
Axisymmetric dynamo action is possible
(with anisotropic conductivity)

Franck Plunian Thierry Alboussière

ISTerre, Université Grenoble Alpes ENS Lyon, UCBL

Physical Review Research 2, 013321 (2020)

Physical Review E 101, 033107 (2020)

Virtual Nordic Dynamo Seminar, May 5, 2020

“[…] things we thought impossible are possible.” (Axel B.)
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Dynamo action from 2D azimuthal

shear is impossible !

Helical shear

 dynamo action

m=1

Parker (1966) 

Ponomarenko (1973) 

Introduction

In addition, from Cowling’s theorem,

axisymmetric dynamo is impossible !

“[…] things we thought impossible …”
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Introduction

We will demonstrate that 2D azimuthal shear

can produce axisymmetric dynamo action, 

provided the electrical conductivity is

anisotropic

B field lines

Critical magnetic Reynolds number

… are possible”“[…] things we thought impossible …



1. How can anisotropic conductivity beat Cowling’s antidynamo
theorem ?

2. Exact solution of the induction equation

3. Conclusion and outlook
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Cowling’s antidynamo theorem (1934)

An axisymmetric world
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𝜕𝑡𝐁 = 𝛁 × 𝐮 × 𝐁 − 𝛁 ×
1

𝜎
𝛁 ×

𝐁

𝜇

Generalized to time-dependent / nonsolenoidal velocity, variable conductivity, …
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« An axisymmetric magnetic field

cannot be generated by dynamo action

under the assumption of axisymmetry of 

- velocity field, 

- electrical conductivity, 

- magnetic permeability and 

- shape of the conductor » 
(Kaiser & Tilgner, 2014)

Cowling (1934)

Backus (1957)

Braginskii (1964)

Lortz (1968)

Moffatt (1978)

Ivers & James (1984)

Fearn (1988)

Proctor (2007)



𝐣𝐓 = 𝛻 ×
𝐁𝐏
𝜇

= 𝜎 𝐄𝐓 + 𝐮𝐏 × 𝐁𝐏

ර
𝐶𝜀

𝐁𝐏

𝜇
𝑑𝑙 = න

𝑆𝜀

𝜎 𝐄𝐓 + 𝐮𝐏 × 𝐁𝐏 . 𝐝𝐒

Axisymmetr𝑦 ⇒ 𝐄𝐓 = 0

⇒ 2𝜋휀
𝐵𝜀

𝜇
≤ 𝜎𝑈𝑃𝐵𝜀𝜋휀

2

lim 휀 = 0 ⇒ 𝐵𝜀 = 0
⇒ 𝐣𝐓 = 𝟎 on 𝐶𝑁
⇒ 𝐁𝐏 = 0

≤ 𝑈𝑃 𝐵𝜀

Assume 𝐁𝐏

Cowling’s neutral point argument

BP= Be on the BP-line of radius e
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𝐁𝐏

𝐶𝑁

𝐶휀, 𝑆휀

Poloidal / Toroidal decomposition



Cowling’s neutral point argument

Suppose 𝜎 is a tensor (anisotropic conductivity) 

𝐣𝐓
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𝐣𝐓 = [𝜎](𝐄𝐓 +𝐮𝐏 × 𝐁𝐏 + 𝑬𝐏 + 𝐮𝐓 × 𝐁𝐏 + 𝐮𝐏 × 𝐁𝐓)
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⇒ Cowling’s neutral point argument fails

𝐁𝐏

𝐶𝑁

𝐶휀, 𝑆휀

Poloidal / Toroidal decomposition 𝐣𝐓 = 𝛻 ×
𝐁𝐏
𝜇

= 𝜎 𝐄𝐓 + 𝐮𝐏 × 𝐁𝐏



Anisotropic conductivity
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S. I. Braginskii, in Reviews of Plasma Physics, edited by M. A. Leontovich, Vol. 1

(Consultants Bureau, New York, 1965), pp.205–311.

Consider q such that

𝜎 = ൝
𝜎∥ in the direction of 𝐪

𝜎⊥ in the directions q1 and q2, perpendicular to 𝐪

For example, in plasmas:

• 𝜎∥ = 1.96 𝜎⊥, with q in the direction of the magnetic field



Anisotropic conductivity

Look for [sij] satisfying j = [sij] E, with

• If E = q then j = 𝜎∥ E

• If E . q = 0 then j = 𝜎⊥ E
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𝜎𝑖𝑗 = 𝜎⊥𝛿𝑖𝑗 + (𝜎∥ − 𝜎⊥)𝑞𝑖𝑞𝑗

Consider a unit vector q such that

𝜎 = ൝
𝜎∥ in the direction of 𝐪

𝜎⊥ in the directions q1 and q2, perpendicular to 𝐪

 [sij]q  = 𝜎∥ q

 [sij]q1 = 𝜎⊥ q1

[sij]q2 = 𝜎⊥ q2



Other dynamo studies with anisotropic conductivity
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Ruderman & Ruzmaikin (GAFD, 1984)

• Cartesian geometry

• Linear shear

• Asymptotic study

𝜎𝑖𝑗 = 𝜎⊥𝛿𝑖𝑗 + (𝜎∥ − 𝜎⊥)𝑞𝑖𝑞𝑗

𝜎⊥ ≫ 𝜎∥



Virtual Nordic Dynamo Seminar, May 5, 2020 11

• Cartesian geometry

• Sliding plates

• Exact solutions

Other dynamo studies with anisotropic conductivity

Alboussière et al (PRE, 2020)

𝜎𝑖𝑗 = 𝜎⊥𝛿𝑖𝑗 + (𝜎∥ − 𝜎⊥)𝑞𝑖𝑞𝑗
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Lortz (Z. Naturforsch, 1989)

• Torus geometry

• Asymptotic study in the limit of zero torus curvature

• Formal proof, without specifying any velocity field.  

𝜎 =
1 0 0
2 1 𝑒
0 𝑒 1 (𝐞𝐫, 𝐞𝜽, 𝐞𝒛)

Other dynamo studies with anisotropic conductivity



𝐞𝑟𝐞𝜃

𝐪

𝜃

𝛼
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x

y

Logarithmic spiral anisotropy

𝜎 =

𝜎∥𝑐2 + 𝜎⊥𝑠2 𝜎∥ − 𝜎⊥ 𝑐𝑠 0

𝜎∥ − 𝜎⊥ 𝑐𝑠 𝜎∥𝑠2 + 𝜎⊥𝑐2 0

0 0 𝜎⊥

𝐪 = cos 𝛼 𝐞𝐫 + sin 𝛼 𝐞𝜽

We choose a logarithmic spiral anisotropy

(𝐞𝐫, 𝐞𝜽, 𝐞𝒛)

(𝑐, 𝑠) = (cos 𝛼 , sin 𝛼)



𝐞𝑟
𝐞𝜃

𝐪
𝛼

𝐞𝑧 𝑟1
𝑟0
→ ∞

W
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Inner cylinder in solid body rotation

𝐮 = ቊ
𝑟Ω𝐞𝜃 , 𝑟 ≤ 𝑟0
𝟎, 𝑟 > 𝑟0

x

y

Lines of 𝜎⊥



1. How can anisotropic conductivity beat Cowling’s antidynamo
theorem ?

2. Exact solution of the induction equation

3. Conclusion and outlook
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Dimensionless equations

Induction equation

Anisotropic diffusivity

Solid body rotation

Axisymmetry

Stationary and z-independent flow conjugated to linearity of Ind. Eq. implies

Virtual Nordic Dynamo Seminar, May 5, 2020 16

𝜕𝑡𝐁 = 𝛁 × 𝐮 × 𝐁 − 𝛁 × [𝜂]𝛁 × 𝐁

𝜂𝑖𝑗 = 𝛿𝑖𝑗 + 𝜂1𝑞𝑖𝑞𝑗, 𝜂1=
𝜎⊥

𝜎∥
− 1

𝐮 = ቊ
𝑟Ω𝐞𝜃 , 𝑟 ≤ 1
𝟎, 𝑟 > 1

⇒ 𝛁 × 𝐮 × 𝐁 = 0

⇒ 1D problem



Resolution

Virtual Nordic Dynamo Seminar, May 5, 2020 17

Looking for the dynamo threshold (𝛾 = 0) leads to

𝜂1=
𝜎⊥

𝜎∥
− 1



Solution at threshold
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with



• Br = Bq = 0 at r = 0

• lim
𝑟→∞

𝐁 = 0

• Continuity of B at r = 1
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A crucial boundary condition

It corresponds to the differential rotation 

between the inner and outer cylinders
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>0 >0 <0 ⇒ Ω < 0
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A crucial boundary condition



with
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𝜂1=
𝜎⊥

𝜎∥
− 1

Dynamo threshold
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𝜎⊥> 𝜎∥

Dynamo threshold

𝜂1 =
𝜎⊥

𝜎∥
− 1 > 0



 experimentally feasible
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Dynamo threshold



Understanding

+
𝑠

𝑐
𝜕𝑟Ω 𝐁𝑟

Differential rotationDiffusive terms

Crucial term

𝜂 =
1 + 𝜂1𝑐

2 𝜂1𝑐𝑠 0

𝜂1𝑐𝑠 1 + 𝜂1𝑠
2 0

0 0 1
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At threshold: 
𝑗𝜃

𝑗𝑟
= −

𝜂1𝑐𝑠

1+𝜂1𝑠
2

𝜂1 → ∞ ⇒ 𝐣. 𝐪 = 0
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Spiraling currents

⇒ spiraling currents



𝑩

𝒋
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1. How can anisotropic conductivity beat Cowling’s antidynamo
theorem ?

2. Exact solution of the induction equation

3. Conclusion and outlook
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Conclusion and outlook

• Axismmetric dynamo action is possible with anisotropic conductivity

• Exact solution for logarithmic spiral anisotropy and simple azimuthal shear

• Threshold sufficiently low to be experimentally achievable

• Application to plasmas ?
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An experimental demonstration
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Inner cylinder
Both cylinders before

final electroerosion

Alboussière 2020

Spiraling insulator

(kapton + epoxy)

Outer cylinder

160

205

𝜎⊥> 𝜎∥



Application to plasmas ?
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𝜎⊥< 𝜎∥ ⇒ 𝜂1=
𝜎⊥

𝜎∥
− 1 < 0

𝜂1~− 0,5

• S. I. Braginskii, in Reviews of Plasma Physics, edited by M. A. Leontovich, Vol. 1 (Consultants
Bureau, New York, 1965), pp.205–311.
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𝜎⊥< 𝜎∥

Dynamo threshold

𝜂1 =
𝜎⊥

𝜎∥
− 1 < 0


