
FRACTIONALIZATION OF CHA   
STATISTICS IN TWO DIMENSI
Michael Manfra
Department of Physics and Astronomy, Purdue University
Microsoft Quantum Lab West Lafayette 

1



• Anyons from an experimentalist’s view

• Short introduction to the 2DEG in semiconductors and FQHE

• How can we “measure” anyons? 
Challenges of operation of electronic Fabry-Perot interferometers in the 
quantum Hall regime

• Determination of anyonic braiding statistics at ν=1/3

• Beyond ν=1/3 in the lowest Landau level; ν=2/3 and ν=2/5

• Routes to ν=5/2 interferometry



Quasiparticles in the 
fractional quantum 
Hall state at ν=1/3

Elementary particles
FERMIONS BOSONS

gluonsphotons

Higgs boson
gravitons

electrons
quarks

protons
neutrons

muons

Emergent particles in 2D 

Pauli Exclusion Principle
Fermions switch places:

(-1) * Wavefunction

Flock Together
Bosons switch places:

(1) * Wavefunction

ANYONS
Novel Quantum Statistics
- Fractional charge
- Anyonic braiding statistics

(ei𝜽𝜽) * Wavefunction

𝜽𝜽=2π/3



Quantum Statistics:
What happens to a many-particle wave function under exchange or “braiding” of 
identical particles 

3 Dimensions: Bosons or Fermions 

Bosons: ψ(x1, x2, x3,…)               ψ(x2, x1, x3,…)   same wave function:  phase factor 2π

Fermions: ψ(x1, x2, x3,…)               -1*ψ(x2, x1, x3,…)   same wave function multiplied by -1: phase factor π

In 3D: :  Two permutations equivalent to identity operation
In 2D:   Can have fractional statistics (Abelian anyons) :𝑒𝑒𝑖𝑖𝑖𝜋𝜋𝜋𝜋 (e.g., ν=1/3 FQHE)

Why? Because world lines can form knots in 2D

Non-Abelian anyons possible as well (e.g., ν=5/2 FQHE, topological superconductors)
Braiding corresponds to a unitary rotation within a degenerate manifold of states

Leinaas and Myrheim, Nuovo Cimento B 37, 1-23 (1977)
F. Wilczek, PRL 49, 957-959 (1982) “anyons” defined for the first time



Early analysis of fractional statistics and the FQHE





• Quasiparticles carry fractional charge 
𝑒𝑒∗ = 𝑒𝑒

3
for ν=1/3

Δ𝜃𝜃 = 2𝜋𝜋
𝑒𝑒∗

𝑒𝑒

R. B. Laughlin, PRL 50, 1395 (1983)

R. de-Piccioto et al. Nature 389, 162 (1997)
L. Saminadayar et al. PRL 79, 2526 (1997)

B. I. Halperin, PRL 52, 1583 (1984)
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Excitations of the FQHE are anyons: fractional c    
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• Anyonic braiding statistics: 𝜃𝜃𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 = 2𝜋𝜋 𝑒𝑒∗

𝑒𝑒
ν=2

ν=4/3



How does one make a two-dimensional electron gas 
and what’s the quantum Hall effect?



Molecular Beam Epitaxy:   (Al Cho, Bell Labs, 1970’s)

How does one make a two-dimensional electron gas?



TEM images of AlAs/GaAs superlattice

GaAs Substrate
[0

01
]

The AlAs/GaAs interface is 
among the most perfect in all of 
nature.

GaAs

AlAs



AlxGa1-xAs

AlxGa1-xAs

GaAs

A few hundred Angstroms
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Translational Invariance in x-y plane
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AlxGa1-xAs AlxGa1-xAsGaAs



BA
N

D
 G

AP

AlxGa1-xAs AlxGa1-xAsGaAs

E

z

VALENCE BAND (FILLED)

CONDUCTION BAND (EMPTY)



CONDUCTION BAND (EMPTY)

AlxGa1-xAs AlxGa1-xAsGaAs



z

AlxGa1-xAs AlxGa1-xAsGaAs



z

Z-motion is FROZEN OUT
Strictly 2-D Motion

LOW!! T

AlxGa1-xAs AlxGa1-xAsGaAs



Simple theory of the QHE

B

Kinetic Energy in 
Magnetic Field

Disorder Potential Electron-Electron
Interactions

(necessary for FQHE,
But not for IQHE)

(ignore spin)



Simple theory of the QHE

B

Kinetic Energy in 
Magnetic Field

Disorder Potential Electron-Electron
Interactions

(necessary for FQHE,
But not for IQHE)

0

(ignore spin)



Simple theory of the QHE

B

Free Electron in 2D 
in a Magnetic Field

0

Cyclotron frequency

Positional Degeneracy  =  (Area) B / φ0

= flux quantum 

(ignore spin)

Eigenstates:

Eigenenergies:

“Landau 
Level”

( orbital
quantization)

Lev Landau



Simple theory of the QHE

B

Free Electron in 2D 
in a Magnetic Field

0

Cyclotron frequency

Positional Degeneracy  =  (Area) B / φ0

= flux quantum 

E

DENSITY OF STATES

(ignore spin)

Eigenstates:

Eigenenergies:

“Landau 
Level”

( orbital
quantization)



Eigenenergies:

= flux quantum 

E

DENSITY OF STATES

= # Landau Levels Filled With Electrons

= Filling Fraction

Positional Degeneracy  =  (Area) B / φ0
“Landau 
Level”

( orbital
quantization)

Free Electron in 2D 
in a Magnetic Field

Eigenstates:

0



Positional Degeneracy  =  (Area) B / φ0

E

DENSITY OF STATES

= # Landau Levels Filled With Electrons

= Filling Fraction

Compressible when
A fractional number of 
Landau Levels are full
(in noninteracting picture)

Incompressible when
An integer number of 
Landau Levels are full



= # Landau Levels Filled With Electrons

= Filling Fraction

ν
π 12

2e

IVR HH



=

= /

ν =4

ν =6

But why the Plateau?



Simple theory of the QHE

+ Disorder PotentialFree Electrons in 2D 
in a Magnetic Field

NOT ENOUGH IN THIS 
SIMPLE THEORY!

RESTORE 
DISORDER

E

DENSITY OF STATES

WITH DISORDER

Localized
States

Extended
State(s)

E

DENSITY OF STATES

NO DISORDER



Why Hall Quantization?
Why So Precise?

Gauge Invariance

Laughlin 1981 : 
Must be some “conservation” law… 

Bob Laughlin Bert Halperin

Detailed arguments, importance of edge states (1982)



E

DENSITY OF STATES

Kinetic Energy in 
Magnetic Field

Disorder Potential Electron-Electron
Interactions

FQHE: What’s is missing?

HUGE DEGENERACY

VERY COMPRESSIBLE



E

DENSITY OF STATES

Kinetic Energy in 
Magnetic Field

Electron-Electron
Interactions

HUGE DEGENERACY

VERY COMPRESSIBLE
INCOMPRESSIBLE?



Ψ1/3 Filled LLL

Bob Laughlin 

ΨFilled LLL

• Angular Momentum Eigenstate (Homogeneous in z ’s)

• Antisymmetric (Fermions)

• Minimize Coulomb Interaction 
(Keep Electrons Far Away From Each Other)

An Inspired and Highly Accurate Guess (.999…)

PRL 50, 1395 (1983)
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Moore and Read, Nucl. Phys. B, 362-396 (1991)
Nayak and Wilczek, Nucl. Phys. B, 529-553 (1996)
Read and Green, Phys. Rev. B 61, 10267-10297 (2000)

Putative non-Abelian states in 2nd Landau level



Electronic Fabry-Perot interferometer in the IQHE  and FQHE reg  
• Surface gates define electron interference path
• Quantum point contacts (QPCs) act as beam        
splitters

𝐼𝐼𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏~ 𝑟𝑟1 |𝑟𝑟2|cos(𝜃𝜃)

𝜃𝜃 = 2𝜋𝜋
𝐴𝐴𝐴𝐴
Φ0

Aharonov-Bohm phase

𝑒𝑒∗

𝑒𝑒
+ 𝑁𝑁𝐿𝐿𝜃𝜃𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎

Braiding phase

• Can measure interference by measuring 
electrical conductance across device

• Operate device by changing area (via gate 
voltage) or magnetic field

• Expect negative slope of constant phase lines in 
B-VG plane

S D

B

Φ0 ≡
ℎ
𝑒𝑒

B.I. Halperin, A. Stern, I. Neder, and B. Rosenow PRB 83, 155440 (2011)
C. de C. Chamon, D. Freed, S. Kivelson, S. Sondhi, X. Wen Phys. Rev. B 55, 2331 (1997)



Early pathfinding experiments: challenges and clues



small interferometers                         big interferometers



AB vs. CD in early experiments: a valuable lesson

• Many early experiments observed 
Coulomb dominated behavior
• C. Marcus group observed AB 
behavior (negative slope) in devices 
with large area which included metal 
screening gates
• Coherence was poor due to large 
path length 
• Need better way to screen to 
observe AB interference in smaller 
devices

35

18𝜇𝜇𝑚𝑚2

Device

2𝜇𝜇𝑚𝑚2

Device

Zhang et al. PRB 79, 241304 (2009)



Aharonov-Bohm vs. Coulomb dominated regime
Aharonov-Bohm Coulomb dominated

• Regime of operation depends on the ratio of KIL/KI, where KIL parameterizes bulk-edge interaction and KI parameterizes 
the energy cost to add charge to the edge

• Critically, 𝜽𝜽𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂𝒂 is unobservable in the Coulomb dominated regime: phase change is multiple of 2π.

B. I. Halperin, A. Stern, I. Neder, and B. Rosenow. PRB 83, 155440 (2011)
D. Feldman and B. Halperin, arXiv.org/abs/2102.08998 (2021)
C. W. von Keyserlingk, S. H. Simon, B. Rosenow, PRL 115, 126807 (2015)



Problem: strong bulk-edge interaction

Reality: Coulomb-dominated oscillations

𝜃𝜃𝐼𝐼 = 2𝜋𝜋
𝐴𝐴𝐴𝐴
Φ0
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Expectation: Aharonov-Bohm Interference

Wrong 
slope!
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• Bulk-edge interactions cause area to 
change with magnetic field

• Cannot change A and B independently –
flux decreases when increase B!

• Makes braiding unobservable

𝛿𝛿𝛿𝛿 = −𝜈𝜈𝐴̅𝐴𝛿𝛿𝛿𝛿
B.I. Halperin, A. Stern, I. 
Neder, and B. Rosenow. 
PRB 83, 155440 (2011)



Challenges for QHE interferometry

Small interferometers
 good coherence (short path length)
 Coulomb-dominated  transport – (large 

charging energy)

•
•

•
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Top and back-gated interferometer

41

• Need to eliminate parallel conduction through  
screening wells

• Adapt technique used in bilayer systems – use gates 
around Ohmics to disconnect SWs from contacts 

Quantum Well

Screening Well

Screening Well

Ni/Au/Ge
Ohmic 
Contact

-0.29V

110nm

50μm

-150V

J. P. Eisenstein, L. N. Pfeiffer, & K. W. West. APL 57, 2324 (1990)

Mesa
Contacts
Surface Gates Gate
Back gate



Interferometer with in-situ screening layers

42

Mesa
Contacts
Surface Gates Gate
Back gate

• Presence of screening wells enables AB oscillations in 
small device size (~0.7𝜇𝜇𝑚𝑚2) and thus improved 
coherence

• Simulations indicate SWs promote steeper confining 
potential

B-field



Transport in primary quantum and screening wells 
wells
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Suppression of Coulomb charging effects

44

𝑒𝑒2

2𝐶𝐶
~17𝜇𝜇𝜇𝜇𝜇𝜇
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Aharonov-Bohm interference at 𝜈𝜈 = 1 using screening wells     
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𝜈𝜈 = 1
Δ𝐵𝐵 = 5.7 mT
𝐴𝐴 ≈ 0.73𝜇𝜇𝜇𝜇2

∆Vgate ≈ 5mV

• Aharonov-Bohm interference in 
device ~20x smaller

• Interference is large amplitude 
and robust (survives up to 
hundreds of mK)



Coherence: temperature dependence at 𝜈𝜈 = 1

46
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Selective interference of inner modes and edge mode velocity determination

𝑣𝑣𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒=𝑒𝑒𝑒𝑒∆𝑉𝑉𝑆𝑆𝑆𝑆
2𝜋𝜋𝜋

𝛿𝛿𝛿𝛿 ∝ cos 2𝜋𝜋
𝐴𝐴𝐴𝐴
𝜙𝜙0

cos
𝑒𝑒𝑉𝑉𝑆𝑆𝑆𝑆𝐿𝐿
2ℏ𝑣𝑣𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

H. Sahasrabudhe et al. “Optimization of edge state velocity in the 
integer quantum Hall regime”, Phys. Rev. B. 97, 0853202 (2018)



Sharper Confining Potential due to SW structure
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• Simulations indicate that SW 
structure results in a sharper 
confining potential at the edge 
of the gates

• Qualitatively, SW creates a 
“mask” so QW feels gate 
potential only in a sharply 
defined area

• QPCs exhibit much sharper 
conductance curves compared 
to standard structures



Δ𝑉𝑉𝑆𝑆𝑆𝑆 = 74𝜇𝜇𝜇𝜇
𝒗𝒗𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆 = 𝟔𝟔.𝟏𝟏 × 𝟏𝟏𝟏𝟏𝟒𝟒𝒎𝒎/𝒔𝒔

velocity at 𝜈𝜈 = 1
3

Δ𝑉𝑉𝑆𝑆𝑆𝑆 = 108𝜇𝜇𝜇𝜇
𝒗𝒗𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆 = 𝟖𝟖.𝟗𝟗 × 𝟏𝟏𝟏𝟏𝟒𝟒𝒎𝒎/𝒔𝒔

velocity at 𝜈𝜈 = 1



Aharonov-Bohm interference in the FQH regime

ν=1/3

𝑒𝑒∗

𝑒𝑒
=

Φ0

𝐵𝐵Δ𝑉𝑉𝑔𝑔
𝜕𝜕𝐴𝐴
𝜕𝜕𝑉𝑉𝑔𝑔



Theoretical analysis:  fixed 𝜈𝜈 vs. fixed density

• Competition between energy cost to 
create quasiparticles Δ and electrostatic 
energy cost to keep 𝜈𝜈 fixed 
• Predicted transition from AB with 3Φ0
period regime of no magnetic field 
dependence with higher order 
Φ0 modulations.

51

B. Rosenow and A. Stern. PRL 124, 106805 (2020)

Δ = Energy gap of quantum Hall state
C = capacitance to screening layers (per unit area)

Δ𝐵𝐵𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓−𝜈𝜈
quasiparticles quasi-holes

Equation for width of B with fixed 𝜈𝜈 and 
3Φ0 oscillations:

Δ𝐵𝐵𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓−𝜈𝜈 =
Δ × Φ0

𝜈𝜈𝑒𝑒∗ × 𝑒𝑒2
𝐶𝐶



Braiding experiments in lower density and smaller device

• Smaller interferometer 1micron by 1micron
• Lower density 2DEG: n~7x1010cm-2  : lower gate potential enhances stability
• Examine interference over broad range of magnetic field around ν=1/3



Experimental lead: Dr. James Nakamura 

53



Interference at 𝝂𝝂 = 𝟏𝟏/𝟑𝟑: discrete phase jumps

• Observe discrete jumps in 
interference pattern:

𝜃𝜃 = 2𝜋𝜋
𝐴𝐴𝐴𝐴
Φ0

𝑒𝑒∗

𝑒𝑒
+ 𝑁𝑁𝐿𝐿𝜃𝜃𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎

• Fit conductance between jumps to 
𝛿𝛿𝛿𝛿 = 𝛿𝛿𝐺𝐺0 cos 2𝜋𝜋 𝑒𝑒∗

𝑒𝑒
𝐴𝐴𝐴𝐴
Φ0

+ 𝜃𝜃0
to get phase jumps Δ𝜃𝜃

Δ𝜃𝜃
2𝜋𝜋

= −0.32
Δ𝜃𝜃
2𝜋𝜋

= −0.38
Δ𝜃𝜃
2𝜋𝜋

= −0.28Δ𝜃𝜃
2𝜋𝜋

= −0.29

Theory: 𝜃𝜃𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 = 2𝜋𝜋
3

Take average: 
Δ𝜃𝜃 = −2𝜋𝜋 × (0.31 ± 0.04)



Demonstration Experiments

Aharonov- Bohm Interference in the FQHE via novel 
heterostructure and device

2019

Measured 𝜃𝜃𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 = 2𝜋𝜋
3

at ν=1/ 3

20202020
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