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Particle-laden flows

Planet formation

Spray combustion in engines

Warm clouds

Biomixing in the oceans

Predicting concentrations in the inertial range of turbulence?
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❖ Dimension-less parameters:

Fluid inertia                                   Particle inertia                     

Heavy inertial particles
❖ Incompressible turbulence

Dusty turbulence
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The feedback forces exerted by particles suspended in a turbulent flow is shown to lead to a new
scaling law for velocity fluctuations associated to a power-spectra / k�2. The mechanism at play
relies on a direct transfer of kinetic energy to small scales through Kelvin–Helmholtz instabilities
occurring in regions of high particle density contrast. This finding is confirmed by two-dimensional
direct numerical simulations.

It is common to face environmental, industrial or as-
trophysical situations where impurities such as dust,
droplets, sediments, and other kinds of colloids are trans-
ported by a turbulent fluid. When the suspended parti-
cles have finite sizes and masses, they detach from the
flow by inertia and form uneven distributions where in-
tricate interactions and collisions take place. The physi-
cal processes at play are rather well established, leading
to quantitative predictions on the rates at which cloud
droplets coalesce [1], dust accrete to form planets [2], or
heavy sediments settle in a turbulent environment [3, 4].

Still, basic and important questions remain largely
open as to the backward influence of particles on the
carrier flow structure and geometry. Some situations
involve particle mass loadings so large that the fluid
turbulent microscales are altered and, in turn, several
macroscopic processes are drastically impacted. These
include spray combustion in engines [5], aerosol salta-
tion in dust storms [6], biomixing by microorganisms in
the oceans [7], and formation of planetesimals by stream-
ing instabilities in circumstellar disks [8]. Currently such
systems are unsatisfactorily handled by empirical ap-
proaches or specific treatments. A better modelling re-
quires identifying and understanding the universal phys-
ical mechanisms at play in turbulence modulation by dis-
persed particles. In this spirit, we focus here on the alter-
ation of small scales by tiny heavy spherical particles. We
show that the fluid velocity is unstable in regions with a
high particle density contrast, leading to energy transfers
shortcutting the classical turbulent cascade. This e↵ect
leads to a novel scaling regime of the turbulent velocity
field associated to a power-law spectrum / k�2.

The fluid velocity field u solves the incompressible
Navier–Stokes equations: r · u = 0 with

@tu+ (u ·r)u = � 1

⇢f
rp+ ⌫r2u+ fext + fp!f . (1)

⇢f is here the fluid mass density and ⌫ its kinematic
viscosity. A homogeneous isotropic turbulence is main-
tained in a statistical steady state by an external forcing
fext. The fluid flow is perturbed by a monodisperse popu-
lation of small solid particles whose e↵ects are entailed in
the force fp!f . These particles are assumed su�ciently
small, dilute and heavy for approximating their distri-
bution and dynamics in terms of fields, namely a mass

density ⇢p and a particle velocity field vp satisfying

@t⇢p +r · (⇢pvp) = 0 (2)

@tvp + (vp ·r)vp = � 1

⌧p
(vp � u) , (3)

where ⌧p = 2⇢s a2/(9⇢f ⌫) is the particles response time,
a being their radius and ⇢s the mass density of the mate-
rial constituting the particles. The hydrodynamical sys-
tem (2)-(3) has proven to be a valid approximation for
relatively small Stokes numbers St = ⌧p/⌧f [9], that is
when the particle response time is smaller than the small-
est active timescale ⌧f of the fluid flow. In this limit,
fold caustics appear with an exponentially small proba-
bility [10, 11], preventing the development of multivalued
branches in the particle velocity profile and thus ensuring
the validity of a hydrodynamical description.
The force exerted by the particles on the fluid reads

fp!f =
1

⌧p

⇢p
⇢f

(vp � u) . (4)

It is proportional to the mass density of the dispersed
phase and thus combines the heaviness of the particles
with their number density. The strength of feedback is
measured by the comprehensive non-dimensional param-
eter � = h⇢pi/⇢f . It involves the particle density spatial
average h⇢pi = Np mp/V, where Np is the total number
of particles, mp their individual mass, and V the volume
of the domain. All these quantities being conserved by
the dynamics, so is the coupling parameter �.
We first draw some straightforward comments pertain-

ing to the limit of small Stokes numbers. There, particles
almost follow the flow with a tiny compressible correc-
tion [12], namely vp ⇡ u�⌧p a, where a = @tu+(u ·r)u
denotes the fluid flow acceleration field. The feedback
force exerted on the fluid is hence, to leading order,

fp!f(x, t) ⇡ � 1

⇢f
⇢p(x, t)a(x, t) (5)

The e↵ect of particles can thus be seen as an added mass,
which does not depend upon their response time and is
responsible for an increase of the fluid inertia. The fluid
is accelerated as if it has an added density equal to that of
the particles. Such considerations predict that the pres-
ence of particles decreases the e↵ective kinematic viscos-
ity of the fluid and thus increases its level of turbulence.
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with

Re =
U L

⌫

❖ Particles: small, rigid, heavy, dilute with moderate slip
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⇤ =
2 ⇥p a2

9 ⇥f �
Response time

2a

St =
⌧ U

L
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Rep =
|vp � u| `

⌫
⌧ 1
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dvp

dt
= �1

⌧
[vp � u(xp, t)]
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❖ In inhomogeneous flow: (Caporaloni et al. 1975, Reeks 1983)

Turbophoresis
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Turbophoresis in inhomogeneous flow 

Heavy particles dispersed in a shear flow 
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Reeks (1983),  Belan et al. (2014) 

F.De Lillo et al. (2016) 

Particle concentration (yellow high and red low) 

Ejection from regions with a 
higher level of turbulence  

 

Analogy with thermophoresis 
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❖ Analogy with thermophoresis: 
diffusive particles spend more time in 
colder regions

Effective diffusion equation for 
the average particle concentration

(from De Lillo et al. 2016)



Inhomogeneous turbophoresis
❖ Turbulent boundary layers: channel flow
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particle migrate 
toward the walls

ejection from high-kinetic-energy regions

(Rouson & Eaton 2001, 
Marchioli & Soldati 2002, 
Costa et al. 2020)

❖ Periodic flow with non-uniform forcing

(De Lillo et al. 2016, Mitra et al. 2018)

Non-monotonic dependence 
upon the particle response time

drives particles away from the maxima of turbulent energy, which correspond to maxima of

the eddy diffusivity. In the case of the Kolmogorov flow, the maxima of turbulent fluctuations

occur where the shear of the mean flow is maximum and the mean flow vanishes, i.e., at the

borders between the virtual channels. Therefore, particles are driven toward the center of

the virtual channels. This is in contrast with the case of a turbulent channel (or pipe) flow, in

which turbulence is intense in the bulk and vanishes in the viscous sub-layer close to the walls.

In this case turbophoresis drives the particles away from the bulk and concentrates them

along the walls26–28. In this sense, the fact that turbophoresis may eventually accumulate the

particles to regions of large or small mean velocity (or mean shear) is an incidental (albeit

relevant for applications) consequence of the details of the particular flow considered.
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FIG. 4. Rms relative deviation χ from the homogeneous distribution plotted as a function of S

for Re = 230 (grey curve) and Re = 990 (black curve). The thickness of the curves reflects the

statistical fluctuations around the mean value.

The overall effect of turbophoresis can be quantified by means of the rms relative deviation

of the mean density profile ρ(z) from the uniform distribution ρ0 as χ = [1/Lz

∫ Lz

0 (1 −

ρ(z)/ρ0)2dz]1/2. For the specific profile (4), clearly we have χ(S) = a(S)/
√
2. This quantity

is plotted in Fig.4 as a function of the inertia parameter. In agreement with expectations,

the turbophoretic effect is not monotonic as a function of inertia. It displays a maximum

at S # 10−1. The shape of the curves is not strongly affected by changing Re even though

we observe, within the statistical uncertainties, a weak dependence of the position of the

maximum.
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Effective diffusion

Do such considerations extend to statistically homogeneous flows?



Direct numerical simulations
❖ Fluid: Pseudo-spectral code LaTu

P3DFFT, 3rd order Runge–Kutta, MPI

❖ Particles: Lagrangian approach with tri-linear interpolation
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#3 a �C Y Drms '_ #p

10243 6 10�5 0.003 3.47 10�3 0.185 290 1.25 107

20483 2.5 10�5 0.0012 3.61 10�3 0.189 460 108

Table 1: Parameters of the numerical simulations. #3: number of collocation points;
a: fluid kinematic viscosity; �C: time step; Y: average kinetic-energy dissipation rate; Drms:
root-mean-square velocity; '_ = D2

rms/
p

15 Y a: Taylor-scale Reynolds number; #p: number
of particles for each value of the Stokes number.

0 0.5 1 1.5 2 2.5

α

0

0.5

1

1.5

2

2.5

3

3
−

D
(α

)

(a)

! = 2η
! = 4η
! = 8η
! = 16η
! = 32η
! = 64η
Lognormal

10
-1

10
0

!/!0

10
0

10
1

10
2

〈(
ε !
/ε

! 0
)p

|
ε !

0
〉

(b)

log ε!0/ε

p = 2
p = 3
p = 4
rα0 p (1−p)

-2.5

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

Figure 1: Statistics of the coarse-grained dissipation rate Y✓ for '_ = 460. (a) Measured
dimension spectrum D(U) as a function of U = 1 + log(Y✓/Y)/log(✓/!) at various scales
✓ showing the good approximation provided by the lognormal distribution 3 � D(U) ⇡
(U � 1 � U0)2/(4U0) with U0 = 0.13, represented as a black dashed line. (b) Moments
of order ? = 2, 3, 4 of the average dissipation rate Y✓ conditioned on its value in a larger
box of size ✓0 = 128 [, as a function of ✓/✓0 and for various values of the conditioning as
indicated in the color bar. The lognormal behaviours are displayed as black dashed lines.

multifractal statistics (see, e.g., Frisch 1995). Namely, the coarse-grained dissipation obtained
by averaging the local dissipation over the sphere B✓ (x) of center x and radius ✓, namely
Y✓ (x) ⌘ (1/|B✓ |)

Ø
B✓ (x) Yloc (x0) 33G 0, has a probability distribution of the form

?(Y✓) dY✓ = (✓/!)3�D(U) d`(U) with Y✓ = Y (✓/!)U�1. (2.2)

D(U) is usually referred to as the multifractal spectrum and can be interpreted as the dimension
of the fractal set on which the scale-averaged dissipation behaves as / ✓U�1 when ✓/! ! 0. The
measure d`(U) gives the weight of the di�erent singularity exponents U. In Kolmogorov 1941
phenomenology, there are no fluctuations of Y✓ and D(1) = 3 with D(U) = �1 when U < 1.

Measured estimates of the multifractal spectrum are displayed in Fig. 1(a). Lognormal statistics
for which D(U) is a parabola give a rather good approximation. It is known that such a lognormal
distribution of Y✓ has inconsistencies. Introduce the scaling exponents of structure functions Z=.
With our lognormal approximation, we obtain Z1 ⇡ 0.362, Z2 ⇡ 0.696, Z4 ⇡ 1.276, which are for
these low-order statistics within the accuracy of experimentally measured values (see Saw et al.

2018, for a recent review).



Time and length scales of turbulence
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⌫
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Dissipative scale:

⌧⌘ = ⌫1/2/"1/2
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Refined self-similarity
❖ Coarse-grained dissipation "`(x) ⌘

1

|B`|

Z

B`(x)
"loc(x

0) d3x0

<latexit sha1_base64="kTVIj3dUEMRHdRLWFXyFERgrh3M="></latexit>

u` ' "1/3` `1/3

<latexit sha1_base64="5l2qki/X8b1T13V/gK5rWpVNmrg="></latexit>

5

#3 a �C Y Drms '_ #p

10243 6 10�5 0.003 3.47 10�3 0.185 290 1.25 107

20483 2.5 10�5 0.0012 3.61 10�3 0.189 460 108

Table 1: Parameters of the numerical simulations. #3: number of collocation points;
a: fluid kinematic viscosity; �C: time step; Y: average kinetic-energy dissipation rate; Drms:
root-mean-square velocity; '_ = D2

rms/
p

15 Y a: Taylor-scale Reynolds number; #p: number
of particles for each value of the Stokes number.

0 0.5 1 1.5 2 2.5

α

0

0.5

1

1.5

2

2.5

3

3
−

D
(α

)

(a)

! = 2η
! = 4η
! = 8η
! = 16η
! = 32η
! = 64η
Lognormal

10
-1

10
0

!/!0

10
0

10
1

10
2

〈(
ε !
/ε

! 0
)p

|
ε !

0
〉

(b)

log ε!0/ε

p = 2
p = 3
p = 4
rα0 p (1−p)

-2.5

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

Figure 1: Statistics of the coarse-grained dissipation rate Y✓ for '_ = 460. (a) Measured
dimension spectrum D(U) as a function of U = 1 + log(Y✓/Y)/log(✓/!) at various scales
✓ showing the good approximation provided by the lognormal distribution 3 � D(U) ⇡
(U � 1 � U0)2/(4U0) with U0 = 0.13, represented as a black dashed line. (b) Moments
of order ? = 2, 3, 4 of the average dissipation rate Y✓ conditioned on its value in a larger
box of size ✓0 = 128 [, as a function of ✓/✓0 and for various values of the conditioning as
indicated in the color bar. The lognormal behaviours are displayed as black dashed lines.

multifractal statistics (see, e.g., Frisch 1995). Namely, the coarse-grained dissipation obtained
by averaging the local dissipation over the sphere B✓ (x) of center x and radius ✓, namely
Y✓ (x) ⌘ (1/|B✓ |)

Ø
B✓ (x) Yloc (x0) 33G 0, has a probability distribution of the form

?(Y✓) dY✓ = (✓/!)3�D(U) d`(U) with Y✓ = Y (✓/!)U�1. (2.2)

D(U) is usually referred to as the multifractal spectrum and can be interpreted as the dimension
of the fractal set on which the scale-averaged dissipation behaves as / ✓U�1 when ✓/! ! 0. The
measure d`(U) gives the weight of the di�erent singularity exponents U. In Kolmogorov 1941
phenomenology, there are no fluctuations of Y✓ and D(1) = 3 with D(U) = �1 when U < 1.

Measured estimates of the multifractal spectrum are displayed in Fig. 1(a). Lognormal statistics
for which D(U) is a parabola give a rather good approximation. It is known that such a lognormal
distribution of Y✓ has inconsistencies. Introduce the scaling exponents of structure functions Z=.
With our lognormal approximation, we obtain Z1 ⇡ 0.362, Z2 ⇡ 0.696, Z4 ⇡ 1.276, which are for
these low-order statistics within the accuracy of experimentally measured values (see Saw et al.

2018, for a recent review).

❖ Multifractal statistics of dissipation

p("`) d"` = (`/L)3�D(↵) dµ(↵)
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(Kolmogorov 1962)

with

h"`i = "
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Instantaneous inhomogeneities in 
turbulent activity

Multi-scale description

@tu $ u ·ru
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Corse-grained approach:

turnover time

energy content at scale `
<latexit sha1_base64="g5nKwqS1gyiszqzEy5kzupGsKLU=">AAAB+3icbVA9SwNBFHwXv2L8ilraLAbBKtyJoJUEbCwjmBhIjrC3eZcs2d07dveEEPIXbLW3E1t/jK2/xL3kCk0ceDDMvMc8JkoFN9b3v7zS2vrG5lZ5u7Kzu7d/UD08apsk0wxbLBGJ7kTUoOAKW5ZbgZ1UI5WRwMdofJv7j0+oDU/Ug52kGEo6VDzmjNpc6qEQ/WrNr/tzkFUSFKQGBZr96ndvkLBMorJMUGO6gZ/acEq15UzgrNLLDKaUjekQu44qKtGE0/mvM3LmlAGJE+1GWTJXf19MqTRmIiO3KakdmWUvF//1IrmUbOPrcMpVmllUbBEcZ4LYhORFkAHXyKyYOEKZ5u53wkZUU2ZdXRVXSrBcwSppX9QDvx7cX9YaN0U9ZTiBUziHAK6gAXfQhBYwGMEzvMCrN/PevHfvY7Fa8oqbY/gD7/MHVpqU3Q==</latexit><latexit sha1_base64="g5nKwqS1gyiszqzEy5kzupGsKLU=">AAAB+3icbVA9SwNBFHwXv2L8ilraLAbBKtyJoJUEbCwjmBhIjrC3eZcs2d07dveEEPIXbLW3E1t/jK2/xL3kCk0ceDDMvMc8JkoFN9b3v7zS2vrG5lZ5u7Kzu7d/UD08apsk0wxbLBGJ7kTUoOAKW5ZbgZ1UI5WRwMdofJv7j0+oDU/Ug52kGEo6VDzmjNpc6qEQ/WrNr/tzkFUSFKQGBZr96ndvkLBMorJMUGO6gZ/acEq15UzgrNLLDKaUjekQu44qKtGE0/mvM3LmlAGJE+1GWTJXf19MqTRmIiO3KakdmWUvF//1IrmUbOPrcMpVmllUbBEcZ4LYhORFkAHXyKyYOEKZ5u53wkZUU2ZdXRVXSrBcwSppX9QDvx7cX9YaN0U9ZTiBUziHAK6gAXfQhBYwGMEzvMCrN/PevHfvY7Fa8oqbY/gD7/MHVpqU3Q==</latexit><latexit sha1_base64="g5nKwqS1gyiszqzEy5kzupGsKLU=">AAAB+3icbVA9SwNBFHwXv2L8ilraLAbBKtyJoJUEbCwjmBhIjrC3eZcs2d07dveEEPIXbLW3E1t/jK2/xL3kCk0ceDDMvMc8JkoFN9b3v7zS2vrG5lZ5u7Kzu7d/UD08apsk0wxbLBGJ7kTUoOAKW5ZbgZ1UI5WRwMdofJv7j0+oDU/Ug52kGEo6VDzmjNpc6qEQ/WrNr/tzkFUSFKQGBZr96ndvkLBMorJMUGO6gZ/acEq15UzgrNLLDKaUjekQu44qKtGE0/mvM3LmlAGJE+1GWTJXf19MqTRmIiO3KakdmWUvF//1IrmUbOPrcMpVmllUbBEcZ4LYhORFkAHXyKyYOEKZ5u53wkZUU2ZdXRVXSrBcwSppX9QDvx7cX9YaN0U9ZTiBUziHAK6gAXfQhBYwGMEzvMCrN/PevHfvY7Fa8oqbY/gD7/MHVpqU3Q==</latexit><latexit sha1_base64="g5nKwqS1gyiszqzEy5kzupGsKLU=">AAAB+3icbVA9SwNBFHwXv2L8ilraLAbBKtyJoJUEbCwjmBhIjrC3eZcs2d07dveEEPIXbLW3E1t/jK2/xL3kCk0ceDDMvMc8JkoFN9b3v7zS2vrG5lZ5u7Kzu7d/UD08apsk0wxbLBGJ7kTUoOAKW5ZbgZ1UI5WRwMdofJv7j0+oDU/Ug52kGEo6VDzmjNpc6qEQ/WrNr/tzkFUSFKQGBZr96ndvkLBMorJMUGO6gZ/acEq15UzgrNLLDKaUjekQu44qKtGE0/mvM3LmlAGJE+1GWTJXf19MqTRmIiO3KakdmWUvF//1IrmUbOPrcMpVmllUbBEcZ4LYhORFkAHXyKyYOEKZ5u53wkZUU2ZdXRVXSrBcwSppX9QDvx7cX9YaN0U9ZTiBUziHAK6gAXfQhBYwGMEzvMCrN/PevHfvY7Fa8oqbY/gD7/MHVpqU3Q==</latexit>

u2
` =

<latexit sha1_base64="Edk8OytzvXJUVyds3MDqM3Kcp8o=">AAACAnicbVC7SgNBFL3rM8ZX1NJmMAhWYTcI2igBG8sI5gHJGmYns8mQeSwzs0JY0vkLttrbia0/YuuXOEm20MQDFw7n3Mu5nCjhzFjf//JWVtfWNzYLW8Xtnd29/dLBYdOoVBPaIIor3Y6woZxJ2rDMctpONMUi4rQVjW6mfuuRasOUvLfjhIYCDySLGcHWSZ2016WcP1TRFeqVyn7FnwEtkyAnZchR75W+u31FUkGlJRwb0wn8xIYZ1pYRTifFbmpogskID2jHUYkFNWE2e3mCTp3SR7HSbqRFM/X3RYaFMWMRuU2B7dAselPxXy8SC8k2vgwzJpPUUknmwXHKkVVo2gfqM02J5WNHMNHM/Y7IEGtMrGut6EoJFitYJs1qJfArwd15uXad11OAYziBMwjgAmpwC3VoAAEFz/ACr96T9+a9ex/z1RUvvzmCP/A+fwBjW5cE</latexit><latexit sha1_base64="Edk8OytzvXJUVyds3MDqM3Kcp8o=">AAACAnicbVC7SgNBFL3rM8ZX1NJmMAhWYTcI2igBG8sI5gHJGmYns8mQeSwzs0JY0vkLttrbia0/YuuXOEm20MQDFw7n3Mu5nCjhzFjf//JWVtfWNzYLW8Xtnd29/dLBYdOoVBPaIIor3Y6woZxJ2rDMctpONMUi4rQVjW6mfuuRasOUvLfjhIYCDySLGcHWSZ2016WcP1TRFeqVyn7FnwEtkyAnZchR75W+u31FUkGlJRwb0wn8xIYZ1pYRTifFbmpogskID2jHUYkFNWE2e3mCTp3SR7HSbqRFM/X3RYaFMWMRuU2B7dAselPxXy8SC8k2vgwzJpPUUknmwXHKkVVo2gfqM02J5WNHMNHM/Y7IEGtMrGut6EoJFitYJs1qJfArwd15uXad11OAYziBMwjgAmpwC3VoAAEFz/ACr96T9+a9ex/z1RUvvzmCP/A+fwBjW5cE</latexit><latexit sha1_base64="Edk8OytzvXJUVyds3MDqM3Kcp8o=">AAACAnicbVC7SgNBFL3rM8ZX1NJmMAhWYTcI2igBG8sI5gHJGmYns8mQeSwzs0JY0vkLttrbia0/YuuXOEm20MQDFw7n3Mu5nCjhzFjf//JWVtfWNzYLW8Xtnd29/dLBYdOoVBPaIIor3Y6woZxJ2rDMctpONMUi4rQVjW6mfuuRasOUvLfjhIYCDySLGcHWSZ2016WcP1TRFeqVyn7FnwEtkyAnZchR75W+u31FUkGlJRwb0wn8xIYZ1pYRTifFbmpogskID2jHUYkFNWE2e3mCTp3SR7HSbqRFM/X3RYaFMWMRuU2B7dAselPxXy8SC8k2vgwzJpPUUknmwXHKkVVo2gfqM02J5WNHMNHM/Y7IEGtMrGut6EoJFitYJs1qJfArwd15uXad11OAYziBMwjgAmpwC3VoAAEFz/ACr96T9+a9ex/z1RUvvzmCP/A+fwBjW5cE</latexit><latexit sha1_base64="Edk8OytzvXJUVyds3MDqM3Kcp8o=">AAACAnicbVC7SgNBFL3rM8ZX1NJmMAhWYTcI2igBG8sI5gHJGmYns8mQeSwzs0JY0vkLttrbia0/YuuXOEm20MQDFw7n3Mu5nCjhzFjf//JWVtfWNzYLW8Xtnd29/dLBYdOoVBPaIIor3Y6woZxJ2rDMctpONMUi4rQVjW6mfuuRasOUvLfjhIYCDySLGcHWSZ2016WcP1TRFeqVyn7FnwEtkyAnZchR75W+u31FUkGlJRwb0wn8xIYZ1pYRTifFbmpogskID2jHUYkFNWE2e3mCTp3SR7HSbqRFM/X3RYaFMWMRuU2B7dAselPxXy8SC8k2vgwzJpPUUknmwXHKkVVo2gfqM02J5WNHMNHM/Y7IEGtMrGut6EoJFitYJs1qJfArwd15uXad11OAYziBMwjgAmpwC3VoAAEFz/ACr96T9+a9ex/z1RUvvzmCP/A+fwBjW5cE</latexit>

` = ⌘
<latexit sha1_base64="iX8mtLEPOuqGBWvZL36XXMeZafs=">AAACAnicbVC7SgNBFJ2NrxhfUUubwSBYhV0RtFECNpYRTAxklzA7uZsMmccyMyuEJZ2/YKu9ndj6I7Z+iZNkC008cOFwzr2cy4lTzoz1/S+vtLK6tr5R3qxsbe/s7lX3D9pGZZpCiyqudCcmBjiT0LLMcuikGoiIOTzEo5up//AI2jAl7+04hUiQgWQJo8Q6qRsC5/gKh2BJr1rz6/4MeJkEBamhAs1e9TvsK5oJkJZyYkw38FMb5URbRjlMKmFmICV0RAbQdVQSASbKZy9P8IlT+jhR2o20eKb+vsiJMGYsYrcpiB2aRW8q/uvFYiHZJpdRzmSaWZB0HpxkHFuFp33gPtNALR87Qqhm7ndMh0QTal1rFVdKsFjBMmmf1QO/Htyd1xrXRT1ldISO0SkK0AVqoFvURC1EkULP6AW9ek/em/fufcxXS15xc4j+wPv8Aa/ElzY=</latexit><latexit sha1_base64="iX8mtLEPOuqGBWvZL36XXMeZafs=">AAACAnicbVC7SgNBFJ2NrxhfUUubwSBYhV0RtFECNpYRTAxklzA7uZsMmccyMyuEJZ2/YKu9ndj6I7Z+iZNkC008cOFwzr2cy4lTzoz1/S+vtLK6tr5R3qxsbe/s7lX3D9pGZZpCiyqudCcmBjiT0LLMcuikGoiIOTzEo5up//AI2jAl7+04hUiQgWQJo8Q6qRsC5/gKh2BJr1rz6/4MeJkEBamhAs1e9TvsK5oJkJZyYkw38FMb5URbRjlMKmFmICV0RAbQdVQSASbKZy9P8IlT+jhR2o20eKb+vsiJMGYsYrcpiB2aRW8q/uvFYiHZJpdRzmSaWZB0HpxkHFuFp33gPtNALR87Qqhm7ndMh0QTal1rFVdKsFjBMmmf1QO/Htyd1xrXRT1ldISO0SkK0AVqoFvURC1EkULP6AW9ek/em/fufcxXS15xc4j+wPv8Aa/ElzY=</latexit><latexit sha1_base64="iX8mtLEPOuqGBWvZL36XXMeZafs=">AAACAnicbVC7SgNBFJ2NrxhfUUubwSBYhV0RtFECNpYRTAxklzA7uZsMmccyMyuEJZ2/YKu9ndj6I7Z+iZNkC008cOFwzr2cy4lTzoz1/S+vtLK6tr5R3qxsbe/s7lX3D9pGZZpCiyqudCcmBjiT0LLMcuikGoiIOTzEo5up//AI2jAl7+04hUiQgWQJo8Q6qRsC5/gKh2BJr1rz6/4MeJkEBamhAs1e9TvsK5oJkJZyYkw38FMb5URbRjlMKmFmICV0RAbQdVQSASbKZy9P8IlT+jhR2o20eKb+vsiJMGYsYrcpiB2aRW8q/uvFYiHZJpdRzmSaWZB0HpxkHFuFp33gPtNALR87Qqhm7ndMh0QTal1rFVdKsFjBMmmf1QO/Htyd1xrXRT1ldISO0SkK0AVqoFvURC1EkULP6AW9ek/em/fufcxXS15xc4j+wPv8Aa/ElzY=</latexit><latexit sha1_base64="iX8mtLEPOuqGBWvZL36XXMeZafs=">AAACAnicbVC7SgNBFJ2NrxhfUUubwSBYhV0RtFECNpYRTAxklzA7uZsMmccyMyuEJZ2/YKu9ndj6I7Z+iZNkC008cOFwzr2cy4lTzoz1/S+vtLK6tr5R3qxsbe/s7lX3D9pGZZpCiyqudCcmBjiT0LLMcuikGoiIOTzEo5up//AI2jAl7+04hUiQgWQJo8Q6qRsC5/gKh2BJr1rz6/4MeJkEBamhAs1e9TvsK5oJkJZyYkw38FMb5URbRjlMKmFmICV0RAbQdVQSASbKZy9P8IlT+jhR2o20eKb+vsiJMGYsYrcpiB2aRW8q/uvFYiHZJpdRzmSaWZB0HpxkHFuFp33gPtNALR87Qqhm7ndMh0QTal1rFVdKsFjBMmmf1QO/Htyd1xrXRT1ldISO0SkK0AVqoFvURC1EkULP6AW9ek/em/fufcxXS15xc4j+wPv8Aa/ElzY=</latexit>

` = 8 ⌘
<latexit sha1_base64="3F7kIcZJcRcRCJ5lwLempV9SCa8=">AAACBXicbVC7SgNBFJ2NrxhfUUubwSBYSNgVwTRKwMYygnlAdg2zk7vJkJnZZWZWCEtqf8FWezux9Tts/RInyRaaeODC4Zx7OZcTJpxp47pfTmFldW19o7hZ2tre2d0r7x+0dJwqCk0a81h1QqKBMwlNwwyHTqKAiJBDOxzdTP32IyjNYnlvxgkEggwkixglxkoPPnCOr3DNP/PBkF654lbdGfAy8XJSQTkavfK3349pKkAayonWXc9NTJARZRjlMCn5qYaE0BEZQNdSSQToIJt9PcEnVunjKFZ2pMEz9fdFRoTWYxHaTUHMUC96U/FfLxQLySaqBRmTSWpA0nlwlHJsYjytBPeZAmr42BJCFbO/YzokilBjiyvZUrzFCpZJ67zquVXv7qJSv87rKaIjdIxOkYcuUR3dogZqIooUekYv6NV5ct6cd+djvlpw8ptD9AfO5w9YDpgU</latexit><latexit sha1_base64="3F7kIcZJcRcRCJ5lwLempV9SCa8=">AAACBXicbVC7SgNBFJ2NrxhfUUubwSBYSNgVwTRKwMYygnlAdg2zk7vJkJnZZWZWCEtqf8FWezux9Tts/RInyRaaeODC4Zx7OZcTJpxp47pfTmFldW19o7hZ2tre2d0r7x+0dJwqCk0a81h1QqKBMwlNwwyHTqKAiJBDOxzdTP32IyjNYnlvxgkEggwkixglxkoPPnCOr3DNP/PBkF654lbdGfAy8XJSQTkavfK3349pKkAayonWXc9NTJARZRjlMCn5qYaE0BEZQNdSSQToIJt9PcEnVunjKFZ2pMEz9fdFRoTWYxHaTUHMUC96U/FfLxQLySaqBRmTSWpA0nlwlHJsYjytBPeZAmr42BJCFbO/YzokilBjiyvZUrzFCpZJ67zquVXv7qJSv87rKaIjdIxOkYcuUR3dogZqIooUekYv6NV5ct6cd+djvlpw8ptD9AfO5w9YDpgU</latexit><latexit sha1_base64="3F7kIcZJcRcRCJ5lwLempV9SCa8=">AAACBXicbVC7SgNBFJ2NrxhfUUubwSBYSNgVwTRKwMYygnlAdg2zk7vJkJnZZWZWCEtqf8FWezux9Tts/RInyRaaeODC4Zx7OZcTJpxp47pfTmFldW19o7hZ2tre2d0r7x+0dJwqCk0a81h1QqKBMwlNwwyHTqKAiJBDOxzdTP32IyjNYnlvxgkEggwkixglxkoPPnCOr3DNP/PBkF654lbdGfAy8XJSQTkavfK3349pKkAayonWXc9NTJARZRjlMCn5qYaE0BEZQNdSSQToIJt9PcEnVunjKFZ2pMEz9fdFRoTWYxHaTUHMUC96U/FfLxQLySaqBRmTSWpA0nlwlHJsYjytBPeZAmr42BJCFbO/YzokilBjiyvZUrzFCpZJ67zquVXv7qJSv87rKaIjdIxOkYcuUR3dogZqIooUekYv6NV5ct6cd+djvlpw8ptD9AfO5w9YDpgU</latexit><latexit sha1_base64="3F7kIcZJcRcRCJ5lwLempV9SCa8=">AAACBXicbVC7SgNBFJ2NrxhfUUubwSBYSNgVwTRKwMYygnlAdg2zk7vJkJnZZWZWCEtqf8FWezux9Tts/RInyRaaeODC4Zx7OZcTJpxp47pfTmFldW19o7hZ2tre2d0r7x+0dJwqCk0a81h1QqKBMwlNwwyHTqKAiJBDOxzdTP32IyjNYnlvxgkEggwkixglxkoPPnCOr3DNP/PBkF654lbdGfAy8XJSQTkavfK3349pKkAayonWXc9NTJARZRjlMCn5qYaE0BEZQNdSSQToIJt9PcEnVunjKFZ2pMEz9fdFRoTWYxHaTUHMUC96U/FfLxQLySaqBRmTSWpA0nlwlHJsYjytBPeZAmr42BJCFbO/YzokilBjiyvZUrzFCpZJ67zquVXv7qJSv87rKaIjdIxOkYcuUR3dogZqIooUekYv6NV5ct6cd+djvlpw8ptD9AfO5w9YDpgU</latexit>

` = 64 ⌘
<latexit sha1_base64="HaK864kC72G8m9jT4UnfX1lhcU4=">AAACCHicbVC7SgNBFJ31GeMjq5Y2g0GwkLArQW2UgI1lBPOA7BJmJ3eTITOzy8ysEEJ+wF+w1d5ObP0LW7/ESbKFJh64cDjnXs7lRCln2njel7Oyura+sVnYKm7v7O6V3P2Dpk4yRaFBE56odkQ0cCahYZjh0E4VEBFxaEXD26nfegSlWSIfzCiFUJC+ZDGjxFip65YC4Bxf44tqcBaAIV237FW8GfAy8XNSRjnqXfc76CU0EyAN5UTrju+lJhwTZRjlMCkGmYaU0CHpQ8dSSQTocDx7fIJPrNLDcaLsSINn6u+LMRFaj0RkNwUxA73oTcV/vUgsJJv4KhwzmWYGJJ0HxxnHJsHTVnCPKaCGjywhVDH7O6YDogg1truiLcVfrGCZNM8rvlfx76vl2k1eTwEdoWN0inx0iWroDtVRA1GUoWf0gl6dJ+fNeXc+5qsrTn5ziP7A+fwBSTCYgQ==</latexit><latexit sha1_base64="HaK864kC72G8m9jT4UnfX1lhcU4=">AAACCHicbVC7SgNBFJ31GeMjq5Y2g0GwkLArQW2UgI1lBPOA7BJmJ3eTITOzy8ysEEJ+wF+w1d5ObP0LW7/ESbKFJh64cDjnXs7lRCln2njel7Oyura+sVnYKm7v7O6V3P2Dpk4yRaFBE56odkQ0cCahYZjh0E4VEBFxaEXD26nfegSlWSIfzCiFUJC+ZDGjxFip65YC4Bxf44tqcBaAIV237FW8GfAy8XNSRjnqXfc76CU0EyAN5UTrju+lJhwTZRjlMCkGmYaU0CHpQ8dSSQTocDx7fIJPrNLDcaLsSINn6u+LMRFaj0RkNwUxA73oTcV/vUgsJJv4KhwzmWYGJJ0HxxnHJsHTVnCPKaCGjywhVDH7O6YDogg1truiLcVfrGCZNM8rvlfx76vl2k1eTwEdoWN0inx0iWroDtVRA1GUoWf0gl6dJ+fNeXc+5qsrTn5ziP7A+fwBSTCYgQ==</latexit><latexit sha1_base64="HaK864kC72G8m9jT4UnfX1lhcU4=">AAACCHicbVC7SgNBFJ31GeMjq5Y2g0GwkLArQW2UgI1lBPOA7BJmJ3eTITOzy8ysEEJ+wF+w1d5ObP0LW7/ESbKFJh64cDjnXs7lRCln2njel7Oyura+sVnYKm7v7O6V3P2Dpk4yRaFBE56odkQ0cCahYZjh0E4VEBFxaEXD26nfegSlWSIfzCiFUJC+ZDGjxFip65YC4Bxf44tqcBaAIV237FW8GfAy8XNSRjnqXfc76CU0EyAN5UTrju+lJhwTZRjlMCkGmYaU0CHpQ8dSSQTocDx7fIJPrNLDcaLsSINn6u+LMRFaj0RkNwUxA73oTcV/vUgsJJv4KhwzmWYGJJ0HxxnHJsHTVnCPKaCGjywhVDH7O6YDogg1truiLcVfrGCZNM8rvlfx76vl2k1eTwEdoWN0inx0iWroDtVRA1GUoWf0gl6dJ+fNeXc+5qsrTn5ziP7A+fwBSTCYgQ==</latexit><latexit sha1_base64="HaK864kC72G8m9jT4UnfX1lhcU4=">AAACCHicbVC7SgNBFJ31GeMjq5Y2g0GwkLArQW2UgI1lBPOA7BJmJ3eTITOzy8ysEEJ+wF+w1d5ObP0LW7/ESbKFJh64cDjnXs7lRCln2njel7Oyura+sVnYKm7v7O6V3P2Dpk4yRaFBE56odkQ0cCahYZjh0E4VEBFxaEXD26nfegSlWSIfzCiFUJC+ZDGjxFip65YC4Bxf44tqcBaAIV237FW8GfAy8XNSRjnqXfc76CU0EyAN5UTrju+lJhwTZRjlMCkGmYaU0CHpQ8dSSQTocDx7fIJPrNLDcaLsSINn6u+LMRFaj0RkNwUxA73oTcV/vUgsJJv4KhwzmWYGJJ0HxxnHJsHTVnCPKaCGjywhVDH7O6YDogg1truiLcVfrGCZNM8rvlfx76vl2k1eTwEdoWN0inx0iWroDtVRA1GUoWf0gl6dJ+fNeXc+5qsrTn5ziP7A+fwBSTCYgQ==</latexit>

⌧` = `/u`
<latexit sha1_base64="TaXARKjrvuuoyrksiMQYbr1uU40=">AAACEHicbVC7TsMwFL0pr1JeAQYGFosKiakkCAkWUCUWxiJRWqmJIsd1Wqt2EtkOUhX1J/gFVtjZECt/wMqX4LQZoOVIlo/PuVf3+oQpZ0o7zpdVWVpeWV2rrtc2Nre2d+zdvQeVZJLQNkl4IrshVpSzmLY105x2U0mxCDnthKObwu88UqlYEt/rcUp9gQcxixjB2kiBfeBpnAUe5RxdoeI6nb0Cu+40nCnQInFLUocSrcD+9voJyQSNNeFYqZ7rpNrPsdSMcDqpeZmiKSYjPKA9Q2MsqPLz6Qcm6NgofRQl0pxYo6n6uyPHQqmxCE2lwHqo5r1C/NcLxdxkHV36OYvTTNOYzAZHGUc6QUU6qM8kJZqPDcFEMrM7IkMsMdEmw5oJxZ2PYJE8nDVcp+Hendeb12U8VTiEIzgBFy6gCbfQgjYQmMAzvMCr9WS9We/Wx6y0YpU9+/AH1ucPg/Kcgw==</latexit><latexit sha1_base64="TaXARKjrvuuoyrksiMQYbr1uU40=">AAACEHicbVC7TsMwFL0pr1JeAQYGFosKiakkCAkWUCUWxiJRWqmJIsd1Wqt2EtkOUhX1J/gFVtjZECt/wMqX4LQZoOVIlo/PuVf3+oQpZ0o7zpdVWVpeWV2rrtc2Nre2d+zdvQeVZJLQNkl4IrshVpSzmLY105x2U0mxCDnthKObwu88UqlYEt/rcUp9gQcxixjB2kiBfeBpnAUe5RxdoeI6nb0Cu+40nCnQInFLUocSrcD+9voJyQSNNeFYqZ7rpNrPsdSMcDqpeZmiKSYjPKA9Q2MsqPLz6Qcm6NgofRQl0pxYo6n6uyPHQqmxCE2lwHqo5r1C/NcLxdxkHV36OYvTTNOYzAZHGUc6QUU6qM8kJZqPDcFEMrM7IkMsMdEmw5oJxZ2PYJE8nDVcp+Hendeb12U8VTiEIzgBFy6gCbfQgjYQmMAzvMCr9WS9We/Wx6y0YpU9+/AH1ucPg/Kcgw==</latexit><latexit sha1_base64="TaXARKjrvuuoyrksiMQYbr1uU40=">AAACEHicbVC7TsMwFL0pr1JeAQYGFosKiakkCAkWUCUWxiJRWqmJIsd1Wqt2EtkOUhX1J/gFVtjZECt/wMqX4LQZoOVIlo/PuVf3+oQpZ0o7zpdVWVpeWV2rrtc2Nre2d+zdvQeVZJLQNkl4IrshVpSzmLY105x2U0mxCDnthKObwu88UqlYEt/rcUp9gQcxixjB2kiBfeBpnAUe5RxdoeI6nb0Cu+40nCnQInFLUocSrcD+9voJyQSNNeFYqZ7rpNrPsdSMcDqpeZmiKSYjPKA9Q2MsqPLz6Qcm6NgofRQl0pxYo6n6uyPHQqmxCE2lwHqo5r1C/NcLxdxkHV36OYvTTNOYzAZHGUc6QUU6qM8kJZqPDcFEMrM7IkMsMdEmw5oJxZ2PYJE8nDVcp+Hendeb12U8VTiEIzgBFy6gCbfQgjYQmMAzvMCr9WS9We/Wx6y0YpU9+/AH1ucPg/Kcgw==</latexit><latexit sha1_base64="TaXARKjrvuuoyrksiMQYbr1uU40=">AAACEHicbVC7TsMwFL0pr1JeAQYGFosKiakkCAkWUCUWxiJRWqmJIsd1Wqt2EtkOUhX1J/gFVtjZECt/wMqX4LQZoOVIlo/PuVf3+oQpZ0o7zpdVWVpeWV2rrtc2Nre2d+zdvQeVZJLQNkl4IrshVpSzmLY105x2U0mxCDnthKObwu88UqlYEt/rcUp9gQcxixjB2kiBfeBpnAUe5RxdoeI6nb0Cu+40nCnQInFLUocSrcD+9voJyQSNNeFYqZ7rpNrPsdSMcDqpeZmiKSYjPKA9Q2MsqPLz6Qcm6NgofRQl0pxYo6n6uyPHQqmxCE2lwHqo5r1C/NcLxdxkHV36OYvTTNOYzAZHGUc6QUU6qM8kJZqPDcFEMrM7IkMsMdEmw5oJxZ2PYJE8nDVcp+Hendeb12U8VTiEIzgBFy6gCbfQgjYQmMAzvMCr9WS9We/Wx6y0YpU9+/AH1ucPg/Kcgw==</latexit>

!29

Energy      contained at a scale    increased with a rate                  
and dissipated with

Excess measured by the Reynolds number

"D = ⌫ u2
`/`

2
<latexit sha1_base64="fTIcetNLmqGbqVGsb5fNU+qzC+A=">AAACI3icbVDLSgMxFM3UV62vUZdugkUQkTpTBN0oBV24rGAf0Kklk962oUlmSDKFMvQf/Al/wa3u3YkbF278EtPHQqsHQk7OuZd7c8KYM20878PJLCwuLa9kV3Nr6xubW+72TlVHiaJQoRGPVD0kGjiTUDHMcKjHCogIOdTC/tXYrw1AaRbJOzOMoSlIV7IOo8RYqeUeBQOiINaM21caKIGvR/gCBzIJjpNWAJzfF0+mV8vNewVvAvyX+DOSRzOUW+5X0I5oIkAayonWDd+LTTMlyjDKYZQLEg0xoX3ShYalkgjQzXTypxE+sEobdyJljzR4ov7sSInQeihCWymI6el5byz+64VibrLpnDdTJuPEgKTTwZ2EYxPhcWC4zRRQw4eWEKqY3R3THlGEGhtrzobiz0fwl1SLBd8r+Len+dLlLJ4s2kP76BD56AyV0A0qowqi6AE9oWf04jw6r86b8z4tzTiznl30C87nNwmwpB8=</latexit><latexit sha1_base64="fTIcetNLmqGbqVGsb5fNU+qzC+A=">AAACI3icbVDLSgMxFM3UV62vUZdugkUQkTpTBN0oBV24rGAf0Kklk962oUlmSDKFMvQf/Al/wa3u3YkbF278EtPHQqsHQk7OuZd7c8KYM20878PJLCwuLa9kV3Nr6xubW+72TlVHiaJQoRGPVD0kGjiTUDHMcKjHCogIOdTC/tXYrw1AaRbJOzOMoSlIV7IOo8RYqeUeBQOiINaM21caKIGvR/gCBzIJjpNWAJzfF0+mV8vNewVvAvyX+DOSRzOUW+5X0I5oIkAayonWDd+LTTMlyjDKYZQLEg0xoX3ShYalkgjQzXTypxE+sEobdyJljzR4ov7sSInQeihCWymI6el5byz+64VibrLpnDdTJuPEgKTTwZ2EYxPhcWC4zRRQw4eWEKqY3R3THlGEGhtrzobiz0fwl1SLBd8r+Len+dLlLJ4s2kP76BD56AyV0A0qowqi6AE9oWf04jw6r86b8z4tzTiznl30C87nNwmwpB8=</latexit><latexit sha1_base64="fTIcetNLmqGbqVGsb5fNU+qzC+A=">AAACI3icbVDLSgMxFM3UV62vUZdugkUQkTpTBN0oBV24rGAf0Kklk962oUlmSDKFMvQf/Al/wa3u3YkbF278EtPHQqsHQk7OuZd7c8KYM20878PJLCwuLa9kV3Nr6xubW+72TlVHiaJQoRGPVD0kGjiTUDHMcKjHCogIOdTC/tXYrw1AaRbJOzOMoSlIV7IOo8RYqeUeBQOiINaM21caKIGvR/gCBzIJjpNWAJzfF0+mV8vNewVvAvyX+DOSRzOUW+5X0I5oIkAayonWDd+LTTMlyjDKYZQLEg0xoX3ShYalkgjQzXTypxE+sEobdyJljzR4ov7sSInQeihCWymI6el5byz+64VibrLpnDdTJuPEgKTTwZ2EYxPhcWC4zRRQw4eWEKqY3R3THlGEGhtrzobiz0fwl1SLBd8r+Len+dLlLJ4s2kP76BD56AyV0A0qowqi6AE9oWf04jw6r86b8z4tzTiznl30C87nNwmwpB8=</latexit><latexit sha1_base64="fTIcetNLmqGbqVGsb5fNU+qzC+A=">AAACI3icbVDLSgMxFM3UV62vUZdugkUQkTpTBN0oBV24rGAf0Kklk962oUlmSDKFMvQf/Al/wa3u3YkbF278EtPHQqsHQk7OuZd7c8KYM20878PJLCwuLa9kV3Nr6xubW+72TlVHiaJQoRGPVD0kGjiTUDHMcKjHCogIOdTC/tXYrw1AaRbJOzOMoSlIV7IOo8RYqeUeBQOiINaM21caKIGvR/gCBzIJjpNWAJzfF0+mV8vNewVvAvyX+DOSRzOUW+5X0I5oIkAayonWDd+LTTMlyjDKYZQLEg0xoX3ShYalkgjQzXTypxE+sEobdyJljzR4ov7sSInQeihCWymI6el5byz+64VibrLpnDdTJuPEgKTTwZ2EYxPhcWC4zRRQw4eWEKqY3R3THlGEGhtrzobiz0fwl1SLBd8r+Len+dLlLJ4s2kP76BD56AyV0A0qowqi6AE9oWf04jw6r86b8z4tzTiznl30C87nNwmwpB8=</latexit>

`
<latexit sha1_base64="g5nKwqS1gyiszqzEy5kzupGsKLU=">AAAB+3icbVA9SwNBFHwXv2L8ilraLAbBKtyJoJUEbCwjmBhIjrC3eZcs2d07dveEEPIXbLW3E1t/jK2/xL3kCk0ceDDMvMc8JkoFN9b3v7zS2vrG5lZ5u7Kzu7d/UD08apsk0wxbLBGJ7kTUoOAKW5ZbgZ1UI5WRwMdofJv7j0+oDU/Ug52kGEo6VDzmjNpc6qEQ/WrNr/tzkFUSFKQGBZr96ndvkLBMorJMUGO6gZ/acEq15UzgrNLLDKaUjekQu44qKtGE0/mvM3LmlAGJE+1GWTJXf19MqTRmIiO3KakdmWUvF//1IrmUbOPrcMpVmllUbBEcZ4LYhORFkAHXyKyYOEKZ5u53wkZUU2ZdXRVXSrBcwSppX9QDvx7cX9YaN0U9ZTiBUziHAK6gAXfQhBYwGMEzvMCrN/PevHfvY7Fa8oqbY/gD7/MHVpqU3Q==</latexit><latexit sha1_base64="g5nKwqS1gyiszqzEy5kzupGsKLU=">AAAB+3icbVA9SwNBFHwXv2L8ilraLAbBKtyJoJUEbCwjmBhIjrC3eZcs2d07dveEEPIXbLW3E1t/jK2/xL3kCk0ceDDMvMc8JkoFN9b3v7zS2vrG5lZ5u7Kzu7d/UD08apsk0wxbLBGJ7kTUoOAKW5ZbgZ1UI5WRwMdofJv7j0+oDU/Ug52kGEo6VDzmjNpc6qEQ/WrNr/tzkFUSFKQGBZr96ndvkLBMorJMUGO6gZ/acEq15UzgrNLLDKaUjekQu44qKtGE0/mvM3LmlAGJE+1GWTJXf19MqTRmIiO3KakdmWUvF//1IrmUbOPrcMpVmllUbBEcZ4LYhORFkAHXyKyYOEKZ5u53wkZUU2ZdXRVXSrBcwSppX9QDvx7cX9YaN0U9ZTiBUziHAK6gAXfQhBYwGMEzvMCrN/PevHfvY7Fa8oqbY/gD7/MHVpqU3Q==</latexit><latexit sha1_base64="g5nKwqS1gyiszqzEy5kzupGsKLU=">AAAB+3icbVA9SwNBFHwXv2L8ilraLAbBKtyJoJUEbCwjmBhIjrC3eZcs2d07dveEEPIXbLW3E1t/jK2/xL3kCk0ceDDMvMc8JkoFN9b3v7zS2vrG5lZ5u7Kzu7d/UD08apsk0wxbLBGJ7kTUoOAKW5ZbgZ1UI5WRwMdofJv7j0+oDU/Ug52kGEo6VDzmjNpc6qEQ/WrNr/tzkFUSFKQGBZr96ndvkLBMorJMUGO6gZ/acEq15UzgrNLLDKaUjekQu44qKtGE0/mvM3LmlAGJE+1GWTJXf19MqTRmIiO3KakdmWUvF//1IrmUbOPrcMpVmllUbBEcZ4LYhORFkAHXyKyYOEKZ5u53wkZUU2ZdXRVXSrBcwSppX9QDvx7cX9YaN0U9ZTiBUziHAK6gAXfQhBYwGMEzvMCrN/PevHfvY7Fa8oqbY/gD7/MHVpqU3Q==</latexit><latexit sha1_base64="g5nKwqS1gyiszqzEy5kzupGsKLU=">AAAB+3icbVA9SwNBFHwXv2L8ilraLAbBKtyJoJUEbCwjmBhIjrC3eZcs2d07dveEEPIXbLW3E1t/jK2/xL3kCk0ceDDMvMc8JkoFN9b3v7zS2vrG5lZ5u7Kzu7d/UD08apsk0wxbLBGJ7kTUoOAKW5ZbgZ1UI5WRwMdofJv7j0+oDU/Ug52kGEo6VDzmjNpc6qEQ/WrNr/tzkFUSFKQGBZr96ndvkLBMorJMUGO6gZ/acEq15UzgrNLLDKaUjekQu44qKtGE0/mvM3LmlAGJE+1GWTJXf19MqTRmIiO3KakdmWUvF//1IrmUbOPrcMpVmllUbBEcZ4LYhORFkAHXyKyYOEKZ5u53wkZUU2ZdXRVXSrBcwSppX9QDvx7cX9YaN0U9ZTiBUziHAK6gAXfQhBYwGMEzvMCrN/PevHfvY7Fa8oqbY/gD7/MHVpqU3Q==</latexit>

R` =
"I
"D

=
`u`

⌫
<latexit sha1_base64="7YarG3kYL/QYOayrynI0b4x/xQ0=">AAACTHicbVBLSwMxGMzWV62vVY9egkXwIGVXBL0oBT3ozVe10C0lm37bhibZJckWyrI/zD/h3ZPgSe/eRDCtBbV1IDDMfJMvmTDhTBvPe3IKM7Nz8wvFxdLS8srqmru+cafjVFGo0ZjHqh4SDZxJqBlmONQTBUSEHO7D3unQv++D0iyWt2aQQFOQjmQRo8RYqeXeXLcC4Bwf4yBShGZBnyhINOPWzAIl8EWeT4tnef6TsPFgLx 1dY0dlmrfcslfxRsDTxB+TMhrjsuW+BO2YpgKkoZxo3fC9xDQzogyjHPJSkGpICO2RDjQslUSAbmajz+d4xyptHMXKHmnwSP2dyIjQeiBCOymI6epJbyj+64ViYrOJjpoZk0lqQNLvxVHKsYnxsFncZgqo4QNLCFXMvh3TLrEVGdt/yZbiT1YwTe72K75X8a8OytWTcT1FtIW20S7y0SGqonN0iWqIogf0jF7Rm/PovDsfzuf3aMEZZzbRHxTmvwB+wrWc</latexit><latexit sha1_base64="7YarG3kYL/QYOayrynI0b4x/xQ0=">AAACTHicbVBLSwMxGMzWV62vVY9egkXwIGVXBL0oBT3ozVe10C0lm37bhibZJckWyrI/zD/h3ZPgSe/eRDCtBbV1IDDMfJMvmTDhTBvPe3IKM7Nz8wvFxdLS8srqmru+cafjVFGo0ZjHqh4SDZxJqBlmONQTBUSEHO7D3unQv++D0iyWt2aQQFOQjmQRo8RYqeXeXLcC4Bwf4yBShGZBnyhINOPWzAIl8EWeT4tnef6TsPFgLx 1dY0dlmrfcslfxRsDTxB+TMhrjsuW+BO2YpgKkoZxo3fC9xDQzogyjHPJSkGpICO2RDjQslUSAbmajz+d4xyptHMXKHmnwSP2dyIjQeiBCOymI6epJbyj+64ViYrOJjpoZk0lqQNLvxVHKsYnxsFncZgqo4QNLCFXMvh3TLrEVGdt/yZbiT1YwTe72K75X8a8OytWTcT1FtIW20S7y0SGqonN0iWqIogf0jF7Rm/PovDsfzuf3aMEZZzbRHxTmvwB+wrWc</latexit><latexit sha1_base64="7YarG3kYL/QYOayrynI0b4x/xQ0=">AAACTHicbVBLSwMxGMzWV62vVY9egkXwIGVXBL0oBT3ozVe10C0lm37bhibZJckWyrI/zD/h3ZPgSe/eRDCtBbV1IDDMfJMvmTDhTBvPe3IKM7Nz8wvFxdLS8srqmru+cafjVFGo0ZjHqh4SDZxJqBlmONQTBUSEHO7D3unQv++D0iyWt2aQQFOQjmQRo8RYqeXeXLcC4Bwf4yBShGZBnyhINOPWzAIl8EWeT4tnef6TsPFgLx 1dY0dlmrfcslfxRsDTxB+TMhrjsuW+BO2YpgKkoZxo3fC9xDQzogyjHPJSkGpICO2RDjQslUSAbmajz+d4xyptHMXKHmnwSP2dyIjQeiBCOymI6epJbyj+64ViYrOJjpoZk0lqQNLvxVHKsYnxsFncZgqo4QNLCFXMvh3TLrEVGdt/yZbiT1YwTe72K75X8a8OytWTcT1FtIW20S7y0SGqonN0iWqIogf0jF7Rm/PovDsfzuf3aMEZZzbRHxTmvwB+wrWc</latexit><latexit sha1_base64="7YarG3kYL/QYOayrynI0b4x/xQ0=">AAACTHicbVBLSwMxGMzWV62vVY9egkXwIGVXBL0oBT3ozVe10C0lm37bhibZJckWyrI/zD/h3ZPgSe/eRDCtBbV1IDDMfJMvmTDhTBvPe3IKM7Nz8wvFxdLS8srqmru+cafjVFGo0ZjHqh4SDZxJqBlmONQTBUSEHO7D3unQv++D0iyWt2aQQFOQjmQRo8RYqeXeXLcC4Bwf4yBShGZBnyhINOPWzAIl8EWeT4tnef6TsPFgLx 1dY0dlmrfcslfxRsDTxB+TMhrjsuW+BO2YpgKkoZxo3fC9xDQzogyjHPJSkGpICO2RDjQslUSAbmajz+d4xyptHMXKHmnwSP2dyIjQeiBCOymI6epJbyj+64ViYrOJjpoZk0lqQNLvxVHKsYnxsFncZgqo4QNLCFXMvh3TLrEVGdt/yZbiT1YwTe72K75X8a8OytWTcT1FtIW20S7y0SGqonN0iWqIogf0jF7Rm/PovDsfzuf3aMEZZzbRHxTmvwB+wrWc</latexit>

u2
`

<latexit sha1_base64="QhY74KjZ5Ytl2HITPEWRI1vJ22A=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrtB0EoCNpYRzAOSNcxO7iZDZnaXmVkhLCn8BVvt7cTWT7H1S5wkW2jigQuHc+7lXE6QCK6N6345hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUJqEbBI2wabgR2EoVUBgLbwfhm5rcfUWkeR/dmkqAv6TDiIWfUWKmT9nsoxEOtX664VXcOskq8nFQgR6Nf/u4NYpZKjAwTVOuu5ybGz6gynAmclnqpxoSyMR1i19KIStR+Nv93Ss6sMiBhrOxEhszV3xcZlVpPZGA3JTUjvezNxH+9QC4lm/DKz3iUpAYjtggOU0FMTGZlkAFXyIyYWEKZ4vZ3wkZUUWZsZSVbirdcwSpp1aqeW/XuLir167yeIpzAKZyDB5dQh1toQBMYCHiGF3h1npw35935WKwWnPzmGP7A+fwBJYiWaQ==</latexit><latexit sha1_base64="QhY74KjZ5Ytl2HITPEWRI1vJ22A=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrtB0EoCNpYRzAOSNcxO7iZDZnaXmVkhLCn8BVvt7cTWT7H1S5wkW2jigQuHc+7lXE6QCK6N6345hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUJqEbBI2wabgR2EoVUBgLbwfhm5rcfUWkeR/dmkqAv6TDiIWfUWKmT9nsoxEOtX664VXcOskq8nFQgR6Nf/u4NYpZKjAwTVOuu5ybGz6gynAmclnqpxoSyMR1i19KIStR+Nv93Ss6sMiBhrOxEhszV3xcZlVpPZGA3JTUjvezNxH+9QC4lm/DKz3iUpAYjtggOU0FMTGZlkAFXyIyYWEKZ4vZ3wkZUUWZsZSVbirdcwSpp1aqeW/XuLir167yeIpzAKZyDB5dQh1toQBMYCHiGF3h1npw35935WKwWnPzmGP7A+fwBJYiWaQ==</latexit><latexit sha1_base64="QhY74KjZ5Ytl2HITPEWRI1vJ22A=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrtB0EoCNpYRzAOSNcxO7iZDZnaXmVkhLCn8BVvt7cTWT7H1S5wkW2jigQuHc+7lXE6QCK6N6345hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUJqEbBI2wabgR2EoVUBgLbwfhm5rcfUWkeR/dmkqAv6TDiIWfUWKmT9nsoxEOtX664VXcOskq8nFQgR6Nf/u4NYpZKjAwTVOuu5ybGz6gynAmclnqpxoSyMR1i19KIStR+Nv93Ss6sMiBhrOxEhszV3xcZlVpPZGA3JTUjvezNxH+9QC4lm/DKz3iUpAYjtggOU0FMTGZlkAFXyIyYWEKZ4vZ3wkZUUWZsZSVbirdcwSpp1aqeW/XuLir167yeIpzAKZyDB5dQh1toQBMYCHiGF3h1npw35935WKwWnPzmGP7A+fwBJYiWaQ==</latexit><latexit sha1_base64="QhY74KjZ5Ytl2HITPEWRI1vJ22A=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrtB0EoCNpYRzAOSNcxO7iZDZnaXmVkhLCn8BVvt7cTWT7H1S5wkW2jigQuHc+7lXE6QCK6N6345hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUJqEbBI2wabgR2EoVUBgLbwfhm5rcfUWkeR/dmkqAv6TDiIWfUWKmT9nsoxEOtX664VXcOskq8nFQgR6Nf/u4NYpZKjAwTVOuu5ybGz6gynAmclnqpxoSyMR1i19KIStR+Nv93Ss6sMiBhrOxEhszV3xcZlVpPZGA3JTUjvezNxH+9QC4lm/DKz3iUpAYjtggOU0FMTGZlkAFXyIyYWEKZ4vZ3wkZUUWZsZSVbirdcwSpp1aqeW/XuLir167yeIpzAKZyDB5dQh1toQBMYCHiGF3h1npw35935WKwWnPzmGP7A+fwBJYiWaQ==</latexit>

For              , the flow is unstable, chaotic, and develops small scalesR` � 1
<latexit sha1_base64="6lfvBKusWRJ81WxyWNMUD1A0gn4=">AAACA3icbVBNS8NAFHypX7V+VT16WSyCp5KIoCcpePFYxdZCE8pm+5Iu3WzC7kYopUf/gle9exOv/hCv/hK3bQ7aOvBgmHmPeUyYCa6N6345pZXVtfWN8mZla3tnd6+6f9DWaa4YtlgqUtUJqUbBJbYMNwI7mUKahAIfwuH11H94RKV5Ku/NKMMgobHkEWfUWMm/6/koBPHjmHi9as2tuzOQZeIVpAYFmr3qt99PWZ6gNExQrbuem5lgTJXhTOCk4ucaM8qGNMaupZImqIPx7OcJObFKn0SpsiMNmam/L8Y00XqUhHYzoWagF72p+K8XJgvJJroMxlxmuUHJ5sFRLohJybQQ0ucKmREjSyhT3P5O2IAqyoytrWJL8RYrWCbts7rn1r3b81rjqqinDEdwDKfgwQU04Aaa0AIGGTzDC7w6T86b8+58zFdLTnFzCH/gfP4AM+KXeQ==</latexit><latexit sha1_base64="6lfvBKusWRJ81WxyWNMUD1A0gn4=">AAACA3icbVBNS8NAFHypX7V+VT16WSyCp5KIoCcpePFYxdZCE8pm+5Iu3WzC7kYopUf/gle9exOv/hCv/hK3bQ7aOvBgmHmPeUyYCa6N6345pZXVtfWN8mZla3tnd6+6f9DWaa4YtlgqUtUJqUbBJbYMNwI7mUKahAIfwuH11H94RKV5Ku/NKMMgobHkEWfUWMm/6/koBPHjmHi9as2tuzOQZeIVpAYFmr3qt99PWZ6gNExQrbuem5lgTJXhTOCk4ucaM8qGNMaupZImqIPx7OcJObFKn0SpsiMNmam/L8Y00XqUhHYzoWagF72p+K8XJgvJJroMxlxmuUHJ5sFRLohJybQQ0ucKmREjSyhT3P5O2IAqyoytrWJL8RYrWCbts7rn1r3b81rjqqinDEdwDKfgwQU04Aaa0AIGGTzDC7w6T86b8+58zFdLTnFzCH/gfP4AM+KXeQ==</latexit><latexit sha1_base64="6lfvBKusWRJ81WxyWNMUD1A0gn4=">AAACA3icbVBNS8NAFHypX7V+VT16WSyCp5KIoCcpePFYxdZCE8pm+5Iu3WzC7kYopUf/gle9exOv/hCv/hK3bQ7aOvBgmHmPeUyYCa6N6345pZXVtfWN8mZla3tnd6+6f9DWaa4YtlgqUtUJqUbBJbYMNwI7mUKahAIfwuH11H94RKV5Ku/NKMMgobHkEWfUWMm/6/koBPHjmHi9as2tuzOQZeIVpAYFmr3qt99PWZ6gNExQrbuem5lgTJXhTOCk4ucaM8qGNMaupZImqIPx7OcJObFKn0SpsiMNmam/L8Y00XqUhHYzoWagF72p+K8XJgvJJroMxlxmuUHJ5sFRLohJybQQ0ucKmREjSyhT3P5O2IAqyoytrWJL8RYrWCbts7rn1r3b81rjqqinDEdwDKfgwQU04Aaa0AIGGTzDC7w6T86b8+58zFdLTnFzCH/gfP4AM+KXeQ==</latexit><latexit sha1_base64="6lfvBKusWRJ81WxyWNMUD1A0gn4=">AAACA3icbVBNS8NAFHypX7V+VT16WSyCp5KIoCcpePFYxdZCE8pm+5Iu3WzC7kYopUf/gle9exOv/hCv/hK3bQ7aOvBgmHmPeUyYCa6N6345pZXVtfWN8mZla3tnd6+6f9DWaa4YtlgqUtUJqUbBJbYMNwI7mUKahAIfwuH11H94RKV5Ku/NKMMgobHkEWfUWMm/6/koBPHjmHi9as2tuzOQZeIVpAYFmr3qt99PWZ6gNExQrbuem5lgTJXhTOCk4ucaM8qGNMaupZImqIPx7OcJObFKn0SpsiMNmam/L8Y00XqUhHYzoWagF72p+K8XJgvJJroMxlxmuUHJ5sFRLohJybQQ0ucKmREjSyhT3P5O2IAqyoytrWJL8RYrWCbts7rn1r3b81rjqqinDEdwDKfgwQU04Aaa0AIGGTzDC7w6T86b8+58zFdLTnFzCH/gfP4AM+KXeQ==</latexit>

u2
`/⌧` = u3

`/`
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

R` =
"I
"D

=
`u`

⌫
<latexit sha1_base64="7YarG3kYL/QYOayrynI0b4x/xQ0="></latexit><latexit sha1_base64="7YarG3kYL/QYOayrynI0b4x/xQ0="></latexit><latexit sha1_base64="7YarG3kYL/QYOayrynI0b4x/xQ0="></latexit><latexit sha1_base64="7YarG3kYL/QYOayrynI0b4x/xQ0="></latexit>

Multi-scale description

@tu $ u ·ru
<latexit sha1_base64="ue0SoWYyVvGl47nZbLOe1YGARnE=">AAACL3icbVDLSgMxFM34tr6qLt0Ei+CqzIioCxcFNy4VbCs4pdxJM21oHkNyRymlf+JP+AtudS9uRNz5F6aPhbYeCJyccy8nOUkmhcMwfA/m5hcWl5ZXVgtr6xubW8XtnZozuWW8yow09jYBx6XQvIoCJb/NLAeVSF5PuhdDv37PrRNG32Av4w0FbS1SwQC91CyexBlYFCCbSONE0ZzGkqdoRbuDYK15GKsxaxmMNSQSRvdmsRSWwxHoLIkmpEQmuGoWv+KWYbniGpkE5+6iMMNGf5jNJB8U4tzxDFgX2vzOUw2Ku0Z/9L8BPfBKi6bG+qORjtTfG31QzvVU4icVYMdNe0PxXy9RU8mYnjX6Qmc5cs3GwWkuKRo6LI+2hOUMZc8TYFb4t1PWAQsMfcUFX0o0XcEsqR2Vo7AcXR+XKueTelbIHtknhyQip6RCLskVqRJGHskzeSGvwVPwFnwEn+PRuWCys0v+IPj+AephqdM=</latexit><latexit sha1_base64="ue0SoWYyVvGl47nZbLOe1YGARnE=">AAACL3icbVDLSgMxFM34tr6qLt0Ei+CqzIioCxcFNy4VbCs4pdxJM21oHkNyRymlf+JP+AtudS9uRNz5F6aPhbYeCJyccy8nOUkmhcMwfA/m5hcWl5ZXVgtr6xubW8XtnZozuWW8yow09jYBx6XQvIoCJb/NLAeVSF5PuhdDv37PrRNG32Av4w0FbS1SwQC91CyexBlYFCCbSONE0ZzGkqdoRbuDYK15GKsxaxmMNSQSRvdmsRSWwxHoLIkmpEQmuGoWv+KWYbniGpkE5+6iMMNGf5jNJB8U4tzxDFgX2vzOUw2Ku0Z/9L8BPfBKi6bG+qORjtTfG31QzvVU4icVYMdNe0PxXy9RU8mYnjX6Qmc5cs3GwWkuKRo6LI+2hOUMZc8TYFb4t1PWAQsMfcUFX0o0XcEsqR2Vo7AcXR+XKueTelbIHtknhyQip6RCLskVqRJGHskzeSGvwVPwFnwEn+PRuWCys0v+IPj+AephqdM=</latexit><latexit sha1_base64="ue0SoWYyVvGl47nZbLOe1YGARnE=">AAACL3icbVDLSgMxFM34tr6qLt0Ei+CqzIioCxcFNy4VbCs4pdxJM21oHkNyRymlf+JP+AtudS9uRNz5F6aPhbYeCJyccy8nOUkmhcMwfA/m5hcWl5ZXVgtr6xubW8XtnZozuWW8yow09jYBx6XQvIoCJb/NLAeVSF5PuhdDv37PrRNG32Av4w0FbS1SwQC91CyexBlYFCCbSONE0ZzGkqdoRbuDYK15GKsxaxmMNSQSRvdmsRSWwxHoLIkmpEQmuGoWv+KWYbniGpkE5+6iMMNGf5jNJB8U4tzxDFgX2vzOUw2Ku0Z/9L8BPfBKi6bG+qORjtTfG31QzvVU4icVYMdNe0PxXy9RU8mYnjX6Qmc5cs3GwWkuKRo6LI+2hOUMZc8TYFb4t1PWAQsMfcUFX0o0XcEsqR2Vo7AcXR+XKueTelbIHtknhyQip6RCLskVqRJGHskzeSGvwVPwFnwEn+PRuWCys0v+IPj+AephqdM=</latexit><latexit sha1_base64="ue0SoWYyVvGl47nZbLOe1YGARnE=">AAACL3icbVDLSgMxFM34tr6qLt0Ei+CqzIioCxcFNy4VbCs4pdxJM21oHkNyRymlf+JP+AtudS9uRNz5F6aPhbYeCJyccy8nOUkmhcMwfA/m5hcWl5ZXVgtr6xubW8XtnZozuWW8yow09jYBx6XQvIoCJb/NLAeVSF5PuhdDv37PrRNG32Av4w0FbS1SwQC91CyexBlYFCCbSONE0ZzGkqdoRbuDYK15GKsxaxmMNSQSRvdmsRSWwxHoLIkmpEQmuGoWv+KWYbniGpkE5+6iMMNGf5jNJB8U4tzxDFgX2vzOUw2Ku0Z/9L8BPfBKi6bG+qORjtTfG31QzvVU4icVYMdNe0PxXy9RU8mYnjX6Qmc5cs3GwWkuKRo6LI+2hOUMZc8TYFb4t1PWAQsMfcUFX0o0XcEsqR2Vo7AcXR+XKueTelbIHtknhyQip6RCLskVqRJGHskzeSGvwVPwFnwEn+PRuWCys0v+IPj+AephqdM=</latexit>

Corse-grained approach:

turnover time

energy content at scale `
<latexit sha1_base64="g5nKwqS1gyiszqzEy5kzupGsKLU=">AAAB+3icbVA9SwNBFHwXv2L8ilraLAbBKtyJoJUEbCwjmBhIjrC3eZcs2d07dveEEPIXbLW3E1t/jK2/xL3kCk0ceDDMvMc8JkoFN9b3v7zS2vrG5lZ5u7Kzu7d/UD08apsk0wxbLBGJ7kTUoOAKW5ZbgZ1UI5WRwMdofJv7j0+oDU/Ug52kGEo6VDzmjNpc6qEQ/WrNr/tzkFUSFKQGBZr96ndvkLBMorJMUGO6gZ/acEq15UzgrNLLDKaUjekQu44qKtGE0/mvM3LmlAGJE+1GWTJXf19MqTRmIiO3KakdmWUvF//1IrmUbOPrcMpVmllUbBEcZ4LYhORFkAHXyKyYOEKZ5u53wkZUU2ZdXRVXSrBcwSppX9QDvx7cX9YaN0U9ZTiBUziHAK6gAXfQhBYwGMEzvMCrN/PevHfvY7Fa8oqbY/gD7/MHVpqU3Q==</latexit><latexit sha1_base64="g5nKwqS1gyiszqzEy5kzupGsKLU=">AAAB+3icbVA9SwNBFHwXv2L8ilraLAbBKtyJoJUEbCwjmBhIjrC3eZcs2d07dveEEPIXbLW3E1t/jK2/xL3kCk0ceDDMvMc8JkoFN9b3v7zS2vrG5lZ5u7Kzu7d/UD08apsk0wxbLBGJ7kTUoOAKW5ZbgZ1UI5WRwMdofJv7j0+oDU/Ug52kGEo6VDzmjNpc6qEQ/WrNr/tzkFUSFKQGBZr96ndvkLBMorJMUGO6gZ/acEq15UzgrNLLDKaUjekQu44qKtGE0/mvM3LmlAGJE+1GWTJXf19MqTRmIiO3KakdmWUvF//1IrmUbOPrcMpVmllUbBEcZ4LYhORFkAHXyKyYOEKZ5u53wkZUU2ZdXRVXSrBcwSppX9QDvx7cX9YaN0U9ZTiBUziHAK6gAXfQhBYwGMEzvMCrN/PevHfvY7Fa8oqbY/gD7/MHVpqU3Q==</latexit><latexit sha1_base64="g5nKwqS1gyiszqzEy5kzupGsKLU=">AAAB+3icbVA9SwNBFHwXv2L8ilraLAbBKtyJoJUEbCwjmBhIjrC3eZcs2d07dveEEPIXbLW3E1t/jK2/xL3kCk0ceDDMvMc8JkoFN9b3v7zS2vrG5lZ5u7Kzu7d/UD08apsk0wxbLBGJ7kTUoOAKW5ZbgZ1UI5WRwMdofJv7j0+oDU/Ug52kGEo6VDzmjNpc6qEQ/WrNr/tzkFUSFKQGBZr96ndvkLBMorJMUGO6gZ/acEq15UzgrNLLDKaUjekQu44qKtGE0/mvM3LmlAGJE+1GWTJXf19MqTRmIiO3KakdmWUvF//1IrmUbOPrcMpVmllUbBEcZ4LYhORFkAHXyKyYOEKZ5u53wkZUU2ZdXRVXSrBcwSppX9QDvx7cX9YaN0U9ZTiBUziHAK6gAXfQhBYwGMEzvMCrN/PevHfvY7Fa8oqbY/gD7/MHVpqU3Q==</latexit><latexit sha1_base64="g5nKwqS1gyiszqzEy5kzupGsKLU=">AAAB+3icbVA9SwNBFHwXv2L8ilraLAbBKtyJoJUEbCwjmBhIjrC3eZcs2d07dveEEPIXbLW3E1t/jK2/xL3kCk0ceDDMvMc8JkoFN9b3v7zS2vrG5lZ5u7Kzu7d/UD08apsk0wxbLBGJ7kTUoOAKW5ZbgZ1UI5WRwMdofJv7j0+oDU/Ug52kGEo6VDzmjNpc6qEQ/WrNr/tzkFUSFKQGBZr96ndvkLBMorJMUGO6gZ/acEq15UzgrNLLDKaUjekQu44qKtGE0/mvM3LmlAGJE+1GWTJXf19MqTRmIiO3KakdmWUvF//1IrmUbOPrcMpVmllUbBEcZ4LYhORFkAHXyKyYOEKZ5u53wkZUU2ZdXRVXSrBcwSppX9QDvx7cX9YaN0U9ZTiBUziHAK6gAXfQhBYwGMEzvMCrN/PevHfvY7Fa8oqbY/gD7/MHVpqU3Q==</latexit>

u2
` =

<latexit sha1_base64="Edk8OytzvXJUVyds3MDqM3Kcp8o=">AAACAnicbVC7SgNBFL3rM8ZX1NJmMAhWYTcI2igBG8sI5gHJGmYns8mQeSwzs0JY0vkLttrbia0/YuuXOEm20MQDFw7n3Mu5nCjhzFjf//JWVtfWNzYLW8Xtnd29/dLBYdOoVBPaIIor3Y6woZxJ2rDMctpONMUi4rQVjW6mfuuRasOUvLfjhIYCDySLGcHWSZ2016WcP1TRFeqVyn7FnwEtkyAnZchR75W+u31FUkGlJRwb0wn8xIYZ1pYRTifFbmpogskID2jHUYkFNWE2e3mCTp3SR7HSbqRFM/X3RYaFMWMRuU2B7dAselPxXy8SC8k2vgwzJpPUUknmwXHKkVVo2gfqM02J5WNHMNHM/Y7IEGtMrGut6EoJFitYJs1qJfArwd15uXad11OAYziBMwjgAmpwC3VoAAEFz/ACr96T9+a9ex/z1RUvvzmCP/A+fwBjW5cE</latexit><latexit sha1_base64="Edk8OytzvXJUVyds3MDqM3Kcp8o=">AAACAnicbVC7SgNBFL3rM8ZX1NJmMAhWYTcI2igBG8sI5gHJGmYns8mQeSwzs0JY0vkLttrbia0/YuuXOEm20MQDFw7n3Mu5nCjhzFjf//JWVtfWNzYLW8Xtnd29/dLBYdOoVBPaIIor3Y6woZxJ2rDMctpONMUi4rQVjW6mfuuRasOUvLfjhIYCDySLGcHWSZ2016WcP1TRFeqVyn7FnwEtkyAnZchR75W+u31FUkGlJRwb0wn8xIYZ1pYRTifFbmpogskID2jHUYkFNWE2e3mCTp3SR7HSbqRFM/X3RYaFMWMRuU2B7dAselPxXy8SC8k2vgwzJpPUUknmwXHKkVVo2gfqM02J5WNHMNHM/Y7IEGtMrGut6EoJFitYJs1qJfArwd15uXad11OAYziBMwjgAmpwC3VoAAEFz/ACr96T9+a9ex/z1RUvvzmCP/A+fwBjW5cE</latexit><latexit sha1_base64="Edk8OytzvXJUVyds3MDqM3Kcp8o=">AAACAnicbVC7SgNBFL3rM8ZX1NJmMAhWYTcI2igBG8sI5gHJGmYns8mQeSwzs0JY0vkLttrbia0/YuuXOEm20MQDFw7n3Mu5nCjhzFjf//JWVtfWNzYLW8Xtnd29/dLBYdOoVBPaIIor3Y6woZxJ2rDMctpONMUi4rQVjW6mfuuRasOUvLfjhIYCDySLGcHWSZ2016WcP1TRFeqVyn7FnwEtkyAnZchR75W+u31FUkGlJRwb0wn8xIYZ1pYRTifFbmpogskID2jHUYkFNWE2e3mCTp3SR7HSbqRFM/X3RYaFMWMRuU2B7dAselPxXy8SC8k2vgwzJpPUUknmwXHKkVVo2gfqM02J5WNHMNHM/Y7IEGtMrGut6EoJFitYJs1qJfArwd15uXad11OAYziBMwjgAmpwC3VoAAEFz/ACr96T9+a9ex/z1RUvvzmCP/A+fwBjW5cE</latexit><latexit sha1_base64="Edk8OytzvXJUVyds3MDqM3Kcp8o=">AAACAnicbVC7SgNBFL3rM8ZX1NJmMAhWYTcI2igBG8sI5gHJGmYns8mQeSwzs0JY0vkLttrbia0/YuuXOEm20MQDFw7n3Mu5nCjhzFjf//JWVtfWNzYLW8Xtnd29/dLBYdOoVBPaIIor3Y6woZxJ2rDMctpONMUi4rQVjW6mfuuRasOUvLfjhIYCDySLGcHWSZ2016WcP1TRFeqVyn7FnwEtkyAnZchR75W+u31FUkGlJRwb0wn8xIYZ1pYRTifFbmpogskID2jHUYkFNWE2e3mCTp3SR7HSbqRFM/X3RYaFMWMRuU2B7dAselPxXy8SC8k2vgwzJpPUUknmwXHKkVVo2gfqM02J5WNHMNHM/Y7IEGtMrGut6EoJFitYJs1qJfArwd15uXad11OAYziBMwjgAmpwC3VoAAEFz/ACr96T9+a9ex/z1RUvvzmCP/A+fwBjW5cE</latexit>

` = ⌘
<latexit sha1_base64="iX8mtLEPOuqGBWvZL36XXMeZafs=">AAACAnicbVC7SgNBFJ2NrxhfUUubwSBYhV0RtFECNpYRTAxklzA7uZsMmccyMyuEJZ2/YKu9ndj6I7Z+iZNkC008cOFwzr2cy4lTzoz1/S+vtLK6tr5R3qxsbe/s7lX3D9pGZZpCiyqudCcmBjiT0LLMcuikGoiIOTzEo5up//AI2jAl7+04hUiQgWQJo8Q6qRsC5/gKh2BJr1rz6/4MeJkEBamhAs1e9TvsK5oJkJZyYkw38FMb5URbRjlMKmFmICV0RAbQdVQSASbKZy9P8IlT+jhR2o20eKb+vsiJMGYsYrcpiB2aRW8q/uvFYiHZJpdRzmSaWZB0HpxkHFuFp33gPtNALR87Qqhm7ndMh0QTal1rFVdKsFjBMmmf1QO/Htyd1xrXRT1ldISO0SkK0AVqoFvURC1EkULP6AW9ek/em/fufcxXS15xc4j+wPv8Aa/ElzY=</latexit><latexit sha1_base64="iX8mtLEPOuqGBWvZL36XXMeZafs=">AAACAnicbVC7SgNBFJ2NrxhfUUubwSBYhV0RtFECNpYRTAxklzA7uZsMmccyMyuEJZ2/YKu9ndj6I7Z+iZNkC008cOFwzr2cy4lTzoz1/S+vtLK6tr5R3qxsbe/s7lX3D9pGZZpCiyqudCcmBjiT0LLMcuikGoiIOTzEo5up//AI2jAl7+04hUiQgWQJo8Q6qRsC5/gKh2BJr1rz6/4MeJkEBamhAs1e9TvsK5oJkJZyYkw38FMb5URbRjlMKmFmICV0RAbQdVQSASbKZy9P8IlT+jhR2o20eKb+vsiJMGYsYrcpiB2aRW8q/uvFYiHZJpdRzmSaWZB0HpxkHFuFp33gPtNALR87Qqhm7ndMh0QTal1rFVdKsFjBMmmf1QO/Htyd1xrXRT1ldISO0SkK0AVqoFvURC1EkULP6AW9ek/em/fufcxXS15xc4j+wPv8Aa/ElzY=</latexit><latexit sha1_base64="iX8mtLEPOuqGBWvZL36XXMeZafs=">AAACAnicbVC7SgNBFJ2NrxhfUUubwSBYhV0RtFECNpYRTAxklzA7uZsMmccyMyuEJZ2/YKu9ndj6I7Z+iZNkC008cOFwzr2cy4lTzoz1/S+vtLK6tr5R3qxsbe/s7lX3D9pGZZpCiyqudCcmBjiT0LLMcuikGoiIOTzEo5up//AI2jAl7+04hUiQgWQJo8Q6qRsC5/gKh2BJr1rz6/4MeJkEBamhAs1e9TvsK5oJkJZyYkw38FMb5URbRjlMKmFmICV0RAbQdVQSASbKZy9P8IlT+jhR2o20eKb+vsiJMGYsYrcpiB2aRW8q/uvFYiHZJpdRzmSaWZB0HpxkHFuFp33gPtNALR87Qqhm7ndMh0QTal1rFVdKsFjBMmmf1QO/Htyd1xrXRT1ldISO0SkK0AVqoFvURC1EkULP6AW9ek/em/fufcxXS15xc4j+wPv8Aa/ElzY=</latexit><latexit sha1_base64="iX8mtLEPOuqGBWvZL36XXMeZafs=">AAACAnicbVC7SgNBFJ2NrxhfUUubwSBYhV0RtFECNpYRTAxklzA7uZsMmccyMyuEJZ2/YKu9ndj6I7Z+iZNkC008cOFwzr2cy4lTzoz1/S+vtLK6tr5R3qxsbe/s7lX3D9pGZZpCiyqudCcmBjiT0LLMcuikGoiIOTzEo5up//AI2jAl7+04hUiQgWQJo8Q6qRsC5/gKh2BJr1rz6/4MeJkEBamhAs1e9TvsK5oJkJZyYkw38FMb5URbRjlMKmFmICV0RAbQdVQSASbKZy9P8IlT+jhR2o20eKb+vsiJMGYsYrcpiB2aRW8q/uvFYiHZJpdRzmSaWZB0HpxkHFuFp33gPtNALR87Qqhm7ndMh0QTal1rFVdKsFjBMmmf1QO/Htyd1xrXRT1ldISO0SkK0AVqoFvURC1EkULP6AW9ek/em/fufcxXS15xc4j+wPv8Aa/ElzY=</latexit>

` = 8 ⌘
<latexit sha1_base64="3F7kIcZJcRcRCJ5lwLempV9SCa8=">AAACBXicbVC7SgNBFJ2NrxhfUUubwSBYSNgVwTRKwMYygnlAdg2zk7vJkJnZZWZWCEtqf8FWezux9Tts/RInyRaaeODC4Zx7OZcTJpxp47pfTmFldW19o7hZ2tre2d0r7x+0dJwqCk0a81h1QqKBMwlNwwyHTqKAiJBDOxzdTP32IyjNYnlvxgkEggwkixglxkoPPnCOr3DNP/PBkF654lbdGfAy8XJSQTkavfK3349pKkAayonWXc9NTJARZRjlMCn5qYaE0BEZQNdSSQToIJt9PcEnVunjKFZ2pMEz9fdFRoTWYxHaTUHMUC96U/FfLxQLySaqBRmTSWpA0nlwlHJsYjytBPeZAmr42BJCFbO/YzokilBjiyvZUrzFCpZJ67zquVXv7qJSv87rKaIjdIxOkYcuUR3dogZqIooUekYv6NV5ct6cd+djvlpw8ptD9AfO5w9YDpgU</latexit><latexit sha1_base64="3F7kIcZJcRcRCJ5lwLempV9SCa8=">AAACBXicbVC7SgNBFJ2NrxhfUUubwSBYSNgVwTRKwMYygnlAdg2zk7vJkJnZZWZWCEtqf8FWezux9Tts/RInyRaaeODC4Zx7OZcTJpxp47pfTmFldW19o7hZ2tre2d0r7x+0dJwqCk0a81h1QqKBMwlNwwyHTqKAiJBDOxzdTP32IyjNYnlvxgkEggwkixglxkoPPnCOr3DNP/PBkF654lbdGfAy8XJSQTkavfK3349pKkAayonWXc9NTJARZRjlMCn5qYaE0BEZQNdSSQToIJt9PcEnVunjKFZ2pMEz9fdFRoTWYxHaTUHMUC96U/FfLxQLySaqBRmTSWpA0nlwlHJsYjytBPeZAmr42BJCFbO/YzokilBjiyvZUrzFCpZJ67zquVXv7qJSv87rKaIjdIxOkYcuUR3dogZqIooUekYv6NV5ct6cd+djvlpw8ptD9AfO5w9YDpgU</latexit><latexit sha1_base64="3F7kIcZJcRcRCJ5lwLempV9SCa8=">AAACBXicbVC7SgNBFJ2NrxhfUUubwSBYSNgVwTRKwMYygnlAdg2zk7vJkJnZZWZWCEtqf8FWezux9Tts/RInyRaaeODC4Zx7OZcTJpxp47pfTmFldW19o7hZ2tre2d0r7x+0dJwqCk0a81h1QqKBMwlNwwyHTqKAiJBDOxzdTP32IyjNYnlvxgkEggwkixglxkoPPnCOr3DNP/PBkF654lbdGfAy8XJSQTkavfK3349pKkAayonWXc9NTJARZRjlMCn5qYaE0BEZQNdSSQToIJt9PcEnVunjKFZ2pMEz9fdFRoTWYxHaTUHMUC96U/FfLxQLySaqBRmTSWpA0nlwlHJsYjytBPeZAmr42BJCFbO/YzokilBjiyvZUrzFCpZJ67zquVXv7qJSv87rKaIjdIxOkYcuUR3dogZqIooUekYv6NV5ct6cd+djvlpw8ptD9AfO5w9YDpgU</latexit><latexit sha1_base64="3F7kIcZJcRcRCJ5lwLempV9SCa8=">AAACBXicbVC7SgNBFJ2NrxhfUUubwSBYSNgVwTRKwMYygnlAdg2zk7vJkJnZZWZWCEtqf8FWezux9Tts/RInyRaaeODC4Zx7OZcTJpxp47pfTmFldW19o7hZ2tre2d0r7x+0dJwqCk0a81h1QqKBMwlNwwyHTqKAiJBDOxzdTP32IyjNYnlvxgkEggwkixglxkoPPnCOr3DNP/PBkF654lbdGfAy8XJSQTkavfK3349pKkAayonWXc9NTJARZRjlMCn5qYaE0BEZQNdSSQToIJt9PcEnVunjKFZ2pMEz9fdFRoTWYxHaTUHMUC96U/FfLxQLySaqBRmTSWpA0nlwlHJsYjytBPeZAmr42BJCFbO/YzokilBjiyvZUrzFCpZJ67zquVXv7qJSv87rKaIjdIxOkYcuUR3dogZqIooUekYv6NV5ct6cd+djvlpw8ptD9AfO5w9YDpgU</latexit>

` = 64 ⌘
<latexit sha1_base64="HaK864kC72G8m9jT4UnfX1lhcU4=">AAACCHicbVC7SgNBFJ31GeMjq5Y2g0GwkLArQW2UgI1lBPOA7BJmJ3eTITOzy8ysEEJ+wF+w1d5ObP0LW7/ESbKFJh64cDjnXs7lRCln2njel7Oyura+sVnYKm7v7O6V3P2Dpk4yRaFBE56odkQ0cCahYZjh0E4VEBFxaEXD26nfegSlWSIfzCiFUJC+ZDGjxFip65YC4Bxf44tqcBaAIV237FW8GfAy8XNSRjnqXfc76CU0EyAN5UTrju+lJhwTZRjlMCkGmYaU0CHpQ8dSSQTocDx7fIJPrNLDcaLsSINn6u+LMRFaj0RkNwUxA73oTcV/vUgsJJv4KhwzmWYGJJ0HxxnHJsHTVnCPKaCGjywhVDH7O6YDogg1truiLcVfrGCZNM8rvlfx76vl2k1eTwEdoWN0inx0iWroDtVRA1GUoWf0gl6dJ+fNeXc+5qsrTn5ziP7A+fwBSTCYgQ==</latexit><latexit sha1_base64="HaK864kC72G8m9jT4UnfX1lhcU4=">AAACCHicbVC7SgNBFJ31GeMjq5Y2g0GwkLArQW2UgI1lBPOA7BJmJ3eTITOzy8ysEEJ+wF+w1d5ObP0LW7/ESbKFJh64cDjnXs7lRCln2njel7Oyura+sVnYKm7v7O6V3P2Dpk4yRaFBE56odkQ0cCahYZjh0E4VEBFxaEXD26nfegSlWSIfzCiFUJC+ZDGjxFip65YC4Bxf44tqcBaAIV237FW8GfAy8XNSRjnqXfc76CU0EyAN5UTrju+lJhwTZRjlMCkGmYaU0CHpQ8dSSQTocDx7fIJPrNLDcaLsSINn6u+LMRFaj0RkNwUxA73oTcV/vUgsJJv4KhwzmWYGJJ0HxxnHJsHTVnCPKaCGjywhVDH7O6YDogg1truiLcVfrGCZNM8rvlfx76vl2k1eTwEdoWN0inx0iWroDtVRA1GUoWf0gl6dJ+fNeXc+5qsrTn5ziP7A+fwBSTCYgQ==</latexit><latexit sha1_base64="HaK864kC72G8m9jT4UnfX1lhcU4=">AAACCHicbVC7SgNBFJ31GeMjq5Y2g0GwkLArQW2UgI1lBPOA7BJmJ3eTITOzy8ysEEJ+wF+w1d5ObP0LW7/ESbKFJh64cDjnXs7lRCln2njel7Oyura+sVnYKm7v7O6V3P2Dpk4yRaFBE56odkQ0cCahYZjh0E4VEBFxaEXD26nfegSlWSIfzCiFUJC+ZDGjxFip65YC4Bxf44tqcBaAIV237FW8GfAy8XNSRjnqXfc76CU0EyAN5UTrju+lJhwTZRjlMCkGmYaU0CHpQ8dSSQTocDx7fIJPrNLDcaLsSINn6u+LMRFaj0RkNwUxA73oTcV/vUgsJJv4KhwzmWYGJJ0HxxnHJsHTVnCPKaCGjywhVDH7O6YDogg1truiLcVfrGCZNM8rvlfx76vl2k1eTwEdoWN0inx0iWroDtVRA1GUoWf0gl6dJ+fNeXc+5qsrTn5ziP7A+fwBSTCYgQ==</latexit><latexit sha1_base64="HaK864kC72G8m9jT4UnfX1lhcU4=">AAACCHicbVC7SgNBFJ31GeMjq5Y2g0GwkLArQW2UgI1lBPOA7BJmJ3eTITOzy8ysEEJ+wF+w1d5ObP0LW7/ESbKFJh64cDjnXs7lRCln2njel7Oyura+sVnYKm7v7O6V3P2Dpk4yRaFBE56odkQ0cCahYZjh0E4VEBFxaEXD26nfegSlWSIfzCiFUJC+ZDGjxFip65YC4Bxf44tqcBaAIV237FW8GfAy8XNSRjnqXfc76CU0EyAN5UTrju+lJhwTZRjlMCkGmYaU0CHpQ8dSSQTocDx7fIJPrNLDcaLsSINn6u+LMRFaj0RkNwUxA73oTcV/vUgsJJv4KhwzmWYGJJ0HxxnHJsHTVnCPKaCGjywhVDH7O6YDogg1truiLcVfrGCZNM8rvlfx76vl2k1eTwEdoWN0inx0iWroDtVRA1GUoWf0gl6dJ+fNeXc+5qsrTn5ziP7A+fwBSTCYgQ==</latexit>

⌧` = `/u`
<latexit sha1_base64="TaXARKjrvuuoyrksiMQYbr1uU40=">AAACEHicbVC7TsMwFL0pr1JeAQYGFosKiakkCAkWUCUWxiJRWqmJIsd1Wqt2EtkOUhX1J/gFVtjZECt/wMqX4LQZoOVIlo/PuVf3+oQpZ0o7zpdVWVpeWV2rrtc2Nre2d+zdvQeVZJLQNkl4IrshVpSzmLY105x2U0mxCDnthKObwu88UqlYEt/rcUp9gQcxixjB2kiBfeBpnAUe5RxdoeI6nb0Cu+40nCnQInFLUocSrcD+9voJyQSNNeFYqZ7rpNrPsdSMcDqpeZmiKSYjPKA9Q2MsqPLz6Qcm6NgofRQl0pxYo6n6uyPHQqmxCE2lwHqo5r1C/NcLxdxkHV36OYvTTNOYzAZHGUc6QUU6qM8kJZqPDcFEMrM7IkMsMdEmw5oJxZ2PYJE8nDVcp+Hendeb12U8VTiEIzgBFy6gCbfQgjYQmMAzvMCr9WS9We/Wx6y0YpU9+/AH1ucPg/Kcgw==</latexit><latexit sha1_base64="TaXARKjrvuuoyrksiMQYbr1uU40=">AAACEHicbVC7TsMwFL0pr1JeAQYGFosKiakkCAkWUCUWxiJRWqmJIsd1Wqt2EtkOUhX1J/gFVtjZECt/wMqX4LQZoOVIlo/PuVf3+oQpZ0o7zpdVWVpeWV2rrtc2Nre2d+zdvQeVZJLQNkl4IrshVpSzmLY105x2U0mxCDnthKObwu88UqlYEt/rcUp9gQcxixjB2kiBfeBpnAUe5RxdoeI6nb0Cu+40nCnQInFLUocSrcD+9voJyQSNNeFYqZ7rpNrPsdSMcDqpeZmiKSYjPKA9Q2MsqPLz6Qcm6NgofRQl0pxYo6n6uyPHQqmxCE2lwHqo5r1C/NcLxdxkHV36OYvTTNOYzAZHGUc6QUU6qM8kJZqPDcFEMrM7IkMsMdEmw5oJxZ2PYJE8nDVcp+Hendeb12U8VTiEIzgBFy6gCbfQgjYQmMAzvMCr9WS9We/Wx6y0YpU9+/AH1ucPg/Kcgw==</latexit><latexit sha1_base64="TaXARKjrvuuoyrksiMQYbr1uU40=">AAACEHicbVC7TsMwFL0pr1JeAQYGFosKiakkCAkWUCUWxiJRWqmJIsd1Wqt2EtkOUhX1J/gFVtjZECt/wMqX4LQZoOVIlo/PuVf3+oQpZ0o7zpdVWVpeWV2rrtc2Nre2d+zdvQeVZJLQNkl4IrshVpSzmLY105x2U0mxCDnthKObwu88UqlYEt/rcUp9gQcxixjB2kiBfeBpnAUe5RxdoeI6nb0Cu+40nCnQInFLUocSrcD+9voJyQSNNeFYqZ7rpNrPsdSMcDqpeZmiKSYjPKA9Q2MsqPLz6Qcm6NgofRQl0pxYo6n6uyPHQqmxCE2lwHqo5r1C/NcLxdxkHV36OYvTTNOYzAZHGUc6QUU6qM8kJZqPDcFEMrM7IkMsMdEmw5oJxZ2PYJE8nDVcp+Hendeb12U8VTiEIzgBFy6gCbfQgjYQmMAzvMCr9WS9We/Wx6y0YpU9+/AH1ucPg/Kcgw==</latexit><latexit sha1_base64="TaXARKjrvuuoyrksiMQYbr1uU40=">AAACEHicbVC7TsMwFL0pr1JeAQYGFosKiakkCAkWUCUWxiJRWqmJIsd1Wqt2EtkOUhX1J/gFVtjZECt/wMqX4LQZoOVIlo/PuVf3+oQpZ0o7zpdVWVpeWV2rrtc2Nre2d+zdvQeVZJLQNkl4IrshVpSzmLY105x2U0mxCDnthKObwu88UqlYEt/rcUp9gQcxixjB2kiBfeBpnAUe5RxdoeI6nb0Cu+40nCnQInFLUocSrcD+9voJyQSNNeFYqZ7rpNrPsdSMcDqpeZmiKSYjPKA9Q2MsqPLz6Qcm6NgofRQl0pxYo6n6uyPHQqmxCE2lwHqo5r1C/NcLxdxkHV36OYvTTNOYzAZHGUc6QUU6qM8kJZqPDcFEMrM7IkMsMdEmw5oJxZ2PYJE8nDVcp+Hendeb12U8VTiEIzgBFy6gCbfQgjYQmMAzvMCr9WS9We/Wx6y0YpU9+/AH1ucPg/Kcgw==</latexit>

!29

Energy      contained at a scale    increased with a rate                  
and dissipated with

Excess measured by the Reynolds number

"D = ⌫ u2
`/`

2
<latexit sha1_base64="fTIcetNLmqGbqVGsb5fNU+qzC+A=">AAACI3icbVDLSgMxFM3UV62vUZdugkUQkTpTBN0oBV24rGAf0Kklk962oUlmSDKFMvQf/Al/wa3u3YkbF278EtPHQqsHQk7OuZd7c8KYM20878PJLCwuLa9kV3Nr6xubW+72TlVHiaJQoRGPVD0kGjiTUDHMcKjHCogIOdTC/tXYrw1AaRbJOzOMoSlIV7IOo8RYqeUeBQOiINaM21caKIGvR/gCBzIJjpNWAJzfF0+mV8vNew VvAvyX+DOSRzOUW+5X0I5oIkAayonWDd+LTTMlyjDKYZQLEg0xoX3ShYalkgjQzXTypxE+sEobdyJljzR4ov7sSInQeihCWymI6el5byz+64VibrLpnDdTJuPEgKTTwZ2EYxPhcWC4zRRQw4eWEKqY3R3THlGEGhtrzobiz0fwl1SLBd8r+Len+dLlLJ4s2kP76BD56AyV0A0qowqi6AE9oWf04jw6r86b8z4tzTiznl30C87nNwmwpB8=</latexit><latexit sha1_base64="fTIcetNLmqGbqVGsb5fNU+qzC+A=">AAACI3icbVDLSgMxFM3UV62vUZdugkUQkTpTBN0oBV24rGAf0Kklk962oUlmSDKFMvQf/Al/wa3u3YkbF278EtPHQqsHQk7OuZd7c8KYM20878PJLCwuLa9kV3Nr6xubW+72TlVHiaJQoRGPVD0kGjiTUDHMcKjHCogIOdTC/tXYrw1AaRbJOzOMoSlIV7IOo8RYqeUeBQOiINaM21caKIGvR/gCBzIJjpNWAJzfF0+mV8vNew VvAvyX+DOSRzOUW+5X0I5oIkAayonWDd+LTTMlyjDKYZQLEg0xoX3ShYalkgjQzXTypxE+sEobdyJljzR4ov7sSInQeihCWymI6el5byz+64VibrLpnDdTJuPEgKTTwZ2EYxPhcWC4zRRQw4eWEKqY3R3THlGEGhtrzobiz0fwl1SLBd8r+Len+dLlLJ4s2kP76BD56AyV0A0qowqi6AE9oWf04jw6r86b8z4tzTiznl30C87nNwmwpB8=</latexit><latexit sha1_base64="fTIcetNLmqGbqVGsb5fNU+qzC+A=">AAACI3icbVDLSgMxFM3UV62vUZdugkUQkTpTBN0oBV24rGAf0Kklk962oUlmSDKFMvQf/Al/wa3u3YkbF278EtPHQqsHQk7OuZd7c8KYM20878PJLCwuLa9kV3Nr6xubW+72TlVHiaJQoRGPVD0kGjiTUDHMcKjHCogIOdTC/tXYrw1AaRbJOzOMoSlIV7IOo8RYqeUeBQOiINaM21caKIGvR/gCBzIJjpNWAJzfF0+mV8vNew VvAvyX+DOSRzOUW+5X0I5oIkAayonWDd+LTTMlyjDKYZQLEg0xoX3ShYalkgjQzXTypxE+sEobdyJljzR4ov7sSInQeihCWymI6el5byz+64VibrLpnDdTJuPEgKTTwZ2EYxPhcWC4zRRQw4eWEKqY3R3THlGEGhtrzobiz0fwl1SLBd8r+Len+dLlLJ4s2kP76BD56AyV0A0qowqi6AE9oWf04jw6r86b8z4tzTiznl30C87nNwmwpB8=</latexit><latexit sha1_base64="fTIcetNLmqGbqVGsb5fNU+qzC+A=">AAACI3icbVDLSgMxFM3UV62vUZdugkUQkTpTBN0oBV24rGAf0Kklk962oUlmSDKFMvQf/Al/wa3u3YkbF278EtPHQqsHQk7OuZd7c8KYM20878PJLCwuLa9kV3Nr6xubW+72TlVHiaJQoRGPVD0kGjiTUDHMcKjHCogIOdTC/tXYrw1AaRbJOzOMoSlIV7IOo8RYqeUeBQOiINaM21caKIGvR/gCBzIJjpNWAJzfF0+mV8vNew VvAvyX+DOSRzOUW+5X0I5oIkAayonWDd+LTTMlyjDKYZQLEg0xoX3ShYalkgjQzXTypxE+sEobdyJljzR4ov7sSInQeihCWymI6el5byz+64VibrLpnDdTJuPEgKTTwZ2EYxPhcWC4zRRQw4eWEKqY3R3THlGEGhtrzobiz0fwl1SLBd8r+Len+dLlLJ4s2kP76BD56AyV0A0qowqi6AE9oWf04jw6r86b8z4tzTiznl30C87nNwmwpB8=</latexit>

`
<latexit sha1_base64="g5nKwqS1gyiszqzEy5kzupGsKLU=">AAAB+3icbVA9SwNBFHwXv2L8ilraLAbBKtyJoJUEbCwjmBhIjrC3eZcs2d07dveEEPIXbLW3E1t/jK2/xL3kCk0ceDDMvMc8JkoFN9b3v7zS2vrG5lZ5u7Kzu7d/UD08apsk0wxbLBGJ7kTUoOAKW5ZbgZ1UI5WRwMdofJv7j0+oDU/Ug52kGEo6VDzmjNpc6qEQ/WrNr/tzkFUSFKQGBZr96ndvkLBMorJMUGO6gZ/acEq15UzgrNLLDKaUjekQu44qKtGE0/mvM3LmlAGJE+1GWTJXf19MqTRmIiO3KakdmWUvF//1IrmUbOPrcMpVmllUbBEcZ4LYhORFkAHXyKyYOEKZ5u53wkZUU2ZdXRVXSrBcwSppX9QDvx7cX9YaN0U9ZTiBUziHAK6gAXfQhBYwGMEzvMCrN/PevHfvY7Fa8oqbY/gD7/MHVpqU3Q==</latexit><latexit sha1_base64="g5nKwqS1gyiszqzEy5kzupGsKLU=">AAAB+3icbVA9SwNBFHwXv2L8ilraLAbBKtyJoJUEbCwjmBhIjrC3eZcs2d07dveEEPIXbLW3E1t/jK2/xL3kCk0ceDDMvMc8JkoFN9b3v7zS2vrG5lZ5u7Kzu7d/UD08apsk0wxbLBGJ7kTUoOAKW5ZbgZ1UI5WRwMdofJv7j0+oDU/Ug52kGEo6VDzmjNpc6qEQ/WrNr/tzkFUSFKQGBZr96ndvkLBMorJMUGO6gZ/acEq15UzgrNLLDKaUjekQu44qKtGE0/mvM3LmlAGJE+1GWTJXf19MqTRmIiO3KakdmWUvF//1IrmUbOPrcMpVmllUbBEcZ4LYhORFkAHXyKyYOEKZ5u53wkZUU2ZdXRVXSrBcwSppX9QDvx7cX9YaN0U9ZTiBUziHAK6gAXfQhBYwGMEzvMCrN/PevHfvY7Fa8oqbY/gD7/MHVpqU3Q==</latexit><latexit sha1_base64="g5nKwqS1gyiszqzEy5kzupGsKLU=">AAAB+3icbVA9SwNBFHwXv2L8ilraLAbBKtyJoJUEbCwjmBhIjrC3eZcs2d07dveEEPIXbLW3E1t/jK2/xL3kCk0ceDDMvMc8JkoFN9b3v7zS2vrG5lZ5u7Kzu7d/UD08apsk0wxbLBGJ7kTUoOAKW5ZbgZ1UI5WRwMdofJv7j0+oDU/Ug52kGEo6VDzmjNpc6qEQ/WrNr/tzkFUSFKQGBZr96ndvkLBMorJMUGO6gZ/acEq15UzgrNLLDKaUjekQu44qKtGE0/mvM3LmlAGJE+1GWTJXf19MqTRmIiO3KakdmWUvF//1IrmUbOPrcMpVmllUbBEcZ4LYhORFkAHXyKyYOEKZ5u53wkZUU2ZdXRVXSrBcwSppX9QDvx7cX9YaN0U9ZTiBUziHAK6gAXfQhBYwGMEzvMCrN/PevHfvY7Fa8oqbY/gD7/MHVpqU3Q==</latexit><latexit sha1_base64="g5nKwqS1gyiszqzEy5kzupGsKLU=">AAAB+3icbVA9SwNBFHwXv2L8ilraLAbBKtyJoJUEbCwjmBhIjrC3eZcs2d07dveEEPIXbLW3E1t/jK2/xL3kCk0ceDDMvMc8JkoFN9b3v7zS2vrG5lZ5u7Kzu7d/UD08apsk0wxbLBGJ7kTUoOAKW5ZbgZ1UI5WRwMdofJv7j0+oDU/Ug52kGEo6VDzmjNpc6qEQ/WrNr/tzkFUSFKQGBZr96ndvkLBMorJMUGO6gZ/acEq15UzgrNLLDKaUjekQu44qKtGE0/mvM3LmlAGJE+1GWTJXf19MqTRmIiO3KakdmWUvF//1IrmUbOPrcMpVmllUbBEcZ4LYhORFkAHXyKyYOEKZ5u53wkZUU2ZdXRVXSrBcwSppX9QDvx7cX9YaN0U9ZTiBUziHAK6gAXfQhBYwGMEzvMCrN/PevHfvY7Fa8oqbY/gD7/MHVpqU3Q==</latexit>

R` =
"I
"D

=
`u`

⌫
<latexit sha1_base64="7YarG3kYL/QYOayrynI0b4x/xQ0="></latexit><latexit sha1_base64="7YarG3kYL/QYOayrynI0b4x/xQ0="></latexit><latexit sha1_base64="7YarG3kYL/QYOayrynI0b4x/xQ0="></latexit><latexit sha1_base64="7YarG3kYL/QYOayrynI0b4x/xQ0="></latexit>

u2
`

<latexit sha1_base64="QhY74KjZ5Ytl2HITPEWRI1vJ22A=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrtB0EoCNpYRzAOSNcxO7iZDZnaXmVkhLCn8BVvt7cTWT7H1S5wkW2jigQuHc+7lXE6QCK6N6345hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUJqEbBI2wabgR2EoVUBgLbwfhm5rcfUWkeR/dmkqAv6TDiIWfUWKmT9nsoxEOtX664VXcOskq8nFQgR6Nf/u4NYpZKjAwTVOuu5ybGz6gynAmclnqpxoSyMR1i19KIStR+Nv93Ss6sMiBhrOxEhszV3xcZlVpPZGA3JTUjvezNxH+9QC4lm/DKz3iUpAYjtggOU0FMTGZlkAFXyIyYWEKZ4vZ3wkZUUWZsZSVbirdcwSpp1aqeW/XuLir167yeIpzAKZyDB5dQh1toQBMYCHiGF3h1npw35935WKwWnPzmGP7A+fwBJYiWaQ==</latexit><latexit sha1_base64="QhY74KjZ5Ytl2HITPEWRI1vJ22A=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrtB0EoCNpYRzAOSNcxO7iZDZnaXmVkhLCn8BVvt7cTWT7H1S5wkW2jigQuHc+7lXE6QCK6N6345hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUJqEbBI2wabgR2EoVUBgLbwfhm5rcfUWkeR/dmkqAv6TDiIWfUWKmT9nsoxEOtX664VXcOskq8nFQgR6Nf/u4NYpZKjAwTVOuu5ybGz6gynAmclnqpxoSyMR1i19KIStR+Nv93Ss6sMiBhrOxEhszV3xcZlVpPZGA3JTUjvezNxH+9QC4lm/DKz3iUpAYjtggOU0FMTGZlkAFXyIyYWEKZ4vZ3wkZUUWZsZSVbirdcwSpp1aqeW/XuLir167yeIpzAKZyDB5dQh1toQBMYCHiGF3h1npw35935WKwWnPzmGP7A+fwBJYiWaQ==</latexit><latexit sha1_base64="QhY74KjZ5Ytl2HITPEWRI1vJ22A=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrtB0EoCNpYRzAOSNcxO7iZDZnaXmVkhLCn8BVvt7cTWT7H1S5wkW2jigQuHc+7lXE6QCK6N6345hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUJqEbBI2wabgR2EoVUBgLbwfhm5rcfUWkeR/dmkqAv6TDiIWfUWKmT9nsoxEOtX664VXcOskq8nFQgR6Nf/u4NYpZKjAwTVOuu5ybGz6gynAmclnqpxoSyMR1i19KIStR+Nv93Ss6sMiBhrOxEhszV3xcZlVpPZGA3JTUjvezNxH+9QC4lm/DKz3iUpAYjtggOU0FMTGZlkAFXyIyYWEKZ4vZ3wkZUUWZsZSVbirdcwSpp1aqeW/XuLir167yeIpzAKZyDB5dQh1toQBMYCHiGF3h1npw35935WKwWnPzmGP7A+fwBJYiWaQ==</latexit><latexit sha1_base64="QhY74KjZ5Ytl2HITPEWRI1vJ22A=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrtB0EoCNpYRzAOSNcxO7iZDZnaXmVkhLCn8BVvt7cTWT7H1S5wkW2jigQuHc+7lXE6QCK6N6345hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUJqEbBI2wabgR2EoVUBgLbwfhm5rcfUWkeR/dmkqAv6TDiIWfUWKmT9nsoxEOtX664VXcOskq8nFQgR6Nf/u4NYpZKjAwTVOuu5ybGz6gynAmclnqpxoSyMR1i19KIStR+Nv93Ss6sMiBhrOxEhszV3xcZlVpPZGA3JTUjvezNxH+9QC4lm/DKz3iUpAYjtggOU0FMTGZlkAFXyIyYWEKZ4vZ3wkZUUWZsZSVbirdcwSpp1aqeW/XuLir167yeIpzAKZyDB5dQh1toQBMYCHiGF3h1npw35935WKwWnPzmGP7A+fwBJYiWaQ==</latexit>

For              , the flow is unstable, chaotic, and develops small scalesR` � 1
<latexit sha1_base64="6lfvBKusWRJ81WxyWNMUD1A0gn4=">AAACA3icbVBNS8NAFHypX7V+VT16WSyCp5KIoCcpePFYxdZCE8pm+5Iu3WzC7kYopUf/gle9exOv/hCv/hK3bQ7aOvBgmHmPeUyYCa6N6345pZXVtfWN8mZla3tnd6+6f9DWaa4YtlgqUtUJqUbBJbYMNwI7mUKahAIfwuH11H94RKV5Ku/NKMMgobHkEWfUWMm/6/koBPHjmHi9as2tuzOQZeIVpAYFmr3qt99PWZ6gNExQrbuem5lgTJXhTOCk4ucaM8qGNMaupZImqIPx7OcJObFKn0SpsiMNmam/L8Y00XqUhHYzoWagF72p+K8XJgvJJroMxlxmuUHJ5sFRLohJybQQ0ucKmREjSyhT3P5O2IAqyoytrWJL8RYrWCbts7rn1r3b81rjqqinDEdwDKfgwQU04Aaa0AIGGTzDC7w6T86b8+58zFdLTnFzCH/gfP4AM+KXeQ==</latexit><latexit sha1_base64="6lfvBKusWRJ81WxyWNMUD1A0gn4=">AAACA3icbVBNS8NAFHypX7V+VT16WSyCp5KIoCcpePFYxdZCE8pm+5Iu3WzC7kYopUf/gle9exOv/hCv/hK3bQ7aOvBgmHmPeUyYCa6N6345pZXVtfWN8mZla3tnd6+6f9DWaa4YtlgqUtUJqUbBJbYMNwI7mUKahAIfwuH11H94RKV5Ku/NKMMgobHkEWfUWMm/6/koBPHjmHi9as2tuzOQZeIVpAYFmr3qt99PWZ6gNExQrbuem5lgTJXhTOCk4ucaM8qGNMaupZImqIPx7OcJObFKn0SpsiMNmam/L8Y00XqUhHYzoWagF72p+K8XJgvJJroMxlxmuUHJ5sFRLohJybQQ0ucKmREjSyhT3P5O2IAqyoytrWJL8RYrWCbts7rn1r3b81rjqqinDEdwDKfgwQU04Aaa0AIGGTzDC7w6T86b8+58zFdLTnFzCH/gfP4AM+KXeQ==</latexit><latexit sha1_base64="6lfvBKusWRJ81WxyWNMUD1A0gn4=">AAACA3icbVBNS8NAFHypX7V+VT16WSyCp5KIoCcpePFYxdZCE8pm+5Iu3WzC7kYopUf/gle9exOv/hCv/hK3bQ7aOvBgmHmPeUyYCa6N6345pZXVtfWN8mZla3tnd6+6f9DWaa4YtlgqUtUJqUbBJbYMNwI7mUKahAIfwuH11H94RKV5Ku/NKMMgobHkEWfUWMm/6/koBPHjmHi9as2tuzOQZeIVpAYFmr3qt99PWZ6gNExQrbuem5lgTJXhTOCk4ucaM8qGNMaupZImqIPx7OcJObFKn0SpsiMNmam/L8Y00XqUhHYzoWagF72p+K8XJgvJJroMxlxmuUHJ5sFRLohJybQQ0ucKmREjSyhT3P5O2IAqyoytrWJL8RYrWCbts7rn1r3b81rjqqinDEdwDKfgwQU04Aaa0AIGGTzDC7w6T86b8+58zFdLTnFzCH/gfP4AM+KXeQ==</latexit><latexit sha1_base64="6lfvBKusWRJ81WxyWNMUD1A0gn4=">AAACA3icbVBNS8NAFHypX7V+VT16WSyCp5KIoCcpePFYxdZCE8pm+5Iu3WzC7kYopUf/gle9exOv/hCv/hK3bQ7aOvBgmHmPeUyYCa6N6345pZXVtfWN8mZla3tnd6+6f9DWaa4YtlgqUtUJqUbBJbYMNwI7mUKahAIfwuH11H94RKV5Ku/NKMMgobHkEWfUWMm/6/koBPHjmHi9as2tuzOQZeIVpAYFmr3qt99PWZ6gNExQrbuem5lgTJXhTOCk4ucaM8qGNMaupZImqIPx7OcJObFKn0SpsiMNmam/L8Y00XqUhHYzoWagF72p+K8XJgvJJroMxlxmuUHJ5sFRLohJybQQ0ucKmREjSyhT3P5O2IAqyoytrWJL8RYrWCbts7rn1r3b81rjqqinDEdwDKfgwQU04Aaa0AIGGTzDC7w6T86b8+58zFdLTnFzCH/gfP4AM+KXeQ==</latexit>

u2
`/⌧` = u3

`/`
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

R` =
"I
"D

=
`u`

⌫
<latexit sha1_base64="7YarG3kYL/QYOayrynI0b4x/xQ0="></latexit><latexit sha1_base64="7YarG3kYL/QYOayrynI0b4x/xQ0="></latexit><latexit sha1_base64="7YarG3kYL/QYOayrynI0b4x/xQ0="></latexit><latexit sha1_base64="7YarG3kYL/QYOayrynI0b4x/xQ0="></latexit>

Multi-scale description

@tu $ u ·ru
<latexit sha1_base64="ue0SoWYyVvGl47nZbLOe1YGARnE=">AAACL3icbVDLSgMxFM34tr6qLt0Ei+CqzIioCxcFNy4VbCs4pdxJM21oHkNyRymlf+JP+AtudS9uRNz5F6aPhbYeCJyccy8nOUkmhcMwfA/m5hcWl5ZXVgtr6xubW8XtnZozuWW8yow09jYBx6XQvIoCJb/NLAeVSF5PuhdDv37PrRNG32Av4w0FbS1SwQC91CyexBlYFCCbSONE0ZzGkqdoRbuDYK15GKsxaxmMNSQSRvdmsRSWwxHoLIkmpEQmuGoWv+KWYbniGpkE5+6iMMNGf5jNJB8U4tzxDFgX2vzOUw2Ku0Z/9L8BPfBKi6bG+qORjtTfG31QzvVU4icVYMdNe0PxXy9RU8mYnjX6Qmc5cs3GwWkuKRo6LI+2hOUMZc8TYFb4t1PWAQsMfcUFX0o0XcEsqR2Vo7AcXR+XKueTelbIHtknhyQip6RCLskVqRJGHskzeSGvwVPwFnwEn+PRuWCys0v+IPj+AephqdM=</latexit><latexit sha1_base64="ue0SoWYyVvGl47nZbLOe1YGARnE=">AAACL3icbVDLSgMxFM34tr6qLt0Ei+CqzIioCxcFNy4VbCs4pdxJM21oHkNyRymlf+JP+AtudS9uRNz5F6aPhbYeCJyccy8nOUkmhcMwfA/m5hcWl5ZXVgtr6xubW8XtnZozuWW8yow09jYBx6XQvIoCJb/NLAeVSF5PuhdDv37PrRNG32Av4w0FbS1SwQC91CyexBlYFCCbSONE0ZzGkqdoRbuDYK15GKsxaxmMNSQSRvdmsRSWwxHoLIkmpEQmuGoWv+KWYbniGpkE5+6iMMNGf5jNJB8U4tzxDFgX2vzOUw2Ku0Z/9L8BPfBKi6bG+qORjtTfG31QzvVU4icVYMdNe0PxXy9RU8mYnjX6Qmc5cs3GwWkuKRo6LI+2hOUMZc8TYFb4t1PWAQsMfcUFX0o0XcEsqR2Vo7AcXR+XKueTelbIHtknhyQip6RCLskVqRJGHskzeSGvwVPwFnwEn+PRuWCys0v+IPj+AephqdM=</latexit><latexit sha1_base64="ue0SoWYyVvGl47nZbLOe1YGARnE=">AAACL3icbVDLSgMxFM34tr6qLt0Ei+CqzIioCxcFNy4VbCs4pdxJM21oHkNyRymlf+JP+AtudS9uRNz5F6aPhbYeCJyccy8nOUkmhcMwfA/m5hcWl5ZXVgtr6xubW8XtnZozuWW8yow09jYBx6XQvIoCJb/NLAeVSF5PuhdDv37PrRNG32Av4w0FbS1SwQC91CyexBlYFCCbSONE0ZzGkqdoRbuDYK15GKsxaxmMNSQSRvdmsRSWwxHoLIkmpEQmuGoWv+KWYbniGpkE5+6iMMNGf5jNJB8U4tzxDFgX2vzOUw2Ku0Z/9L8BPfBKi6bG+qORjtTfG31QzvVU4icVYMdNe0PxXy9RU8mYnjX6Qmc5cs3GwWkuKRo6LI+2hOUMZc8TYFb4t1PWAQsMfcUFX0o0XcEsqR2Vo7AcXR+XKueTelbIHtknhyQip6RCLskVqRJGHskzeSGvwVPwFnwEn+PRuWCys0v+IPj+AephqdM=</latexit><latexit sha1_base64="ue0SoWYyVvGl47nZbLOe1YGARnE=">AAACL3icbVDLSgMxFM34tr6qLt0Ei+CqzIioCxcFNy4VbCs4pdxJM21oHkNyRymlf+JP+AtudS9uRNz5F6aPhbYeCJyccy8nOUkmhcMwfA/m5hcWl5ZXVgtr6xubW8XtnZozuWW8yow09jYBx6XQvIoCJb/NLAeVSF5PuhdDv37PrRNG32Av4w0FbS1SwQC91CyexBlYFCCbSONE0ZzGkqdoRbuDYK15GKsxaxmMNSQSRvdmsRSWwxHoLIkmpEQmuGoWv+KWYbniGpkE5+6iMMNGf5jNJB8U4tzxDFgX2vzOUw2Ku0Z/9L8BPfBKi6bG+qORjtTfG31QzvVU4icVYMdNe0PxXy9RU8mYnjX6Qmc5cs3GwWkuKRo6LI+2hOUMZc8TYFb4t1PWAQsMfcUFX0o0XcEsqR2Vo7AcXR+XKueTelbIHtknhyQip6RCLskVqRJGHskzeSGvwVPwFnwEn+PRuWCys0v+IPj+AephqdM=</latexit>

Corse-grained approach:

turnover time

energy content at scale `
<latexit sha1_base64="g5nKwqS1gyiszqzEy5kzupGsKLU=">AAAB+3icbVA9SwNBFHwXv2L8ilraLAbBKtyJoJUEbCwjmBhIjrC3eZcs2d07dveEEPIXbLW3E1t/jK2/xL3kCk0ceDDMvMc8JkoFN9b3v7zS2vrG5lZ5u7Kzu7d/UD08apsk0wxbLBGJ7kTUoOAKW5ZbgZ1UI5WRwMdofJv7j0+oDU/Ug52kGEo6VDzmjNpc6qEQ/WrNr/tzkFUSFKQGBZr96ndvkLBMorJMUGO6gZ/acEq15UzgrNLLDKaUjekQu44qKtGE0/mvM3LmlAGJE+1GWTJXf19MqTRmIiO3KakdmWUvF//1IrmUbOPrcMpVmllUbBEcZ4LYhORFkAHXyKyYOEKZ5u53wkZUU2ZdXRVXSrBcwSppX9QDvx7cX9YaN0U9ZTiBUziHAK6gAXfQhBYwGMEzvMCrN/PevHfvY7Fa8oqbY/gD7/MHVpqU3Q==</latexit><latexit sha1_base64="g5nKwqS1gyiszqzEy5kzupGsKLU=">AAAB+3icbVA9SwNBFHwXv2L8ilraLAbBKtyJoJUEbCwjmBhIjrC3eZcs2d07dveEEPIXbLW3E1t/jK2/xL3kCk0ceDDMvMc8JkoFN9b3v7zS2vrG5lZ5u7Kzu7d/UD08apsk0wxbLBGJ7kTUoOAKW5ZbgZ1UI5WRwMdofJv7j0+oDU/Ug52kGEo6VDzmjNpc6qEQ/WrNr/tzkFUSFKQGBZr96ndvkLBMorJMUGO6gZ/acEq15UzgrNLLDKaUjekQu44qKtGE0/mvM3LmlAGJE+1GWTJXf19MqTRmIiO3KakdmWUvF//1IrmUbOPrcMpVmllUbBEcZ4LYhORFkAHXyKyYOEKZ5u53wkZUU2ZdXRVXSrBcwSppX9QDvx7cX9YaN0U9ZTiBUziHAK6gAXfQhBYwGMEzvMCrN/PevHfvY7Fa8oqbY/gD7/MHVpqU3Q==</latexit><latexit sha1_base64="g5nKwqS1gyiszqzEy5kzupGsKLU=">AAAB+3icbVA9SwNBFHwXv2L8ilraLAbBKtyJoJUEbCwjmBhIjrC3eZcs2d07dveEEPIXbLW3E1t/jK2/xL3kCk0ceDDMvMc8JkoFN9b3v7zS2vrG5lZ5u7Kzu7d/UD08apsk0wxbLBGJ7kTUoOAKW5ZbgZ1UI5WRwMdofJv7j0+oDU/Ug52kGEo6VDzmjNpc6qEQ/WrNr/tzkFUSFKQGBZr96ndvkLBMorJMUGO6gZ/acEq15UzgrNLLDKaUjekQu44qKtGE0/mvM3LmlAGJE+1GWTJXf19MqTRmIiO3KakdmWUvF//1IrmUbOPrcMpVmllUbBEcZ4LYhORFkAHXyKyYOEKZ5u53wkZUU2ZdXRVXSrBcwSppX9QDvx7cX9YaN0U9ZTiBUziHAK6gAXfQhBYwGMEzvMCrN/PevHfvY7Fa8oqbY/gD7/MHVpqU3Q==</latexit><latexit sha1_base64="g5nKwqS1gyiszqzEy5kzupGsKLU=">AAAB+3icbVA9SwNBFHwXv2L8ilraLAbBKtyJoJUEbCwjmBhIjrC3eZcs2d07dveEEPIXbLW3E1t/jK2/xL3kCk0ceDDMvMc8JkoFN9b3v7zS2vrG5lZ5u7Kzu7d/UD08apsk0wxbLBGJ7kTUoOAKW5ZbgZ1UI5WRwMdofJv7j0+oDU/Ug52kGEo6VDzmjNpc6qEQ/WrNr/tzkFUSFKQGBZr96ndvkLBMorJMUGO6gZ/acEq15UzgrNLLDKaUjekQu44qKtGE0/mvM3LmlAGJE+1GWTJXf19MqTRmIiO3KakdmWUvF//1IrmUbOPrcMpVmllUbBEcZ4LYhORFkAHXyKyYOEKZ5u53wkZUU2ZdXRVXSrBcwSppX9QDvx7cX9YaN0U9ZTiBUziHAK6gAXfQhBYwGMEzvMCrN/PevHfvY7Fa8oqbY/gD7/MHVpqU3Q==</latexit>

u2
` =

<latexit sha1_base64="Edk8OytzvXJUVyds3MDqM3Kcp8o=">AAACAnicbVC7SgNBFL3rM8ZX1NJmMAhWYTcI2igBG8sI5gHJGmYns8mQeSwzs0JY0vkLttrbia0/YuuXOEm20MQDFw7n3Mu5nCjhzFjf//JWVtfWNzYLW8Xtnd29/dLBYdOoVBPaIIor3Y6woZxJ2rDMctpONMUi4rQVjW6mfuuRasOUvLfjhIYCDySLGcHWSZ2016WcP1TRFeqVyn7FnwEtkyAnZchR75W+u31FUkGlJRwb0wn8xIYZ1pYRTifFbmpogskID2jHUYkFNWE2e3mCTp3SR7HSbqRFM/X3RYaFMWMRuU2B7dAselPxXy8SC8k2vgwzJpPUUknmwXHKkVVo2gfqM02J5WNHMNHM/Y7IEGtMrGut6EoJFitYJs1qJfArwd15uXad11OAYziBMwjgAmpwC3VoAAEFz/ACr96T9+a9ex/z1RUvvzmCP/A+fwBjW5cE</latexit><latexit sha1_base64="Edk8OytzvXJUVyds3MDqM3Kcp8o=">AAACAnicbVC7SgNBFL3rM8ZX1NJmMAhWYTcI2igBG8sI5gHJGmYns8mQeSwzs0JY0vkLttrbia0/YuuXOEm20MQDFw7n3Mu5nCjhzFjf//JWVtfWNzYLW8Xtnd29/dLBYdOoVBPaIIor3Y6woZxJ2rDMctpONMUi4rQVjW6mfuuRasOUvLfjhIYCDySLGcHWSZ2016WcP1TRFeqVyn7FnwEtkyAnZchR75W+u31FUkGlJRwb0wn8xIYZ1pYRTifFbmpogskID2jHUYkFNWE2e3mCTp3SR7HSbqRFM/X3RYaFMWMRuU2B7dAselPxXy8SC8k2vgwzJpPUUknmwXHKkVVo2gfqM02J5WNHMNHM/Y7IEGtMrGut6EoJFitYJs1qJfArwd15uXad11OAYziBMwjgAmpwC3VoAAEFz/ACr96T9+a9ex/z1RUvvzmCP/A+fwBjW5cE</latexit><latexit sha1_base64="Edk8OytzvXJUVyds3MDqM3Kcp8o=">AAACAnicbVC7SgNBFL3rM8ZX1NJmMAhWYTcI2igBG8sI5gHJGmYns8mQeSwzs0JY0vkLttrbia0/YuuXOEm20MQDFw7n3Mu5nCjhzFjf//JWVtfWNzYLW8Xtnd29/dLBYdOoVBPaIIor3Y6woZxJ2rDMctpONMUi4rQVjW6mfuuRasOUvLfjhIYCDySLGcHWSZ2016WcP1TRFeqVyn7FnwEtkyAnZchR75W+u31FUkGlJRwb0wn8xIYZ1pYRTifFbmpogskID2jHUYkFNWE2e3mCTp3SR7HSbqRFM/X3RYaFMWMRuU2B7dAselPxXy8SC8k2vgwzJpPUUknmwXHKkVVo2gfqM02J5WNHMNHM/Y7IEGtMrGut6EoJFitYJs1qJfArwd15uXad11OAYziBMwjgAmpwC3VoAAEFz/ACr96T9+a9ex/z1RUvvzmCP/A+fwBjW5cE</latexit><latexit sha1_base64="Edk8OytzvXJUVyds3MDqM3Kcp8o=">AAACAnicbVC7SgNBFL3rM8ZX1NJmMAhWYTcI2igBG8sI5gHJGmYns8mQeSwzs0JY0vkLttrbia0/YuuXOEm20MQDFw7n3Mu5nCjhzFjf//JWVtfWNzYLW8Xtnd29/dLBYdOoVBPaIIor3Y6woZxJ2rDMctpONMUi4rQVjW6mfuuRasOUvLfjhIYCDySLGcHWSZ2016WcP1TRFeqVyn7FnwEtkyAnZchR75W+u31FUkGlJRwb0wn8xIYZ1pYRTifFbmpogskID2jHUYkFNWE2e3mCTp3SR7HSbqRFM/X3RYaFMWMRuU2B7dAselPxXy8SC8k2vgwzJpPUUknmwXHKkVVo2gfqM02J5WNHMNHM/Y7IEGtMrGut6EoJFitYJs1qJfArwd15uXad11OAYziBMwjgAmpwC3VoAAEFz/ACr96T9+a9ex/z1RUvvzmCP/A+fwBjW5cE</latexit>

` = ⌘
<latexit sha1_base64="iX8mtLEPOuqGBWvZL36XXMeZafs=">AAACAnicbVC7SgNBFJ2NrxhfUUubwSBYhV0RtFECNpYRTAxklzA7uZsMmccyMyuEJZ2/YKu9ndj6I7Z+iZNkC008cOFwzr2cy4lTzoz1/S+vtLK6tr5R3qxsbe/s7lX3D9pGZZpCiyqudCcmBjiT0LLMcuikGoiIOTzEo5up//AI2jAl7+04hUiQgWQJo8Q6qRsC5/gKh2BJr1rz6/4MeJkEBamhAs1e9TvsK5oJkJZyYkw38FMb5URbRjlMKmFmICV0RAbQdVQSASbKZy9P8IlT+jhR2o20eKb+vsiJMGYsYrcpiB2aRW8q/uvFYiHZJpdRzmSaWZB0HpxkHFuFp33gPtNALR87Qqhm7ndMh0QTal1rFVdKsFjBMmmf1QO/Htyd1xrXRT1ldISO0SkK0AVqoFvURC1EkULP6AW9ek/em/fufcxXS15xc4j+wPv8Aa/ElzY=</latexit><latexit sha1_base64="iX8mtLEPOuqGBWvZL36XXMeZafs=">AAACAnicbVC7SgNBFJ2NrxhfUUubwSBYhV0RtFECNpYRTAxklzA7uZsMmccyMyuEJZ2/YKu9ndj6I7Z+iZNkC008cOFwzr2cy4lTzoz1/S+vtLK6tr5R3qxsbe/s7lX3D9pGZZpCiyqudCcmBjiT0LLMcuikGoiIOTzEo5up//AI2jAl7+04hUiQgWQJo8Q6qRsC5/gKh2BJr1rz6/4MeJkEBamhAs1e9TvsK5oJkJZyYkw38FMb5URbRjlMKmFmICV0RAbQdVQSASbKZy9P8IlT+jhR2o20eKb+vsiJMGYsYrcpiB2aRW8q/uvFYiHZJpdRzmSaWZB0HpxkHFuFp33gPtNALR87Qqhm7ndMh0QTal1rFVdKsFjBMmmf1QO/Htyd1xrXRT1ldISO0SkK0AVqoFvURC1EkULP6AW9ek/em/fufcxXS15xc4j+wPv8Aa/ElzY=</latexit><latexit sha1_base64="iX8mtLEPOuqGBWvZL36XXMeZafs=">AAACAnicbVC7SgNBFJ2NrxhfUUubwSBYhV0RtFECNpYRTAxklzA7uZsMmccyMyuEJZ2/YKu9ndj6I7Z+iZNkC008cOFwzr2cy4lTzoz1/S+vtLK6tr5R3qxsbe/s7lX3D9pGZZpCiyqudCcmBjiT0LLMcuikGoiIOTzEo5up//AI2jAl7+04hUiQgWQJo8Q6qRsC5/gKh2BJr1rz6/4MeJkEBamhAs1e9TvsK5oJkJZyYkw38FMb5URbRjlMKmFmICV0RAbQdVQSASbKZy9P8IlT+jhR2o20eKb+vsiJMGYsYrcpiB2aRW8q/uvFYiHZJpdRzmSaWZB0HpxkHFuFp33gPtNALR87Qqhm7ndMh0QTal1rFVdKsFjBMmmf1QO/Htyd1xrXRT1ldISO0SkK0AVqoFvURC1EkULP6AW9ek/em/fufcxXS15xc4j+wPv8Aa/ElzY=</latexit><latexit sha1_base64="iX8mtLEPOuqGBWvZL36XXMeZafs=">AAACAnicbVC7SgNBFJ2NrxhfUUubwSBYhV0RtFECNpYRTAxklzA7uZsMmccyMyuEJZ2/YKu9ndj6I7Z+iZNkC008cOFwzr2cy4lTzoz1/S+vtLK6tr5R3qxsbe/s7lX3D9pGZZpCiyqudCcmBjiT0LLMcuikGoiIOTzEo5up//AI2jAl7+04hUiQgWQJo8Q6qRsC5/gKh2BJr1rz6/4MeJkEBamhAs1e9TvsK5oJkJZyYkw38FMb5URbRjlMKmFmICV0RAbQdVQSASbKZy9P8IlT+jhR2o20eKb+vsiJMGYsYrcpiB2aRW8q/uvFYiHZJpdRzmSaWZB0HpxkHFuFp33gPtNALR87Qqhm7ndMh0QTal1rFVdKsFjBMmmf1QO/Htyd1xrXRT1ldISO0SkK0AVqoFvURC1EkULP6AW9ek/em/fufcxXS15xc4j+wPv8Aa/ElzY=</latexit>

` = 8 ⌘
<latexit sha1_base64="3F7kIcZJcRcRCJ5lwLempV9SCa8=">AAACBXicbVC7SgNBFJ2NrxhfUUubwSBYSNgVwTRKwMYygnlAdg2zk7vJkJnZZWZWCEtqf8FWezux9Tts/RInyRaaeODC4Zx7OZcTJpxp47pfTmFldW19o7hZ2tre2d0r7x+0dJwqCk0a81h1QqKBMwlNwwyHTqKAiJBDOxzdTP32IyjNYnlvxgkEggwkixglxkoPPnCOr3DNP/PBkF654lbdGfAy8XJSQTkavfK3349pKkAayonWXc9NTJARZRjlMCn5qYaE0BEZQNdSSQToIJt9PcEnVunjKFZ2pMEz9fdFRoTWYxHaTUHMUC96U/FfLxQLySaqBRmTSWpA0nlwlHJsYjytBPeZAmr42BJCFbO/YzokilBjiyvZUrzFCpZJ67zquVXv7qJSv87rKaIjdIxOkYcuUR3dogZqIooUekYv6NV5ct6cd+djvlpw8ptD9AfO5w9YDpgU</latexit><latexit sha1_base64="3F7kIcZJcRcRCJ5lwLempV9SCa8=">AAACBXicbVC7SgNBFJ2NrxhfUUubwSBYSNgVwTRKwMYygnlAdg2zk7vJkJnZZWZWCEtqf8FWezux9Tts/RInyRaaeODC4Zx7OZcTJpxp47pfTmFldW19o7hZ2tre2d0r7x+0dJwqCk0a81h1QqKBMwlNwwyHTqKAiJBDOxzdTP32IyjNYnlvxgkEggwkixglxkoPPnCOr3DNP/PBkF654lbdGfAy8XJSQTkavfK3349pKkAayonWXc9NTJARZRjlMCn5qYaE0BEZQNdSSQToIJt9PcEnVunjKFZ2pMEz9fdFRoTWYxHaTUHMUC96U/FfLxQLySaqBRmTSWpA0nlwlHJsYjytBPeZAmr42BJCFbO/YzokilBjiyvZUrzFCpZJ67zquVXv7qJSv87rKaIjdIxOkYcuUR3dogZqIooUekYv6NV5ct6cd+djvlpw8ptD9AfO5w9YDpgU</latexit><latexit sha1_base64="3F7kIcZJcRcRCJ5lwLempV9SCa8=">AAACBXicbVC7SgNBFJ2NrxhfUUubwSBYSNgVwTRKwMYygnlAdg2zk7vJkJnZZWZWCEtqf8FWezux9Tts/RInyRaaeODC4Zx7OZcTJpxp47pfTmFldW19o7hZ2tre2d0r7x+0dJwqCk0a81h1QqKBMwlNwwyHTqKAiJBDOxzdTP32IyjNYnlvxgkEggwkixglxkoPPnCOr3DNP/PBkF654lbdGfAy8XJSQTkavfK3349pKkAayonWXc9NTJARZRjlMCn5qYaE0BEZQNdSSQToIJt9PcEnVunjKFZ2pMEz9fdFRoTWYxHaTUHMUC96U/FfLxQLySaqBRmTSWpA0nlwlHJsYjytBPeZAmr42BJCFbO/YzokilBjiyvZUrzFCpZJ67zquVXv7qJSv87rKaIjdIxOkYcuUR3dogZqIooUekYv6NV5ct6cd+djvlpw8ptD9AfO5w9YDpgU</latexit><latexit sha1_base64="3F7kIcZJcRcRCJ5lwLempV9SCa8=">AAACBXicbVC7SgNBFJ2NrxhfUUubwSBYSNgVwTRKwMYygnlAdg2zk7vJkJnZZWZWCEtqf8FWezux9Tts/RInyRaaeODC4Zx7OZcTJpxp47pfTmFldW19o7hZ2tre2d0r7x+0dJwqCk0a81h1QqKBMwlNwwyHTqKAiJBDOxzdTP32IyjNYnlvxgkEggwkixglxkoPPnCOr3DNP/PBkF654lbdGfAy8XJSQTkavfK3349pKkAayonWXc9NTJARZRjlMCn5qYaE0BEZQNdSSQToIJt9PcEnVunjKFZ2pMEz9fdFRoTWYxHaTUHMUC96U/FfLxQLySaqBRmTSWpA0nlwlHJsYjytBPeZAmr42BJCFbO/YzokilBjiyvZUrzFCpZJ67zquVXv7qJSv87rKaIjdIxOkYcuUR3dogZqIooUekYv6NV5ct6cd+djvlpw8ptD9AfO5w9YDpgU</latexit>

` = 64 ⌘
<latexit sha1_base64="HaK864kC72G8m9jT4UnfX1lhcU4=">AAACCHicbVC7SgNBFJ31GeMjq5Y2g0GwkLArQW2UgI1lBPOA7BJmJ3eTITOzy8ysEEJ+wF+w1d5ObP0LW7/ESbKFJh64cDjnXs7lRCln2njel7Oyura+sVnYKm7v7O6V3P2Dpk4yRaFBE56odkQ0cCahYZjh0E4VEBFxaEXD26nfegSlWSIfzCiFUJC+ZDGjxFip65YC4Bxf44tqcBaAIV237FW8GfAy8XNSRjnqXfc76CU0EyAN5UTrju+lJhwTZRjlMCkGmYaU0CHpQ8dSSQTocDx7fIJPrNLDcaLsSINn6u+LMRFaj0RkNwUxA73oTcV/vUgsJJv4KhwzmWYGJJ0HxxnHJsHTVnCPKaCGjywhVDH7O6YDogg1truiLcVfrGCZNM8rvlfx76vl2k1eTwEdoWN0inx0iWroDtVRA1GUoWf0gl6dJ+fNeXc+5qsrTn5ziP7A+fwBSTCYgQ==</latexit><latexit sha1_base64="HaK864kC72G8m9jT4UnfX1lhcU4=">AAACCHicbVC7SgNBFJ31GeMjq5Y2g0GwkLArQW2UgI1lBPOA7BJmJ3eTITOzy8ysEEJ+wF+w1d5ObP0LW7/ESbKFJh64cDjnXs7lRCln2njel7Oyura+sVnYKm7v7O6V3P2Dpk4yRaFBE56odkQ0cCahYZjh0E4VEBFxaEXD26nfegSlWSIfzCiFUJC+ZDGjxFip65YC4Bxf44tqcBaAIV237FW8GfAy8XNSRjnqXfc76CU0EyAN5UTrju+lJhwTZRjlMCkGmYaU0CHpQ8dSSQTocDx7fIJPrNLDcaLsSINn6u+LMRFaj0RkNwUxA73oTcV/vUgsJJv4KhwzmWYGJJ0HxxnHJsHTVnCPKaCGjywhVDH7O6YDogg1truiLcVfrGCZNM8rvlfx76vl2k1eTwEdoWN0inx0iWroDtVRA1GUoWf0gl6dJ+fNeXc+5qsrTn5ziP7A+fwBSTCYgQ==</latexit><latexit sha1_base64="HaK864kC72G8m9jT4UnfX1lhcU4=">AAACCHicbVC7SgNBFJ31GeMjq5Y2g0GwkLArQW2UgI1lBPOA7BJmJ3eTITOzy8ysEEJ+wF+w1d5ObP0LW7/ESbKFJh64cDjnXs7lRCln2njel7Oyura+sVnYKm7v7O6V3P2Dpk4yRaFBE56odkQ0cCahYZjh0E4VEBFxaEXD26nfegSlWSIfzCiFUJC+ZDGjxFip65YC4Bxf44tqcBaAIV237FW8GfAy8XNSRjnqXfc76CU0EyAN5UTrju+lJhwTZRjlMCkGmYaU0CHpQ8dSSQTocDx7fIJPrNLDcaLsSINn6u+LMRFaj0RkNwUxA73oTcV/vUgsJJv4KhwzmWYGJJ0HxxnHJsHTVnCPKaCGjywhVDH7O6YDogg1truiLcVfrGCZNM8rvlfx76vl2k1eTwEdoWN0inx0iWroDtVRA1GUoWf0gl6dJ+fNeXc+5qsrTn5ziP7A+fwBSTCYgQ==</latexit><latexit sha1_base64="HaK864kC72G8m9jT4UnfX1lhcU4=">AAACCHicbVC7SgNBFJ31GeMjq5Y2g0GwkLArQW2UgI1lBPOA7BJmJ3eTITOzy8ysEEJ+wF+w1d5ObP0LW7/ESbKFJh64cDjnXs7lRCln2njel7Oyura+sVnYKm7v7O6V3P2Dpk4yRaFBE56odkQ0cCahYZjh0E4VEBFxaEXD26nfegSlWSIfzCiFUJC+ZDGjxFip65YC4Bxf44tqcBaAIV237FW8GfAy8XNSRjnqXfc76CU0EyAN5UTrju+lJhwTZRjlMCkGmYaU0CHpQ8dSSQTocDx7fIJPrNLDcaLsSINn6u+LMRFaj0RkNwUxA73oTcV/vUgsJJv4KhwzmWYGJJ0HxxnHJsHTVnCPKaCGjywhVDH7O6YDogg1truiLcVfrGCZNM8rvlfx76vl2k1eTwEdoWN0inx0iWroDtVRA1GUoWf0gl6dJ+fNeXc+5qsrTn5ziP7A+fwBSTCYgQ==</latexit>

⌧` = `/u`
<latexit sha1_base64="TaXARKjrvuuoyrksiMQYbr1uU40=">AAACEHicbVC7TsMwFL0pr1JeAQYGFosKiakkCAkWUCUWxiJRWqmJIsd1Wqt2EtkOUhX1J/gFVtjZECt/wMqX4LQZoOVIlo/PuVf3+oQpZ0o7zpdVWVpeWV2rrtc2Nre2d+zdvQeVZJLQNkl4IrshVpSzmLY105x2U0mxCDnthKObwu88UqlYEt/rcUp9gQcxixjB2kiBfeBpnAUe5RxdoeI6nb0Cu+40nCnQInFLUocSrcD+9voJyQSNNeFYqZ7rpNrPsdSMcDqpeZmiKSYjPKA9Q2MsqPLz6Qcm6NgofRQl0pxYo6n6uyPHQqmxCE2lwHqo5r1C/NcLxdxkHV36OYvTTNOYzAZHGUc6QUU6qM8kJZqPDcFEMrM7IkMsMdEmw5oJxZ2PYJE8nDVcp+Hendeb12U8VTiEIzgBFy6gCbfQgjYQmMAzvMCr9WS9We/Wx6y0YpU9+/AH1ucPg/Kcgw==</latexit><latexit sha1_base64="TaXARKjrvuuoyrksiMQYbr1uU40=">AAACEHicbVC7TsMwFL0pr1JeAQYGFosKiakkCAkWUCUWxiJRWqmJIsd1Wqt2EtkOUhX1J/gFVtjZECt/wMqX4LQZoOVIlo/PuVf3+oQpZ0o7zpdVWVpeWV2rrtc2Nre2d+zdvQeVZJLQNkl4IrshVpSzmLY105x2U0mxCDnthKObwu88UqlYEt/rcUp9gQcxixjB2kiBfeBpnAUe5RxdoeI6nb0Cu+40nCnQInFLUocSrcD+9voJyQSNNeFYqZ7rpNrPsdSMcDqpeZmiKSYjPKA9Q2MsqPLz6Qcm6NgofRQl0pxYo6n6uyPHQqmxCE2lwHqo5r1C/NcLxdxkHV36OYvTTNOYzAZHGUc6QUU6qM8kJZqPDcFEMrM7IkMsMdEmw5oJxZ2PYJE8nDVcp+Hendeb12U8VTiEIzgBFy6gCbfQgjYQmMAzvMCr9WS9We/Wx6y0YpU9+/AH1ucPg/Kcgw==</latexit><latexit sha1_base64="TaXARKjrvuuoyrksiMQYbr1uU40=">AAACEHicbVC7TsMwFL0pr1JeAQYGFosKiakkCAkWUCUWxiJRWqmJIsd1Wqt2EtkOUhX1J/gFVtjZECt/wMqX4LQZoOVIlo/PuVf3+oQpZ0o7zpdVWVpeWV2rrtc2Nre2d+zdvQeVZJLQNkl4IrshVpSzmLY105x2U0mxCDnthKObwu88UqlYEt/rcUp9gQcxixjB2kiBfeBpnAUe5RxdoeI6nb0Cu+40nCnQInFLUocSrcD+9voJyQSNNeFYqZ7rpNrPsdSMcDqpeZmiKSYjPKA9Q2MsqPLz6Qcm6NgofRQl0pxYo6n6uyPHQqmxCE2lwHqo5r1C/NcLxdxkHV36OYvTTNOYzAZHGUc6QUU6qM8kJZqPDcFEMrM7IkMsMdEmw5oJxZ2PYJE8nDVcp+Hendeb12U8VTiEIzgBFy6gCbfQgjYQmMAzvMCr9WS9We/Wx6y0YpU9+/AH1ucPg/Kcgw==</latexit><latexit sha1_base64="TaXARKjrvuuoyrksiMQYbr1uU40=">AAACEHicbVC7TsMwFL0pr1JeAQYGFosKiakkCAkWUCUWxiJRWqmJIsd1Wqt2EtkOUhX1J/gFVtjZECt/wMqX4LQZoOVIlo/PuVf3+oQpZ0o7zpdVWVpeWV2rrtc2Nre2d+zdvQeVZJLQNkl4IrshVpSzmLY105x2U0mxCDnthKObwu88UqlYEt/rcUp9gQcxixjB2kiBfeBpnAUe5RxdoeI6nb0Cu+40nCnQInFLUocSrcD+9voJyQSNNeFYqZ7rpNrPsdSMcDqpeZmiKSYjPKA9Q2MsqPLz6Qcm6NgofRQl0pxYo6n6uyPHQqmxCE2lwHqo5r1C/NcLxdxkHV36OYvTTNOYzAZHGUc6QUU6qM8kJZqPDcFEMrM7IkMsMdEmw5oJxZ2PYJE8nDVcp+Hendeb12U8VTiEIzgBFy6gCbfQgjYQmMAzvMCr9WS9We/Wx6y0YpU9+/AH1ucPg/Kcgw==</latexit>

!29

Energy      contained at a scale    increased with a rate                  
and dissipated with

Excess measured by the Reynolds number

"D = ⌫ u2
`/`

2
<latexit sha1_base64="fTIcetNLmqGbqVGsb5fNU+qzC+A=">AAACI3icbVDLSgMxFM3UV62vUZdugkUQkTpTBN0oBV24rGAf0Kklk962oUlmSDKFMvQf/Al/wa3u3YkbF278EtPHQqsHQk7OuZd7c8KYM20878PJLCwuLa9kV3Nr6xubW+72TlVHiaJQoRGPVD0kGjiTUDHMcKjHCogIOdTC/tXYrw1AaRbJOzOMoSlIV7IOo8RYqeUeBQOiINaM21caKIGvR/gCBzIJjpNWAJzfF0+mV8vNewVvAvyX+DOSRzOUW+5X0I5oIkAayonWDd+LTTMlyjDKYZQLEg0xoX3ShYalkgjQzXTypxE+sEobdyJljzR4ov7sSInQeihCWymI6el5byz+64VibrLpnDdTJuPEgKTTwZ2EYxPhcWC4zRRQw4eWEKqY3R3THlGEGhtrzobiz0fwl1SLBd8r+Len+dLlLJ4s2kP76BD56AyV0A0qowqi6AE9oWf04jw6r86b8z4tzTiznl30C87nNwmwpB8=</latexit><latexit sha1_base64="fTIcetNLmqGbqVGsb5fNU+qzC+A=">AAACI3icbVDLSgMxFM3UV62vUZdugkUQkTpTBN0oBV24rGAf0Kklk962oUlmSDKFMvQf/Al/wa3u3YkbF278EtPHQqsHQk7OuZd7c8KYM20878PJLCwuLa9kV3Nr6xubW+72TlVHiaJQoRGPVD0kGjiTUDHMcKjHCogIOdTC/tXYrw1AaRbJOzOMoSlIV7IOo8RYqeUeBQOiINaM21caKIGvR/gCBzIJjpNWAJzfF0+mV8vNewVvAvyX+DOSRzOUW+5X0I5oIkAayonWDd+LTTMlyjDKYZQLEg0xoX3ShYalkgjQzXTypxE+sEobdyJljzR4ov7sSInQeihCWymI6el5byz+64VibrLpnDdTJuPEgKTTwZ2EYxPhcWC4zRRQw4eWEKqY3R3THlGEGhtrzobiz0fwl1SLBd8r+Len+dLlLJ4s2kP76BD56AyV0A0qowqi6AE9oWf04jw6r86b8z4tzTiznl30C87nNwmwpB8=</latexit><latexit sha1_base64="fTIcetNLmqGbqVGsb5fNU+qzC+A=">AAACI3icbVDLSgMxFM3UV62vUZdugkUQkTpTBN0oBV24rGAf0Kklk962oUlmSDKFMvQf/Al/wa3u3YkbF278EtPHQqsHQk7OuZd7c8KYM20878PJLCwuLa9kV3Nr6xubW+72TlVHiaJQoRGPVD0kGjiTUDHMcKjHCogIOdTC/tXYrw1AaRbJOzOMoSlIV7IOo8RYqeUeBQOiINaM21caKIGvR/gCBzIJjpNWAJzfF0+mV8vNewVvAvyX+DOSRzOUW+5X0I5oIkAayonWDd+LTTMlyjDKYZQLEg0xoX3ShYalkgjQzXTypxE+sEobdyJljzR4ov7sSInQeihCWymI6el5byz+64VibrLpnDdTJuPEgKTTwZ2EYxPhcWC4zRRQw4eWEKqY3R3THlGEGhtrzobiz0fwl1SLBd8r+Len+dLlLJ4s2kP76BD56AyV0A0qowqi6AE9oWf04jw6r86b8z4tzTiznl30C87nNwmwpB8=</latexit><latexit sha1_base64="fTIcetNLmqGbqVGsb5fNU+qzC+A=">AAACI3icbVDLSgMxFM3UV62vUZdugkUQkTpTBN0oBV24rGAf0Kklk962oUlmSDKFMvQf/Al/wa3u3YkbF278EtPHQqsHQk7OuZd7c8KYM20878PJLCwuLa9kV3Nr6xubW+72TlVHiaJQoRGPVD0kGjiTUDHMcKjHCogIOdTC/tXYrw1AaRbJOzOMoSlIV7IOo8RYqeUeBQOiINaM21caKIGvR/gCBzIJjpNWAJzfF0+mV8vNewVvAvyX+DOSRzOUW+5X0I5oIkAayonWDd+LTTMlyjDKYZQLEg0xoX3ShYalkgjQzXTypxE+sEobdyJljzR4ov7sSInQeihCWymI6el5byz+64VibrLpnDdTJuPEgKTTwZ2EYxPhcWC4zRRQw4eWEKqY3R3THlGEGhtrzobiz0fwl1SLBd8r+Len+dLlLJ4s2kP76BD56AyV0A0qowqi6AE9oWf04jw6r86b8z4tzTiznl30C87nNwmwpB8=</latexit>

`
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Correlations with flow structures
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Clear correlations between particle positions, accelerations, 
and turbulent activity over inertial-range scales.



Preferential sampling
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The biases induced by inertia are not striking !

↵p =
log "`(xp)/"

log `/L
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Diffusive process
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ap = �1

⌧
[vp � u(xp, t)] ) vp = u(xp, t)� ⌧ ap
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❖ Importance of acceleration to measure deviations from the fluid

❖ Acceleration is moreover:
✓ correlated over (relatively) short timescales
✓ very sensitive to flow activity

xp(t+ �t)� xp(t) =

Z t+�t

t
u(xp(s), s) ds� ⌧

Z t+�t

t
ap(s) ds
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(central-limit theorem)

�
�T�

�
i,j

= ⌧2 TI

�
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Figure 4: (a) Variance of the fluid acceleration non-dimensionalised by Y3/2/a1/2, as a
function of the Reynolds number '4 = '2

_/15. Data from several numerical simulations
are here reported as symbols. The dashed line shows a behaviour / Re

j with j = 0.078.
The solid line corresponds to the fitting formula (3.1) with 2 = 6.2 and '¢ = 80. (b) Spatial
autocorrelation of the fluid acceleration shown for the two Reynolds numbers of our dataset.
The dashed line shows a behaviour / AZ4�2 with Z4 = 1.27. The solid line is a fit of the
form 1/(1 + (2 |r |/[)2)1/2 with 2 = 0.19.

expect that an e�ective dynamics can be similarly derived from a coarse-grained viewpoint. The
coarse-grained average h·i✓ thus plays a central role.

3. Non-homogeneous di�usion of Lagrangian trajectories
We revisit in this section the classical approach used to introduce stochastic Langevin models

for turbulent transport (see, e.g. Minier 2016, for a review). It consists in noticing that, while
Lagrangian velocities are correlated over times of the order of the integral timescale, acceleration
gets generally uncorrelated much faster, whence justifying an approximation of trajectories
as di�usive processes. We start in §3.1 with providing e�ective approximations for the fluid
acceleration second-order statistics. We then turn §3.2 to the case of inertial particles and in
particular on the statistics of their acceleration spatially averaged over a given scale. We finally
argue in §3.3 that particles scale-averaged dynamics can be approximated as a di�usion process
with a space-dependent di�usion coe�cient.

3.1. Fluid acceleration

h|a |2i = �2 (Re) Y3/2/a1/2.
The function �2 approximates the dependence of fluid acceleration on a wider range of Reynolds

numbers. At large values of Re, one indeed expects �2 / Re
j, where the exponent j can be

obtained from multifractal models of turbulence (see, e.g., Hill 2002; Biferale et al. 2004). The
almost log-normal statistics that we have for the local dissipation give j ⇡ 0.078 for U0 = 0.13.
We have chosen a “Batchelor” approximation of the form

�2 (Re) ⇡ 2 Re
j⇥

1 + ('¢/Re)2
⇤1�j/2 . (3.1)

We used the results of Gotoh & Fukayama (2001), Bec et al. (2006), Yeung et al. (2006), and the
current simulations to estimate values of the fitting parameters. As shown in Fig. 4(a), the choice
2 = 6.2 and '¢ = 80 gives a rather good approximation.

We next turn to the spatial correlations of the acceleration ⇠ (A) = ha(r, C) · a(0, C)i with
A = |r |. At large Reynolds numbers, acceleration is dominated by pressure gradients, so that in
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Figure 5: (a) Variance of the acceleration of particles for '_ = 290 (squares) and '_ = 460
(circles). The two solid lines are corresponding fits of the form (3.3) with 21 = 15/13
and 22 = 3/7. (b) Time autocorrelation A(C) of the particle acceleration for '_ = 290
and various values of the Stokes numer, as labelled. Inset: Integral correlation time gI of
the acceleration as a function of the Stokes number. The solid line is a fit of the form
gI = g[ (0 (C2/3 + 1) with here 0 = 5/3 and 1 = 2.

denotes the dissipative scale associated to the conditioned dissipation Y✓ . We thus obtain

⌦
|hapi✓ |2

�� Y✓↵ / �2 (Re✓) Y3/2
✓

a1/2

h
1 + 20Re

�2W
✓

i1/2

Re
W
✓

1 � exp
⇣
�21/St

1/2
✓

⌘
�
1 + 22 St

2
✓

�1/4 . (3.5)

As to the coarse-grained variance of the acceleration, one expects from (3.3) that

⌦
h|ap |2i✓ � |hapi✓ |2

�� Y✓↵ ⇡ �2 (Re✓) Y3/2
✓

a1/2

1 � exp
⇣
�21/St

1/2
✓

⌘
�
1 + 22 St

2
✓

�1/4 , (3.6)

The numerical measurements shown in figure 6(b) demonstrate that such an approximation is
relevant.

3.3. An e�ective di�usion process

From the particle dynamical equations (2.3), the particle velocity can be trivially written as
vp (C) = u(xp (C), C) � gp ap (C). Integrating this equation over a time XC, one obtains

Xxp (C) ⌘ xp (C + XC) � xp (C) =
π C+XC

C
u(xp (B), B) dB � gp

π C+XC

C
ap (B) dB. (3.7)

We choose the coarse-graining time XC su�ciently short, so that, in the interval [C, C + XC],
the fluid velocity at the particle location barely varies. The first integral in the right-hand side
of (3.7) can hence be written as u(xp (C), C) XC + $ (XC2). The second integral encompasses all
fluctuations. By additionally assuming that XC is much longer than the correlation time gI of the
particle acceleration, but smaller than the variations of larger-scale quantities, one can apply the
central-limit theorem to writeπ C+XC

C
0p,8 (B) dB law⇠ N

✓
0p,8 (C) XC, [02

p,8 (C) � 0p,8 (C)
2
] gI XC

◆
, 8 = 1, 2, 3,

where N(`,f2) denotes a normal random variable with mean ` and variance f2. We have
here introduced the Lagrangian time average, denoted by the overbar (·), that we need to specify
further. We assume that during the time lag XC, subgrid particle statistics are isotropic and sampled

tracers particles

dependence on the Reynolds number on the Stokes number

⌦
|ap|2

↵
⇡ A2(Re) "3/2

⌫1/2
1� exp

�
�c1/St1/2

�

(1 + c2 St2)
1/4
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short time correlations (component-wise) 

TI =

Z
A(t) dt
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long-range spatial correlations

Correlations of acceleration
8 R. Vallée & J. Bec
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Figure 4: (a) Variance of the fluid acceleration non-dimensionalised by Y3/2/a1/2, as a
function of the Reynolds number '4 = '2

_/15. Data from several numerical simulations
are here reported as symbols. The dashed line shows a behaviour / Re

j with j = 0.078.
The solid line corresponds to the fitting formula (3.1) with 2 = 6.2 and '¢ = 80. (b) Spatial
autocorrelation of the fluid acceleration shown for the two Reynolds numbers of our dataset.
The dashed line shows a behaviour / AZ4�2 with Z4 = 1.27. The solid line is a fit of the
form 1/(1 + (2 |r |/[)2)1/2 with 2 = 0.19.

expect that an e�ective dynamics can be similarly derived from a coarse-grained viewpoint. The
coarse-grained average h·i✓ thus plays a central role.

3. Non-homogeneous di�usion of Lagrangian trajectories
We revisit in this section the classical approach used to introduce stochastic Langevin models

for turbulent transport (see, e.g. Minier 2016, for a review). It consists in noticing that, while
Lagrangian velocities are correlated over times of the order of the integral timescale, acceleration
gets generally uncorrelated much faster, whence justifying an approximation of trajectories
as di�usive processes. We start in §3.1 with providing e�ective approximations for the fluid
acceleration second-order statistics. We then turn §3.2 to the case of inertial particles and in
particular on the statistics of their acceleration spatially averaged over a given scale. We finally
argue in §3.3 that particles scale-averaged dynamics can be approximated as a di�usion process
with a space-dependent di�usion coe�cient.

3.1. Fluid acceleration

h|a |2i = �2 (Re) Y3/2/a1/2.
The function �2 approximates the dependence of fluid acceleration on a wider range of Reynolds

numbers. At large values of Re, one indeed expects �2 / Re
j, where the exponent j can be

obtained from multifractal models of turbulence (see, e.g., Hill 2002; Biferale et al. 2004). The
almost log-normal statistics that we have for the local dissipation give j ⇡ 0.078 for U0 = 0.13.
We have chosen a “Batchelor” approximation of the form

�2 (Re) ⇡ 2 Re
j⇥

1 + ('¢/Re)2
⇤1�j/2 . (3.1)

We used the results of Gotoh & Fukayama (2001), Bec et al. (2006), Yeung et al. (2006), and the
current simulations to estimate values of the fitting parameters. As shown in Fig. 4(a), the choice
2 = 6.2 and '¢ = 80 gives a rather good approximation.

We next turn to the spatial correlations of the acceleration ⇠ (A) = ha(r, C) · a(0, C)i with
A = |r |. At large Reynolds numbers, acceleration is dominated by pressure gradients, so that in

C(r) = ha(r, t) · a(0, t)i
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: average over a coarse-graining box of size 

B`

<latexit sha1_base64="ann/y679i4gmTAqHjx9/YYbZtmY="></latexit>

hapi`

<latexit sha1_base64="wqTqxY6AM3twFtnsjQhb8hHz6ss="></latexit>

h·i ⌘ h·i`

<latexit sha1_base64="wlSnFqN3gkbNG7O7uoAA6GPaiH0="></latexit>

`

<latexit sha1_base64="HY4V7Rvx3H4vw5kUJpiX+/B1Iw0="></latexit>

Residence time  correlation time 
 Box average  time integral conditioned 

on local turbulent fluctuations

≫ TI
⇒ ≈

"`

<latexit sha1_base64="ksTj/8ytMePqBKKD8Zk1Ey6Evkg="></latexit>

Particle statistics conditioned on      depend solely on:

- the local Reynolds number

- the local Stokes number 

"`

<latexit sha1_base64="ksTj/8ytMePqBKKD8Zk1Ey6Evkg="></latexit>

Re` =
"1/3` `4/3

⌫

<latexit sha1_base64="66P3QopFngXMA+eA4+Ch83beD3M="></latexit>

St` =
⌧ "1/2`

⌫1/2

<latexit sha1_base64="4j6JuJCoLWn2grfBIRBNPovPcZE="></latexit>

dxp(t) ⇡ [u(xp(t), t)� ⌧ hapi`(xp(t), t)] dt+ �(xp(t), t) � dW (t),

<latexit sha1_base64="sB0PFeg4egtvJgYevEKRtSi5llA="></latexit>

�
�T�

�
i,j

= ⌧2 TI

�
haipajpi` � haipi` hajpi`

�

<latexit sha1_base64="zNhcnhqYBzzw+z67nMVWkSAuoz0="></latexit>

Effective equation



Coarse-grained acceleration

17

11

0 5 10 15

St!

10−1

100

101

〈

|〈
a
p
〉 !
|2

|
ε !
〉

/(
ε3 !
/ν

)1
/2

(a)

0 5 10 15

St!

10−1

100

101

〈

[〈
|a

p
|2
〉 !
−
|〈
a
p
〉 !
|2
]
|
ε !
〉

/(
ε3 !
/ν

)1
/2 (b)

Re!

1

2

4

8

16

32

64

128

256

512

1024

2048

4096

8192

Figure 6: Coarse-grained statistics of the particle acceleration ap conditioned on the local
value Y✓ of the energy dissipation rate. Panel (a) shows the mean-squared value of the
coarse-grained acceleration as a function the local Stokes number St✓ = gp/(a/Y✓ )1/2 and
for di�erent values of the local Reynolds number Re✓ = Y1/3

✓ ✓4/3/a labeled by di�erent
colours. Numerical measurements are shown as dots, while the prediction (3.5) appear
as solid lines. Panel (b) uses the same representation but this time for the coarse-grained
variance of the particle acceleration. The coloured lines now correspond to the fit (3.6).

in a uniform manner, so that the Lagrangian time average can be replaced by the spatial average
over the coarse-graining boxes of size ✓. This assumption allows approximating the particle
displacement as

Xxp (C) ⇡
⇥
u(xp (C), C) � gp hap (C)i✓

⇤
XC +

q
2 ⇡✓ (xp (C), C) X] (C), (3.8)

where X] denotes the increment of the three-dimensional Wiener process X,8 (C) = N(0, XC), for
8 = 1, 2, 3. We have introduced in (3.8) the di�usion coe�cient

⇡✓ =
1
6
g2

p gI [h|ap |2 (C)i✓ � |hap (C)i✓ |2] . (3.9)

In addition to depending upon the particle response time and the coarse-graining scale, this
di�usion coe�cient fluctuates in space and time. We assume that the fluctuating quantities
(correlation time and coarse-grained acceleration variance) entering ⇡✓ (C) depend solely on the
local dissipation rate Y✓ . Hence, the correlation time.

Finally, discussion on the choice of the coarse-graining time XC . We have to impose gI ⌧ XC ⌧
g✓ = Y1/2

✓ ✓2/3. At the end, the e�ective equation takes the form

dxp (C) ⇡
⇥
u(xp (C), C) � gp hap (C)i✓

⇤
dC +

q
2 ⇡✓ (xp, C) d] (C), (3.10)

with ⇡✓ (xp, C) given by (3.9). Analogy with the random uncorrelated motion of Fevrier et al.

(2005). Comment on the fact that di�usion is a multiplicative noise, here defined ambiguously.
Naturally one expects Stratonovich.

The di�usive term in (3.10) acts at small scales only, as seen from Fig. 7. It is thus inconsistent
to take it into account.

Comments on good approximations from previous subsections
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Figure 7: Evolution of the ratio between the di�usive scale ✓di� and the coarse-graining
scale ✓ as a function of ✓ and for various Stokes numbers. ✓di� is the “Batchelor” scale
above which the di�usive term in (3.10) can be neglected.
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Figure 8: (a) Two-dimensional sketch of the ejection process. At time C, the reference
cell 8 ejects particles with a rate �8

C to all its neighbours =1 (8), =2 (8), . . . and receives the
individual contributions from them. Such fluxes are more important for cells with a stronger
turbulent activity. (b) Scale-dependent Peclet number Pe✓ = Y1/3✓4/3/h^✓ i as a function of
the coarse-graining scale ✓ for the various Stokes numbers.

4. Particle transport as an Eulerian ejection process
We follow the evolution of the particle density coarse-grained density

⌦
dp
↵
✓ in a given fluid

volume, for instance a sphere with a radius A (the coarse graining scale) and a volume ⌫A . The
deformation over time of the surface m⌫A is driven by the fluid velocity u and we consider the
particle density dp to be constant in the volume so that we can write dp = dp (C). Using (??) one
can write the outgoing flux of particles �C through the surface m⌫A as a function of the pressure
Laplacian:

�out = �
π
B✓

’
8?

(vp · n) jB✓(xp) (4.1)

<8 (C + �C) = <8 (C) + �C (�8+1 � 2�8 +�8�1) (4.2)
This flux could be seen as the density of particles leaving a cell of size A , so to have the evolution

of the density inside a cell we need to add the flux coming from the neighboring cells which will

Drift prevails at 
moderate Stokes 
numbers and 
inertial-range 
scales 
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Figure 8: (a) Two-dimensional sketch of the ejection process. At time C, the reference
cell 8 ejects particles with a rate �8

C to all its neighbours =1 (8), =2 (8), . . . and receives the
individual contributions from them. Such fluxes are more important for cells with a stronger
turbulent activity. (b) Scale-dependent Peclet number Pe✓ = Y1/3✓4/3/h^✓ i as a function of
the coarse-graining scale ✓ for the various Stokes numbers.

4. Particle transport as an Eulerian ejection process
We follow the evolution of the particle density coarse-grained density

⌦
dp
↵
✓ in a given fluid

volume, for instance a sphere with a radius A (the coarse graining scale) and a volume ⌫A . The
deformation over time of the surface m⌫A is driven by the fluid velocity u and we consider the
particle density dp to be constant in the volume so that we can write dp = dp (C). Using (??) one
can write the outgoing flux of particles �C through the surface m⌫A as a function of the pressure
Laplacian:

�out = �
π
B✓

’
8?

(vp · n) jB✓(xp) (4.1)

<8 (C + �C) = <8 (C) + �C (�8+1 � 2�8 +�8�1) (4.2)
This flux could be seen as the density of particles leaving a cell of size A , so to have the evolution

of the density inside a cell we need to add the flux coming from the neighboring cells which will
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Figure 8: (a) Two-dimensional sketch of the ejection process. At time C, the reference
cell 8 ejects particles with a rate �8

C to all its neighbours =1 (8), =2 (8), . . . and receives the
individual contributions from them. Such fluxes are more important for cells with a stronger
turbulent activity. (b) Scale-dependent Peclet number Pe✓ = Y1/3✓4/3/h^✓ i as a function of
the coarse-graining scale ✓ for the various Stokes numbers.

4. Particle transport as an Eulerian ejection process
We follow the evolution of the particle density coarse-grained density

⌦
dp
↵
✓ in a given fluid

volume, for instance a sphere with a radius A (the coarse graining scale) and a volume ⌫A . The
deformation over time of the surface m⌫A is driven by the fluid velocity u and we consider the
particle density dp to be constant in the volume so that we can write dp = dp (C). Using (??) one
can write the outgoing flux of particles �C through the surface m⌫A as a function of the pressure
Laplacian:

�out = �
π
B✓

’
8?

(vp · n) jB✓(xp) (4.1)

<8 (C + �C) = <8 (C) + �C (�8+1 � 2�8 +�8�1) (4.2)
This flux could be seen as the density of particles leaving a cell of size A , so to have the evolution

of the density inside a cell we need to add the flux coming from the neighboring cells which will
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Figure 9: PDF of the particle density for 2 di�erent Peclet number and 3 Stokes number.
PDF should collapse for the same Pe. Exemple de deux courbes qui collaspent mais qui
n’ont pas le meme Pe si on prend %4 = A5/6

gp
mais %4 = A1.1

gp
fonctionnerait par exemple...

(backward engineering at its best).

^lag
A (G, C) =

gp

2
< (vp � u)2 > (4.7)

We have seen that to understand the di�usive process that leads to voids in the particle
distribution it is relevant to study the pressure Laplacian. Since the di�usion equation (6.3)
depends on the scale we look at, we need the coarse grained pressure Laplacian to understand it.
So we divide the domain in #3 boxes of size A in which we compute the mean pressure Laplacian.
One can see on Fig. ?? (Left) that if we rescale with the variance the PDF nearly collapses.
Furthermore the pressure Laplacian has a scaling invariance because its variance follows a power
law E0A80=24(r2%) / A�2V with V = 3/2 (see Fig. ?? (Right)) so that r2% / A�3/2. These results
are in good agreement with (ref: Tsuji and Ishiara (2003)) because they obtained V = 4/3 for K41
theory and V = 3/2 for '_ ' 460 and our results are for '_ = 290.
• The blob model gives phenomenological arguments (based on mass conservation+small-Stokes
limit+local anisotropy) for a non-trivial di�usive process
• Correlation ^lag

A with ^eul
A

• How to choose A ?

%4(A) = AXD

^eul
A

(4.8)

XD ⇠ A1/3 ^eul
A ⇠ gpA2�V

%4 ⇠ A5/6

gp
(4.9)

r2% / A�V < ^eul
A (G + A)^eul

A (G) >
• Eulerian statistics of r2? as a function of the coarse-graining scale.
• Peclet number
• dp statistics, dev uniform, collapse PDF

mass-density variance probability density
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Figure 10: Two-dimensional cuts of the instantaneous distribution of voids for (a) St = 0.4,
(b) St = 1, and (c) St = 2.5. The time and the position of this slice are exactly the same as
in Fig. 2. Voids are here constructed from the coarse-grained density over a scale ✓ = 16 [.

5. Distribution of voids
Then, the goal of this section is to show the importance of the voids in the particles distribution.

In particular we use the Delaunay triangulation to construct those voids and we observe that the
distribution of their size is characterized by a power low with an exponent which depends on
particles inertia.

When (C ! 0, particles are simple tracers and follow the flow streamlines while in the limit
(C ! 1 they behave as canon balls and keep their initial velocity for the whole simulation.
In those two asymptotic cases, their spatial distribution at the end of the simulation should be
uniform but for a finite Stokes number we can see from Fig. ?? the apparition of voids. They are
very important because their size, which strongly depends on (C, could be much bigger than the
dissipative scales and covers all the scales of the flow. Furthermore, it was shown that preferential
concentration of particles necessitates the formation of voids but the inverse is not true Schmidt
et al. (2017).

To estimate qualitatively the size of such voids, we construct them using the Delaunay
triangulation to create tetrahedrons, particles being the vertexes. This gives us access to a volume
measure Et that we use to define if a tetrahedron is part of a void based on a critical volume E¢.
Then, to build the entire voi d we check if the neighborhood of this tetrahedron also contains
volumes bigger than E¢ and we continue like that for all the elements. Our choice for E¢ is
based on the PDF of the volumes showed in Fig. ?? (Right) and computation time. Its value is
approximately 5 times the mean value of the volumes. If the value is too high we won’t get all
the voids and if the value is too small we will create too many voids and it will take too much
computation time. We can see a 2D example of such a construction in Fig. ?? (Left) where filled
triangles with the same color define one void and white triangles have an area below a given
threshold.

The distributions of the voids volumes for all Stokes number are shown in Fig. ??. Their size
has a non trivial distribution characterized by a power-law ?(E) / E�U where U depends on (C.
It seems that this exponent U increases for small values of (C, reaches a maximum for (C ⇡ 2
and then slowly decreases for higher Stokes numbers as we can see in the inset of Fig. ??. Those
statistics are stable if we change the number of particles #p (as well as E¢) used for the Delaunay
triangulation. We obtain a di�erent behavior than in two-dimensional turbulence (ref : bofetta et
al. 2004) where they have an exponential cuto� at larger scales.

To discuss whether or not the distribution of voids ?(E) / E�U is fractal we consider their
rank. In sorting the size of the voids, the rank : associated with the size E(:) corresponds to

Connected boxes of size      that do not contain any particle`
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Figure 11: Complementary cumulative distribution function (CDF) of the volume V of
voids obtained from the coarse-grained field for '_ = 460 and various Stokes numbers, as
labelled. All distributions display a power-law behaviour/ V1�V . The measured exponents
V, obtained from the logarithmic derivative of the CDF, is shown in inset as a function of
St. The solide curve is a fit of the form V = 2 + 1/(1 + 5 St).

the probability of finding : � 1 voids larger than E(:), between E(:) and the maximum value.
According to (ref M.Cristelli (2012)) we obtain the rank size law E(:) / :1/1�U. In the other
hand, for a fractal distribution the rank size law should derive as E(:) / :�3/⇡ (ref J.Gaite
(2002)), 3 being the space dimension (3 = 3 in our case) and ⇡ being the Haussdorf fractal
dimension. By identification this leads to ⇡/3 = U � 1 and since ⇡ 6 3, U should be less or
equal to 2. The case U = 2 corresponds to the Zipf’s law (ref M.Cristelli (2012)). However, as
one can see on the inset of Fig. ?? (Right) U > 2 which means the voids do not follow a fractal
distribution nor a Zipf’s law. According to (ref M.Cristelli (2012)) to obtain such a behaviour the
set of objects that we consider should have an U = 2 and more importantly strong correlations.
An example that they give is the city size distribution which follows a Zipf’s law if we consider
cities of the same country but no if we consider world cities together, because their development
does not have enough correlations. Hence, to explain the distribution of voids we observe one
needs another dynamical mechanism called turbophoresis.
• voids defintion and PDF

6. Concluding remarks
Idea: present another approach that corroborates previous arguments.

• Formally, Eq. (6.3) is equivalent to consider that the particles dynamics follow:

d^p = ū(^p, C) dC +
q

2^(^p, C) d] (6.1)

However, this should be understood for a coarse-grained version of the particle position.
• Compute the acceleration (or its coarse-grained version) conditioned on the local value of ^.

vp = u � gp (6.2)

^p (C + )) = ^p (C) +
π C+)

C
u(^ (B), B)3B � gp

π C+)

C
ap (B)3B (6.3)

• consequences on modeling particles in large-eddy simulations.

Power-law distribution:                           with     depending onp(V) / V��
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Summary / Conclusions

❖ Turbophoresis acts in statistically homogeneous flows because they 
display instantaneous non-uniformities

❖ Inertial-range particles dynamics can be described in terms of an 
effective diffusion equation with a space-dependent diffusivity that 
is determined by the local turbulent activity

❖ The inertial-range distribution of particles can be inferred from such 
a model. However, statistics that span different scales (e.g. voids) 
require accounting for spatial correlations of the diffusion 
coefficient.
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