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Outline

üIntroduction

üStably stratified turbulence (SST) without waves

üStably stratified turbulence with internal gravity waves

üStably stratified turbulence produced by internal 

gravity waves

üDetection of internal gravity waves in laboratory 

experiments with turbulent convection

üConvective turbulence



Sources for Stably Stratified Turbulence

üExternal Large-Scale Shear (mean wind  in 

atmospheric turbulence);

üShear in large-scale circulation in convection

üInternal Gravity Waves

üForcing in DNS, LES and laboratory 

experiments (oscillating grids; propellers, etc).



Budget Equation for TKE 
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Steady-state for 

homogeneous turbulence: 



TKE Balance for Stably Stratified Turbulence
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Budget Equations for Stably Stratified 

Turbulence

ü Turbulent kinetic energy:

ü Potential temperature fluctuations:

ü Flux of potential temperature:
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Budget Equations for Stably 

Stratified Turbulence



Total Turbulent Energy
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The turbulent potential energy:

Production of Turbulent energy:



Budget Equations for Stably 

Stratified Turbulence
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No Critical Richardson Number
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Comparisons
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Comparisons



Comparisons

E = EK + Ep



Large-Scale Internal Gravity Waves (IGW)

Basic Equations:

Solutions of the Linearized Equations for propagating IGW:

Frequency of IGW:

Propagation of IGW in WKB:



Sources for Internal Gravity Waves

üRandom convective motions underlying the 

stably stratified turbulence.

üStrong large-scale shear.

üLarge-scale flows over complex terrain.

üWave-wave interactions.



Large-Scale Internal Gravity Waves (IGW)

üWe consider the large-scale IGW with random phases whose 

periods and wave lengths are much larger than the turbulent 

time and length scales.

üWe represent the total velocity as the sum of the mean-flow 

velocity, the turbulent velocity, and the wave-field velocity:

üWe neglect the wave-wave interactions at large scales, but take 

into account the turbulence-wave interactions. 

üWe assume that the energy spectrum of the ensemble of IGW 

is isotropic and has the power-law form: 

where

v = U + u + V W ;



Large-Scale Internal Gravity Waves

with Random phases

where



Budget Equations  for SST with 

Large-Scale Internal Gravity Waves
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Turbulent Prandtl Number vs. Ri

(IG-Waves) 

Meteorological observations: slanting black triangles (Kondo et al., 1978), snowflakes 

(Bertin et al., 1997); laboratory experiments: black circles (Strang and Fernando, 2001), 

slanting crosses (Rehmann and Koseff, 2004), diamonds (Ohya, 2001); LES: triangles 

(Zilitinkevich et al., 2008); DNS: five-pointed stars (Stretch et al., 2001). Our model  with 

IG-waves at Q=10 and different values of parameter G:  G=0.01 (thick dashed), G= 0.1 

(thin dashed-dotted), G=0.15 (thin dashed),  G=0.2 (thick dashed-dotted ), at  Q=1 for 

G=1 (thin solid) and without IG-waves at  G=0 (thick solid).
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vs.         (IG-Waves)

Meteorological observations: slanting black triangles (Kondo et al., 1978), snowflakes 

(Bertin et al., 1997); laboratory experiments: black circles (Strang and Fernando, 2001), 

slanting crosses (Rehmann and Koseff, 2004), diamonds (Ohya, 2001); LES: triangles 

(Zilitinkevich et al., 2008); DNS: five-pointed stars (Stretch et al., 2001). Our model  with 

IG-waves at Q=10 and different values of parameter G:  G=0.01 (thick dashed), G= 0.1 

(thin dashed-dotted), G=0.15 (thin dashed),  G=0.2 (thick dashed-dotted ), at  Q=1 for 

G=1 (thin solid); and without IG-waves at  G=0 (thick solid).
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vs.  Ri (IG-Waves) 

Meteorological observations: squares [CME, Mahrt and Vickers (2005)], circles [SHEBA, 

Uttal et al. (2002)], overturned triangles [CASES-99, Poulos et al. (2002), Banta et al. 

(2002)], slanting black triangles (Kondo et al., 1978), snowflakes (Bertin et al., 1997); 

laboratory experiments: black circles (Strang and Fernando, 2001), slanting crosses 

(Rehmann and Koseff, 2004), diamonds (Ohya, 2001); LES: triangles (Zilitinkevich et al., 

2008); DNS: five-pointed stars (Stretch et al., 2001). Our model  with IG-waves at Q=10

and different values of parameter G:  G=0.001 (thin dashed), G=0.005 (thick dashed), 

G= 0.01 (thin dashed-dotted), G=0.05 (thick dashed-dotted), at  Q=1 for G=0.1 (thin 

solid); and without IG-waves at  G=0 (thick solid).
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vs. (IG-Waves) 

Meteorological observations: overturned triangles [CASES-99, Poulos et al. (2002), 

Banta et al. (2002)]; laboratory experiments: diamonds (Ohya, 2001); LES: triangles 

(Zilitinkevich et al., 2008). Our model  with IG-waves at Q=10 and different values of 

parameter G:  G=0.2 (thick dashed-dotted), at  Q=1 for G=1 (thin solid); and without IG-

waves at  G=0 (thick solid for                      ) and (thick  dashed for                     ).Ri1f = 0:2Ri1f = 0:4
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Large-Scale Internal Gravity Waves

(Two-way Coupling)

where



Budget Equations for IGW: S=0
where

Total wave energy:

where



Wave Richardson Number



Spatial Profiles



Laboratory Experiments in Convective turbulence



Standing Internal Gravity Waves (IGW)

Solution for standing internal gravity waves in WKB approximation:

The Bohr-Sommerfeldquantization condition:

is the reflection (or òturningò) point.

Analogy with quantum mechanics:

the behavior of the wave function 

near the turning points:

Boundary conditions:

The frequencies of the standing IGW:


