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The setup

Four CFT’s:
Bulk: SO(d + 1,1)

Boundaries (wall and ramp): SO(d ,1)

Edge: SO(d −1,1)

Important in condensed matter.
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Boundary operator expansion

Additional OPE’s

φ(~x ,xd−1,xd ) = ∑
Ô

µφ

Ô

x∆φ−∆̂
d−1

Ô(~x ,xd ) ,

Ô(~x ,xd ) = ∑
ˆ̂
O

µ̂ Ô
ˆ̂
O

(θ)

x∆̂− ˆ̂
∆(θ)

d

ˆ̂O(~x ,θ) .
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ˆ̂
O

(θ)

x∆̂− ˆ̂
∆(θ)

d

ˆ̂O(~x ,θ) .

Theoretical physics - 5 - Alexander Söderberg | alexander.soderberg@physics.uu.se



A conformal
edge

Analytic
structure

Bootstrap at
O(ε)

Bulk-edge correlator

Bootstrap equation [António Antunes, ’21]

〈φ(~x ,xd−1,xd ) ˆ̂O(~y)〉 ∝ f (η) , η =
xd−1

xd
= tanϕ ,

f (η) = ∑
n

cnfwall(∆̂n,
ˆ̂∆,η) = p∆φ−

ˆ̂
∆

∑
m

c′mfwall(∆̂′m,
ˆ̂∆,ζ ) .
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Bootstrap equation

f (η) = ∑
n

cnfwall(∆̂n,
ˆ̂∆,η) = p∆φ−

ˆ̂
∆

∑
m

c′mfwall(∆̂′m,
ˆ̂∆,ζ ) .

BOE Coefficients

cn(θ) = µ
φ

w Ôn
µ̂

Ôn
w ˆ̂

O
(θ) , c′m(θ) = µ

φ

r Ô ′m
µ̂

Ô ′m
r ˆ̂

O
(θ) .

Prefactor and cross-ratio w.r.t. the ramp

p(θ ,η) =
η

sinθ −η cosθ
,

ζ (θ ,η) =
sinθ −η cosθ

cosθ + η sinθ
= tan(θ −ϕ) .

Conformal blocks

fwall(∆̂n,
ˆ̂∆,η) = η

∆̂n−
ˆ̂
∆

2F1(...,−η
2) .
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Free theory

Only φ̂ and ∂⊥φ̂ are exchanged

c′
φ̂

= c′
φ̂

(θ ,c
φ̂
,c

∂⊥φ̂
) , c′

∂⊥φ̂
= c′

∂⊥φ̂
(θ ,c

φ̂
,c

∂⊥φ̂
) .

Boundary conditions
NN: c

∂⊥φ̂
, c′

∂⊥φ̂
= 0 ⇒ c′

φ̂
= c′

φ̂
(θ ,c

φ̂
).

ND: c
∂⊥φ̂

, c′
φ̂

= 0 ⇒ c′
∂⊥φ̂

= c′
∂⊥φ̂

(θ ,c
φ̂

).

DD: c
φ̂
, c′

φ̂
= 0 ⇒ c′

∂⊥φ̂
= c′

∂⊥φ̂
(θ ,c

∂⊥φ̂
).

Edge scaling dimension

ˆ̂∆k = ∆φ + k , k =
πα

θ
.

α (or k ) determines the combination of b.c.’s.
• Integer for NN and DD.
• Half-integer for ND.
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Branch cuts

Re η

Im η

Branch cuts for 0 < θ <
π

2

Re η

Im η

Branch cuts for θ =
π

2

Re η

Im η

Branch cuts for
π

2
< θ < π

Branch cuts originate from
blue: 2F1(...,−η2)

red: 2F1(...,−ζ 2)

green: η∆̂n−
ˆ̂
∆k , ζ ∆̂n−

ˆ̂
∆k , p∆− ˆ̂

∆k

purple: η∆̂n−
ˆ̂
∆k , p∆φ−

ˆ̂
∆K

yellow: ζ ∆̂n−
ˆ̂
∆, p∆− ˆ̂

∆k
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Strategy

Re η

Im η

Branch cuts for 0 < θ <
π

2

Re η

Im η

Branch cuts for θ =
π

2

Re η

Im η

Branch cuts for
π

2
< θ < π

Strategy [Bissi, Hansen, AS, ’18], [Dey, AS, ’20]
Study discontinuity along η2 <−1

disc
η2<−1

f (η) = lim
α→0+

f (+ix + α)− f (−ix −α) , x > 1 .

Find an orthogonality relation.
Project out BOE coefficients, cn.
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Discontinuity along η2 <−1

Only wall-channel contribute

disc
η2<−1

fwall(∆̂n,
ˆ̂∆k ,η) = (1−e2π i(∆φ−

ˆ̂
∆k ))fwall(∆̂n,

ˆ̂∆k ,η)

+ #η
∆̂n−

ˆ̂
∆k 2F1(...,η2 + 1) .

Two 2F1’s!
First term vanish for

∆̂n = ∆φ + n , n ∈ Z ,

ˆ̂∆k = ∆φ + k , k =
πα

θ
∈ Z .

The discontinuity is then a Jacobi polynomial

disc
η2<−1

fwall(∆̂n,
ˆ̂∆k ,η) ∝ (1− t)k

√
1 + t P(k , 1

2 )
n−k

2 −1
(t) , t =−1− 2

η2 .
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disc
η2<−1

fwall(∆̂n,
ˆ̂∆k ,η) = (1−e2π i(∆φ−

ˆ̂
∆k ))fwall(∆̂n,

ˆ̂∆k ,η)

+ #η
∆̂n−

ˆ̂
∆k 2F1(...,η2 + 1) .

Two 2F1’s!
First term vanish for

∆̂n = ∆φ + n , n ∈ Z ,

ˆ̂∆k = ∆φ + k , k =
πα

θ
∈ Z .

The discontinuity is then a Jacobi polynomial

disc
η2<−1

fwall(∆̂n,
ˆ̂∆k ,η) ∝ (1− t)k

√
1 + t P(k , 1

2 )
n−k

2 −1
(t) , t =−1− 2

η2 .
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Orthogonality relation

disc
η2<−1

fwall(∆̂n,
ˆ̂∆k ,η) ∝ (1− t)k

√
1 + t P(k , 1

2 )
n−k

2 −1
(t) .

Orthogonality relation∫ +1

−1
dt P(k , 1

2 )
m−k

2 −1
(t) disc

η2<−1
fwall(∆̂n,

ˆ̂∆k ,η) ∝ δmn .

Can be used to project out the BOE coefficients cm.
Only orthogonal for even or odd m,n.
• This is the case in d = 4− ε dimensions

[Agnese Bissi, Tobias Hansen, AS, ’18].
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Method of images

Method of images for θ =
3π

8

Implication of k ∈ Z

k =
πα

θ
∈ Z ⇔ θ =

πα

k
∈ πQ .

Finite number of images

θ =
πa
b

⇒ #(images) = 2b−1 .
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Outline

1 A conformal edge

2 Analytic structure

3 Bootstrap at O(ε)
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The bootstrap equation

We expect an infinite amount of operators at O(ε).
Expand the bootstrap equation as

f (η) = Gw + Hw +O(ε
2) = Gr + Hr +O(ε

2) .

Gw , Gr contain the anomalous dimensions

Gw (η) = c(f )
0/1fwall(∆̂0/1,

ˆ̂∆k ,η) .

Hw , Hr contain the BOE coefficients at O(ε).

Hw (η) = ε ∑
n

δcnfwall(n + 1,k + 1,η) .
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The BOE coefficients

f (η) = Gw + Hw +O(ε
2) = Gr + Hr +O(ε

2) .

The discontinuity along η2 <−1

disc
η2<−1

Hw =− disc
η2<−1

Gw .

Hw is orthogonal

δcm ∝

∫ +1

−1
dt P(k , 1

2 )
m−k

2 −1
(t) disc

η2<−1
Gw .

This is our main result!
No ramp-channel
Enough to consider Neumann or Dirichlet b.c.’s.
Explained by a wall-ramp symmetry: η ←→ ζ .
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The BOE coefficients

NN: k = 2p

δcNN
n =

(−1)pc(f )
0 (γ̂0− ˆ̂γ)

(p + n + 1)(2(p + n) + 1)

Γn+ 3
2
Γ2p+n+ 3

2√
πΓ2(p+n)+ 3

2

.

ND: k = 2p + 1

δcND
n =

(−1)pc(f )
0 (γ̂0− ˆ̂γ)(2p + 1)

(p + n + 1)(2(p + n) + 1)

Γn+ 1
2
Γ2p+n+ 3

2√
πΓ2(p+n)+ 3

2

.

DD: k = 2p

δcDD
n =

(−1)pc(f )
1 (γ̂1− ˆ̂γ)

2(p + n + 1)(2(p + n) + 3)

Γn+ 3
2
Γ2p+n+ 3

2√
πΓ2(p+n)+ 5

2

.
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