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Since v o y, this constraint 1s most stringent where x; Ax; ~

I inwhichcase dt,g = min(1 /v; ). Assuming dfc == min(Ax; /a; ).
this imphes that
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dtc

Hence., whenever the Bo number in any grid zone of the
domain 1s less than unmity, the maximum allowed tme step

o min(Bo). (43)

choices of e. The agreement between the numeric and analytic
solutions 18 quite good overall, but tends to be poorest at dt
low optical depths. For fixed resolution. the discrepancies
with the analytic solution tend to increase as ¢ decreases and
the domain deviates more strongly from LTE. The accuracy
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Simulations of stellar convection with CO5BOLD
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The numerical time step is not only limited by the CFL condition. In addition, At must be smaller than the characteristic
radiative time scale 7,.4 that rules the decay of local temperature perturbations at the smallest possible spatial scale (wave-
number ko= 107/H,). To a good approximation, 7,4 can be calculated as:

G PPty 1 1 3
T (1+3 kz) f(3p2x2+k ) o

which is valid in both optically thick and thin regions [86,87]. As illustrated in Fig. 3 (right),t.4(ko) reaches a sharp local min-
imum of =0.2 s close to the optical surface. The time step of the numerical simulation is thus set by the radiative time scale,
At<0.2s, and the total number of required time steps is N; = t;jm/ Af =~ 10°. Assuming for reference a processor that can up-
date N.=10° grid cells per CPU second, the total CPU time required for this standard simulation would be
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Cooling time

Linearising equation (3) about a hydrostatic homogeneous equilibrium solution with w = 0,
T = const, and p = const, and assuming the solution to be proportional to e**~=** where
k is the wavevector, we find for the cooling or decay rate A the expression (Unno & Spiegel

1966)
_cy K3 k3 xR (4
01+ k202/3 T 1+ k2023 1+ k202)3° )

where k = |k| is the wavenumber,

¢ = 160517/ pe, (5)

is the characteristic velocity of photon diffusion (Barekat & Brandenburg 2014), and y = ¢ ¢/3
is the radiative diffusivity. The quantity ¢, is related to the radiative relaxation time ¢/c,
(equivalent to ¢~ of Unno & Spiegel 1966). It is smaller than the speed of light by roughly
the ratio of radiative to thermal energies. The expression in equation (4) has been obtained
under the Eddington approximation and deviates only slightly from the exact expression
obtained by Spiegel (1957), which can be written as

& I S S _tan_lkf
Aexact = I (1 Ll cot k‘f) =7 (l — | S A (6)

The largest value of the ratio A/Aexact 1s 1.29 at kf = 2.53.
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In direct contrast with the above calculation, we quote the radiative time step constraint
used by Davis et al. (2012),

Stthena o min(Bo) min(dz/cs) ; (10)

rac

see their equations (29) and (43), where Bo = 16 ¢s /¢, is the local Boltzmann number and ¢
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Blow-up in opt thin part
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Figure 1. Ty, (t) for different values of ét r:.yfﬁ, for the unstratified model of section 3.3.



_Time step vs dz.
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Figure 2. The maximum permissible time step 6t versus dz/f, normalised by £/, (red) and by (xk'ﬁl},j_l (solid blue

line), as well as 322 /y (dotted blue line), for the unstratified one-dimensional model of section 3.3. Note that §t yk%,, =

5t yw? /522,

Table 1. Values of &t xjr?zg for the shortest permissible time step for given wvalues of the number of dimensions I and the

number of rays n,., in the optically thick regime.

D 1 2 3 3

Tiray 2 4 6 14

22

6t x/0z% | 0.375+0.001 0.188 +0.001 0.127 +0.005 0.218 4+ 0.005 0.291 + 0.005




Constraint in action
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Figure 3. (a) Temperature stratification from the PEncIL CobDE simulation of a hot star with Tog = 69000K (see

section 4.1). (b) z dependence of various time step constraints: §t!M¢% (red solid line), 6t'21 (blue solid line), §t,.q
(black dashed line), dts (green solid line), §t~ (green dotted line), and the empirically determined maximum permissible
time step 4t (black dot-dashed line). The red dot denotes the photosphere. The arrow points to the location where the

minimum of 4 £/c~ coincides with §f and is therefore constraining the time step. All time steps are in milliseconds.



Across HR d/yagram
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Constramt In discs: cold
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Figure 7. Vertical profiles of T (a), and e+ and ex (b). &thin (blue lines), Gythick (red lines), their sum 8i,g (thick

s |
dazshed line h}l at I:bn en =0olid lml.h}l and at IZhl ack dot-dashe 1r]llu:u h}l for the oold dl:m model discussed in section 4.3, with

Nz = 144 (¢) uu] Nz = 576 (d). All time steps are in kiloseconds.



Constraint in discs: hot
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Figure 8. Same as figure 7, but for the hot dise model discussed in section 4.3, All time steps are in kileseconds.
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Deardorff here too
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Figure 9. Il.m;u rature (a) and specific entropy (b) along with the ".-J.l'l.l.:ll.Jh- EJu:-:u:. normalised by Hozpee () and (d), for
a model with ¥ =72 = 10~ rgtm F0m and Hy = 10~ Y EomT 3 kP s~ Mm—
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Time step in turb discs
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Figure 10. = dependence of the various time steps for the three-dimensional convective accretion dise simulation with
-y i - —_— — K P — H - . H - - -
Y =7 = 10® g cm F 0m and Hp = 107" gem FkemTFe—F Mm~L. 5!:!;‘1” I:hlul.: =0l id lu:u:]l, HFL!L'"]' ke [n:t] =0 lid llm:]l, their

sum 8t g (black dashed line), s (green solid line), the time step due to the maximum shock viscosity (0.088z2 frmax, .
[RRLEHA &
0 .

green dashed line), the time step due to mean shock viscosity I:ﬂ-ﬂﬁﬁzz,.'r ok s green dotted line), and the empirical
time step at (black dot-dashed line). All time steps are in kiloseconds. The arrow indicates the location from where the

limiting time step constraint originates,



Time step in turb discs
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Figure 11. xz cross sections of uz. uy, and u: (in kms™1) for the three-dimensional convective accretion disc simulation
. . - =y =Y 2% . ~y — 11 . .

with ¥ =7x 107% gem SMm and Hg = 10 v gom Skm®s 3 Mm ™. The white lines show the 7 = 1 surfaces and the

arrow points to the strongest shock near z = —~2Mm.
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Conclusions

dtrad(thin) ~ 4

dtrad(thick) ~ 0.2

Different from standard Courant step
Deardorff and other pleasures
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