1

j
�1(Êe↵ , ⌫) +

1

j2
�2(Êe↵ , ⌫) +O(G3)

O(G^1)
—> Schwarzschild

modulo energy map

O(G^2) —>q_2(E)

G^2

G^1

Damour’18, using Westpfahl-Goller ’79, 
Bel-Damour-Deruelle-Ibanez-Martin’81,Westpfahl ’85

Portilla ’80, Damour’16

0 = gµ⌫SchwPµP⌫ + µ2 + q2(E)(GM/R)2
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Predicted Regge-like Behavior of High-Energy
Unstable Circular Bound States

bH2
e↵(pr, r, p'; ⌫) = bH2

Schw+

3

2
(1� 2u)u2

⇣
5 bH2
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HE unstable circular bound states:
asymptotic constant Regge slope

string-like
s = E2

real / J

H2
Schw =

✓
1� 2GM

R

◆
µ2 + (1� 2GM

R
)P 2

R +
J2

R2

�

u ⌘ GM

R

High J —>   H^2_eff ~ B(u) J^2
but 
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Self-Force Expansion , Light-Ring Behavior

Singular Light-Ring Behavior of Self-Force expansion in DJS gauge (Akcay-Barack-Damour-Sago’12)

bH2
e↵(pr, r, p'; ⌫) = bH2

Schw+

3

2
(1� 2u)u2

⇣
5 bH2

Schw � 1
⌘
0

@1� 1q
1 + 2⌫( bHSchw � 1)

1

A

Small mass-ratio expansion: \nu ->0
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1PM and 2PM-accurate spin-orbit couplings 
From spacetime spin four-vectors s_1,s_2

to spatial spin three-vectors S_1, S_2

Using the results of Bel-Damour-Deruelle-Ibanez-Martin’81 for the 2PM metric,
one gets the 2PM-accurate value of the integrated spin rotation (spin holonomy)

Bini-Damour ’17,’18 (see also  
Vines’18,Vines-Steinhoff-Buonanno’18)

spin-scattering holonomy
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EOB transcription of the 2PM-accurate spin-rotation
energy spin-gauge

instead of DJS gauge

� = Ĥe↵ h =
p

1 + 2⌫(� � 1)
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Quantum Scattering Amplitudes and 2-body Dynamics
• Quantum Scattering Amplitudes —> Potential  
one-graviton exchange :  
Corinaldesi ’56 ‘71,  
 Barker-Gupta-Haracz 66,  
Barker-O’Connell 70, Hiida-Okamura72 

Nonlinear: Iwasaki 71 [First post-Newtonian approx.],  
Okamura-Ohta-Kimura-Hiida 73[2 PN] 

Progress in gravity amplitudes (Bern, Carrasco et al., Cachazo et al., Bjerrum-Bohr 
et al., Cachazo-Guevara,…) can be used (Damour ’18) to improve the classical 2-
body dynamics: need a quantum/classical dictionary.

Amati-Ciafaloni-Veneziano 1987-2008 
Ultra-High-Energy (s >> M_Planck^2)

Four-graviton Scattering at 2 loops
Eikonal phase \delta in D=4

with one- and two-loop corrections
using the Regge-Gribov approach

� =

Gs

~

✓
log

✓
LIR

b

◆
+

6`2s
⇡b2

+

2G2s

b2
(1 +

2i

⇡
log(· · · ))

◆

New technique: use EOB as a scattering-> Hamiltonian translation device
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High-energy limit of 2-body scattering and 2-body dynamics
Using the (eikonal) ultra-high-energy results of Amati-Ciafaloni-Veneziano: 
get HE information up to G^4

AHE(u) = (1� 2u)

✓
1 +

15

2
u2 � 3u3 +

1749

16
u4 +O(u5)

◆

In HE limit the EOB energy map is such that 

↵HE =
GEreal

b
with

↵ =
GMEe↵

J
=

G

2

(Ereal)2 �m2
1 �m2

2

J
⇡HE

GEreal

b
The masses disappear and the HE scattering is equivalent to a null geodesic in the 

«  effective HE metric »

2PM    3PM     4PM
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Translating quantum scattering amplitudes into 
classical dynamical information

How to translate a scattering amplitude into a classical Hamiltonian ?

Problem: The domain of validity of the Born expansion 
is  GE_1 E_2/(hbar v) << 1, while
the domain of validity of the classical scattering 
is  GE_1 E_2/(hbar v) >> 1! 

It is an accident that the Born approximation of 
a 1/r potential yields the exact cross section.
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A way out: quantize the classical EOB Hamiltonian dynamics.

Quantized version:

Scattering amplitude for this potential scattering
at the second Born approximation

2PM, O(G^2) EOB classical mass-shell condition
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Classical/quantum dictionary: prediction for one-loop result

MG2

/MG1 with

OK with one-loop result of Guevara 1706.02314;
and Bjerrum-Bohr et al. 2018

+
L
a
d
d
e
r

2-loop amplitude gives the 
3PM O(G^3) EOB Hamiltonian: q_3 u^3
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From 2-loop amplitude to 3PM O(G^3) EOB Hamiltonian i.e. q_3 u^3

p2 = p21 + W̄ (ū) = p21 + w1ū+ w2ū
2 + w3ū

3 + · · ·

�~̂2�
x

 (x̄) = W

✓
1

r̄

◆
 (x̄)

W̄ (ū) = w1ū+ w2ū
2 + w3ū

3 + · · ·

Potential scattering

Born expansion of scattering amplitude
(Coulomb + second-order in w_1 w_2)

directly determines q_3(E_eff)

3PM

f+
ka
(kb) =

1

b~2


e�C

w1

q2
+

⇡

2

w2

q
+ (w3 &w1w2) log q

�
,

w3(Êe↵) = �q3(Êe↵) & q2(Êe↵) & 1

Checks:
+ 4PN and EOB[ACV] q3(Êe↵ ; ⌫)

HE
= �3 Ê2

e↵

4PN



Summary
EOB theory (Hamiltonian + Waveform) is directly used by LIGO-Virgo to 
define the many needed accurate templates

The EOB formulation of 2-body dynamics is a useful tool for transcribing 
classical and quantum scattering information into bound-state 
information.

 The classical one-loop (G^ 2) scattering has been transcribed in EOB 
theory thereby giving new vistas on high-energy gravitational 
interactions.

The Amati-Ciafaloni-Veneziano 2-loop HE result has been transcribed in
EOB theory. 

The HE gravitational EOB interaction predicts string-like (Regge-like) 
unstable « whirl » bound states: s ~ C J/G

A quantum/classical dictionary has been established.

Using it, the two-loop quantum scattering amplitude of gravitationally 
interacting scalar particles is easily translated into 3PM EOB Hamiltonian

EOB offers also a framework to transcribe spin effects  
                         from classical to quantum
.

0.0 0.1 0.2 0.3 0.4 0.5

0

1

2

3

4

5

6

u=GM/R

H
ef
f/μ


