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Girvin et.al PRL1990, Jackiw and Pi, PRL 1990

Technical details of the model(s):

to any of the particles. The generalization to an arbitrary number of such
flux tubes involves no new ideas. We use units where ~ = c = 1.
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Introducing complex coordinate notation z ⌘ x + iy, @ = 1
2(@x � i@y), A =

Ax + iAy, and the ladder-like operators

ai ⌘
p
2

✓
@̄i +

ie
2
Ai

◆
, a

†
i =

p
2

✓
�@i �

ie
2
Āi

◆
, (3)

we find the (anti-)commutations relations
�
ai , a

†
i

 
= (�iri + eAi)

2
,

⇥
ai , a

†
i

⇤
= ie

�
@iAi � @̄iĀi
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Āi

◆
, (3)

we find the (anti-)commutations relations
�
ai , a

†
i

 
= (�iri + eAi)

2
,

⇥
ai , a

†
i

⇤
= ie

�
@iAi � @̄iĀi
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Introducing complex coordinate notation z ⌘ x + iy, @ = 1
2(@x � i@y), A =

Ax + iAy, and the ladder-like operators

ai ⌘
p
2

✓
@̄i +

ie
2
Ai

◆
, a

†
i =

p
2

✓
�@i �

ie
2
Āi
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In complex coordinate notation, we write

Ai = �2i
e
@̄iS, Āi =

2i
e
@iS, Bi =

4

e
@i@̄iS, (8)

where we have introduced

S ⌘ � '
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X

i

ln |zi � ⌘|� ✓

⇡

X

i<j

ln |zi � zj |+
1

4
eB

X

i

|zi|2. (9)

The equivalence of (8) with (9) to (6) and (7) is easily verified with the
identity

@@̄ ln(zz̄) = @
1

z̄
= @̄

1

z
= ⇡�

2(z), (10)

where the �-function is understood to be taken over real and imaginary part
separately. Using S, it is convenient to rewrite the ladder-like operators (3)
as

ai = +
p
2 e�S

@̄i e
+S

, (11)

a
†
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p
2 e+S

@i e
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p
2 e�S

�
�@i + 2(@iS)

�
e
+S

. (12)

This clearly shows that the manifold of exact zero energy ground states of
(1) or (5) with (6) and (7) is spanned by

 0[z] = f [z] e�S
, (13)

where f [z] is an arbitrary entire function of the complex particle positions.
These states are, of course, not always normalizable.

The model describes charged particles with magnetic flux tubes attached
in a uniform magnetic field B. The flux attached to the particles is given
by 2✓/e, and the particles see an additional flux tube of strength '/e at
complex position ⌘ = ⌘x + i⌘y. With regard to the uniform magnetic field,
the ground states (13) are in the lowest Landau level.

The model is relevant for the adiabatic principle if we choose a filled
Landau level as initial state for ✓ = ' = 0, i.e.,

f [z] =
Y

i<j

(zi � zj). (14)

During the process of adiabatic localization of flux, the zero energy ground
state is then given by
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to any of the particles. The generalization to an arbitrary number of such
flux tubes involves no new ideas. We use units where ~ = c = 1.

To begin, consider the following Hamiltonian of N particles in the plane
spanned by unit vectors êx and êy,
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i
, (1)

where particle i is coupled to a magnetic field perpendicular to the plane,
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Since H is positive semi-definite, every state annihilated by all the operators
ai is a zero energy ground state. For a uniform magnetic field Bi = B, the
above formalism trivially reproduces Landau level quantization.

For the present analysis, we take
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where B is a uniform magnetic field pointing in the negative êz-direction,
while the first two terms describe (fractional) flux tubes at positions ⌘ and
rj pointing in the positive ẑ-direction. We choose the symmetric gauge
riAi = @iAi + @̄iĀi = 0. Then (6) is generated by
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For ' = 0, this state gradually evolves from a filled Landau level to a state
reminiscent of a Laughlin 1/m state as we evolve the statistics from fermions
to superfermions by taking ✓ from 0 to (m�1)⇡. To fully recover the Laughlin
states, we need to remove the flux attached to the particles via a “singular
gauge transformation”,
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with
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It is called “singular” because it is ill-defined when the particle positions
coincide. For ✓ 6= 0 mod 2⇡, however, this possibility is excluded due to the
angular momentum barrier between the particles. For ✓ = (m� 1)⇡, where
m = 3, 5, 7, . . . is an odd integer, (15) tranforms into
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When ' is a multiple of 2⇡, we may likewise remove the isolated flux tube at ⌘
via another similar gauge transformation. As discussed in previous work [22],
the energy gap remains intact during this process if we supplement the parent
Hamiltonian (1) with a repulsive interaction of the form
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where n is an integer such that 2n� ✓/⇡ � 0.
There is a subtlety associated with the singular gauge transformation. If

we view it as only a gauge transformation which is ill defined at a set of points
we may safely exclude form our configuration space (the points where at least
two particle positions coincide), it will not affect the �-function interaction
in (1). This can be seen from application of (16) to (1) and (2). The gauge
transformation removes the effect of the flux tubes in the kinetic term of (1),
but does not affect the potential term �eBi.

Since a prerequisite for the singular gauge transformation is that we
exclude configurations where particle positions coincide, however, we are
permitted to omit the �-function interactions from the Hamiltonian once all
the flux tubes are gauged away. When we say that we remove the flux tubes
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to any of the particles. The generalization to an arbitrary number of such
flux tubes involves no new ideas. We use units where ~ = c = 1.

To begin, consider the following Hamiltonian of N particles in the plane
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Generalization to higher Landau levels:

when ✓ is a multiple of ⇡ via a singular gauge transformation, we from now
on take this to mean that we transform the wave function according to (16),
and (in the absence of additional flux tubes parametrized by ') replace ai , a

†
i

by the (unnormalized) Landau level operators

a0i = +
p
2 e�S0 @̄i e

+S0 , a
†
0i = �

p
2 e+S0 @i e

�S0 , (20)

with S0 = 1
4eB

P
i |zi|2 in (5) to obtain

H0 =
1

m

NX

i=1

a
†
0ia0i. (21)

Generalization of the model to higher Landau levels.—We proceed by
generalizing the model to an initial state consisting of p filled Landau levels,
where p is a positive integer. Since the wave function for a filled q-th Landau
level is obtained from the wave function of a filled LLL by application of
(q�1) Landau level raising operators a†0i for each particle, the wave function
for p filled levels may be written as

 
(0)
p [z] = A

pY

q=1

8
<

:

qN1Y

i=(q�1)N1+1

(z̄i)
q�1

Y

(q�1)N1<i<jqN1

(zi � zj)

9
=

; e
�S0

=: fp[z, z̄] e
�S0 , (22)

where A denotes antisymmetrization, the total number of particles N is
divisible by p, N1 = N/p is the number of particles in each Landau level,
and fp[z, z̄] abbreviates the polynomial part of the preceding line.  (0)

p [z] is
clearly the ground state of (21) at the appropriate Landau level filling ⌫ = p,
but, even if we replace the factor e

�S0 by e
�S , not an eigenstate of (5) for

✓ 6= 0. (From here onwards, we simplify the presentation by taking ' = 0,
even though additional flux tubes may be included without incident.)

Therefore, the question arises whether we can formulate a parent Hamil-
tonian for

 
(✓)
p [z] =: fp[z, z̄] e

�S
, (23)

with S given by (9) with ' = 0, which singles out  (0)
p [z] as unique ground

state for ✓ > 0 as well.
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where p is a positive integer. Since the wave function for a filled q-th Landau
level is obtained from the wave function of a filled LLL by application of
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to any of the particles. The generalization to an arbitrary number of such
flux tubes involves no new ideas. We use units where ~ = c = 1.

To begin, consider the following Hamiltonian of N particles in the plane
spanned by unit vectors êx and êy,

H =
1

2m

NX

i=1

h
(�iri + eAi)

2 � eBi

i
, (1)

where particle i is coupled to a magnetic field perpendicular to the plane,

Bi = ri ⇥Ai =: �Biêz. (2)

Introducing complex coordinate notation z ⌘ x + iy, @ = 1
2(@x � i@y), A =

Ax + iAy, and the ladder-like operators

ai ⌘
p
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Ai

◆
, a

†
i =

p
2

✓
�@i �

ie
2
Āi
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we find the (anti-)commutations relations
�
ai , a

†
i

 
= (�iri + eAi)

2
,

⇥
ai , a

†
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= ie

�
@iAi � @̄iĀi

�
= eBi, (4)

and hence

H =
1

m

NX

i=1

a
†
iai . (5)

Since H is positive semi-definite, every state annihilated by all the operators
ai is a zero energy ground state. For a uniform magnetic field Bi = B, the
above formalism trivially reproduces Landau level quantization.

For the present analysis, we take

Bi = �'

e
�
2(ri � ⌘)� 2✓

e

X

j( 6=i)

�
2(ri � rj) + B, (6)

where B is a uniform magnetic field pointing in the negative êz-direction,
while the first two terms describe (fractional) flux tubes at positions ⌘ and
rj pointing in the positive ẑ-direction. We choose the symmetric gauge
riAi = @iAi + @̄iĀi = 0. Then (6) is generated by

Ai = � '
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+
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2
B(ri ⇥ ez). (7)
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during the evolution:

This is indeed possible, and simpler than it may appear. The Hamiltonian
in question is given by

H
(✓)
p =

1

m(eB)p�1

NX

i=1

�
a
†
i

�p�
ai

�p
. (24)

The factor (eB)p�1 in the denominator ensures that H
(✓)
p has the correct

units. To verify that (23) is a zero energy ground state, we note that H
(✓)
p

is positive semi-definite, and use (11) and (12) to rewrite it as

H
(✓)
p =

2p

m(eB)p�1

NX

i=1

e
�S

�
�@i + 2(@iS)

�p �
@̄i
�p

e
+S
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Since fp[z, z̄] is the unique antisymmetric polynomial in N complex coordi-
nates zi, z̄i containing powers up to N1�1 in the zi’s and powers up to p�1
in the z̄i’s, the state (23) constitutes the unique zero energy ground state of
(25) at Landau level filling fraction ⌫ = p. All states with weight in higher
Landau levels contain powers z̄pi or higher, and are hence not annihilated by
the derivatives @̄i in (25).

The leading kinetic term in (24) is (�iri)2p, which is hard to realize
in a material system, but not unphysical as a matter of principle. The
Hamiltonian also contains products of derivatives and �-functions, but these
terms matter only when particle positions coincide, i.e., at points we will
be allowed to exclude from the configuration space due to the angular mo-
mentum barrier during the adiabatic process. The important feature in the
present context is that all the derivative terms are minimally coupled to the
gauge field Ai, as one can easily see from (3), where the derivatives enter
exclusively in combinations (�i@x + eAx) and (�i@y + eAy). Therefore, the
model describes flux tube–particle composites subject to a uniform magnetic
field B, with an unusual kinetic energy for the particles.

The Hamiltonian (24) simplifies when ✓ = 0, i.e., at the point of departure
for the adiabatic process, and also after the flux tubes have been removed via
the singular gauge transformation. Then ai , a

†
i may be replaced by a0i, a

†
0i,

and (24) may be written as
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. (26)
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which shows that it may be viewed as a sum over products of projection
operators, and that it contains the factor (�iri + eAi) taken to all even
powers up to 2p.

The ground state (23) of (24) during the adiabatic localization of flux
parametrized by ✓ is given by

 
(✓)
p [z] =

Y

i<j

|zi � zj |✓/⇡ fp[z, z̄]
Y

i

e
� 1

4 eB|zi|2 . (27)

It gradually evolves from a state with p filled Landau levels into states rem-
iniscent of unprojected Jain states at filling fractions ⌫ = p/(p (m� 1) + 1)
as we evolve the statistics from fermions to superfermions by taking ✓ from
0 to (m� 1)⇡, where m = 3, 5, 7, . . . is an odd integer. To fully recover the
unprojected Jain states,

 
(m)
p [z] =

Y

i<j

(zi � zj)
m�1

fp[z, z̄]
Y

i

e
� 1

4 eB|zi|2 , (28)

we need to remove the flux attached to the particles with the singular gauge
transformation (16) with (17). Following the argument outlined above, we
are allowed to discard the flux entirely whenever ✓ is a multiple of ⇡. The
Hamiltonian hence evolves back into its initial form (26).

While it is obvious that (27) is an exact zero energy ground state of (24)
during the process, we only know it to be non-degenerate at the initial point
✓ = 0, where it is separated from all other states by a gap in the kinetic
energy.

During the process, states containing inverse powers (zi � zj)�1 of par-
ticle distances become normalizable, as elaborated in reference [22], and we
expect that (27) is no longer the only ground state. Fortunately, the line of
arguments developed there can be applied to the present model as well. First
of all, note that fp[z, z̄] vanishes at least linearly as two particles approach
each other. This follows from the polynomial form together with the anti-
symetrization, which is required by Fermi statistics. Taking this argument
one step further, the unprojected Jain state (28) vanishes by construction as
the m-th power of the distance as two particles approach each other. The
potential term introduced by Trugman and Kivelson [38] for the ⌫ = 1/m
Laughlin state in the LLL,

V
(m) /

X

i 6=j

�
r2

i

�(m�1)/2
�
2(zi � zj), (29)
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For ' = 0, this state gradually evolves from a filled Landau level to a state
reminiscent of a Laughlin 1/m state as we evolve the statistics from fermions
to superfermions by taking ✓ from 0 to (m�1)⇡. To fully recover the Laughlin
states, we need to remove the flux attached to the particles via a “singular
gauge transformation”,

Ai ! Ai +ri⇤i,  [z] !  [z]
Y

i

e
�ie⇤i , (16)

with

⇤i = � ✓

2⇡e

X

j( 6=i)

arg(zi � zj). (17)

It is called “singular” because it is ill-defined when the particle positions
coincide. For ✓ 6= 0 mod 2⇡, however, this possibility is excluded due to the
angular momentum barrier between the particles. For ✓ = (m� 1)⇡, where
m = 3, 5, 7, . . . is an odd integer, (15) tranforms into

 
(')
m [z] =

Y

i

|zi � ⌘|'/2⇡
Y

i<j

(zi � zj)
m

Y

i

e
� 1

4 eB|zi|2 . (18)

When ' is a multiple of 2⇡, we may likewise remove the isolated flux tube at ⌘
via another similar gauge transformation. As discussed in previous work [22],
the energy gap remains intact during this process if we supplement the parent
Hamiltonian (1) with a repulsive interaction of the form

V
(1+✓/⇡) /

X

i 6=j

|zi � zj |2n�✓/⇡
�
r2

i

�n
�
2(zi � zj) . (19)

where n is an integer such that 2n� ✓/⇡ � 0.
There is a subtlety associated with the singular gauge transformation. If

we view it as only a gauge transformation which is ill defined at a set of points
we may safely exclude form our configuration space (the points where at least
two particle positions coincide), it will not affect the �-function interaction
in (1). This can be seen from application of (16) to (1) and (2). The gauge
transformation removes the effect of the flux tubes in the kinetic term of (1),
but does not affect the potential term �eBi.

Since a prerequisite for the singular gauge transformation is that we
exclude configurations where particle positions coincide, however, we are
permitted to omit the �-function interactions from the Hamiltonian once all
the flux tubes are gauged away. When we say that we remove the flux tubes

5

states are still 
annihilated by


