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Gravitational wave evolution from 

acoustic and vortical sources

Axel Brandenburg, Tina Kahniashvili, Arthur Kosowsky,

Sayan Mandal, & Alberto Roper Pol

• Pencil Code

• Correspondence between kinetic or 
magnetic spectra with GW spectra

• Inertial and subinertial range spectra

• Scalar and vector modes in vertical 
and acoustic (irrotational) turbulence

• Onset of GW energy and vorticity
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Small Lorentz factors, g~1      
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Treatment in Pencil Code

• No damping

– Except of the source

• Kolmogorov

• GW spectrum by   

k2 steeper

• hdot not kh (=dashed) 

…but then drop tildeScale factor a 
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“Usual” 3rd order Runge-Kutta
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“Exact” between 2 time steps



• 2001 – 2007: cvs at Nordita (w/Dobler)

• 2007 – 2008: svn at Nordita (+Heinemann)

• 2008 – 2015: svn on google code

• 2015 – now: svn & git on github

– CUDA, particle & various other modules

– PCSC  Pencil Code Steering Committee
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Pencil



Now 30,218 commits
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H-index = 34, i.e.,

34 people did >34 commits



Updates since last year

• AIA emissivities (src/temperature_idealgas)
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Special Issue

• HDF5

• Python developments

• superdroplets

• Yin-Yang mesh

• Coronal radiation transfer (AIA etc)

• Spherical test-fields
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Definition of spectra
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Self-similar turbulent decay

instantaneous

scaling exponents
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Sect. 2.2

Assessement of the turbulent 

convective dynamo view

Collapsed spectra and pq diagrams



Nonhelical inverse transfer: k-2 spectrum

So-called “weak” (or wave) turbulence

Brandenburg, Kahniashvili, & Tevzadze (PRL 114, 075001, 2015)

helical vs

nonhelical



Horizon scales for k4 spectrum

nonhelical vs helical
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Correspondence of spectra

• If spectral slope of 

B is  -5/3, then

• Spectral slope of 

B2 is -5/3-2 = -11/3

• But for slope 4, we 

don’t get 4-2 = 2, 

but 0. 
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Spectra of the source
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Experiments with scalar fields s

• Spectrum of source agrees with spectrum of d2h/dt2

• Spectrum of d2h/dt2 agrees with that of  kdh/dt

• Therefore, spectrum of h is k-2 times that of source
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Same for positive slopes

• k2 spectrum is that of while noise (shell integrated!)

• Its square is also that of white noise

• Even a bluer spectrum becomes white again



Intermediate cases

• For slopes btw -2 and 2: more complicated

• For red spectra (negative slope): same

• For blue spectra (steeper than 2): always 2 (white)
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Energy per linear & logarithmic k interval

• Different sign of slope of characteristic strain!

naive
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GW energy & strain spectra

• confirm 

also -8/3 

and -7/3
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B-field from electroweak PT

• Lighthill approx.

• h(f) ~ 3x10-20

• +1/2 slope, not -1/2

• -10/3, not -7/3

slope 1/2

slope -10/3
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B-field from 

electroweak PT
• Kolmogorov 

turbulence

• Peak at f = 1 mHz

• Lighthill approx.

• h(f) ~ 3x10-20

– dimensionless 

slope

-10/3

=-3.3
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B-field from electroweak PT

• Inverse cascade

• Duration of source

• Peak moves left

• Now negative slope

• Agreement with 

simulations?

• Still -10/3, not -7/3

slope 1/2

slope -10/3

slope -1/2
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B-field from electroweak PT

• Inverse cascade

slope 1/2

slope -10/3

slope -1/2
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Effect of inv cascade

on GW spectrum

• Significant transfer to the left

• Yet no increase of GW energy

• Was determined by maximum
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from 

Alberto’s 

talk
• Relation 

between peak 

and GW energy



28

Non-abrupt end of driving

• Larger GW 

energy from 

graceful exit

• GW energy can 

be ~3x larger

• To understand 

slope-amplitude 

relation
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Longer runs

• Indeed: GW 

energy can be 

~3x larger

• stops growing 

when WGW

drops below 

certain value

• About 20% of 

maximum?
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Spectra from driven case

• Sharp drop

• Long 

subinertial 

range
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Irrotational  Vortical

• Irrotational: scalar & vector dominant

• Vortical: subdominant, so full~projected!
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Irrotational: no dynamo, & 

hardly any vorticity
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GW and vorticity

• Vorticity from obique shocks

• GW perhaps consequence of vorticity
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Simple example

Example

Traceless-transverse

s

s

s
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Early examples

• Magnetic energy spectrum 

• Positive helicity (red), negative (blue)

• GW energy spectra

Projection

operator



Conclusion
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• Pencil Code: GW advanced exactly 

• For E(k)~k-5/3 we get W(k)~k-8/3 and hc(k)~k-7/3

– not  -14/3 and -10/3

• but E(k)~k4 leads to W(k)~k and hc(k)~k-1/2

– not  3 and +1/2

• Vortical turbulence: vector & scalar modes weak

• Irrotational (acoustic) turbulence: they are strong, 

especially at small scales
– GW generation coincides with onset of vorticity generation


