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(Backward) Kolmogorov  
Equation

@g(~x, t)

@t
=�A(~x, t) ·r~xg(~x, t)�

1

2
Tr

�
BBT

(~x, t)Hess~xg(~x, t)
�

� f
�
t, ~x, g(~x, t), BT

(~x, t)rg(~x, t)
�

<latexit sha1_base64="HgTmtLXv6IALHm3PLqTk/BDa3Io="></latexit>

Terminal condition �  where �  is a known function.g( ⃗x , T ) = ϕ( ⃗x ) ϕ : ℝd → ℝ

• Describes time evolution of a probability density of diffusion processes; 


• �  drift and diffusion term, respectively;


• �  is known

A( ⃗x , t), BBT( ⃗x , t)

f(t, ⃗x , g( ⃗x , t), B( ⃗x , t)T ∇ ⃗x g( ⃗x , t))

GOAL: WE WANT TO FIND �g( ⃗x ,0)

Raffaele Marino, NORDITA, Stockholm, September 8, 2020
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(Forward) Kolmogorov  
Equation

Initial condition �  where �  is a known function.g( ⃗x ,0) = ϕ( ⃗x ) ϕ : ℝd → ℝ

• The Forward and Backward equations are equivalent to each other; 


• The Forward equation gives more directly the values of measurable quantities 
as a function of the observed time, t’, and tends to be used more commonly in 
physical applications.

GOAL: WE WANT TO FIND �g( ⃗x , T )

@g(~x, t0)

@t0
=�r~x · [A(~x, t0)g(~x, t0)] +

1

2
Tr

�
Hess~x[BBT

(~x, t0)g(~x, t0)]
�

� f
�
t0, ~x, g(~x, t0), BT

(~x, t0)rg(~x, t0)
�

<latexit sha1_base64="J/98dkChDgreOUghOATat4/O1Yw="></latexit>

Raffaele Marino, NORDITA, Stockholm, September 8, 2020

⃗x



!5

Kolmogorov’s  
Equations

Finance:  
(Backward) Black-Scholes equation

Physics:   
(Forward) Allan-Cahn equation

@g

@t
(~x, t) + µ~x ·r~xg(~x, t) +

�2

2

dX

i=1

|xi|2
@2g

@x2
i

(~x, t)+

� (1� �)Q(g(~x, t))g(~x, t)�Rg(~x, t) = 0
<latexit sha1_base64="M0JQAcTIb8HC6Lo0DsRaIwqStSI="></latexit>

@

@t0
g(~x, t0) = �g(~x, t0) + ✏�2[g(~x, t0)� g(~x, t0)3]

<latexit sha1_base64="RLK+T/Y/N2ne322ReN9jmup0DO0="></latexit>
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Kolmogorov’s  
Equations

Physics:  
(Backward) Fokker-Planck equation

Physics:  
(Forward) Schrödinger equation

@g(~x, t)

@t
+ ~µ(~x, t) ·r~xg(~x, t) +

dX

i=1,j=1

Dij(~x, t)
@2g(~x, t)

@xj@xi
= 0

<latexit sha1_base64="qpLVqsFzVc8TUTodOJGa0RYc8nw="></latexit>

i~ @

@t0
 (~x, t0) =


�~
2m
�+ V (~x, t0)

�
 (~x, t0)

<latexit sha1_base64="fRxAxTveZqhQ4VUWGG/VrLS4dEs="></latexit>

Schrödinger’s smoke

Raffaele Marino, NORDITA, Stockholm, September 8, 2020

Purely Eulerian simulation of incompressible fluids. 
The fluid state is represented by a ℂ²-valued wave 
function evolving under the Schrödinger equation 
subject to incompressibility constraints.
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Stochastic processes

It is known that a solution of Backward Kolmogorov’s equation can be 
interpreted as a solution of  BSDE :

A stochastic process described by a conditional probability satisfying the Kolmogorov 
Equation is equivalent to the Langevin (integral) equation, where the integral is evaluated in 
Ito’s sense.

~X(T ) = ~X(0) +

Z T

0
A[ ~X(s), s]ds+

Z T

0
B[ ~X(s), s] d ~W (s)

<latexit sha1_base64="IWPkzHtKf46FbUdJ3riuCxIfZws="></latexit>
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g[ ~X(0), 0] = g[ ~X(T ), T ]�
Z T

0
(r~xg[ ~X(s), s])TB[ ~X(s), s]d ~W (s)

+

Z T

0
f
�
s, ~X(s), g[ ~X(s), s], B[ ~X(s), s]Tr~xg[ ~X(s), s]

�
ds

<latexit sha1_base64="0sNgzrE11Pyt8Dz2ybhJSAlDXfA="></latexit>
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Stochastic numerical 
integration I

For implementing a discretisation of the SDE we divide the time interval �  into �  sub-
intervals of size �  at points � , so that a function can be evaluated at times 


� 

Thus, the corresponding Wiener increments become � .

By applying Ito's chain rule lemma and fixing the so-called "commutativity" condition on the 
diffusion tensor, i.e. � , one 
obtains:

[0,T ] N
τ = T/N τn = nτ

τ0 = 0, τ1, τ2, τ3, … τN−1, τN = T .
Δ ⃗Wn = ⃗W(τn+1) − ⃗W(τn)

∑d
k=1 Bij[ ⃗X n, τ](∂xk

Bkl[ ⃗X n, τ]) = ∑d
k=1 Bil[ ⃗X n, τ](∂xk

Bkj[ ⃗X n, τ])

Xn+1
i =Xn

i +Ai[ ~X
n, ⌧n]⌧ +

dX

j=1

Bij [ ~X
n, ⌧n]�Wn

j

+
1

2

dX

j,k,l=1

Bij [ ~X
n, ⌧n](@xkBkl[ ~X

n, ⌧n])(�Wn
j �Wn

l � ⌧�jl) + · · ·
<latexit sha1_base64="p2VTCY+bys2xpNBoiFyAYeJ5dow="></latexit>
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Stochastic numerical 
integration II

Euler-Maruyama (EM) scheme: 

Milstein (M) scheme:  

Leimkuhler-Matthews (LM) scheme: 

(YEM )n+1
i = (YEM )ni +Ai[~Y

n
EM , ⌧n]⌧ +

dX

j=1

Bij [~Y
n
EM , ⌧n]�Wn

j

<latexit sha1_base64="UlM1yTAgIsZ6jANRcm0Y5x50hZE="></latexit>

(YM )n+1
i = (YM )ni +Ai[~Y

n
M , ⌧n]⌧ +

dX

j=1

Bij [~Y
n
M , ⌧n]�Wn

j +

+
1

2

dX

j,k,l=1

Bij [~Y
n
M , ⌧n](@xkBkl[~Y

n
M , ⌧n])(�Wn

j �Wn
l � �jl⌧)

<latexit sha1_base64="JX8COwgCGIbB3aCarvdH1tpaMcI="></latexit>

(YLM )n+1
i = (YLM )ni +Ai[~Y

n
LM , ⌧n]⌧ +

1

2

dX

j=1

Bij [~Y
n
LM , ⌧n](�Wn

j +�Wn+1
j ).

<latexit sha1_base64="Sun5RjXwMxKA59tbPXvevr394l0="></latexit>

accuracy: !  O( τ)

accuracy: !  O(τ)

accuracy: !  O(τ2)

Raffaele Marino, NORDITA, Stockholm, September 8, 2020
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Algorithms for solving 
PDEs (I)

• MCMs for solving PDEs were developed by Fermi/Von Neumann for solving the neutron 
transport in the Manhattan Project.


• MC techniques are a set of algorithms used to calculate approximate numerical 
quantities or estimate the probabilities of an outcome of an experiment by making use 
of repeated random sampling.


• It is known that Monte-Carlo sampling methods do not suffer from the curse of 
dimensionality if the goal of the problem is evaluate the solution of a PDE on single 
point.


• However, to approximate a solution not only at a single value but, for example, on a full 
hypercube ! , there has been no known method not suffering from the curse of 
dimensionality. In particular, there has been no known method that can provably be 
applied efficiently in high dimensions, say, � .

[u, v]d

d ≥ 100

Raffaele Marino, NORDITA, Stockholm, September 8, 2020

P~O(nd)

Es.:
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Algorithms for solving 
PDEs (II)

WE INTRODUCE DEEP LEARNING BASED ALGORITHMS FOR APPROXIMATING 
A SOLUTION OF KOLMOGOROV’S EQUATION ON A FULL HYPERCUBE �  
THAT OVERCOME THE CURSE OF DIMENSIONALITY AND WE COMPARE, 
NUMERICALLY, DIFFERENT DISCRETISATION SCHEMES. 

[u, v]d

Raffaele Marino, NORDITA, Stockholm, September 8, 2020
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(Deep) Basic Idea I
Let’s discretise the formal solution of Backward Kolmogorov’s equation:

g[~Y n+1, ⌧n+1] = g[~Y n, ⌧n] +rg[~Y n, ⌧n]
TB[~Y n, ⌧n]� ~Wn

� f(⌧n, ~Y
n, g[~Y n, ⌧n], B[~Y n, ⌧n]

Trg[~Y n, ⌧n])⌧
<latexit sha1_base64="JpEEsZSo62KgpSFa3aDXb36dTf4="></latexit>

The only term that we  do not know is rg[~Y n, ⌧n]
<latexit sha1_base64="aB1lB2BOdofkdMcyYBj74T0b8pc=">AAACIHicbVBNS8NAFNz4bfyqevSyWAQRKUk91GPRi0cFa5Umlpfta1zcbMLuplBCf4oX/4oXD4roTX+N21pBrQMLw8w83r6JMsG18bx3Z2p6ZnZufmHRXVpeWV0rrW9c6DRXDBssFam6jECj4BIbhhuBl5lCSCKBzej2eOg3e6g0T+W56WcYJhBL3uUMjJXapVoQYcxlAYLHcm/g0kBCJIDGraCHrLgaXMv9wEDelqEboOx8B9ulslfxRqCTxB+TMhnjtF16CzopyxOUhgnQuuV7mQkLUIYzgQM3yDVmwG4hxpalEhLUYTE6cEB3rNKh3VTZJw0dqT8nCki07ieRTSZgbvRfbyj+57Vy0z0MCy6z3KBkX4u6uaAmpcO2aIcrZEb0LQGmuP0rZTeggBnbqWtL8P+ePEkuqhX/oFI9q5brR+M6FsgW2Sa7xCc1Uicn5JQ0CCN35IE8kWfn3nl0XpzXr+iUM57ZJL/gfHwCo9WjRA==</latexit>

HOWEVER

THEN

�  : ∀τn
DATA INPUT (� )τn �𝒩𝒩( ⃗θ n) �(∇gTB)[ ⃗Y n | ⃗θ n]

We can imagine to approximate it by using a deep feed-forward neural network.
(Universal Approximation Theorem)

Raffaele Marino, NORDITA, Stockholm, September 8, 2020
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DATA INPUT (� )τn

-0.5

 0

 0.5

 1

 1.5

 2

 2.5

 0  5  10  15  20  25  30  35  40

Y0 Y15 YN

X(
t)

t
�Y0 : [1,1,1,1]T

�Y15 : [0.49,2.04,1.53,1.80]T

�YN : [0.17,1.77,1.30,1.94]T

Ex.:

Raffaele Marino, NORDITA, Stockholm, September 8, 2020



g(Y0, )τ0

g(Y0 )BT ∇ |θ0

Y0

!""g0 !""∇g0

Y1 YN-1 YN

!""1

g(Y1 )BT ∇ |θ1

g(Y1 , )τ1

�t = 0 �t = τ1 �t = τN−1 �t = τN

!""N−1

g(YN-1 )BT ∇ |θN−1

!ΔW0 !ΔWN−2 !ΔWN−1

Y2

!""2

g(Y2 )BT ∇ |θ2

g(Y2, )τ2

�t = τ2

g(YN-1, )τN−1 g(YN, )τN
…

…

…

…

…
…
…
…
…
…
…

!ΔW1
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(Deep) Basic Idea II

�{
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,{�
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<latexit sha1_base64="sdXTrb1xSZhUd3aGIcMST3l5eZw="></latexit>
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D �{

OUTPUT II
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(Deep) Basic Idea III
Consider a variational class of functions or “deep networks” �  and 
�  where �  and � , �  is a set of “weights” to be optimised. 

We want to minimise the loss functional :

� 


where � and �  are solutions of the FBSDE’s


�              
� 


with � .  The expectation in the loss function is over the Brownian 
trajectories  � , �  and over �  uniformly distributed in a domain � . 

The non-linear Feynman-Kac Formula tells us that as long as the class of the deep networks 
is sufficiently expressive, there exists a minimiser � , �  such that the loss nearly 
vanishes, and �  and � .

𝒩𝒩g0( ⃗x |θ0) ∈ ℝ
𝒩𝒩∇gs

( ⃗x |θ(s)) ∈ ℝd θ0 θ(s) 0 ≤ s ≤ T

ℒ[θ0, θ( ⋅ )] = 𝔼[ Φ( ⃗X (T )) − {𝒩𝒩g0( ⃗x |θ0) − ∫ T
0

dsf(s, ⃗X (s), g( ⃗X (s), s), 𝒩𝒩∇gs
( ⃗X (s) |θ(s))) + ∫ T

0
ds (𝒩𝒩∇gs

( ⃗x |θ(s)))Td ⃗W(s)}
2

]
⃗X (s) g( ⃗X (s), s)

d ⃗X (s) = A(X(s), s)ds + B(X(s), s)Td ⃗W(s),
dg[ ⃗X (s), s]=− f(s, ⃗X (s), g[ ⃗X (s), s], 𝒩𝒩∇gs

( ⃗X (s) |θ(s)))ds+(𝒩𝒩∇gs
( ⃗X (s) |θ(s)))Td ⃗W(s)

g( ⃗X (0),0) = 𝒩𝒩g0(x |θ0)⃗W(s) 0 ≤ s ≤ T ⃗X (0) ∈ D D ⊂ ℝd

̂θ 0
̂θ ( ⋅ )

𝒩𝒩g0( ⃗x | ̂θ 0) ≈ g( ⃗x ,0) 𝒩𝒩∇gs
( ⃗x | ̂θ (s)) ≈ B( ⃗x , s)T ∇ ⃗x g( ⃗x , s)

Raffaele Marino, NORDITA, Stockholm, September 8, 2020

�{
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Architecture based on 
Euler-Maruyama (EM) scheme:

g[~Y n+1
EM , ⌧n+1] = g[~Y n

EM , ⌧n] +r~xg[~Y
n
EM , ⌧n]

TB[~Y n
EM , ⌧n]� ~Wn

� f(⌧n, ~Y
n
EM , g[~Y n

EM , ⌧n], B[~Y n
EM , ⌧n]

Tr~xg[~Y
n
EM , ⌧n])⌧

<latexit sha1_base64="kr+440nCMCLKjsNwuL2tBMwvt8Y="></latexit>

g(Y0EM, )τ0

g(Y0EM )BT ∇ |θ0

Y0EM

!""g0 !""∇g0

Y1EM
YN-1EM YNEM

!""1

g(Y1EM )BT ∇ |θ1

g(Y1EM, , )τ1

�t = 0 �t = τ1 �t = τN−1 �t = τN

!""N−1

g(YN-1EM )BT ∇ |θN−1

!ΔW0 !ΔWN−2 !ΔWN−1

Y1EM

!""2

g(Y2EM )BT ∇ |θ2

g(Y2EM, )τ2

�t = τ2

g(YN-1EM, )τN−1 g(YNEM, )τN
…

…

…

…

…
…
…
…
…
…
…

!ΔW1
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g(Y0M, )τ0

g(Y0M )BT ∇ |θ0

 (Y0M )∇gT B∇ ⋅ B |θ′�
0

Y0M

!$$g0 !$$∇g0!$$′�
0

�t = 0

g(Y1M, )τ1

!ΔW1

�t = τ1

!ΔW2

g(Y2M, )τ2

g(Y1M )BT ∇ |θ1

Y1M

!$$′�
1 !$$1

�t = τ2

g(Y2M )∇ |θ2

Y2M

!$$′�
2 !$$2

…

…

…

…

!ΔWN…

�t = τN

YNM

g(YNM, )τN

 (Y0M )∇gT B∇ ⋅ B |θ′�
1  (Y0M )∇gT B∇ ⋅ B |θ′�

2
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g[~Y n+1
M ,⌧n+1] = g[~Y n

M , ⌧n]� f(⌧n, ~Y
n
M , g[~Y n

M , ⌧n], B[~Y n
M , ⌧n]

Tr~xg[~Y
n
M , ⌧n])⌧

+rg~x[~Y
n
M , ⌧n]

TB[~Y n
M , ⌧n]� ~Wn

+
1

2

dX

i,j=1

n dX

l,k=1

@xlg[~Y
n
M , ⌧n]Bli[~Y

n
M , ⌧n]@xkBkj [~Y

n
M , ⌧n]

o
(�Wn

i �Wn
j � ⌧�ij)

<latexit sha1_base64="9xUrht0Z/Hr8z5QWZCFNXQK9lI0="></latexit>

Architecture based on 
Milstein (M) scheme:

Raffaele Marino, NORDITA, Stockholm, September 8, 2020



g(Y0LM, )τ0

g(Y0LM )BT ∇ |θ0

(Y0LM, )Tr(BBTHessg) |θ′�′�
0

Y0LM

!##g0 !##∇g0!##′�′�
0

�t = 0

g(Y1LM, )τ1

!ΔW0 + ΔW1

2

�t = τ1

!ΔW1 + ΔW2

2

g(Y2LM, )τ2

g(Y1LM )BT ∇ |θ1

Y1LM

!##′�′�
1 !##1

�t = τ2

g(Y2LM )BT ∇ |θ2

Y2LM

!##′�′�
2 !##2

…

…

…

…

!ΔWN−1 + ΔWN

2
…

�t = τN

YNLM

g(YNLM, )τN

(Y1LM, )Tr(BBTHessg) |θ′�′�
1 (Y0LM, )Tr(BBTHessg) |θ′�′�

2
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Architecture based on 
Leimkuhler-Matthews (LM) scheme:
g[~Y n

LM ,⌧n+1] = g[~Y n
LM , ⌧n]� f(⌧n, ~Y

n
LM , g[~Y n

LM , ⌧n], B[~Y n
LM , ⌧n]

Tr~xg[~Y
n
LM , ⌧n])⌧

+
1

2
rg[~Y n

LM , ⌧n]
TB[~Y n

LM , ⌧n](�Wn
j +�Wn+1

j )

� 1

4
Tr(BBT

[~Y n
LM (⌧n), ⌧n]Hess~xg[~Y

n
LM (⌧n), ⌧n])⌧

<latexit sha1_base64="1CB3rXyKICWuIkSGec0pkeZNg4E="></latexit>
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Results I - (backward) Black-
Scholes equation in d=100 + 1

Raffaele Marino, NORDITA, Stockholm, September 8, 2020

∂g
∂t ( ⃗x , t) + μ ⃗x ⋅ ∇ ⃗x g( ⃗x , t) + σ2

2 ∑d
i=1 |xi |

2 ∂2g
∂x2

i
( ⃗x , t) = (1 − δ)Q(g( ⃗x , t))g( ⃗x , t) + R g( ⃗x , t)

Problem:

Where  �  is the interest rate of the risk free asset, and �  is a piece-wise linear function given by:R Q(y)

Q(y) = ReLU (ReLU(y − vh)
γh − γl

vh − vl
+ γh − γl) + γl .

Numerically we have chosen the values as: 
� . 
We fix the dimension to � , and, therefore, we impose the equation to live on the space � , 
with � , and we fix the terminal condition be � . 
Because the exact solution of the equation is not known, we confine ourselves on a single point 
� , where analysis performed with the multilevel Picard method indicates that the value of 
�  .

δ = 2/3, R = 0.02, μ = 0.02, σ = 0.2, vh = 50, vl = 70, γh = 0.2, γl = 0.02
d = 100 [0,T ] × ℝ100

T = 1 g( ⃗x , T ) = ϕ( ⃗x ) = min{x1, …, x100}

⃗x = (100,…,100)
gPicard( ⃗x = (100,…,100),0) ≈ 57.300
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 56

 56.5

 57

 57.5

 58

 58.5

 59

 97000  97500  98000  98500  99000  99500  100000

g(
x=

(1
00

,..
.,1

00
), 

t=
0)

Number of training steps

EM
LM

M
Picard’s method= 57.300

Results I - (backward) Black-
Scholes equation in d=100 + 1

The figure shows the value of �  returned by EM (blue points), M (green points) and LM (red points)  as 
function of the number of training steps done. Each point is the mean over five independent runs. The number of equidistant 
time steps was fixed at 40, i.e. � . All the parameters were initialized randomly uniformly between [-1,1]. The total 
number of training steps was � , while learning rate was chosen dynamically. The black horizontal line identifies the 
multilevel Picard method value.

g( ⃗x = (100,…,100),0)

N = 40
105

Raffaele Marino, NORDITA, Stockholm, September 8, 2020



!21

Results II — (backward) Hamilton-
Jacobi-Bellman equation in d=100+1

�′�

Raffaele Marino, NORDITA, Stockholm, September 8, 2020

Problem:
∂g
∂t ( ⃗x , t) + Δg( ⃗x , t) = λ | |∇g( ⃗x , t) | |2

where �  is a positive constant representing the strength of the control.λ

With terminal condition �  with �g( ⃗x , T ) = ϕ( ⃗x ) = ln((1 + | | ⃗x | |2 )/2 ⃗x ∈ ℝd

Exact solution:  �g( ⃗x , t) = − λ−1 ln(𝔼[−λg( ⃗x + 2 ⃗WT−t)])

where �  is a standard Brownian motion.⃗Wt

GOAL:

g( ⃗x , t = 0), ⃗x = (0,...0) ∈ ℝ100, λ = 1
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Results II — (backward) Hamilton-
Jacobi-Bellman equation in d=100+1

�′�

Raffaele Marino, NORDITA, Stockholm, September 8, 2020
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The figure shows the comparison between the Euler-Maruyama (blue points) and the Leimkuhler-Mattews (red 
points) schemes in approximating the solution � , with � , at the origin of � , as a function of the 
training steps. Each point is the average over �  experiments. Error bars are standard deviations. The black line is 
the exact  value obtained by standard Monte Carlo on the exact solution. 

g( ⃗x , t = 0) λ = 1 ℝ100
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Results III — (forward) Allan-
Cahn equation in d=100 + 1

@

@t0
g(~x, t0) = �g(~x, t0) + (g(~x, t0)� g(~x, t0)3)

<latexit sha1_base64="Fvy0Q1R0WaINJRjNyJzWp97/bFc="></latexit>
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Initial conditions: �g( ⃗x ,0) = ϕ( ⃗x ) = (2 + 0.4 | | ⃗x | |2 )−1
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Results IV — (backward) An exactly 
solvable non-linear diffusion equation

�′�

Raffaele Marino, NORDITA, Stockholm, September 8, 2020

Problem:
∂g( ⃗x , t)

∂t + DΔxg( ⃗x , t) = − [2Dg( ⃗x , t) − 1
d

− D]∑d
i=1

∂g( ⃗x , t)
∂xi

With terminal condition �g( ⃗x , T ) = 1

1 + e−T−∑d
i=1 xi

Exact solution:  �g( ⃗x , t) = 1

1 + e−t−∑d
i=1 xi

We want to compute the computational complexity of the algorithm O(db).  
For doing so, we analyze:

⟨ϵ⟩ = 1
M ∑M

m=1
g( ⃗x m,0) − 𝒩𝒩( ⃗x m,0 | ⃗θ )

g( ⃗x m,0)
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Results IV — (backward) An exactly 
solvable non-linear diffusion equation

�′�

Raffaele Marino, NORDITA, Stockholm, September 8, 2020
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Left: Average relative error �  as a function of number of initial points of stochastic trajectories 
� , on a log-log scale for different values of � .
Right: Computational complexity, given an average relative error � , measured by �  as a function of 
� , on a log-log scale the slope is � . The computational complexity obtained is 
proportional to � , with � . The results are obtained by fixing � , where � , and 
� .

⟨ϵ⟩
P = 4,8,16,⋯,1024,2048,4096 d = 2,4,6,8,10

⟨ϵ⟩ < 5 % P
d = 2,4,6,8,10,12,18 b ≈ 1.78

A(ϵ)d2 A(ϵ) ∼ 0.20 D = σ2

2 σ = 0.25
T = 0.01
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THANK YOU !

Raffaele Marino, NORDITA, Stockholm, September 8, 2020


