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Equations

The set of equations for modelling combustion was implemented into the PEnciL Cope by
Babkovskaia et al. (2011). Considering a mixture of N, species undergoing N, reactions, we
solve the continuity equation for the total density p,
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the momentum equation for the velocity U,
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the energy equation for the temperature T,
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and the equation for the mass fraction of the kth species ¥, in the form
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where D/Dt = @/t + U - V is the advective derivative and 7,; = 2pv§;; + p(d;;V - U are
the components of the stress tensor with S;; = 1(9U;/0x; + U, f0x;) — %ﬁ!_ﬂ? - U being the
components of the traceless rate-of-strain tensor,  is the kinematic viscosity, { is the bulk
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Equation of state

viscosity, w is the reaction rate and subscript & refers to species number k. The pressure is
given by the equation of state,

p= pT _FTRZ(H: )

where R, W, and W}, are the universal gas constant, the mean molecular weight of the mixture,
and the molecular weight of species k., respectively. The viscosity of species k is given by Coffee
and Heimerl (1981) as
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where o 1s the Lennard-Jones collision diameter, kg 15 the Boltzmann constant, my 15 the
2,2). . « . . .
mass of the molecule, and ﬁi " is the collision integral (see Mourits and Rummens 1977).



Then, the viscosity of the mixture, jp = pr4,;,, is given by (Wilke 1950)

M M
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Here, X} is the mole fraction of species k and ®y; is given by
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The heat flux q is given by

M
q=> hpJi — AVT. (9)
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Here, Ji. = pYi Vi is the diffusive flux. Fick's law is emploved to calenlate the diffusion velocity
V}. as (Poinsot and Veynante 2005)

Dy,
Vi= S VXj, (10)
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where the diffusion coefficient for species k is expressed as
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and the binary diffusion coefficient is given by
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where !15-};1}.._ o, and mg; are given by Evlampiev (2007).



Reaction rates

The thermal ﬁnnduc:tivit}' for pure species k is expressed as

H .

J"k — H-T {ftﬂ-l[]ﬁ : ﬂ!:,tmm + fmr. : ETi:l,rl.:'t + f'-.rit:- : fji:l,'u.rit}} s {13}
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and the thermal conductivity of the mixture follows an empirical law. The specific heat e,

and specific enthalpv hy, of species k are calculated by using tabulated polynomials used in

rocket science by the National Aeronautics and Space Administration (NASA) and are known
as NASA polynomials. We use here the coefficients from Kéromnés et al. (2013).
The expression for the reaction rate is (Poinsot and Veynante 2005)
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where py, is the density of species k. Furthermore, v} and v, are the stoichiometric coefficients
of species k of reaction s on the reactant and product sides, respectivelyv. Furthermore, kg, is
the forward rate of reaction s, which is given by

ki , = BT exp(— E; /RT), (15)

where B, is a pre-exponential factor, v, is the temperature exponent, and F, is the activation
energy. These are all empirical coetlicients that are given by the kinetic mechanism. The
backward rate of reaction s is calculated from the forward rates through the equilibrium
constant
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Shock viscosity & WENO

2.2, Treatment of shocks in the PeEnciL CoDE and setup using the WENO code

In the PEnciL CoODE, the shock viscosity of von Neumann and Richtmyer (1950) is applied
as a bulk viscosity,

(= Gﬁtl:t!kﬁm‘l{ -V - U> 4+ {l?}

and is required to eliminate wiggles in the numerical solution. Here, (...}, denotes a running
five point average over all positive arguments, corresponding to a compression.

In the WENO code, equations (1)-(4) are solved in the conservation form; see equations
(5)-(9) of Wang et al. (2018). The chemical model for hydrogen-oxygen is the same model as
that developed by Kéromnés et al. (2013). The one-dimensional simulations were performed
using a DNS solver, which used the fifth order WENO finite difference scheme (Jiang and Shu
1996) to treat the convection terms of the governing equations and the sixth order standard
central difference scheme to discretise the nonlinear diffusion terms. The time integration is
the third order strong stability-preserving Runge-Kutta method (Gottlieb et al. 2001). The
advantage of the WENO finite difference method is the capability to achieve arbitrarily high
order accuracy in smooth regions while capturing sharp discontinuity.



2.3. Setup of the problem

We consider an unburned gas mixture under uniform initial conditions except for the afore-
mentioned linear temperature gradient. The initial conditions at £ = () are constant pressure
and zero velocity of the unburned mixture. On the left boundary at x = (0, we assume a
reflecting wall, where U.(x = 0,¢) = 0 and the initial temperature, T(x = 0) = T exceeds
the ipnition threshold value. Thus, the initial conditions are as follows:

| (T (T -Ty)2/L, 0<z<]L,
T{ma_ ﬂ} - {Tﬂ T } L._

15
2(,0) = py, (18)
U{x.0) =0,

According to the Zeldovich gradient mechanism, the reactions begin primarily at the temper-
ature maximum, T, and then propagate along the temperature gradient due to spontaneous
anto-ignition of the mixture. The velocity of the spontaneous reaction wave,

~1 ~1
dx dr, dT
Up = =5 — (19)
'I'-]'Ti.[]tl dl dr
depends on d7ing /dT and the steepness of the temperature gradient. It could be larger than
that of the pressure wave, if the temperature gradient is sufficiently shallow. Then, the cou-
pling between the spontaneous reaction wave with the shock wave, along with the coherent

energy release in the reaction, may cause shock wave amplification and the transition into a
detonation wave. Since we only consider the process of detonation initiation, the parameters
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Measuring convergence

Table 1. Summary of the fit parameters at ¢ = 42 pa; g I8 in cm, po and g1 are in bar, p) 18 In bar pm™ ' Ly and Lz are in
perm, anad S, in pa. Runs (a)—(d) have O = 008 and run () has O = 0.2
o.r I ™M pl'll Ly La N Ny & min
(a) 1993 0937498 3500 0.2200  2.56 (.36 50,176 302,000 42
(b) 0,997 944825 31.20 0.0546  1.21 030 100452 L266,600 24
(e) 0498 944390 33.21 0.0535  0.442  0.0587 200,704 2,826,300 12
(d)  0.199 927530 35.78 01128 0.1145 0.0157 501760 14,603,000 2.5
(e) 0199 946444 2870 0.0300 04069 01719 501,760 14255800 2.5
in equation (18) are chosen as follows:
T =1500K, Th =300 K, L =8 cm. py =1 bar. (20)

This set of parameters was also used by Liberman et al. (2012) to produce a steady detonation
wave in a stoichiometric hvdrogen—oxyvgen mixture.

L= f p(x, £.) — pae(z, £2)| dz/(po + py).
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Scaling
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Viscosity & shock viscosity
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Shock speed
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Comparnson with WENO

> switching to a different spatial resolution. This, of course, supgests

> that a more advanced shock-capturing approach (e.g. MENO, as mentioned
> in the concluding section) coupled to a conservative formulation of the

> transport equations might be better suited.
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Figure 7. (a) pressure profiles calculated with the WENCO code at resolution dr = 10 pm, in regular time intervals from
O ps to 46 ps. The inset shows the vicinity of the pressure peak at 42 us. (b)) corresponding spontameous wave velocity

(red solid line) and pressure wave velocity (blue dashed line).



Improved resolution
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Figure 8. Similar to figure 7, but for dz = § pm and without imset.
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Decoupling of fronts
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Figure 9.

Profiles of pressure (black line), temperature (red line), mass fraction of HO9 (green line), and Ha (blue line)
at ¢t = 34 ps, caleulated with the WENO code at resolutions dr = 10pm (a) and dx = Sum (b).
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WENO w/ artificial viscosity
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Figure 10. Similar to figure 7, but for dx = 5 ym and with artificial viscosity.
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Conclusions

« Convergence demponstrated w/ Pencil Code

 Should try to simulate in comoving frame to
eliminate timestep constraint in hot and
viscous wake

« High-order WENO without shock viscosity
diverges at higher resolution
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