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Overview

Introduction Stringy moduli in general
Hetero tic compactifications

Way hatarotic

Compactifications to 40
Hall Stoominger System
Moduli Complex manifold t Randle

Atiyah extension

Moduli Including Anomaly
Hafarotic extension

Higher order deformations
Topological theory



Removing spacious degrees of freedom
Rinse and repeat

Compactification to 3D If time

Heterofic 62 Structures

e Infinitesimal moduli

Topological theory Higher order def s

Conclusions Outlook



StringyModatiin
3 levels of understanding stringy moduli

I Infinitesimal massless spectrum

Geometry is described by BPS equations

System of equations defining Sandosymmetric
geometries

BPS O

Infinitesimal deformation

S BES O mus Dd O

Identify differential D such that 82 0



Mass less fields infinitesimal moduli

cast _o
Moduli L are usually I forms valued in some

bundle sheaf Q naturally associated to the
modulo problem

Usually elliptic Finite dimensional spectrum

Ers deformations of integrable complex structure

µ Beltrami differential s EMT GHG Ct x E HE x

X Calabi Yaa



I Understand Geometry of madalispace M

Structures on M Complex Kahlan

Higher order def s abstractions Yukawa couplings
sapor potential smooth directions a

Finite deformations Solve Maurer Cartan equation
in assosiated la algebra

Da t 2,2 t O

Ers Finite def's of complex structure

ME r'd tax solve

MC eq Int Emm O

m Diff graded lie Algebra



Tian Toderor X Calabi Yau or 25 Camara

infinitesimal complex structure moduli are

unobstructed

III Understand Quantum moduli space

Noa perturbation effects world sheet
instantons dualities

associated to structure
Compute Invariants knot invariants CS theory
Donaldson Thomas Gromov Witten s

Find topological theory governing
geometric structures



Examples

i i imo_
Complex Wittens B model

theorystructure
f

f i

Kahler
sugar

Kahler Gravity Mittens A model

cairn simas
Various Versions of

aah Donaldson Thomas tonological
open stringtheories Hol CS theory

I

Theories are connected through dualities

E.g Mirror Symmetry open closed duality



WhyHeteroticle

Naturally equipped with gauge bundle

Great for modal building

Standard Embedding Candelas etat 85

and so on lot's of work

Bot Hard to stabilize moduli

though moduli problem for genericIsolation is far from fully understood

Mathematically interesting

Couplings between bundle and geometry



Playground for models of Generalised

Geometry DFT

Abundance of Chava Simons type couplings
m Connections to Invariants and

knot invariants

Donaldson Thomas invariants

Donaldson Segal invariants

Kodaira Spencer theory

Combinations of all of the above



Heteroticcompactificatiousnto4ds

Often called Hall strominger Solations

Mio My X X

T
Minkowski

X Gd manifold with sacs structure I a

Hyped tanana are O E X admits

a spinor

defines almost complex structure f w.at which

Eer C's were x



Differential constraints from Sos Y

dlégE 0 m X is complex
C2 is integrabledilaton

d e dana O Conformally balanced
constraint

H i 12 5 w dow
T

Dolbeault operator J IV 9 x rusted x

It is the hatarotic NS flax defined as

H dB t Waca was E



A E n Enda is the connection on a

gauge Ganda V

will comeT Connection on Ead CTX back to

BE RX Heterotic Kalb Ramond field

Note B transforms non trivially under gauge
transformations m Green Scharacz mechanism

as It is a gauge invariant

globally defined 3 form

Geometry and gauge sector are coupled
through Bianchi Identity



dit 2025 a tu Ent t Int

Note Seems complicated but plays a natural role
in moduli problem

F da t Ana curvature of A

R Curvature of B

F satisfies the hermitian Yang Mills constraints
Instanton

Fn Y O una r f 0

Holomorphic connectionFRO
Donaldson Uhlenbeck Yaa Ci Yaa a Croly stable bundles



WhatisttmItisfielddependante
In the usual field choice

i

iii isVI DUE H

Ote 0

connection E internalspinor

Note The Hall connection is an instanton modulo

higher order L corrections

1210 In or a aran RIOT Ot OCD



Mathematicians Want things to be exact

Benefits Can trust mathematical theorems

Things are cleaner

Drawback Physics 50612A is perturbative in d

Enter

Work with slightly modified
bat exact system at GCL

Keep t arbitrary but require it to satisfy
if's own instanton condition

ant una n I 0 on the nose



Drawback Have to deal with extra spacious modes
K E r CEndCTX def s of TJ

These can be interpreted as field vedef s

BUT Coupled with the other real moduli in quite
nontrivial ways

Hard to disentangle

At some point we want to quantise
See Point LII above

Spurious do.f are not real
How do we quantise

Benefit Mach cleaner Classical moduli story



Eaniessieiteteroteae
Topological Toy Model

Cheon Simons Scs fu to Anda e 3 A

EON FCA HA CANA 0

These are the Classical Backgrounds

Infinitesimal moduli dat A SA o

on da sa o where da FCA 0

Modulo gauge transf SA day



SAI E HACMs

Finite deformations da FA t SA SA o

Maurer Cartan equation

Alternatively Deform action Scs around
a classical Gacquoand Fao 0

SosCSA Stu Sada Sat SAS
Ms

The deformed action has Eon

da SA t SA SAI O ME equation



Hat erotic moduli

Fields y e x K L M
E r a

Q Fox a g 0 TIX g End TX Ended

That is

µ Era TX m def complex structure

Le ra Enda m def gauge connection

x e Nd Ttx m Hermitian def s

ke d End tx u Spurious fields
Field redef s

Here THX denote divergence free fields



Also toad in
Kodaira Spencer

Mer CTI E Dana o

and TIE x 1 X 2 exact

Xan Kat Lab GE read x

Saperpotential W S Hedda ar

T
F terms re e 2dg

Do a holomorphic deformation A of parameters
from a supersymmetric solution

W 7 We AW where

AW Scg gig etsy Ig y Mr
X



C Natural pairing on Q g y Erica

ego ga a mixzatmixcattakidzlefcck.kz

D Natural differential on Q 52 0

Upper triangular Defines Q as a double extension

Apply Homological algebra and long exact

sequences to compute cohomologies

Note

I

X is complex
A and E are

F tearsholomorphic
52 0 S

The Bianchi Identity
is satisfied



Note D is also locally trivialisable

I 656

Arin to going to twisted frame in

generalised geometry

Upshot Can use check cohomology
Dolbeault theorem

Algebraic Geometry applies

Natural holomorphic Courant type
bracket on Q

Satisfies Leibniz rake a v t 5



I go yz Bye g C 1 go Iga

Eon for action Scg

Ige É g g a 0 x

Heterotic Maurer Cartan equation

Actually Susy also requires scars o

Can show that Mc eq Cet with

Scg 0 are equivalent to the
MC eq of an Cs algebra



Infinitesimally By 0

Modulo complexified gauge transf Ig j Erica

Eg E H's a

Ile dare o

p
WTF O

What about D terms Wnt o

conf balanced e Yang Mills
conditions

Toy model Holomorphic bundle on fixed
Calabi Yaa



FOR O CE term

unwn F o D team

Deform F term Jad 0 he R Enda

Deform D term Wainwn2 O Itd o

actual moduli are given by harmonic
representatives in HE Endor

Similarly Imposing heterotic D teams pick out a

particular harmonic representative of HECQ

Can farther show that a perturbative solution
to the MC eq can be chosen so as to also
solve the D teams



HeteroticQuantummodalinthartate

Recall Holomorphic Chera Simons

Sca SytrC Lata 1323 nor her Enda

Partition function Z f 82 e
Sa

Generating functional for DT invariants

quasi topological in nature
Wall crossings etc

Note SCL is pact of Scg



Very tempting Can we make sense of

ex 2 JDge so

Note The path integral x is also over all

geometric d a f so any heterotic invariants
extractet ought to be truly topological

Catch Dg DMDLDx Dk
5

Not physical
Ignore at your movie

Potential solutions

Integrate out k using Lagrange multiplier
techniques



Embed story into larger duality
covariant framework DFT

Ken Field redet s

Redo moduli story without

introducing K

Modaliwithoatkeralendetan
Deform Hall connection as function of fields 5 0

Aim Look for somethingMathematically exact
Retain mathematical theorems

Physically correct modulo 6612



Note X compact

Consistency in the 806 RA framework requires X

to be Calabi Yaa at zeroth order in L

Without this assumption are have not cget
found a Mathematically exact description

New moduli g ly L x Ere cog

Q TAX EndCU TEX

Modulo OC in physics are get

Infinitesimal moduli Ig 0 Exact equation

Note 152 0 on the nose and



TIE x
By 5247cmY t

Here the Extension Atiyah maps are

TCM Farma Fa Fai dat Atiyah map

Il tip a Hanged Étulanta 2 R'i'dodged

Here R is the curvature of the Ricci flat Calabi Yau
C connection Ok

Modulo complex gauge in g EH E

D terms Again pick harmonic representative y



Hodge theory Harmonic forms in l l correspondence
with HICE

mm Sufficient to look at H E

Note D is still upper triangular

Still defines I as a double extension

F defines an extension of TTX by Enda
the Atiyah extension

o s r Ender sense ragtop so

mo LES in cohomology



H Eady H q s Ha Tty
F

q
H Enda 2

Connecting homomorphism Atiyah map

Ha Q I H Endo to row I

handle modaco assuming stable
bundle

Cf Ha TX He Enda

Complex structure moduli

Il defines an extension of Q by TacoX

o EMCEE x ra CE race so G
5 I 5



Not algebraic
BUT Extension map Il has a holomorphic derivative

Il Itsy a Hanged Étulanta 2 t'd md
us 15 no longer a connection on Q

ferox LET Ca Ilya IfrdefBL

Still 52 0 and we have a shoot exact sequence
of Chain complexes E

Long exact sequence in cohomology

H TEX HE Ca s HE Ca
H

HETTIE x
Connecting hour Atiyah map



HICE 7 H'Ctx her H
Hermitian moduli

H H'CQ H Fmx

Complex structure
bundle moduli

Moduli story sofar without field
redefinitions

unite



Recanloatlookin

Introducing spurious End TX valued
d a f allows for a clean hat erotic

moduli story
BUT These fields couple

non trivially to real fields

How do we quantise

Solution Redo moduli story without

spurious d o f

So far
ms Inf moduli cohomology HE É



Eater
D has a holomorphic derivative What

does this mean

Side note QxQ Q also involves hoc derivatives
and so does the cubic coupling q Eg y 2

Is there a sense in which we should

think of hot derivatives Da as

couplings Higher spin SET

Is the story still Coc friorialisable

I 656

Define and use Check cohomology
and methods of Algebraic Geometry i



Higher order def s Is it still

a DGCA G algebra

Quantum moduli Invariants Anomalies
would Sheet description dualities

Sideaota D forms part of a connection

D Dt D on Q Carith spacious do.f s

Heterotic system D is harmitian Yang Mills

Fg 152 0 a na n ED 0

Li Yau Q is croly stable

Hint towards a heterotic Donaldson Uhlenbeck
Yaa theorem 1 Kobayashi Hitchin correspondence



Heteroticcompactificationsmter

Pat the heterofic string on spacetimes

Mco M x Xy me heterotic 62 system

SUSY Xy admits a 62 structure PERCE
62 holonomy dq d 9 0

g mus metric g mus p a f e re Cy

Heterotic be structures are integrable We can

define differential complex

o rocks In Xz RICE Ér a to



where d tod Projection onto
appropriate a representation

Note This complex can be extended to

bundle valued forms provided the
connection is an instanton

Fry 0

auto
Ignoring complications of spacious d a f's

moduli g G L E r E E T Ended



X Geometric d of Carefrict B field

2 Bundle d of

8214 0

Heterotie 62 System me Instanton connection
D on E

O rice rice FREE RICE so

Moduli Dg Eg E Hf CE

modulo gauge transf

BUT D does Not define E as an

extension



No SES ou LES to compute cohomology
Madali do not decouple not even

locally in moduli space

M Module cannot be separated into

geometric and Gandee moduli

Outlook Higher order def s

Topological theory
Invariants

Sidonota Go version of DT invariants Donaldson Segal
invariants

Less topologically protected
agrees with heterotic story suggesting
generically coupled moduli
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