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Complex “energies”, non-unitary time-evolution, …, 
Pandora’s box!?

Perspective of topological phases <—> uniquely NH phenomena
New:

Open quantum systems
Effective description of systems with finite lifetime states

A B

t = 220 nm

Dissipative systems — experiments!
Classical mechanical, electrical, robotic and 
optical metamaterials 
Photonic systems with gain and/or loss

Scattering problems, …

Relevance:

Im[E] ⇠ 1/⌧
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Non-Hermitian, really?



A mathematical curiosity

But for non-Hermitian               matrices we have 

O(1)
<latexit sha1_base64="aEsd6OC9sPzPZVyH1Yhrz2ComIE=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEuilJFXRZdOPOCvYBbSiT6aQdOpmEmYlQQ7/EjQtF3Pop7vwbJ20W2npg4HDOvdwzx485U9pxvq3C2vrG5lZxu7Szu7dftg8O2ypKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJzeZ33mkUrFIPOhpTL0QjwQLGMHaSAO7nPZDrMcEc3Q3q7pnA7vi1Jw50Cpxc1KBHM2B/dUfRiQJqdCEY6V6rhNrL8VSM8LprNRPFI0xmeAR7RkqcEiVl86Dz9CpUYYoiKR5QqO5+nsjxaFS09A3k1lKtexl4n9eL9HBlZcyESeaCrI4FCQc6QhlLaAhk5RoPjUEE8lMVkTGWGKiTVclU4K7/OVV0q7X3PNa/f6i0rjO6yjCMZxAFVy4hAbcQhNaQCCBZ3iFN+vJerHerY/FaMHKd47gD6zPH5sUkmQ=</latexit>

�E  cN ✏1/N
<latexit sha1_base64="A2KUeuGvmAKHRVW18dw/tQIzOWw=">AAACB3icbVDJSgNBEO1xjXGLehSkMQie4kwU9BhcwFOIYBbIjENPp5I06ekZu3uEMOTmxV/x4kERr/6CN//GznLQxAcFj/eqqKoXxJwpbdvf1tz8wuLScmYlu7q2vrGZ29quqSiRFKo04pFsBEQBZwKqmmkOjVgCCQMO9aB3MfTrDyAVi8St7sfghaQjWJtRoo3k5/bcS+Ca4CuXwz2mftmFWDEeibvUOSoP/FzeLtgj4FniTEgeTVDxc19uK6JJCEJTTpRqOnasvZRIzSiHQdZNFMSE9kgHmoYKEoLy0tEfA3xglBZuR9KU0Hik/p5ISahUPwxMZ0h0V017Q/E/r5no9pmXMhEnGgQdL2onHOsID0PBLSaBat43hFDJzK2YdokkVJvosiYEZ/rlWVIrFpzjQvHmJF86n8SRQbtoHx0iB52iErpGFVRFFD2iZ/SK3qwn68V6tz7GrXPWZGYH/YH1+QPf4Jiu</latexit>

N⇥N
<latexit sha1_base64="yrAgLfxoeRLKkwkkx+i2NPyaCjY=">AAAB9HicbVDLSgNBEOz1GeMr6tHLxCB4CrtR0GPQi6cQwTwgu4TZyWwyZPbhTG8ghHyHFw+KePVjvPk3TpI9aGJBQ1HVTXeXn0ih0ba/rbX1jc2t7dxOfndv/+CwcHTc1HGqGG+wWMaq7VPNpYh4AwVK3k4Up6Evecsf3s381ogrLeLoEccJ90Laj0QgGEUjeTW36KIIuSZusdYtlOyyPQdZJU5GSpCh3i18ub2YpSGPkEmqdcexE/QmVKFgkk/zbqp5QtmQ9nnH0IiaRd5kfvSUnBulR4JYmYqQzNXfExMaaj0OfdMZUhzoZW8m/ud1UgxuvImIkhR5xBaLglQSjMksAdITijOUY0MoU8LcStiAKsrQ5JQ3ITjLL6+SZqXsXJYrD1el6m0WRw5O4QwuwIFrqMI91KEBDJ7gGV7hzRpZL9a79bFoXbOymRP4A+vzB2ZQkTQ=</latexit>

|
<latexit sha1_base64="3S7e63ZJ+SLpPBFpwSdafXh3lMs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtaEIF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AO2XjQQ=</latexit>

|
<latexit sha1_base64="3S7e63ZJ+SLpPBFpwSdafXh3lMs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtaEIF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AO2XjQQ=</latexit>

|
<latexit sha1_base64="3S7e63ZJ+SLpPBFpwSdafXh3lMs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtaEIF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AO2XjQQ=</latexit>

|
<latexit sha1_base64="3S7e63ZJ+SLpPBFpwSdafXh3lMs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtaEIF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AO2XjQQ=</latexit>

We are used to the stability of eigenvalues of Hermitian matrices:

�E  ✏
<latexit sha1_base64="usBAfPxNqYk/4M5j3/fqFqKNAd0=">AAAB/nicbVDLSsNAFJ3UV62vqrhyM1gEVyWpgi6LD3BZwT6gCWUyvWmHTiZxZiKUUPBX3LhQxK3f4c6/cdJmoa0HLhzOuZd77/FjzpS27W+rsLS8srpWXC9tbG5t75R391oqSiSFJo14JDs+UcCZgKZmmkMnlkBCn0PbH11lfvsRpGKRuNfjGLyQDAQLGCXaSL3ygXsNXBN843J4wC7EivFMr9hVewq8SJycVFCORq/85fYjmoQgNOVEqa5jx9pLidSMcpiU3ERBTOiIDKBrqCAhKC+dnj/Bx0bp4yCSpoTGU/X3REpCpcahbzpDoodq3svE/7xuooMLL2UiTjQIOlsUJBzrCGdZ4D6TQDUfG0KoZOZWTIdEEqpNYiUTgjP/8iJp1arOabV2d1apX+ZxFNEhOkInyEHnqI5uUQM1EUUpekav6M16sl6sd+tj1lqw8pl99AfW5w+VsJVA</latexit>

|
<latexit sha1_base64="3S7e63ZJ+SLpPBFpwSdafXh3lMs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtaEIF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AO2XjQQ=</latexit>

|
<latexit sha1_base64="3S7e63ZJ+SLpPBFpwSdafXh3lMs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtaEIF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AO2XjQQ=</latexit>

Largest eigenvalue of 
the perturbation

change for arbitrarily small     as                   !O(1)
<latexit sha1_base64="aEsd6OC9sPzPZVyH1Yhrz2ComIE=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEuilJFXRZdOPOCvYBbSiT6aQdOpmEmYlQQ7/EjQtF3Pop7vwbJ20W2npg4HDOvdwzx485U9pxvq3C2vrG5lZxu7Szu7dftg8O2ypKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJzeZ33mkUrFIPOhpTL0QjwQLGMHaSAO7nPZDrMcEc3Q3q7pnA7vi1Jw50Cpxc1KBHM2B/dUfRiQJqdCEY6V6rhNrL8VSM8LprNRPFI0xmeAR7RkqcEiVl86Dz9CpUYYoiKR5QqO5+nsjxaFS09A3k1lKtexl4n9eL9HBlZcyESeaCrI4FCQc6QhlLaAhk5RoPjUEE8lMVkTGWGKiTVclU4K7/OVV0q7X3PNa/f6i0rjO6yjCMZxAFVy4hAbcQhNaQCCBZ3iFN+vJerHerY/FaMHKd47gD6zPH5sUkmQ=</latexit>

✏
<latexit sha1_base64="S940j+PXnpyPoS6EHFdj/RxnHVw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBOH5Ak</latexit> N ! 1

<latexit sha1_base64="HCAdgoiJ8b5kXXCFILBLzyoongg=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVJIq6LHoxZNUsB/QhLLZbtqlm03YnSgh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBYngGhzn21pZXVvf2Cxtlbd3dvf27YPDto5TRVmLxiJW3YBoJrhkLeAgWDdRjESBYJ1gfD31Ow9MaR7Le8gS5kdkKHnIKQEj9e3Kraf4cAREqfgRe1yGkPXtqlNzZsDLxC1IFRVo9u0vbxDTNGISqCBa91wnAT8nCjgVbFL2Us0SQsdkyHqGShIx7eez4yf4xCgDHMbKlAQ8U39P5CTSOosC0xkRGOlFbyr+5/VSCC/9nMskBSbpfFGYCgwxniaBB1wxCiIzhFDFza2YjogiFExeZROCu/jyMmnXa+5ZrX53Xm1cFXGU0BE6RqfIRReogW5QE7UQRRl6Rq/ozXqyXqx362PeumIVMxX0B9bnDwsklQY=</latexit>

Qualitatively new response for any N � 2
<latexit sha1_base64="Vsm5CbAZob4gi0BugMnDERnx3Zk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04kkq2A9oQ9lsJ+3SzSbuboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzDhBP6IDyUPOqLFS6647wEdS7ZXKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n83OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo2XxSmgpiYTH8nfa6QGTG2hDLF7a2EDamizNiEijYEb/HlZdKsVrzzSvX+oly7zuMowDGcwBl4cAk1uIU6NIDBCJ7hFd6cxHlx3p2PeeuKk88cwR84nz91Ko79</latexit>



Minimal example:  
a two-level system

Take home: Exceptional degeneracies & Square roots



A two-level system

H =

✓
0 ↵

1 0

◆

<latexit sha1_base64="ZHwMDyoUT5pleocrnnNMd+AF79g=">AAACHHicbVDLSgMxFM34rPU16tJNsCiuykwr6EYouumygn1AZyiZ9LYNzWSGJCOWoR/ixl9x40IRNy4E/8a0HURbDwROzrmXe+8JYs6Udpwva2l5ZXVtPbeR39za3tm19/YbKkokhTqNeCRbAVHAmYC6ZppDK5ZAwoBDMxheT/zmHUjFInGrRzH4IekL1mOUaCN17HL10gugz0Qah0RLdj/GDj7BHuHxgGDPw675OdgD0f2p6NgFp+hMgReJm5ECylDr2B9eN6JJCEJTTpRqu06s/ZRIzSiHcd5LFMSEDkkf2oYKEoLy0+lxY3xslC7uRdI8ofFU/d2RklCpURiYSrPfQM17E/E/r53o3oWfMhEnGgSdDeolHOsIT5LCXSaBaj4yhFDJzK6YDogkVJs88yYEd/7kRdIoFd1ysXRzVqhcZXHk0CE6QqfIReeogqqohuqIogf0hF7Qq/VoPVtv1vusdMnKeg7QH1if3wSroBc=</latexit>

- Left and right 
eigenvectors are different  L,± =

�
1 ±

p
↵
�

<latexit sha1_base64="6srOAl6yuJH4SSh5TgK/GnDbU90="></latexit>

Non-orthogonal eigenvectors  R,± =

✓
±
p
↵

1

◆

<latexit sha1_base64="YKbBkV6blL4yH1JdIDZ6Q662trs="></latexit>

Eigenvalues generally complex E± = ±
p
↵

<latexit sha1_base64="yMJTeWWMyttt3/215gvCwt4gjQ0=">AAACAnicbVDLSgMxFM34rPU16krcBIvgqsxUQTdCUQSXFewDOsOQSTNtaDITk4xQhuLGX3HjQhG3foU7/8ZMOwttPXAvh3PuJbknFIwq7Tjf1sLi0vLKammtvL6xubVt7+y2VJJKTJo4YYnshEgRRmPS1FQz0hGSIB4y0g6HV7nffiBS0SS+0yNBfI76MY0oRtpIgb1/HXiCwwuYd0/dS515iIkBGgd2xak6E8B54hakAgo0AvvL6yU45STWmCGluq4jtJ8hqSlmZFz2UkUEwkPUJ11DY8SJ8rPJCWN4ZJQejBJpKtZwov7eyBBXasRDM8mRHqhZLxf/87qpjs79jMYi1STG04eilEGdwDwP2KOSYM1GhiAsqfkrxAMkEdYmtbIJwZ09eZ60alX3pFq7Pa3UL4s4SuAAHIJj4IIzUAc3oAGaAINH8AxewZv1ZL1Y79bHdHTBKnb2wB9Ynz96qZbc</latexit>

Note the branch point 
and branch cut

- Winding of      twice yield a 
winding of        only once!
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An exceptional point 

When can we expect EPs to occur and what are 
their consequences?

Doubly degenerate eigenvalue E± = 0
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1 0
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- The left eigenvector 
is the “opposite”

(↵ = 0)
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“Exceptional points” (EPs) with singular behaviour

- Diverging response

H =

✓
0 0
1 0

◆
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But only one normalisable eigenvector!  R,± =

✓
0
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Relevant for physics?
Yes, EPs have a long history especially 
in optics/photonics

- I remember hearing about them at 
a talk by Michael Berry when I was 
undergraduate…

REVIEW SUMMARY
◥
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Exceptional points in optics
and photonics
Mohammad-Ali Miri and Andrea Alù*

BACKGROUND: Singularities are critical points
for which the behavior of a mathematical model
governing a physical system is of a fundamentally
different nature compared to the neighboring
points. Exceptional points are spectral singu-
larities in the parameter space of a system in
which two or more eigenvalues, and their cor-
responding eigenvectors, simultaneously co-
alesce. Such degeneracies are peculiar features
of nonconservative systems that exchange
energy with their surrounding environment.
In the past two decades, there has been a
growing interest in investigating such non-
conservative systems, particularly in connec-
tion with the quantummechanics notions of
parity-time symmetry, after the realization
that some non-Hermitian Hamiltonians ex-
hibit entirely real spectra. Lately, non-Hermitian
systems have raised considerable attention

in photonics, given that optical gain and loss
can be integrated as nonconservative ingre-
dients to create artificial materials and struc-
tures with altogether new optical properties.

ADVANCES: As we introduce gain and loss in
a nanophotonic system, the emergence of ex-
ceptional point singularities dramatically alters
the overall response, leading to a range of exotic
functionalities associated with abrupt phase
transitions in the eigenvalue spectrum. Even
though such a peculiar effect has been known
theoretically for several years, its controllable
realization has not been made possible until re-
cently and with advances in exploiting gain and
loss in guided-wavephotonic systems. As shown
in a range of recent theoretical and experimental
works, this property creates opportunities for
ultrasensitivemeasurements and for manipu-

lating themodal content ofmultimode lasers. In
addition, adiabatic parametric evolution around
exceptional points provides interesting schemes
for topological energy transfer and designing
mode and polarization converters in photonics.
Lately, non-Hermitian degeneracies have also
been exploited for the design of laser systems,
new nonlinear optics phenomena, and exotic
scattering features in open systems.

OUTLOOK:Thus far, non-Hermitian systems
have been largely disregarded owing to the
dominance of the Hermitian theories in most
areas of physics. Recent advances in the theory
of non-Hermitian systems in connection with
exceptional point singularities has revolution-
ized our understanding of such complex sys-
tems. In the context of optics and photonics,
in particular, this topic is highly important be-

cause of the ubiquity of
nonconservative elements
of gain and loss. In this
regard, the theoretical de-
velopments in the field
of non-Hermitian physics
have allowed us to revisit

some of the well-established platforms with a
new angle of utilizing gain and loss as new
degrees of freedom, in stark contrast with the
traditional approach of avoiding these elements.
On the experimental front, progress in fabri-
cation technologies has allowed for harnessing
gain and loss in chip-scale photonic systems.
These theoretical and experimental develop-
ments have put forward new schemes for
controlling the functionality of micro- and
nanophotonic devices. This is mainly based on
the anomalous parameter dependence in the
response of non-Hermitian systems when op-
erating around exceptional point singularities.
Such effects can have important ramifications
in controlling light in new nanophotonic device
designs, which are fundamentally based on en-
gineering the interplay of coupling and dis-
sipation and amplification mechanisms in
multimode systems. Potential applications of
such designs reside in coupled-cavity laser
sources with better coherence properties, cou-
pled nonlinear resonators with engineered dis-
persion, compact polarization and spatial mode
converters, and highly efficient reconfigurable
diffraction surfaces. In addition, the notion of
the exceptional point provides opportunities
to take advantage of the inevitable dissipation
in environments such as plasmonic and semi-
conductor materials, which play a key role in
optoelectronics. Finally, emerging platforms such
as optomechanical cavities provide opportunities
to investigate exceptional points and their asso-
ciated phenomena in multiphysics systems.▪
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Ubiquity of non-Hermitian systems, supporting exceptional points, in photonics. (A) A
generic non-Hermitian optical system involving two coupled modes with different detuning, ±w1,2,
and gain-loss values, ±g1,2, coupled at rate of m.The real part of the associated eigenvalues in a two-
dimensional parameter space of the system, revealing the emergence of an exceptional point (EP)
singularity. a1 and a2 are themodal amplitudes. (B toE) A range of different photonic systems,which
are all governed by the coupled-mode equations. (B) Two coupled lasers pumped at different rates.
(C) Dynamical interaction between optical and mechanical degrees of freedom in an optomechan-
ical cavity. (D) A resonator with counter-rotating whispering gallery modes. CW, clockwise; CCW,
counterclockwise. (E) A thin metasurface composed of coupled nanoantennas as building blocks. C
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New perspective…



Today: 
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large N

Anomalous bulk-boundary correspondence 

Focus:

(a) (b) (c)
Re E
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k
<latexit sha1_base64="4k4wc5epfIngZWGE5jZJOI+hDKI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWao16l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gBA+IzD</latexit><latexit sha1_base64="4k4wc5epfIngZWGE5jZJOI+hDKI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWao16l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gBA+IzD</latexit><latexit sha1_base64="4k4wc5epfIngZWGE5jZJOI+hDKI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWao16l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gBA+IzD</latexit><latexit sha1_base64="4k4wc5epfIngZWGE5jZJOI+hDKI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWao16l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gBA+IzD</latexit>

Exceptional nodal phases

Minimal examples:

1: 2:



Exceptional nodal phases

Take home: Abundant & conceptually rich

(a)
<latexit sha1_base64="HdFcz6VifcAouGJRJLusjSMN5sQ="></latexit><latexit sha1_base64="HdFcz6VifcAouGJRJLusjSMN5sQ="></latexit><latexit sha1_base64="HdFcz6VifcAouGJRJLusjSMN5sQ="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="/Pr4DGlOCYGvjyeysHb2tI+0D34="></latexit><latexit sha1_base64="/Pr4DGlOCYGvjyeysHb2tI+0D34="></latexit><latexit sha1_base64="I237/y5AnwD+v9bDz8DYyOFF4HY="></latexit><latexit sha1_base64="HdFcz6VifcAouGJRJLusjSMN5sQ="></latexit><latexit sha1_base64="HdFcz6VifcAouGJRJLusjSMN5sQ="></latexit><latexit sha1_base64="HdFcz6VifcAouGJRJLusjSMN5sQ="></latexit><latexit sha1_base64="HdFcz6VifcAouGJRJLusjSMN5sQ="></latexit><latexit sha1_base64="HdFcz6VifcAouGJRJLusjSMN5sQ="></latexit><latexit sha1_base64="HdFcz6VifcAouGJRJLusjSMN5sQ="></latexit>

(b)
<latexit sha1_base64="EzPJMG3pifmmRt47+1U2NXDzB28="></latexit><latexit sha1_base64="EzPJMG3pifmmRt47+1U2NXDzB28="></latexit><latexit sha1_base64="EzPJMG3pifmmRt47+1U2NXDzB28="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="6J1sH8xXyYRwvY6O+6nSiVuU06I="></latexit><latexit sha1_base64="6J1sH8xXyYRwvY6O+6nSiVuU06I="></latexit><latexit sha1_base64="uBgLtNUrw5BZ8IDiht7ePIYeCKk="></latexit><latexit sha1_base64="EzPJMG3pifmmRt47+1U2NXDzB28="></latexit><latexit sha1_base64="EzPJMG3pifmmRt47+1U2NXDzB28="></latexit><latexit sha1_base64="EzPJMG3pifmmRt47+1U2NXDzB28="></latexit><latexit sha1_base64="EzPJMG3pifmmRt47+1U2NXDzB28="></latexit><latexit sha1_base64="EzPJMG3pifmmRt47+1U2NXDzB28="></latexit><latexit sha1_base64="EzPJMG3pifmmRt47+1U2NXDzB28="></latexit>

(c)
<latexit sha1_base64="14qqXRWYVD8G8k9CMennAOPG9Ig="></latexit><latexit sha1_base64="14qqXRWYVD8G8k9CMennAOPG9Ig="></latexit><latexit sha1_base64="14qqXRWYVD8G8k9CMennAOPG9Ig="></latexit><latexit sha1_base64="14qqXRWYVD8G8k9CMennAOPG9Ig="></latexit>

(d)
<latexit sha1_base64="DaF7WCLqYAiPWVOFNreZUu6+z4w="></latexit><latexit sha1_base64="DaF7WCLqYAiPWVOFNreZUu6+z4w="></latexit><latexit sha1_base64="DaF7WCLqYAiPWVOFNreZUu6+z4w="></latexit><latexit sha1_base64="DaF7WCLqYAiPWVOFNreZUu6+z4w="></latexit>

(e)
<latexit sha1_base64="idVbo6+NaJX6Fv1nDI+ScHLX8/c="></latexit><latexit sha1_base64="idVbo6+NaJX6Fv1nDI+ScHLX8/c="></latexit><latexit sha1_base64="idVbo6+NaJX6Fv1nDI+ScHLX8/c="></latexit><latexit sha1_base64="idVbo6+NaJX6Fv1nDI+ScHLX8/c="></latexit>

(f)
<latexit sha1_base64="ABCnvJTF6kyvhk9dc8z4iG1L9H0="></latexit><latexit sha1_base64="ABCnvJTF6kyvhk9dc8z4iG1L9H0="></latexit><latexit sha1_base64="ABCnvJTF6kyvhk9dc8z4iG1L9H0="></latexit><latexit sha1_base64="ABCnvJTF6kyvhk9dc8z4iG1L9H0="></latexit>

(g)
<latexit sha1_base64="J9/nHFzxsTdx6qyTxdC5aG/T2k0="></latexit><latexit sha1_base64="J9/nHFzxsTdx6qyTxdC5aG/T2k0="></latexit><latexit sha1_base64="J9/nHFzxsTdx6qyTxdC5aG/T2k0="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="f6+nNpyWI/Q8u89cST/cphXeGHY="></latexit><latexit sha1_base64="f6+nNpyWI/Q8u89cST/cphXeGHY="></latexit><latexit sha1_base64="7o4CtShrpUQcUBM/kpD2q5pgH8s="></latexit><latexit sha1_base64="J9/nHFzxsTdx6qyTxdC5aG/T2k0="></latexit><latexit sha1_base64="J9/nHFzxsTdx6qyTxdC5aG/T2k0="></latexit><latexit sha1_base64="J9/nHFzxsTdx6qyTxdC5aG/T2k0="></latexit><latexit sha1_base64="J9/nHFzxsTdx6qyTxdC5aG/T2k0="></latexit><latexit sha1_base64="J9/nHFzxsTdx6qyTxdC5aG/T2k0="></latexit><latexit sha1_base64="J9/nHFzxsTdx6qyTxdC5aG/T2k0="></latexit>

(h)
<latexit sha1_base64="VY1mZEgXGWYh4B+9PRKtsgciEW0="></latexit><latexit sha1_base64="VY1mZEgXGWYh4B+9PRKtsgciEW0="></latexit><latexit sha1_base64="VY1mZEgXGWYh4B+9PRKtsgciEW0="></latexit><latexit sha1_base64="VY1mZEgXGWYh4B+9PRKtsgciEW0="></latexit>

0
<latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit>

0
<latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit>

0
<latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit>

0
<latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit>

0
<latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit>

0
<latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit>

0
<latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit>

0
<latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit>

0
<latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit>

0
<latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit>

0
<latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit>

0
<latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit>

0
<latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit>

0
<latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit>

0
<latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit>

0
<latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit>

0
<latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit>

0
<latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit>

0
<latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit>

0
<latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit>

0
<latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit><latexit sha1_base64="1oJ9PZKt12npem99mTre1J7EhfY="></latexit>
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A step back:  
Band crossings in Hermitian systems

When can we expect two energy bands to cross at a single point?

= d(k) · � + d0(k)

H(k) =

✓
d3(k) + d0(k) d1(k)� id2(k)
d1(k) + id2(k) �d3(k) + d0(k)

◆

kx

ky

E

H = vk · �Simplest case — the Weyl Hamiltonian

von Neumann & Wigner 1929

- 3 real constraints 
- Fine-tuning in 2d 
- Stable and generic in 3d!

E(k) = ±
q

d21(k) + d22(k) + d23(k) + d0(k)
<latexit sha1_base64="DtlTLrheEYAxIBSjEVstG+x+yrY=">AAACQHicbZDNS8MwGMbT+TXnV9Wjl+AQJsJop+A8CAMRPE5wbrDWkqbpFpZ+mKTCKPvXvPgfePPuxYOKV0+mWw/78IXAk9/zvuTN48aMCmkYb1phaXllda24XtrY3Nre0Xf37kWUcExaOGIR77hIEEZD0pJUMtKJOUGBy0jbHVxlfvuJcEGj8E4OY2IHqBdSn2IkFXL0znXFCpDsuz4cHF9acWCJRy5TzzEfalPOiefU5sHpDBgpYkzdHb1sVI1xwUVh5qIM8mo6+qvlRTgJSCgxQ0J0TSOWdoq4pJiRUclKBIkRHqAe6SoZooAIOx0nMIJHinjQj7g6oYRjOj2RokCIYeCqzmxDMe9l8D+vm0i/bqc0jBNJQjx5yE8YlBHM4oQe5QRLNlQCYU7VrhD3EUdYqtBLKgRz/suLolWrXlTN27Nyo56nUQQH4BBUgAnOQQPcgCZoAQyewTv4BF/ai/ahfWs/k9aCls/sg5nSfv8A7zqtEw==</latexit><latexit sha1_base64="DtlTLrheEYAxIBSjEVstG+x+yrY=">AAACQHicbZDNS8MwGMbT+TXnV9Wjl+AQJsJop+A8CAMRPE5wbrDWkqbpFpZ+mKTCKPvXvPgfePPuxYOKV0+mWw/78IXAk9/zvuTN48aMCmkYb1phaXllda24XtrY3Nre0Xf37kWUcExaOGIR77hIEEZD0pJUMtKJOUGBy0jbHVxlfvuJcEGj8E4OY2IHqBdSn2IkFXL0znXFCpDsuz4cHF9acWCJRy5TzzEfalPOiefU5sHpDBgpYkzdHb1sVI1xwUVh5qIM8mo6+qvlRTgJSCgxQ0J0TSOWdoq4pJiRUclKBIkRHqAe6SoZooAIOx0nMIJHinjQj7g6oYRjOj2RokCIYeCqzmxDMe9l8D+vm0i/bqc0jBNJQjx5yE8YlBHM4oQe5QRLNlQCYU7VrhD3EUdYqtBLKgRz/suLolWrXlTN27Nyo56nUQQH4BBUgAnOQQPcgCZoAQyewTv4BF/ai/ahfWs/k9aCls/sg5nSfv8A7zqtEw==</latexit><latexit sha1_base64="DtlTLrheEYAxIBSjEVstG+x+yrY=">AAACQHicbZDNS8MwGMbT+TXnV9Wjl+AQJsJop+A8CAMRPE5wbrDWkqbpFpZ+mKTCKPvXvPgfePPuxYOKV0+mWw/78IXAk9/zvuTN48aMCmkYb1phaXllda24XtrY3Nre0Xf37kWUcExaOGIR77hIEEZD0pJUMtKJOUGBy0jbHVxlfvuJcEGj8E4OY2IHqBdSn2IkFXL0znXFCpDsuz4cHF9acWCJRy5TzzEfalPOiefU5sHpDBgpYkzdHb1sVI1xwUVh5qIM8mo6+qvlRTgJSCgxQ0J0TSOWdoq4pJiRUclKBIkRHqAe6SoZooAIOx0nMIJHinjQj7g6oYRjOj2RokCIYeCqzmxDMe9l8D+vm0i/bqc0jBNJQjx5yE8YlBHM4oQe5QRLNlQCYU7VrhD3EUdYqtBLKgRz/suLolWrXlTN27Nyo56nUQQH4BBUgAnOQQPcgCZoAQyewTv4BF/ai/ahfWs/k9aCls/sg5nSfv8A7zqtEw==</latexit><latexit sha1_base64="DtlTLrheEYAxIBSjEVstG+x+yrY=">AAACQHicbZDNS8MwGMbT+TXnV9Wjl+AQJsJop+A8CAMRPE5wbrDWkqbpFpZ+mKTCKPvXvPgfePPuxYOKV0+mWw/78IXAk9/zvuTN48aMCmkYb1phaXllda24XtrY3Nre0Xf37kWUcExaOGIR77hIEEZD0pJUMtKJOUGBy0jbHVxlfvuJcEGj8E4OY2IHqBdSn2IkFXL0znXFCpDsuz4cHF9acWCJRy5TzzEfalPOiefU5sHpDBgpYkzdHb1sVI1xwUVh5qIM8mo6+qvlRTgJSCgxQ0J0TSOWdoq4pJiRUclKBIkRHqAe6SoZooAIOx0nMIJHinjQj7g6oYRjOj2RokCIYeCqzmxDMe9l8D+vm0i/bqc0jBNJQjx5yE8YlBHM4oQe5QRLNlQCYU7VrhD3EUdYqtBLKgRz/suLolWrXlTN27Nyo56nUQQH4BBUgAnOQQPcgCZoAQyewTv4BF/ai/ahfWs/k9aCls/sg5nSfv8A7zqtEw==</latexit>



Band touching points generic and protected by Chern numbers

Weyl semimetals

kx

ky

E

H = vk · �

C = 1

C = �1

C = sign(v)

Implies novel “Fermi arc” 
surface states

C = 0
C = 1

kx
ky

z

C = 0

X. Wan, A. M. Turner, A. Vishwanath, and S. Y. 
Savrasov, Phys. Rev. B 83, 205101 (2011)



Non-Hermitian band-crossings

E(k) = ±
p

dR(k)2 � dI(k)2 + 2idR(k) · dI(k)
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d(k) = dR(k) + idI(k)
<latexit sha1_base64="IaV0VK5uqLuVJBm6MvKJSnWHwxw=">AAACOHicbZDLSsNAFIYn9VbrLerSzWARKkJJRFAXQtGN7qoYW2hCmEwm7dDJhZmJUEJfy41v4U5w40LFrU/gpI1SWw8M/PzfOcw5v5cwKqRhPGulufmFxaXycmVldW19Q9/cuhNxyjGxcMxi3vaQIIxGxJJUMtJOOEGhx0jL61/kvHVPuKBxdCsHCXFC1I1oQDGSynL1ph0i2fMC6Nd+VH//7Nd0M5uH8GY4AQ8onMJXk9jVq0bdGBWcFWYhqqCopqs/2X6M05BEEjMkRMc0EulkiEuKGRlW7FSQBOE+6pKOkhEKiXCy0eVDuKccHwYxVy+ScOROTmQoFGIQeqoz31BMs9z8j3VSGZw4GY2SVJIIjz8KUgZlDPMYoU85wZINlECYU7UrxD3EEZYq7IoKwZw+eVZYh/XTunl9VG2cF2mUwQ7YBTVggmPQAJegCSyAwQN4AW/gXXvUXrUP7XPcWtKKmW3wp7Svbx8eq4M=</latexit><latexit sha1_base64="IaV0VK5uqLuVJBm6MvKJSnWHwxw=">AAACOHicbZDLSsNAFIYn9VbrLerSzWARKkJJRFAXQtGN7qoYW2hCmEwm7dDJhZmJUEJfy41v4U5w40LFrU/gpI1SWw8M/PzfOcw5v5cwKqRhPGulufmFxaXycmVldW19Q9/cuhNxyjGxcMxi3vaQIIxGxJJUMtJOOEGhx0jL61/kvHVPuKBxdCsHCXFC1I1oQDGSynL1ph0i2fMC6Nd+VH//7Nd0M5uH8GY4AQ8onMJXk9jVq0bdGBWcFWYhqqCopqs/2X6M05BEEjMkRMc0EulkiEuKGRlW7FSQBOE+6pKOkhEKiXCy0eVDuKccHwYxVy+ScOROTmQoFGIQeqoz31BMs9z8j3VSGZw4GY2SVJIIjz8KUgZlDPMYoU85wZINlECYU7UrxD3EEZYq7IoKwZw+eVZYh/XTunl9VG2cF2mUwQ7YBTVggmPQAJegCSyAwQN4AW/gXXvUXrUP7XPcWtKKmW3wp7Svbx8eq4M=</latexit><latexit sha1_base64="IaV0VK5uqLuVJBm6MvKJSnWHwxw=">AAACOHicbZDLSsNAFIYn9VbrLerSzWARKkJJRFAXQtGN7qoYW2hCmEwm7dDJhZmJUEJfy41v4U5w40LFrU/gpI1SWw8M/PzfOcw5v5cwKqRhPGulufmFxaXycmVldW19Q9/cuhNxyjGxcMxi3vaQIIxGxJJUMtJOOEGhx0jL61/kvHVPuKBxdCsHCXFC1I1oQDGSynL1ph0i2fMC6Nd+VH//7Nd0M5uH8GY4AQ8onMJXk9jVq0bdGBWcFWYhqqCopqs/2X6M05BEEjMkRMc0EulkiEuKGRlW7FSQBOE+6pKOkhEKiXCy0eVDuKccHwYxVy+ScOROTmQoFGIQeqoz31BMs9z8j3VSGZw4GY2SVJIIjz8KUgZlDPMYoU85wZINlECYU7UrxD3EEZYq7IoKwZw+eVZYh/XTunl9VG2cF2mUwQ7YBTVggmPQAJegCSyAwQN4AW/gXXvUXrUP7XPcWtKKmW3wp7Svbx8eq4M=</latexit><latexit sha1_base64="IaV0VK5uqLuVJBm6MvKJSnWHwxw=">AAACOHicbZDLSsNAFIYn9VbrLerSzWARKkJJRFAXQtGN7qoYW2hCmEwm7dDJhZmJUEJfy41v4U5w40LFrU/gpI1SWw8M/PzfOcw5v5cwKqRhPGulufmFxaXycmVldW19Q9/cuhNxyjGxcMxi3vaQIIxGxJJUMtJOOEGhx0jL61/kvHVPuKBxdCsHCXFC1I1oQDGSynL1ph0i2fMC6Nd+VH//7Nd0M5uH8GY4AQ8onMJXk9jVq0bdGBWcFWYhqqCopqs/2X6M05BEEjMkRMc0EulkiEuKGRlW7FSQBOE+6pKOkhEKiXCy0eVDuKccHwYxVy+ScOROTmQoFGIQeqoz31BMs9z8j3VSGZw4GY2SVJIIjz8KUgZlDPMYoU85wZINlECYU7UrxD3EEZYq7IoKwZw+eVZYh/XTunl9VG2cF2mUwQ7YBTVggmPQAJegCSyAwQN4AW/gXXvUXrUP7XPcWtKKmW3wp7Svbx8eq4M=</latexit>

H(k) = d(k) · �
<latexit sha1_base64="mnN7+AxQZuxYekkV/jfMfoAZmwo=">AAACFHicbZDNSsNAFIUn9a/Wv6hLN4NFqCAlEUFdCEU3XVYwttCEMplM2qEzSZiZCCX0Jdz4Km5cqLh14c63cdJGqK0HBj7OvZe59/gJo1JZ1rdRWlpeWV0rr1c2Nre2d8zdvXsZpwITB8csFh0fScJoRBxFFSOdRBDEfUba/vAmr7cfiJA0ju7UKCEeR/2IhhQjpa2eedKsuRypgR/C4fHVLwYzpouDWLmS9jnqmVWrbk0EF8EuoAoKtXrmlxvEOOUkUpghKbu2lSgvQ0JRzMi44qaSJAgPUZ90NUaIE+llk6vG8Eg7AQxjoV+k4MSdncgQl3LEfd2ZLyvna7n5X62bqvDCy2iUpIpEePpRmDKoYphHBAMqCFZspAFhQfWuEA+QQFjpICs6BHv+5EVwTuuXdfv2rNq4LtIogwNwCGrABuegAZqgBRyAwSN4Bq/gzXgyXox342PaWjKKmX3wR8bnDzVYndU=</latexit><latexit sha1_base64="mnN7+AxQZuxYekkV/jfMfoAZmwo=">AAACFHicbZDNSsNAFIUn9a/Wv6hLN4NFqCAlEUFdCEU3XVYwttCEMplM2qEzSZiZCCX0Jdz4Km5cqLh14c63cdJGqK0HBj7OvZe59/gJo1JZ1rdRWlpeWV0rr1c2Nre2d8zdvXsZpwITB8csFh0fScJoRBxFFSOdRBDEfUba/vAmr7cfiJA0ju7UKCEeR/2IhhQjpa2eedKsuRypgR/C4fHVLwYzpouDWLmS9jnqmVWrbk0EF8EuoAoKtXrmlxvEOOUkUpghKbu2lSgvQ0JRzMi44qaSJAgPUZ90NUaIE+llk6vG8Eg7AQxjoV+k4MSdncgQl3LEfd2ZLyvna7n5X62bqvDCy2iUpIpEePpRmDKoYphHBAMqCFZspAFhQfWuEA+QQFjpICs6BHv+5EVwTuuXdfv2rNq4LtIogwNwCGrABuegAZqgBRyAwSN4Bq/gzXgyXox342PaWjKKmX3wR8bnDzVYndU=</latexit><latexit sha1_base64="mnN7+AxQZuxYekkV/jfMfoAZmwo=">AAACFHicbZDNSsNAFIUn9a/Wv6hLN4NFqCAlEUFdCEU3XVYwttCEMplM2qEzSZiZCCX0Jdz4Km5cqLh14c63cdJGqK0HBj7OvZe59/gJo1JZ1rdRWlpeWV0rr1c2Nre2d8zdvXsZpwITB8csFh0fScJoRBxFFSOdRBDEfUba/vAmr7cfiJA0ju7UKCEeR/2IhhQjpa2eedKsuRypgR/C4fHVLwYzpouDWLmS9jnqmVWrbk0EF8EuoAoKtXrmlxvEOOUkUpghKbu2lSgvQ0JRzMi44qaSJAgPUZ90NUaIE+llk6vG8Eg7AQxjoV+k4MSdncgQl3LEfd2ZLyvna7n5X62bqvDCy2iUpIpEePpRmDKoYphHBAMqCFZspAFhQfWuEA+QQFjpICs6BHv+5EVwTuuXdfv2rNq4LtIogwNwCGrABuegAZqgBRyAwSN4Bq/gzXgyXox342PaWjKKmX3wR8bnDzVYndU=</latexit><latexit sha1_base64="mnN7+AxQZuxYekkV/jfMfoAZmwo=">AAACFHicbZDNSsNAFIUn9a/Wv6hLN4NFqCAlEUFdCEU3XVYwttCEMplM2qEzSZiZCCX0Jdz4Km5cqLh14c63cdJGqK0HBj7OvZe59/gJo1JZ1rdRWlpeWV0rr1c2Nre2d8zdvXsZpwITB8csFh0fScJoRBxFFSOdRBDEfUba/vAmr7cfiJA0ju7UKCEeR/2IhhQjpa2eedKsuRypgR/C4fHVLwYzpouDWLmS9jnqmVWrbk0EF8EuoAoKtXrmlxvEOOUkUpghKbu2lSgvQ0JRzMi44qaSJAgPUZ90NUaIE+llk6vG8Eg7AQxjoV+k4MSdncgQl3LEfd2ZLyvna7n5X62bqvDCy2iUpIpEePpRmDKoYphHBAMqCFZspAFhQfWuEA+QQFjpICs6BHv+5EVwTuuXdfv2rNq4LtIogwNwCGrABuegAZqgBRyAwSN4Bq/gzXgyXox342PaWjKKmX3wR8bnDzVYndU=</latexit>

now with

EPs come in pairs and are generic in 2d, hence much more abundant than 
in the Hermitian case!

- Look at              in 2d E2(k)
<latexit sha1_base64="6QNkzOPnqQ7BZp5uxVmCi7F2E1w=">AAAB9XicbVDLSsNAFL2pr1pfVZduBotQNyUpgi6LIrisYB/QpmUynbRDJ5MwM1FK6H+4caGIW//FnX/jJM1CWw8MHM65l3vmeBFnStv2t1VYW9/Y3Cpul3Z29/YPyodHbRXGktAWCXkoux5WlDNBW5ppTruRpDjwOO1405vU7zxSqVgoHvQsom6Ax4L5jGBtpMHtoF7tB1hPPB9Nz4flil2zM6BV4uSkAjmaw/JXfxSSOKBCE46V6jl2pN0ES80Ip/NSP1Y0wmSKx7RnqMABVW6SpZ6jM6OMkB9K84RGmfp7I8GBUrPAM5NpQrXspeJ/Xi/W/pWbMBHFmgqyOOTHHOkQpRWgEZOUaD4zBBPJTFZEJlhiok1RJVOCs/zlVdKu1xy75txfVBrXeR1FOIFTqIIDl9CAO2hCCwhIeIZXeLOerBfr3fpYjBasfOcY/sD6/AH+jJGF</latexit><latexit sha1_base64="6QNkzOPnqQ7BZp5uxVmCi7F2E1w=">AAAB9XicbVDLSsNAFL2pr1pfVZduBotQNyUpgi6LIrisYB/QpmUynbRDJ5MwM1FK6H+4caGIW//FnX/jJM1CWw8MHM65l3vmeBFnStv2t1VYW9/Y3Cpul3Z29/YPyodHbRXGktAWCXkoux5WlDNBW5ppTruRpDjwOO1405vU7zxSqVgoHvQsom6Ax4L5jGBtpMHtoF7tB1hPPB9Nz4flil2zM6BV4uSkAjmaw/JXfxSSOKBCE46V6jl2pN0ES80Ip/NSP1Y0wmSKx7RnqMABVW6SpZ6jM6OMkB9K84RGmfp7I8GBUrPAM5NpQrXspeJ/Xi/W/pWbMBHFmgqyOOTHHOkQpRWgEZOUaD4zBBPJTFZEJlhiok1RJVOCs/zlVdKu1xy75txfVBrXeR1FOIFTqIIDl9CAO2hCCwhIeIZXeLOerBfr3fpYjBasfOcY/sD6/AH+jJGF</latexit><latexit sha1_base64="6QNkzOPnqQ7BZp5uxVmCi7F2E1w=">AAAB9XicbVDLSsNAFL2pr1pfVZduBotQNyUpgi6LIrisYB/QpmUynbRDJ5MwM1FK6H+4caGIW//FnX/jJM1CWw8MHM65l3vmeBFnStv2t1VYW9/Y3Cpul3Z29/YPyodHbRXGktAWCXkoux5WlDNBW5ppTruRpDjwOO1405vU7zxSqVgoHvQsom6Ax4L5jGBtpMHtoF7tB1hPPB9Nz4flil2zM6BV4uSkAjmaw/JXfxSSOKBCE46V6jl2pN0ES80Ip/NSP1Y0wmSKx7RnqMABVW6SpZ6jM6OMkB9K84RGmfp7I8GBUrPAM5NpQrXspeJ/Xi/W/pWbMBHFmgqyOOTHHOkQpRWgEZOUaD4zBBPJTFZEJlhiok1RJVOCs/zlVdKu1xy75txfVBrXeR1FOIFTqIIDl9CAO2hCCwhIeIZXeLOerBfr3fpYjBasfOcY/sD6/AH+jJGF</latexit><latexit sha1_base64="6QNkzOPnqQ7BZp5uxVmCi7F2E1w=">AAAB9XicbVDLSsNAFL2pr1pfVZduBotQNyUpgi6LIrisYB/QpmUynbRDJ5MwM1FK6H+4caGIW//FnX/jJM1CWw8MHM65l3vmeBFnStv2t1VYW9/Y3Cpul3Z29/YPyodHbRXGktAWCXkoux5WlDNBW5ppTruRpDjwOO1405vU7zxSqVgoHvQsom6Ax4L5jGBtpMHtoF7tB1hPPB9Nz4flil2zM6BV4uSkAjmaw/JXfxSSOKBCE46V6jl2pN0ES80Ip/NSP1Y0wmSKx7RnqMABVW6SpZ6jM6OMkB9K84RGmfp7I8GBUrPAM5NpQrXspeJ/Xi/W/pWbMBHFmgqyOOTHHOkQpRWgEZOUaD4zBBPJTFZEJlhiok1RJVOCs/zlVdKu1xy75txfVBrXeR1FOIFTqIIDl9CAO2hCCwhIeIZXeLOerBfr3fpYjBasfOcY/sD6/AH+jJGF</latexit>

Generic band crossings from tuning only two real parameters! (Pancharatnam, 
Berry, …)

dR · dI = 0
<latexit sha1_base64="T37G9wqF3GbqYf1kuu8T1x8d+os=">AAACEnicbVBNS8NAEN34WetX1KOXxSKIh5KIoB6Eohe9VTG20ISw2WzapbtJ2N0IJeQ/ePGvePGg4tWTN/+NmzYHbX0w8Hhvhpl5QcqoVJb1bczNLywuLddW6qtr6xub5tb2vUwygYmDE5aIboAkYTQmjqKKkW4qCOIBI51geFn6nQciJE3iOzVKicdRP6YRxUhpyTcPXY7UIIhg6Oeu4PC2cHGYKDglXxfnlm82rKY1BpwldkUaoELbN7/cMMEZJ7HCDEnZs61UeTkSimJGirqbSZIiPER90tM0RpxILx//VMB9rYQwSoSuWMGx+nsiR1zKEQ90Z3mqnPZK8T+vl6no1MtpnGaKxHiyKMoYVAksA4IhFQQrNtIEYUH1rRAPkEBY6RjrOgR7+uVZ4hw1z5r2zXGjdVGlUQO7YA8cABucgBa4Am3gAAwewTN4BW/Gk/FivBsfk9Y5o5rZAX9gfP4ASjOdWQ==</latexit><latexit sha1_base64="T37G9wqF3GbqYf1kuu8T1x8d+os=">AAACEnicbVBNS8NAEN34WetX1KOXxSKIh5KIoB6Eohe9VTG20ISw2WzapbtJ2N0IJeQ/ePGvePGg4tWTN/+NmzYHbX0w8Hhvhpl5QcqoVJb1bczNLywuLddW6qtr6xub5tb2vUwygYmDE5aIboAkYTQmjqKKkW4qCOIBI51geFn6nQciJE3iOzVKicdRP6YRxUhpyTcPXY7UIIhg6Oeu4PC2cHGYKDglXxfnlm82rKY1BpwldkUaoELbN7/cMMEZJ7HCDEnZs61UeTkSimJGirqbSZIiPER90tM0RpxILx//VMB9rYQwSoSuWMGx+nsiR1zKEQ90Z3mqnPZK8T+vl6no1MtpnGaKxHiyKMoYVAksA4IhFQQrNtIEYUH1rRAPkEBY6RjrOgR7+uVZ4hw1z5r2zXGjdVGlUQO7YA8cABucgBa4Am3gAAwewTN4BW/Gk/FivBsfk9Y5o5rZAX9gfP4ASjOdWQ==</latexit><latexit sha1_base64="T37G9wqF3GbqYf1kuu8T1x8d+os=">AAACEnicbVBNS8NAEN34WetX1KOXxSKIh5KIoB6Eohe9VTG20ISw2WzapbtJ2N0IJeQ/ePGvePGg4tWTN/+NmzYHbX0w8Hhvhpl5QcqoVJb1bczNLywuLddW6qtr6xub5tb2vUwygYmDE5aIboAkYTQmjqKKkW4qCOIBI51geFn6nQciJE3iOzVKicdRP6YRxUhpyTcPXY7UIIhg6Oeu4PC2cHGYKDglXxfnlm82rKY1BpwldkUaoELbN7/cMMEZJ7HCDEnZs61UeTkSimJGirqbSZIiPER90tM0RpxILx//VMB9rYQwSoSuWMGx+nsiR1zKEQ90Z3mqnPZK8T+vl6no1MtpnGaKxHiyKMoYVAksA4IhFQQrNtIEYUH1rRAPkEBY6RjrOgR7+uVZ4hw1z5r2zXGjdVGlUQO7YA8cABucgBa4Am3gAAwewTN4BW/Gk/FivBsfk9Y5o5rZAX9gfP4ASjOdWQ==</latexit><latexit sha1_base64="T37G9wqF3GbqYf1kuu8T1x8d+os=">AAACEnicbVBNS8NAEN34WetX1KOXxSKIh5KIoB6Eohe9VTG20ISw2WzapbtJ2N0IJeQ/ePGvePGg4tWTN/+NmzYHbX0w8Hhvhpl5QcqoVJb1bczNLywuLddW6qtr6xub5tb2vUwygYmDE5aIboAkYTQmjqKKkW4qCOIBI51geFn6nQciJE3iOzVKicdRP6YRxUhpyTcPXY7UIIhg6Oeu4PC2cHGYKDglXxfnlm82rKY1BpwldkUaoELbN7/cMMEZJ7HCDEnZs61UeTkSimJGirqbSZIiPER90tM0RpxILx//VMB9rYQwSoSuWMGx+nsiR1zKEQ90Z3mqnPZK8T+vl6no1MtpnGaKxHiyKMoYVAksA4IhFQQrNtIEYUH1rRAPkEBY6RjrOgR7+uVZ4hw1z5r2zXGjdVGlUQO7YA8cABucgBa4Am3gAAwewTN4BW/Gk/FivBsfk9Y5o5rZAX9gfP4ASjOdWQ==</latexit>

d2
R � d2

I = 0
<latexit sha1_base64="nMGxBWnxKE3OSAV5FXwmJXBQurM=">AAACEXicbZDNSsNAFIUn9a/Wv6hLN4NF0IUlKYK6EIpudFfF2EITw2Q6aYfOJGFmIpTQZ3Djq7hxoeLWnTvfxkmbhbYeGDh8917m3hMkjEplWd9GaW5+YXGpvFxZWV1b3zA3t+5knApMHByzWLQDJAmjEXEUVYy0E0EQDxhpBYOLvN56IELSOLpVw4R4HPUiGlKMlEa+eeBypPpBCLt+5goOb0b39cMpdqXZmeWbVatmjQVnjV2YKijU9M0vtxvjlJNIYYak7NhWorwMCUUxI6OKm0qSIDxAPdLRNkKcSC8bnzSCe5p0YRgL/SIFx/T3RIa4lEMe6M58WTldy+F/tU6qwhMvo1GSKhLhyUdhyqCKYZ4P7FJBsGJDbRAWVO8KcR8JhJVOsaJDsKdPnjVOvXZas6+Pqo3zIo0y2AG7YB/Y4Bg0wCVoAgdg8AiewSt4M56MF+Pd+Ji0loxiZhv8kfH5A8ZBnHY=</latexit><latexit sha1_base64="nMGxBWnxKE3OSAV5FXwmJXBQurM=">AAACEXicbZDNSsNAFIUn9a/Wv6hLN4NF0IUlKYK6EIpudFfF2EITw2Q6aYfOJGFmIpTQZ3Djq7hxoeLWnTvfxkmbhbYeGDh8917m3hMkjEplWd9GaW5+YXGpvFxZWV1b3zA3t+5knApMHByzWLQDJAmjEXEUVYy0E0EQDxhpBYOLvN56IELSOLpVw4R4HPUiGlKMlEa+eeBypPpBCLt+5goOb0b39cMpdqXZmeWbVatmjQVnjV2YKijU9M0vtxvjlJNIYYak7NhWorwMCUUxI6OKm0qSIDxAPdLRNkKcSC8bnzSCe5p0YRgL/SIFx/T3RIa4lEMe6M58WTldy+F/tU6qwhMvo1GSKhLhyUdhyqCKYZ4P7FJBsGJDbRAWVO8KcR8JhJVOsaJDsKdPnjVOvXZas6+Pqo3zIo0y2AG7YB/Y4Bg0wCVoAgdg8AiewSt4M56MF+Pd+Ji0loxiZhv8kfH5A8ZBnHY=</latexit><latexit sha1_base64="nMGxBWnxKE3OSAV5FXwmJXBQurM=">AAACEXicbZDNSsNAFIUn9a/Wv6hLN4NF0IUlKYK6EIpudFfF2EITw2Q6aYfOJGFmIpTQZ3Djq7hxoeLWnTvfxkmbhbYeGDh8917m3hMkjEplWd9GaW5+YXGpvFxZWV1b3zA3t+5knApMHByzWLQDJAmjEXEUVYy0E0EQDxhpBYOLvN56IELSOLpVw4R4HPUiGlKMlEa+eeBypPpBCLt+5goOb0b39cMpdqXZmeWbVatmjQVnjV2YKijU9M0vtxvjlJNIYYak7NhWorwMCUUxI6OKm0qSIDxAPdLRNkKcSC8bnzSCe5p0YRgL/SIFx/T3RIa4lEMe6M58WTldy+F/tU6qwhMvo1GSKhLhyUdhyqCKYZ4P7FJBsGJDbRAWVO8KcR8JhJVOsaJDsKdPnjVOvXZas6+Pqo3zIo0y2AG7YB/Y4Bg0wCVoAgdg8AiewSt4M56MF+Pd+Ji0loxiZhv8kfH5A8ZBnHY=</latexit><latexit sha1_base64="nMGxBWnxKE3OSAV5FXwmJXBQurM=">AAACEXicbZDNSsNAFIUn9a/Wv6hLN4NF0IUlKYK6EIpudFfF2EITw2Q6aYfOJGFmIpTQZ3Djq7hxoeLWnTvfxkmbhbYeGDh8917m3hMkjEplWd9GaW5+YXGpvFxZWV1b3zA3t+5knApMHByzWLQDJAmjEXEUVYy0E0EQDxhpBYOLvN56IELSOLpVw4R4HPUiGlKMlEa+eeBypPpBCLt+5goOb0b39cMpdqXZmeWbVatmjQVnjV2YKijU9M0vtxvjlJNIYYak7NhWorwMCUUxI6OKm0qSIDxAPdLRNkKcSC8bnzSCe5p0YRgL/SIFx/T3RIa4lEMe6M58WTldy+F/tU6qwhMvo1GSKhLhyUdhyqCKYZ4P7FJBsGJDbRAWVO8KcR8JhJVOsaJDsKdPnjVOvXZas6+Pqo3zIo0y2AG7YB/Y4Bg0wCVoAgdg8AiewSt4M56MF+Pd+Ji0loxiZhv8kfH5A8ZBnHY=</latexit> EPs



Spectral features

EPs are non-analytical, 
“square roots of Weyl points”

|E(k)|
<latexit sha1_base64="8giNXqI8UUrDfVenBpASKYs02rg=">AAAB9XicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFEVxWsA9oY5lMJ+3QySTMTJSS9j/cuFDErf/izr9x0mahrQcGDufcyz1z/JgzpR3n2yqsrK6tbxQ3S1vbO7t79v5BU0WJJLRBIh7Jto8V5UzQhmaa03YsKQ59Tlv+6DrzW49UKhaJez2OqRfigWABI1gb6WFyU+mGWA/9AI1OJz277FSdGdAycXNShhz1nv3V7UckCanQhGOlOq4Tay/FUjPC6bTUTRSNMRnhAe0YKnBIlZfOUk/RiVH6KIikeUKjmfp7I8WhUuPQN5NZRLXoZeJ/XifRwaWXMhEnmgoyPxQkHOkIZRWgPpOUaD42BBPJTFZEhlhiok1RJVOCu/jlZdI8q7pO1b07L9eu8jqKcATHUAEXLqAGt1CHBhCQ8Ayv8GY9WS/Wu/UxHy1Y+c4h/IH1+QOfXpHt</latexit><latexit sha1_base64="8giNXqI8UUrDfVenBpASKYs02rg=">AAAB9XicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFEVxWsA9oY5lMJ+3QySTMTJSS9j/cuFDErf/izr9x0mahrQcGDufcyz1z/JgzpR3n2yqsrK6tbxQ3S1vbO7t79v5BU0WJJLRBIh7Jto8V5UzQhmaa03YsKQ59Tlv+6DrzW49UKhaJez2OqRfigWABI1gb6WFyU+mGWA/9AI1OJz277FSdGdAycXNShhz1nv3V7UckCanQhGOlOq4Tay/FUjPC6bTUTRSNMRnhAe0YKnBIlZfOUk/RiVH6KIikeUKjmfp7I8WhUuPQN5NZRLXoZeJ/XifRwaWXMhEnmgoyPxQkHOkIZRWgPpOUaD42BBPJTFZEhlhiok1RJVOCu/jlZdI8q7pO1b07L9eu8jqKcATHUAEXLqAGt1CHBhCQ8Ayv8GY9WS/Wu/UxHy1Y+c4h/IH1+QOfXpHt</latexit><latexit sha1_base64="8giNXqI8UUrDfVenBpASKYs02rg=">AAAB9XicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFEVxWsA9oY5lMJ+3QySTMTJSS9j/cuFDErf/izr9x0mahrQcGDufcyz1z/JgzpR3n2yqsrK6tbxQ3S1vbO7t79v5BU0WJJLRBIh7Jto8V5UzQhmaa03YsKQ59Tlv+6DrzW49UKhaJez2OqRfigWABI1gb6WFyU+mGWA/9AI1OJz277FSdGdAycXNShhz1nv3V7UckCanQhGOlOq4Tay/FUjPC6bTUTRSNMRnhAe0YKnBIlZfOUk/RiVH6KIikeUKjmfp7I8WhUuPQN5NZRLXoZeJ/XifRwaWXMhEnmgoyPxQkHOkIZRWgPpOUaD42BBPJTFZEhlhiok1RJVOCu/jlZdI8q7pO1b07L9eu8jqKcATHUAEXLqAGt1CHBhCQ8Ayv8GY9WS/Wu/UxHy1Y+c4h/IH1+QOfXpHt</latexit><latexit sha1_base64="8giNXqI8UUrDfVenBpASKYs02rg=">AAAB9XicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFEVxWsA9oY5lMJ+3QySTMTJSS9j/cuFDErf/izr9x0mahrQcGDufcyz1z/JgzpR3n2yqsrK6tbxQ3S1vbO7t79v5BU0WJJLRBIh7Jto8V5UzQhmaa03YsKQ59Tlv+6DrzW49UKhaJez2OqRfigWABI1gb6WFyU+mGWA/9AI1OJz277FSdGdAycXNShhz1nv3V7UckCanQhGOlOq4Tay/FUjPC6bTUTRSNMRnhAe0YKnBIlZfOUk/RiVH6KIikeUKjmfp7I8WhUuPQN5NZRLXoZeJ/XifRwaWXMhEnmgoyPxQkHOkIZRWgPpOUaD42BBPJTFZEhlhiok1RJVOCu/jlZdI8q7pO1b07L9eu8jqKcATHUAEXLqAGt1CHBhCQ8Ayv8GY9WS/Wu/UxHy1Y+c4h/IH1+QOfXpHt</latexit>

          is different than what one naively infers from             !E2(k)
<latexit sha1_base64="6QNkzOPnqQ7BZp5uxVmCi7F2E1w=">AAAB9XicbVDLSsNAFL2pr1pfVZduBotQNyUpgi6LIrisYB/QpmUynbRDJ5MwM1FK6H+4caGIW//FnX/jJM1CWw8MHM65l3vmeBFnStv2t1VYW9/Y3Cpul3Z29/YPyodHbRXGktAWCXkoux5WlDNBW5ppTruRpDjwOO1405vU7zxSqVgoHvQsom6Ax4L5jGBtpMHtoF7tB1hPPB9Nz4flil2zM6BV4uSkAjmaw/JXfxSSOKBCE46V6jl2pN0ES80Ip/NSP1Y0wmSKx7RnqMABVW6SpZ6jM6OMkB9K84RGmfp7I8GBUrPAM5NpQrXspeJ/Xi/W/pWbMBHFmgqyOOTHHOkQpRWgEZOUaD4zBBPJTFZEJlhiok1RJVOCs/zlVdKu1xy75txfVBrXeR1FOIFTqIIDl9CAO2hCCwhIeIZXeLOerBfr3fpYjBasfOcY/sD6/AH+jJGF</latexit><latexit sha1_base64="6QNkzOPnqQ7BZp5uxVmCi7F2E1w=">AAAB9XicbVDLSsNAFL2pr1pfVZduBotQNyUpgi6LIrisYB/QpmUynbRDJ5MwM1FK6H+4caGIW//FnX/jJM1CWw8MHM65l3vmeBFnStv2t1VYW9/Y3Cpul3Z29/YPyodHbRXGktAWCXkoux5WlDNBW5ppTruRpDjwOO1405vU7zxSqVgoHvQsom6Ax4L5jGBtpMHtoF7tB1hPPB9Nz4flil2zM6BV4uSkAjmaw/JXfxSSOKBCE46V6jl2pN0ES80Ip/NSP1Y0wmSKx7RnqMABVW6SpZ6jM6OMkB9K84RGmfp7I8GBUrPAM5NpQrXspeJ/Xi/W/pWbMBHFmgqyOOTHHOkQpRWgEZOUaD4zBBPJTFZEJlhiok1RJVOCs/zlVdKu1xy75txfVBrXeR1FOIFTqIIDl9CAO2hCCwhIeIZXeLOerBfr3fpYjBasfOcY/sD6/AH+jJGF</latexit><latexit sha1_base64="6QNkzOPnqQ7BZp5uxVmCi7F2E1w=">AAAB9XicbVDLSsNAFL2pr1pfVZduBotQNyUpgi6LIrisYB/QpmUynbRDJ5MwM1FK6H+4caGIW//FnX/jJM1CWw8MHM65l3vmeBFnStv2t1VYW9/Y3Cpul3Z29/YPyodHbRXGktAWCXkoux5WlDNBW5ppTruRpDjwOO1405vU7zxSqVgoHvQsom6Ax4L5jGBtpMHtoF7tB1hPPB9Nz4flil2zM6BV4uSkAjmaw/JXfxSSOKBCE46V6jl2pN0ES80Ip/NSP1Y0wmSKx7RnqMABVW6SpZ6jM6OMkB9K84RGmfp7I8GBUrPAM5NpQrXspeJ/Xi/W/pWbMBHFmgqyOOTHHOkQpRWgEZOUaD4zBBPJTFZEJlhiok1RJVOCs/zlVdKu1xy75txfVBrXeR1FOIFTqIIDl9CAO2hCCwhIeIZXeLOerBfr3fpYjBasfOcY/sD6/AH+jJGF</latexit><latexit sha1_base64="6QNkzOPnqQ7BZp5uxVmCi7F2E1w=">AAAB9XicbVDLSsNAFL2pr1pfVZduBotQNyUpgi6LIrisYB/QpmUynbRDJ5MwM1FK6H+4caGIW//FnX/jJM1CWw8MHM65l3vmeBFnStv2t1VYW9/Y3Cpul3Z29/YPyodHbRXGktAWCXkoux5WlDNBW5ppTruRpDjwOO1405vU7zxSqVgoHvQsom6Ax4L5jGBtpMHtoF7tB1hPPB9Nz4flil2zM6BV4uSkAjmaw/JXfxSSOKBCE46V6jl2pN0ES80Ip/NSP1Y0wmSKx7RnqMABVW6SpZ6jM6OMkB9K84RGmfp7I8GBUrPAM5NpQrXspeJ/Xi/W/pWbMBHFmgqyOOTHHOkQpRWgEZOUaD4zBBPJTFZEJlhiok1RJVOCs/zlVdKu1xy75txfVBrXeR1FOIFTqIIDl9CAO2hCCwhIeIZXeLOerBfr3fpYjBasfOcY/sD6/AH+jJGF</latexit>

E(k)
<latexit sha1_base64="ZBLL5Rac1yXRd+C0AaEQhkgxfXE=">AAAB83icbVDLSgMxFL1TX7W+qi7dBItQN2VGBF0WRXBZwT6gM5RMmmlDM5mQZIQy9DfcuFDErT/jzr8x085CWw8EDufcyz05oeRMG9f9dkpr6xubW+Xtys7u3v5B9fCoo5NUEdomCU9UL8SaciZo2zDDaU8qiuOQ0244uc397hNVmiXi0UwlDWI8EixiBBsr+Xd1P8ZmHEZocj6o1tyGOwdaJV5BalCgNah++cOEpDEVhnCsdd9zpQkyrAwjnM4qfqqpxGSCR7RvqcAx1UE2zzxDZ1YZoihR9gmD5urvjQzHWk/j0E7mCfWyl4v/ef3URNdBxoRMDRVkcShKOTIJygtAQ6YoMXxqCSaK2ayIjLHCxNiaKrYEb/nLq6Rz0fDchvdwWWveFHWU4QROoQ4eXEET7qEFbSAg4Rle4c1JnRfn3flYjJacYucY/sD5/AHTL5Dh</latexit><latexit sha1_base64="ZBLL5Rac1yXRd+C0AaEQhkgxfXE=">AAAB83icbVDLSgMxFL1TX7W+qi7dBItQN2VGBF0WRXBZwT6gM5RMmmlDM5mQZIQy9DfcuFDErT/jzr8x085CWw8EDufcyz05oeRMG9f9dkpr6xubW+Xtys7u3v5B9fCoo5NUEdomCU9UL8SaciZo2zDDaU8qiuOQ0244uc397hNVmiXi0UwlDWI8EixiBBsr+Xd1P8ZmHEZocj6o1tyGOwdaJV5BalCgNah++cOEpDEVhnCsdd9zpQkyrAwjnM4qfqqpxGSCR7RvqcAx1UE2zzxDZ1YZoihR9gmD5urvjQzHWk/j0E7mCfWyl4v/ef3URNdBxoRMDRVkcShKOTIJygtAQ6YoMXxqCSaK2ayIjLHCxNiaKrYEb/nLq6Rz0fDchvdwWWveFHWU4QROoQ4eXEET7qEFbSAg4Rle4c1JnRfn3flYjJacYucY/sD5/AHTL5Dh</latexit><latexit sha1_base64="ZBLL5Rac1yXRd+C0AaEQhkgxfXE=">AAAB83icbVDLSgMxFL1TX7W+qi7dBItQN2VGBF0WRXBZwT6gM5RMmmlDM5mQZIQy9DfcuFDErT/jzr8x085CWw8EDufcyz05oeRMG9f9dkpr6xubW+Xtys7u3v5B9fCoo5NUEdomCU9UL8SaciZo2zDDaU8qiuOQ0244uc397hNVmiXi0UwlDWI8EixiBBsr+Xd1P8ZmHEZocj6o1tyGOwdaJV5BalCgNah++cOEpDEVhnCsdd9zpQkyrAwjnM4qfqqpxGSCR7RvqcAx1UE2zzxDZ1YZoihR9gmD5urvjQzHWk/j0E7mCfWyl4v/ef3URNdBxoRMDRVkcShKOTIJygtAQ6YoMXxqCSaK2ayIjLHCxNiaKrYEb/nLq6Rz0fDchvdwWWveFHWU4QROoQ4eXEET7qEFbSAg4Rle4c1JnRfn3flYjJacYucY/sD5/AHTL5Dh</latexit><latexit sha1_base64="ZBLL5Rac1yXRd+C0AaEQhkgxfXE=">AAAB83icbVDLSgMxFL1TX7W+qi7dBItQN2VGBF0WRXBZwT6gM5RMmmlDM5mQZIQy9DfcuFDErT/jzr8x085CWw8EDufcyz05oeRMG9f9dkpr6xubW+Xtys7u3v5B9fCoo5NUEdomCU9UL8SaciZo2zDDaU8qiuOQ0244uc397hNVmiXi0UwlDWI8EixiBBsr+Xd1P8ZmHEZocj6o1tyGOwdaJV5BalCgNah++cOEpDEVhnCsdd9zpQkyrAwjnM4qfqqpxGSCR7RvqcAx1UE2zzxDZ1YZoihR9gmD5urvjQzHWk/j0E7mCfWyl4v/ef3URNdBxoRMDRVkcShKOTIJygtAQ6YoMXxqCSaK2ayIjLHCxNiaKrYEb/nLq6Rz0fDchvdwWWveFHWU4QROoQ4eXEET7qEFbSAg4Rle4c1JnRfn3flYjJacYucY/sD5/AHTL5Dh</latexit>

Re[E(k)]
<latexit sha1_base64="g6J0IHrRFXsXGnOmhkQa5PiENwg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6qbMiGCXBRFcVrEPmBlKJs20oUlmSDJCGbvwV9y4UMStv+HOvzHTzkJbDwQO59zLPTlhwqjSjvNtlVZW19Y3ypuVre2d3T17/6Cj4lRi0sYxi2UvRIowKkhbU81IL5EE8ZCRbji+yv3uA5GKxuJeTxIScDQUNKIYaSP17aPMlxzekal3XfM50qMwguOzoG9XnbozA1wmbkGqoECrb3/5gxinnAiNGVLKc51EBxmSmmJGphU/VSRBeIyGxDNUIE5UkM3yT+GpUQYwiqV5QsOZ+nsjQ1ypCQ/NZB5RLXq5+J/npTpqBBkVSaqJwPNDUcqgjmFeBhxQSbBmE0MQltRkhXiEJMLaVFYxJbiLX14mnfO669Td24tqs1HUUQbH4ATUgAsuQRPcgBZoAwwewTN4BW/Wk/VivVsf89GSVewcgj+wPn8Aq0+VLg==</latexit><latexit sha1_base64="g6J0IHrRFXsXGnOmhkQa5PiENwg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6qbMiGCXBRFcVrEPmBlKJs20oUlmSDJCGbvwV9y4UMStv+HOvzHTzkJbDwQO59zLPTlhwqjSjvNtlVZW19Y3ypuVre2d3T17/6Cj4lRi0sYxi2UvRIowKkhbU81IL5EE8ZCRbji+yv3uA5GKxuJeTxIScDQUNKIYaSP17aPMlxzekal3XfM50qMwguOzoG9XnbozA1wmbkGqoECrb3/5gxinnAiNGVLKc51EBxmSmmJGphU/VSRBeIyGxDNUIE5UkM3yT+GpUQYwiqV5QsOZ+nsjQ1ypCQ/NZB5RLXq5+J/npTpqBBkVSaqJwPNDUcqgjmFeBhxQSbBmE0MQltRkhXiEJMLaVFYxJbiLX14mnfO669Td24tqs1HUUQbH4ATUgAsuQRPcgBZoAwwewTN4BW/Wk/VivVsf89GSVewcgj+wPn8Aq0+VLg==</latexit><latexit sha1_base64="g6J0IHrRFXsXGnOmhkQa5PiENwg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6qbMiGCXBRFcVrEPmBlKJs20oUlmSDJCGbvwV9y4UMStv+HOvzHTzkJbDwQO59zLPTlhwqjSjvNtlVZW19Y3ypuVre2d3T17/6Cj4lRi0sYxi2UvRIowKkhbU81IL5EE8ZCRbji+yv3uA5GKxuJeTxIScDQUNKIYaSP17aPMlxzekal3XfM50qMwguOzoG9XnbozA1wmbkGqoECrb3/5gxinnAiNGVLKc51EBxmSmmJGphU/VSRBeIyGxDNUIE5UkM3yT+GpUQYwiqV5QsOZ+nsjQ1ypCQ/NZB5RLXq5+J/npTpqBBkVSaqJwPNDUcqgjmFeBhxQSbBmE0MQltRkhXiEJMLaVFYxJbiLX14mnfO669Td24tqs1HUUQbH4ATUgAsuQRPcgBZoAwwewTN4BW/Wk/VivVsf89GSVewcgj+wPn8Aq0+VLg==</latexit><latexit sha1_base64="g6J0IHrRFXsXGnOmhkQa5PiENwg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6qbMiGCXBRFcVrEPmBlKJs20oUlmSDJCGbvwV9y4UMStv+HOvzHTzkJbDwQO59zLPTlhwqjSjvNtlVZW19Y3ypuVre2d3T17/6Cj4lRi0sYxi2UvRIowKkhbU81IL5EE8ZCRbji+yv3uA5GKxuJeTxIScDQUNKIYaSP17aPMlxzekal3XfM50qMwguOzoG9XnbozA1wmbkGqoECrb3/5gxinnAiNGVLKc51EBxmSmmJGphU/VSRBeIyGxDNUIE5UkM3yT+GpUQYwiqV5QsOZ+nsjQ1ypCQ/NZB5RLXq5+J/npTpqBBkVSaqJwPNDUcqgjmFeBhxQSbBmE0MQltRkhXiEJMLaVFYxJbiLX14mnfO669Td24tqs1HUUQbH4ATUgAsuQRPcgBZoAwwewTN4BW/Wk/VivVsf89GSVewcgj+wPn8Aq0+VLg==</latexit> Im[E(k)]

<latexit sha1_base64="AednT4TIA61YQYqI9T2QH5nCQbc=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6qbMiGCXBRF0V8E+YGYomTTThiaZIckIZezCX3HjQhG3/oY7/8ZMOwttPRA4nHMv9+SECaNKO863VVpZXVvfKG9WtrZ3dvfs/YOOilOJSRvHLJa9ECnCqCBtTTUjvUQSxENGuuH4Kve7D0QqGot7PUlIwNFQ0IhipI3Ut48yX3J4y6fedc3nSI/CCI7Pgr5dderODHCZuAWpggKtvv3lD2KcciI0Zkgpz3USHWRIaooZmVb8VJEE4TEaEs9QgThRQTbLP4WnRhnAKJbmCQ1n6u+NDHGlJjw0k3lEtejl4n+el+qoEWRUJKkmAs8PRSmDOoZ5GXBAJcGaTQxBWFKTFeIRkghrU1nFlOAufnmZdM7rrlN37y6qzUZRRxkcgxNQAy64BE1wA1qgDTB4BM/gFbxZT9aL9W59zEdLVrFzCP7A+vwBqbOVLQ==</latexit><latexit sha1_base64="AednT4TIA61YQYqI9T2QH5nCQbc=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6qbMiGCXBRF0V8E+YGYomTTThiaZIckIZezCX3HjQhG3/oY7/8ZMOwttPRA4nHMv9+SECaNKO863VVpZXVvfKG9WtrZ3dvfs/YOOilOJSRvHLJa9ECnCqCBtTTUjvUQSxENGuuH4Kve7D0QqGot7PUlIwNFQ0IhipI3Ut48yX3J4y6fedc3nSI/CCI7Pgr5dderODHCZuAWpggKtvv3lD2KcciI0Zkgpz3USHWRIaooZmVb8VJEE4TEaEs9QgThRQTbLP4WnRhnAKJbmCQ1n6u+NDHGlJjw0k3lEtejl4n+el+qoEWRUJKkmAs8PRSmDOoZ5GXBAJcGaTQxBWFKTFeIRkghrU1nFlOAufnmZdM7rrlN37y6qzUZRRxkcgxNQAy64BE1wA1qgDTB4BM/gFbxZT9aL9W59zEdLVrFzCP7A+vwBqbOVLQ==</latexit><latexit sha1_base64="AednT4TIA61YQYqI9T2QH5nCQbc=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6qbMiGCXBRF0V8E+YGYomTTThiaZIckIZezCX3HjQhG3/oY7/8ZMOwttPRA4nHMv9+SECaNKO863VVpZXVvfKG9WtrZ3dvfs/YOOilOJSRvHLJa9ECnCqCBtTTUjvUQSxENGuuH4Kve7D0QqGot7PUlIwNFQ0IhipI3Ut48yX3J4y6fedc3nSI/CCI7Pgr5dderODHCZuAWpggKtvv3lD2KcciI0Zkgpz3USHWRIaooZmVb8VJEE4TEaEs9QgThRQTbLP4WnRhnAKJbmCQ1n6u+NDHGlJjw0k3lEtejl4n+el+qoEWRUJKkmAs8PRSmDOoZ5GXBAJcGaTQxBWFKTFeIRkghrU1nFlOAufnmZdM7rrlN37y6qzUZRRxkcgxNQAy64BE1wA1qgDTB4BM/gFbxZT9aL9W59zEdLVrFzCP7A+vwBqbOVLQ==</latexit><latexit sha1_base64="AednT4TIA61YQYqI9T2QH5nCQbc=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6qbMiGCXBRF0V8E+YGYomTTThiaZIckIZezCX3HjQhG3/oY7/8ZMOwttPRA4nHMv9+SECaNKO863VVpZXVvfKG9WtrZ3dvfs/YOOilOJSRvHLJa9ECnCqCBtTTUjvUQSxENGuuH4Kve7D0QqGot7PUlIwNFQ0IhipI3Ut48yX3J4y6fedc3nSI/CCI7Pgr5dderODHCZuAWpggKtvv3lD2KcciI0Zkgpz3USHWRIaooZmVb8VJEE4TEaEs9QgThRQTbLP4WnRhnAKJbmCQ1n6u+NDHGlJjw0k3lEtejl4n+el+qoEWRUJKkmAs8PRSmDOoZ5GXBAJcGaTQxBWFKTFeIRkghrU1nFlOAufnmZdM7rrlN37y6qzUZRRxkcgxNQAy64BE1wA1qgDTB4BM/gFbxZT9aL9W59zEdLVrFzCP7A+vwBqbOVLQ==</latexit>

- 2d bulk Fermi arcs! V. Kozii and L. Fu, arXiv:1708.05841



Let’s have a closer look: arcs

d2
R � d2

I > 0
<latexit sha1_base64="TDvgfHFYtBa8qFKoNV+Z0+1crGg=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBjSUpgi5ECm50V8U+oE3DZDJph04mYWYilNClG3/FjQtF3PoJ7vwbJ20WtfXAwJlz7uXee7yYUaks68coLC2vrK4V10sbm1vbO+buXlNGicCkgSMWibaHJGGUk4aiipF2LAgKPUZa3vA681uPREga8Qc1iokToj6nAcVIack1D7shUgMvSP2xe9+rns58b3vVK8s1y1bFmgAuEjsnZZCj7prfXT/CSUi4wgxJ2bGtWDkpEopiRsalbiJJjPAQ9UlHU45CIp10csgYHmvFh0Ek9OMKTtTZjhSFUo5CT1dme8p5LxP/8zqJCi6clPI4UYTj6aAgYVBFMEsF+lQQrNhIE4QF1btCPEACYaWzK+kQ7PmTF0mzWrE1vzsr1y7zOIrgAByBE2CDc1ADN6AOGgCDJ/AC3sC78Wy8Gh/G57S0YOQ9++APjK9f/OGZQw==</latexit><latexit sha1_base64="TDvgfHFYtBa8qFKoNV+Z0+1crGg=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBjSUpgi5ECm50V8U+oE3DZDJph04mYWYilNClG3/FjQtF3PoJ7vwbJ20WtfXAwJlz7uXee7yYUaks68coLC2vrK4V10sbm1vbO+buXlNGicCkgSMWibaHJGGUk4aiipF2LAgKPUZa3vA681uPREga8Qc1iokToj6nAcVIack1D7shUgMvSP2xe9+rns58b3vVK8s1y1bFmgAuEjsnZZCj7prfXT/CSUi4wgxJ2bGtWDkpEopiRsalbiJJjPAQ9UlHU45CIp10csgYHmvFh0Ek9OMKTtTZjhSFUo5CT1dme8p5LxP/8zqJCi6clPI4UYTj6aAgYVBFMEsF+lQQrNhIE4QF1btCPEACYaWzK+kQ7PmTF0mzWrE1vzsr1y7zOIrgAByBE2CDc1ADN6AOGgCDJ/AC3sC78Wy8Gh/G57S0YOQ9++APjK9f/OGZQw==</latexit><latexit sha1_base64="TDvgfHFYtBa8qFKoNV+Z0+1crGg=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBjSUpgi5ECm50V8U+oE3DZDJph04mYWYilNClG3/FjQtF3PoJ7vwbJ20WtfXAwJlz7uXee7yYUaks68coLC2vrK4V10sbm1vbO+buXlNGicCkgSMWibaHJGGUk4aiipF2LAgKPUZa3vA681uPREga8Qc1iokToj6nAcVIack1D7shUgMvSP2xe9+rns58b3vVK8s1y1bFmgAuEjsnZZCj7prfXT/CSUi4wgxJ2bGtWDkpEopiRsalbiJJjPAQ9UlHU45CIp10csgYHmvFh0Ek9OMKTtTZjhSFUo5CT1dme8p5LxP/8zqJCi6clPI4UYTj6aAgYVBFMEsF+lQQrNhIE4QF1btCPEACYaWzK+kQ7PmTF0mzWrE1vzsr1y7zOIrgAByBE2CDc1ADN6AOGgCDJ/AC3sC78Wy8Gh/G57S0YOQ9++APjK9f/OGZQw==</latexit><latexit sha1_base64="TDvgfHFYtBa8qFKoNV+Z0+1crGg=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBjSUpgi5ECm50V8U+oE3DZDJph04mYWYilNClG3/FjQtF3PoJ7vwbJ20WtfXAwJlz7uXee7yYUaks68coLC2vrK4V10sbm1vbO+buXlNGicCkgSMWibaHJGGUk4aiipF2LAgKPUZa3vA681uPREga8Qc1iokToj6nAcVIack1D7shUgMvSP2xe9+rns58b3vVK8s1y1bFmgAuEjsnZZCj7prfXT/CSUi4wgxJ2bGtWDkpEopiRsalbiJJjPAQ9UlHU45CIp10csgYHmvFh0Ek9OMKTtTZjhSFUo5CT1dme8p5LxP/8zqJCi6clPI4UYTj6aAgYVBFMEsF+lQQrNhIE4QF1btCPEACYaWzK+kQ7PmTF0mzWrE1vzsr1y7zOIrgAByBE2CDc1ADN6AOGgCDJ/AC3sC78Wy8Gh/G57S0YOQ9++APjK9f/OGZQw==</latexit>

d2
R � d2

I < 0
<latexit sha1_base64="3PKwlJDr6imvryF8FfV4e6PbB1o=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqJhSqpkGDoUIkFtoLoQ2rTyHGc1qrjRLaDVEUdWfgVFgYQYuUT2PgbnDZDaTmSpeNz7tW993gxo1JZ1o9RWFldW98obpa2tnd298z9g5aMEoFJE0csEh0PScIoJ01FFSOdWBAUeoy0vdF15rcfiZA04g9qHBMnRANOA4qR0pJrHvdCpIZekPoT975fPZ/73varNcs1y1bFmgIuEzsnZZCj4ZrfPT/CSUi4wgxJ2bWtWDkpEopiRialXiJJjPAIDUhXU45CIp10esgEnmrFh0Ek9OMKTtX5jhSFUo5DT1dme8pFLxP/87qJCq6clPI4UYTj2aAgYVBFMEsF+lQQrNhYE4QF1btCPEQCYaWzK+kQ7MWTl0mrWrE1v7so12t5HEVwBE7AGbDBJaiDG9AATYDBE3gBb+DdeDZejQ/jc1ZaMPKeQ/AHxtcv+deZQQ==</latexit><latexit sha1_base64="3PKwlJDr6imvryF8FfV4e6PbB1o=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqJhSqpkGDoUIkFtoLoQ2rTyHGc1qrjRLaDVEUdWfgVFgYQYuUT2PgbnDZDaTmSpeNz7tW993gxo1JZ1o9RWFldW98obpa2tnd298z9g5aMEoFJE0csEh0PScIoJ01FFSOdWBAUeoy0vdF15rcfiZA04g9qHBMnRANOA4qR0pJrHvdCpIZekPoT975fPZ/73varNcs1y1bFmgIuEzsnZZCj4ZrfPT/CSUi4wgxJ2bWtWDkpEopiRialXiJJjPAIDUhXU45CIp10esgEnmrFh0Ek9OMKTtX5jhSFUo5DT1dme8pFLxP/87qJCq6clPI4UYTj2aAgYVBFMEsF+lQQrNhYE4QF1btCPEQCYaWzK+kQ7MWTl0mrWrE1v7so12t5HEVwBE7AGbDBJaiDG9AATYDBE3gBb+DdeDZejQ/jc1ZaMPKeQ/AHxtcv+deZQQ==</latexit><latexit sha1_base64="3PKwlJDr6imvryF8FfV4e6PbB1o=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqJhSqpkGDoUIkFtoLoQ2rTyHGc1qrjRLaDVEUdWfgVFgYQYuUT2PgbnDZDaTmSpeNz7tW993gxo1JZ1o9RWFldW98obpa2tnd298z9g5aMEoFJE0csEh0PScIoJ01FFSOdWBAUeoy0vdF15rcfiZA04g9qHBMnRANOA4qR0pJrHvdCpIZekPoT975fPZ/73varNcs1y1bFmgIuEzsnZZCj4ZrfPT/CSUi4wgxJ2bWtWDkpEopiRialXiJJjPAIDUhXU45CIp10esgEnmrFh0Ek9OMKTtX5jhSFUo5DT1dme8pFLxP/87qJCq6clPI4UYTj2aAgYVBFMEsF+lQQrNhYE4QF1btCPEQCYaWzK+kQ7MWTl0mrWrE1v7so12t5HEVwBE7AGbDBJaiDG9AATYDBE3gBb+DdeDZejQ/jc1ZaMPKeQ/AHxtcv+deZQQ==</latexit><latexit sha1_base64="3PKwlJDr6imvryF8FfV4e6PbB1o=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqJhSqpkGDoUIkFtoLoQ2rTyHGc1qrjRLaDVEUdWfgVFgYQYuUT2PgbnDZDaTmSpeNz7tW993gxo1JZ1o9RWFldW98obpa2tnd298z9g5aMEoFJE0csEh0PScIoJ01FFSOdWBAUeoy0vdF15rcfiZA04g9qHBMnRANOA4qR0pJrHvdCpIZekPoT975fPZ/73varNcs1y1bFmgIuEzsnZZCj4ZrfPT/CSUi4wgxJ2bWtWDkpEopiRialXiJJjPAIDUhXU45CIp10esgEnmrFh0Ek9OMKTtX5jhSFUo5DT1dme8pFLxP/87qJCq6clPI4UYTj2aAgYVBFMEsF+lQQrNhYE4QF1btCPEQCYaWzK+kQ7MWTl0mrWrE1v7so12t5HEVwBE7AGbDBJaiDG9AATYDBE3gBb+DdeDZejQ/jc1ZaMPKeQ/AHxtcv+deZQQ==</latexit>

dR · dI < 0
<latexit sha1_base64="0jKJMb6LgbcsuKg/6+gOwDqleoQ=">AAACCHicbZC7TsMwFIadcivlFmBkwKJCYqoShARDh0ossBVEL1ITVY7jtFYdO7IdpCrqyMKrsDCAECuPwMbb4LQZSssvWfr0n3Pkc/4gYVRpx/mxSiura+sb5c3K1vbO7p69f9BWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUbXeb3zSKSigj/ocUL8GA04jShG2lh9+9iLkR4GURZO+vceDoWeM27rTt+uOjVnKrgMbgFVUKjZt7+9UOA0JlxjhpTquU6i/QxJTTEjk4qXKpIgPEID0jPIUUyUn00PmcBT44QwEtI8ruHUnZ/IUKzUOA5MZ76lWqzl5n+1XqqjKz+jPEk14Xj2UZQyqAXMU4EhlQRrNjaAsKRmV4iHSCKsTXYVE4K7ePIytM9rruG7i2qjXsRRBkfgBJwBF1yCBrgBTdACGDyBF/AG3q1n69X6sD5nrSWrmDkEf2R9/QIanZn6</latexit><latexit sha1_base64="0jKJMb6LgbcsuKg/6+gOwDqleoQ=">AAACCHicbZC7TsMwFIadcivlFmBkwKJCYqoShARDh0ossBVEL1ITVY7jtFYdO7IdpCrqyMKrsDCAECuPwMbb4LQZSssvWfr0n3Pkc/4gYVRpx/mxSiura+sb5c3K1vbO7p69f9BWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUbXeb3zSKSigj/ocUL8GA04jShG2lh9+9iLkR4GURZO+vceDoWeM27rTt+uOjVnKrgMbgFVUKjZt7+9UOA0JlxjhpTquU6i/QxJTTEjk4qXKpIgPEID0jPIUUyUn00PmcBT44QwEtI8ruHUnZ/IUKzUOA5MZ76lWqzl5n+1XqqjKz+jPEk14Xj2UZQyqAXMU4EhlQRrNjaAsKRmV4iHSCKsTXYVE4K7ePIytM9rruG7i2qjXsRRBkfgBJwBF1yCBrgBTdACGDyBF/AG3q1n69X6sD5nrSWrmDkEf2R9/QIanZn6</latexit><latexit sha1_base64="0jKJMb6LgbcsuKg/6+gOwDqleoQ=">AAACCHicbZC7TsMwFIadcivlFmBkwKJCYqoShARDh0ossBVEL1ITVY7jtFYdO7IdpCrqyMKrsDCAECuPwMbb4LQZSssvWfr0n3Pkc/4gYVRpx/mxSiura+sb5c3K1vbO7p69f9BWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUbXeb3zSKSigj/ocUL8GA04jShG2lh9+9iLkR4GURZO+vceDoWeM27rTt+uOjVnKrgMbgFVUKjZt7+9UOA0JlxjhpTquU6i/QxJTTEjk4qXKpIgPEID0jPIUUyUn00PmcBT44QwEtI8ruHUnZ/IUKzUOA5MZ76lWqzl5n+1XqqjKz+jPEk14Xj2UZQyqAXMU4EhlQRrNjaAsKRmV4iHSCKsTXYVE4K7ePIytM9rruG7i2qjXsRRBkfgBJwBF1yCBrgBTdACGDyBF/AG3q1n69X6sD5nrSWrmDkEf2R9/QIanZn6</latexit><latexit sha1_base64="0jKJMb6LgbcsuKg/6+gOwDqleoQ=">AAACCHicbZC7TsMwFIadcivlFmBkwKJCYqoShARDh0ossBVEL1ITVY7jtFYdO7IdpCrqyMKrsDCAECuPwMbb4LQZSssvWfr0n3Pkc/4gYVRpx/mxSiura+sb5c3K1vbO7p69f9BWIpWYtLBgQnYDpAijnLQ01Yx0E0lQHDDSCUbXeb3zSKSigj/ocUL8GA04jShG2lh9+9iLkR4GURZO+vceDoWeM27rTt+uOjVnKrgMbgFVUKjZt7+9UOA0JlxjhpTquU6i/QxJTTEjk4qXKpIgPEID0jPIUUyUn00PmcBT44QwEtI8ruHUnZ/IUKzUOA5MZ76lWqzl5n+1XqqjKz+jPEk14Xj2UZQyqAXMU4EhlQRrNjaAsKRmV4iHSCKsTXYVE4K7ePIytM9rruG7i2qjXsRRBkfgBJwBF1yCBrgBTdACGDyBF/AG3q1n69X6sD5nrSWrmDkEf2R9/QIanZn6</latexit>

dR · dI > 0
<latexit sha1_base64="ghFAIxFkT1spOo7+wzl6gWd/tpA=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcFUSEXQhUnCjuyr2Ak0ok8mkHTqZCTMToYQu3fgqblwo4tZHcOfbOGmzqK0/DHz85xzmnD9IGFXacX6s0tLyyupaeb2ysbm1vWPv7rWUSCUmTSyYkJ0AKcIoJ01NNSOdRBIUB4y0g+F1Xm8/Eqmo4A96lBA/Rn1OI4qRNlbPPvRipAdBlIXj3r2HQ6FnjNsrp2dXnZozEVwEt4AqKNTo2d9eKHAaE64xQ0p1XSfRfoakppiRccVLFUkQHqI+6RrkKCbKzyaHjOGxcUIYCWke13Dizk5kKFZqFAemM99Szddy879aN9XRhZ9RnqSacDz9KEoZ1ALmqcCQSoI1GxlAWFKzK8QDJBHWJruKCcGdP3kRWqc11/DdWbV+WcRRBgfgCJwAF5yDOrgBDdAEGDyBF/AG3q1n69X6sD6nrSWrmNkHf2R9/QIdp5n8</latexit><latexit sha1_base64="ghFAIxFkT1spOo7+wzl6gWd/tpA=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcFUSEXQhUnCjuyr2Ak0ok8mkHTqZCTMToYQu3fgqblwo4tZHcOfbOGmzqK0/DHz85xzmnD9IGFXacX6s0tLyyupaeb2ysbm1vWPv7rWUSCUmTSyYkJ0AKcIoJ01NNSOdRBIUB4y0g+F1Xm8/Eqmo4A96lBA/Rn1OI4qRNlbPPvRipAdBlIXj3r2HQ6FnjNsrp2dXnZozEVwEt4AqKNTo2d9eKHAaE64xQ0p1XSfRfoakppiRccVLFUkQHqI+6RrkKCbKzyaHjOGxcUIYCWke13Dizk5kKFZqFAemM99Szddy879aN9XRhZ9RnqSacDz9KEoZ1ALmqcCQSoI1GxlAWFKzK8QDJBHWJruKCcGdP3kRWqc11/DdWbV+WcRRBgfgCJwAF5yDOrgBDdAEGDyBF/AG3q1n69X6sD6nrSWrmNkHf2R9/QIdp5n8</latexit><latexit sha1_base64="ghFAIxFkT1spOo7+wzl6gWd/tpA=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcFUSEXQhUnCjuyr2Ak0ok8mkHTqZCTMToYQu3fgqblwo4tZHcOfbOGmzqK0/DHz85xzmnD9IGFXacX6s0tLyyupaeb2ysbm1vWPv7rWUSCUmTSyYkJ0AKcIoJ01NNSOdRBIUB4y0g+F1Xm8/Eqmo4A96lBA/Rn1OI4qRNlbPPvRipAdBlIXj3r2HQ6FnjNsrp2dXnZozEVwEt4AqKNTo2d9eKHAaE64xQ0p1XSfRfoakppiRccVLFUkQHqI+6RrkKCbKzyaHjOGxcUIYCWke13Dizk5kKFZqFAemM99Szddy879aN9XRhZ9RnqSacDz9KEoZ1ALmqcCQSoI1GxlAWFKzK8QDJBHWJruKCcGdP3kRWqc11/DdWbV+WcRRBgfgCJwAF5yDOrgBDdAEGDyBF/AG3q1n69X6sD6nrSWrmNkHf2R9/QIdp5n8</latexit><latexit sha1_base64="ghFAIxFkT1spOo7+wzl6gWd/tpA=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcFUSEXQhUnCjuyr2Ak0ok8mkHTqZCTMToYQu3fgqblwo4tZHcOfbOGmzqK0/DHz85xzmnD9IGFXacX6s0tLyyupaeb2ysbm1vWPv7rWUSCUmTSyYkJ0AKcIoJ01NNSOdRBIUB4y0g+F1Xm8/Eqmo4A96lBA/Rn1OI4qRNlbPPvRipAdBlIXj3r2HQ6FnjNsrp2dXnZozEVwEt4AqKNTo2d9eKHAaE64xQ0p1XSfRfoakppiRccVLFUkQHqI+6RrkKCbKzyaHjOGxcUIYCWke13Dizk5kKFZqFAemM99Szddy879aN9XRhZ9RnqSacDz9KEoZ1ALmqcCQSoI1GxlAWFKzK8QDJBHWJruKCcGdP3kRWqc11/DdWbV+WcRRBgfgCJwAF5yDOrgBDdAEGDyBF/AG3q1n69X6sD6nrSWrmNkHf2R9/QIdp5n8</latexit>

E(k) = ±
p

dR(k)2 � dI(k)2 + 2idR(k) · dI(k)
<latexit sha1_base64="w1rLpeNlmqn/mTOz9liRmdHi2/M="></latexit><latexit sha1_base64="w1rLpeNlmqn/mTOz9liRmdHi2/M="></latexit><latexit sha1_base64="w1rLpeNlmqn/mTOz9liRmdHi2/M="></latexit><latexit sha1_base64="w1rLpeNlmqn/mTOz9liRmdHi2/M="></latexit>

Re[E] = 0
<latexit sha1_base64="inOk89rG0Tdp+HOeq7PiOMYDHEU=">AAAB9HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLpQKIjgsoq9wHQomfRMG5pkxiRTKEOfw40LRdz6MO58G9N2Ftr6Q+DjP+dwTv4w4Uwb1/12Ciura+sbxc3S1vbO7l55/6Cp41RRaNCYx6odEg2cSWgYZji0EwVEhBxa4fBmWm+NQGkWy0czTiAQpC9ZxCgx1gqyjhL4ASb+bXDtdssVt+rOhJfBy6GCctW75a9OL6apAGkoJ1r7npuYICPKMMphUuqkGhJCh6QPvkVJBOggmx09wSfW6eEoVvZJg2fu74mMCK3HIrSdgpiBXqxNzf9qfmqiyyBjMkkNSDpfFKUcmxhPE8A9poAaPrZAqGL2VkwHRBFqbE4lG4K3+OVlaJ5VPcv355XaVR5HER2hY3SKPHSBaugO1VEDUfSEntErenNGzovz7nzMWwtOPnOI/sj5/AHHSZFq</latexit><latexit sha1_base64="inOk89rG0Tdp+HOeq7PiOMYDHEU=">AAAB9HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLpQKIjgsoq9wHQomfRMG5pkxiRTKEOfw40LRdz6MO58G9N2Ftr6Q+DjP+dwTv4w4Uwb1/12Ciura+sbxc3S1vbO7l55/6Cp41RRaNCYx6odEg2cSWgYZji0EwVEhBxa4fBmWm+NQGkWy0czTiAQpC9ZxCgx1gqyjhL4ASb+bXDtdssVt+rOhJfBy6GCctW75a9OL6apAGkoJ1r7npuYICPKMMphUuqkGhJCh6QPvkVJBOggmx09wSfW6eEoVvZJg2fu74mMCK3HIrSdgpiBXqxNzf9qfmqiyyBjMkkNSDpfFKUcmxhPE8A9poAaPrZAqGL2VkwHRBFqbE4lG4K3+OVlaJ5VPcv355XaVR5HER2hY3SKPHSBaugO1VEDUfSEntErenNGzovz7nzMWwtOPnOI/sj5/AHHSZFq</latexit><latexit sha1_base64="inOk89rG0Tdp+HOeq7PiOMYDHEU=">AAAB9HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLpQKIjgsoq9wHQomfRMG5pkxiRTKEOfw40LRdz6MO58G9N2Ftr6Q+DjP+dwTv4w4Uwb1/12Ciura+sbxc3S1vbO7l55/6Cp41RRaNCYx6odEg2cSWgYZji0EwVEhBxa4fBmWm+NQGkWy0czTiAQpC9ZxCgx1gqyjhL4ASb+bXDtdssVt+rOhJfBy6GCctW75a9OL6apAGkoJ1r7npuYICPKMMphUuqkGhJCh6QPvkVJBOggmx09wSfW6eEoVvZJg2fu74mMCK3HIrSdgpiBXqxNzf9qfmqiyyBjMkkNSDpfFKUcmxhPE8A9poAaPrZAqGL2VkwHRBFqbE4lG4K3+OVlaJ5VPcv355XaVR5HER2hY3SKPHSBaugO1VEDUfSEntErenNGzovz7nzMWwtOPnOI/sj5/AHHSZFq</latexit><latexit sha1_base64="inOk89rG0Tdp+HOeq7PiOMYDHEU=">AAAB9HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLpQKIjgsoq9wHQomfRMG5pkxiRTKEOfw40LRdz6MO58G9N2Ftr6Q+DjP+dwTv4w4Uwb1/12Ciura+sbxc3S1vbO7l55/6Cp41RRaNCYx6odEg2cSWgYZji0EwVEhBxa4fBmWm+NQGkWy0czTiAQpC9ZxCgx1gqyjhL4ASb+bXDtdssVt+rOhJfBy6GCctW75a9OL6apAGkoJ1r7npuYICPKMMphUuqkGhJCh6QPvkVJBOggmx09wSfW6eEoVvZJg2fu74mMCK3HIrSdgpiBXqxNzf9qfmqiyyBjMkkNSDpfFKUcmxhPE8A9poAaPrZAqGL2VkwHRBFqbE4lG4K3+OVlaJ5VPcv355XaVR5HER2hY3SKPHSBaugO1VEDUfSEntErenNGzovz7nzMWwtOPnOI/sj5/AHHSZFq</latexit>

Fermi arcs                       when                           and    dR · dI = 0
<latexit sha1_base64="T37G9wqF3GbqYf1kuu8T1x8d+os=">AAACEnicbVBNS8NAEN34WetX1KOXxSKIh5KIoB6Eohe9VTG20ISw2WzapbtJ2N0IJeQ/ePGvePGg4tWTN/+NmzYHbX0w8Hhvhpl5QcqoVJb1bczNLywuLddW6qtr6xub5tb2vUwygYmDE5aIboAkYTQmjqKKkW4qCOIBI51geFn6nQciJE3iOzVKicdRP6YRxUhpyTcPXY7UIIhg6Oeu4PC2cHGYKDglXxfnlm82rKY1BpwldkUaoELbN7/cMMEZJ7HCDEnZs61UeTkSimJGirqbSZIiPER90tM0RpxILx//VMB9rYQwSoSuWMGx+nsiR1zKEQ90Z3mqnPZK8T+vl6no1MtpnGaKxHiyKMoYVAksA4IhFQQrNtIEYUH1rRAPkEBY6RjrOgR7+uVZ4hw1z5r2zXGjdVGlUQO7YA8cABucgBa4Am3gAAwewTN4BW/Gk/FivBsfk9Y5o5rZAX9gfP4ASjOdWQ==</latexit><latexit sha1_base64="T37G9wqF3GbqYf1kuu8T1x8d+os=">AAACEnicbVBNS8NAEN34WetX1KOXxSKIh5KIoB6Eohe9VTG20ISw2WzapbtJ2N0IJeQ/ePGvePGg4tWTN/+NmzYHbX0w8Hhvhpl5QcqoVJb1bczNLywuLddW6qtr6xub5tb2vUwygYmDE5aIboAkYTQmjqKKkW4qCOIBI51geFn6nQciJE3iOzVKicdRP6YRxUhpyTcPXY7UIIhg6Oeu4PC2cHGYKDglXxfnlm82rKY1BpwldkUaoELbN7/cMMEZJ7HCDEnZs61UeTkSimJGirqbSZIiPER90tM0RpxILx//VMB9rYQwSoSuWMGx+nsiR1zKEQ90Z3mqnPZK8T+vl6no1MtpnGaKxHiyKMoYVAksA4IhFQQrNtIEYUH1rRAPkEBY6RjrOgR7+uVZ4hw1z5r2zXGjdVGlUQO7YA8cABucgBa4Am3gAAwewTN4BW/Gk/FivBsfk9Y5o5rZAX9gfP4ASjOdWQ==</latexit><latexit sha1_base64="T37G9wqF3GbqYf1kuu8T1x8d+os=">AAACEnicbVBNS8NAEN34WetX1KOXxSKIh5KIoB6Eohe9VTG20ISw2WzapbtJ2N0IJeQ/ePGvePGg4tWTN/+NmzYHbX0w8Hhvhpl5QcqoVJb1bczNLywuLddW6qtr6xub5tb2vUwygYmDE5aIboAkYTQmjqKKkW4qCOIBI51geFn6nQciJE3iOzVKicdRP6YRxUhpyTcPXY7UIIhg6Oeu4PC2cHGYKDglXxfnlm82rKY1BpwldkUaoELbN7/cMMEZJ7HCDEnZs61UeTkSimJGirqbSZIiPER90tM0RpxILx//VMB9rYQwSoSuWMGx+nsiR1zKEQ90Z3mqnPZK8T+vl6no1MtpnGaKxHiyKMoYVAksA4IhFQQrNtIEYUH1rRAPkEBY6RjrOgR7+uVZ4hw1z5r2zXGjdVGlUQO7YA8cABucgBa4Am3gAAwewTN4BW/Gk/FivBsfk9Y5o5rZAX9gfP4ASjOdWQ==</latexit><latexit sha1_base64="T37G9wqF3GbqYf1kuu8T1x8d+os=">AAACEnicbVBNS8NAEN34WetX1KOXxSKIh5KIoB6Eohe9VTG20ISw2WzapbtJ2N0IJeQ/ePGvePGg4tWTN/+NmzYHbX0w8Hhvhpl5QcqoVJb1bczNLywuLddW6qtr6xub5tb2vUwygYmDE5aIboAkYTQmjqKKkW4qCOIBI51geFn6nQciJE3iOzVKicdRP6YRxUhpyTcPXY7UIIhg6Oeu4PC2cHGYKDglXxfnlm82rKY1BpwldkUaoELbN7/cMMEZJ7HCDEnZs61UeTkSimJGirqbSZIiPER90tM0RpxILx//VMB9rYQwSoSuWMGx+nsiR1zKEQ90Z3mqnPZK8T+vl6no1MtpnGaKxHiyKMoYVAksA4IhFQQrNtIEYUH1rRAPkEBY6RjrOgR7+uVZ4hw1z5r2zXGjdVGlUQO7YA8cABucgBa4Am3gAAwewTN4BW/Gk/FivBsfk9Y5o5rZAX9gfP4ASjOdWQ==</latexit>

d2
R � d2

I < 0
<latexit sha1_base64="3PKwlJDr6imvryF8FfV4e6PbB1o=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqJhSqpkGDoUIkFtoLoQ2rTyHGc1qrjRLaDVEUdWfgVFgYQYuUT2PgbnDZDaTmSpeNz7tW993gxo1JZ1o9RWFldW98obpa2tnd298z9g5aMEoFJE0csEh0PScIoJ01FFSOdWBAUeoy0vdF15rcfiZA04g9qHBMnRANOA4qR0pJrHvdCpIZekPoT975fPZ/73varNcs1y1bFmgIuEzsnZZCj4ZrfPT/CSUi4wgxJ2bWtWDkpEopiRialXiJJjPAIDUhXU45CIp10esgEnmrFh0Ek9OMKTtX5jhSFUo5DT1dme8pFLxP/87qJCq6clPI4UYTj2aAgYVBFMEsF+lQQrNhYE4QF1btCPEQCYaWzK+kQ7MWTl0mrWrE1v7so12t5HEVwBE7AGbDBJaiDG9AATYDBE3gBb+DdeDZejQ/jc1ZaMPKeQ/AHxtcv+deZQQ==</latexit><latexit sha1_base64="3PKwlJDr6imvryF8FfV4e6PbB1o=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqJhSqpkGDoUIkFtoLoQ2rTyHGc1qrjRLaDVEUdWfgVFgYQYuUT2PgbnDZDaTmSpeNz7tW993gxo1JZ1o9RWFldW98obpa2tnd298z9g5aMEoFJE0csEh0PScIoJ01FFSOdWBAUeoy0vdF15rcfiZA04g9qHBMnRANOA4qR0pJrHvdCpIZekPoT975fPZ/73varNcs1y1bFmgIuEzsnZZCj4ZrfPT/CSUi4wgxJ2bWtWDkpEopiRialXiJJjPAIDUhXU45CIp10esgEnmrFh0Ek9OMKTtX5jhSFUo5DT1dme8pFLxP/87qJCq6clPI4UYTj2aAgYVBFMEsF+lQQrNhYE4QF1btCPEQCYaWzK+kQ7MWTl0mrWrE1v7so12t5HEVwBE7AGbDBJaiDG9AATYDBE3gBb+DdeDZejQ/jc1ZaMPKeQ/AHxtcv+deZQQ==</latexit><latexit sha1_base64="3PKwlJDr6imvryF8FfV4e6PbB1o=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqJhSqpkGDoUIkFtoLoQ2rTyHGc1qrjRLaDVEUdWfgVFgYQYuUT2PgbnDZDaTmSpeNz7tW993gxo1JZ1o9RWFldW98obpa2tnd298z9g5aMEoFJE0csEh0PScIoJ01FFSOdWBAUeoy0vdF15rcfiZA04g9qHBMnRANOA4qR0pJrHvdCpIZekPoT975fPZ/73varNcs1y1bFmgIuEzsnZZCj4ZrfPT/CSUi4wgxJ2bWtWDkpEopiRialXiJJjPAIDUhXU45CIp10esgEnmrFh0Ek9OMKTtX5jhSFUo5DT1dme8pFLxP/87qJCq6clPI4UYTj2aAgYVBFMEsF+lQQrNhYE4QF1btCPEQCYaWzK+kQ7MWTl0mrWrE1v7so12t5HEVwBE7AGbDBJaiDG9AATYDBE3gBb+DdeDZejQ/jc1ZaMPKeQ/AHxtcv+deZQQ==</latexit><latexit sha1_base64="3PKwlJDr6imvryF8FfV4e6PbB1o=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqJhSqpkGDoUIkFtoLoQ2rTyHGc1qrjRLaDVEUdWfgVFgYQYuUT2PgbnDZDaTmSpeNz7tW993gxo1JZ1o9RWFldW98obpa2tnd298z9g5aMEoFJE0csEh0PScIoJ01FFSOdWBAUeoy0vdF15rcfiZA04g9qHBMnRANOA4qR0pJrHvdCpIZekPoT975fPZ/73varNcs1y1bFmgIuEzsnZZCj4ZrfPT/CSUi4wgxJ2bWtWDkpEopiRialXiJJjPAIDUhXU45CIp10esgEnmrFh0Ek9OMKTtX5jhSFUo5DT1dme8pFLxP/87qJCq6clPI4UYTj2aAgYVBFMEsF+lQQrNhYE4QF1btCPEQCYaWzK+kQ7MWTl0mrWrE1v7so12t5HEVwBE7AGbDBJaiDG9AATYDBE3gBb+DdeDZejQ/jc1ZaMPKeQ/AHxtcv+deZQQ==</latexit>

Irremovable degeneracies; generic (d-1)-dimensional open nodal surfaces/arcs

Im[E] = 0
<latexit sha1_base64="jEg3fFHWWHwrsSZhqX/7FDfk6N0=">AAAB9HicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhCoSCC7irYC0yHkkkzbWiSGZNMoQx9DjcuFHHrw7jzbUzbWWjrD4GP/5zDOfnDhDNtXPfbKaysrq1vFDdLW9s7u3vl/YOmjlNFaIPEPFbtEGvKmaQNwwyn7URRLEJOW+HwZlpvjajSLJaPZpzQQOC+ZBEj2FgryDpKoHsx8W+Da7dbrrhVdya0DF4OFchV75a/Or2YpIJKQzjW2vfcxAQZVoYRTielTqppgskQ96lvUWJBdZDNjp6gE+v0UBQr+6RBM/f3RIaF1mMR2k6BzUAv1qbmfzU/NdFlkDGZpIZKMl8UpRyZGE0TQD2mKDF8bAETxeytiAywwsTYnEo2BG/xy8vQPKt6lh/OK7WrPI4iHMExnIIHF1CDO6hDAwg8wTO8wpszcl6cd+dj3lpw8plD+CPn8wfFtpFp</latexit><latexit sha1_base64="jEg3fFHWWHwrsSZhqX/7FDfk6N0=">AAAB9HicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhCoSCC7irYC0yHkkkzbWiSGZNMoQx9DjcuFHHrw7jzbUzbWWjrD4GP/5zDOfnDhDNtXPfbKaysrq1vFDdLW9s7u3vl/YOmjlNFaIPEPFbtEGvKmaQNwwyn7URRLEJOW+HwZlpvjajSLJaPZpzQQOC+ZBEj2FgryDpKoHsx8W+Da7dbrrhVdya0DF4OFchV75a/Or2YpIJKQzjW2vfcxAQZVoYRTielTqppgskQ96lvUWJBdZDNjp6gE+v0UBQr+6RBM/f3RIaF1mMR2k6BzUAv1qbmfzU/NdFlkDGZpIZKMl8UpRyZGE0TQD2mKDF8bAETxeytiAywwsTYnEo2BG/xy8vQPKt6lh/OK7WrPI4iHMExnIIHF1CDO6hDAwg8wTO8wpszcl6cd+dj3lpw8plD+CPn8wfFtpFp</latexit><latexit sha1_base64="jEg3fFHWWHwrsSZhqX/7FDfk6N0=">AAAB9HicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhCoSCC7irYC0yHkkkzbWiSGZNMoQx9DjcuFHHrw7jzbUzbWWjrD4GP/5zDOfnDhDNtXPfbKaysrq1vFDdLW9s7u3vl/YOmjlNFaIPEPFbtEGvKmaQNwwyn7URRLEJOW+HwZlpvjajSLJaPZpzQQOC+ZBEj2FgryDpKoHsx8W+Da7dbrrhVdya0DF4OFchV75a/Or2YpIJKQzjW2vfcxAQZVoYRTielTqppgskQ96lvUWJBdZDNjp6gE+v0UBQr+6RBM/f3RIaF1mMR2k6BzUAv1qbmfzU/NdFlkDGZpIZKMl8UpRyZGE0TQD2mKDF8bAETxeytiAywwsTYnEo2BG/xy8vQPKt6lh/OK7WrPI4iHMExnIIHF1CDO6hDAwg8wTO8wpszcl6cd+dj3lpw8plD+CPn8wfFtpFp</latexit><latexit sha1_base64="jEg3fFHWWHwrsSZhqX/7FDfk6N0=">AAAB9HicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhCoSCC7irYC0yHkkkzbWiSGZNMoQx9DjcuFHHrw7jzbUzbWWjrD4GP/5zDOfnDhDNtXPfbKaysrq1vFDdLW9s7u3vl/YOmjlNFaIPEPFbtEGvKmaQNwwyn7URRLEJOW+HwZlpvjajSLJaPZpzQQOC+ZBEj2FgryDpKoHsx8W+Da7dbrrhVdya0DF4OFchV75a/Or2YpIJKQzjW2vfcxAQZVoYRTielTqppgskQ96lvUWJBdZDNjp6gE+v0UBQr+6RBM/f3RIaF1mMR2k6BzUAv1qbmfzU/NdFlkDGZpIZKMl8UpRyZGE0TQD2mKDF8bAETxeytiAywwsTYnEo2BG/xy8vQPKt6lh/OK7WrPI4iHMExnIIHF1CDO6hDAwg8wTO8wpszcl6cd+dj3lpw8plD+CPn8wfFtpFp</latexit>

dR · dI = 0
<latexit sha1_base64="T37G9wqF3GbqYf1kuu8T1x8d+os=">AAACEnicbVBNS8NAEN34WetX1KOXxSKIh5KIoB6Eohe9VTG20ISw2WzapbtJ2N0IJeQ/ePGvePGg4tWTN/+NmzYHbX0w8Hhvhpl5QcqoVJb1bczNLywuLddW6qtr6xub5tb2vUwygYmDE5aIboAkYTQmjqKKkW4qCOIBI51geFn6nQciJE3iOzVKicdRP6YRxUhpyTcPXY7UIIhg6Oeu4PC2cHGYKDglXxfnlm82rKY1BpwldkUaoELbN7/cMMEZJ7HCDEnZs61UeTkSimJGirqbSZIiPER90tM0RpxILx//VMB9rYQwSoSuWMGx+nsiR1zKEQ90Z3mqnPZK8T+vl6no1MtpnGaKxHiyKMoYVAksA4IhFQQrNtIEYUH1rRAPkEBY6RjrOgR7+uVZ4hw1z5r2zXGjdVGlUQO7YA8cABucgBa4Am3gAAwewTN4BW/Gk/FivBsfk9Y5o5rZAX9gfP4ASjOdWQ==</latexit><latexit sha1_base64="T37G9wqF3GbqYf1kuu8T1x8d+os=">AAACEnicbVBNS8NAEN34WetX1KOXxSKIh5KIoB6Eohe9VTG20ISw2WzapbtJ2N0IJeQ/ePGvePGg4tWTN/+NmzYHbX0w8Hhvhpl5QcqoVJb1bczNLywuLddW6qtr6xub5tb2vUwygYmDE5aIboAkYTQmjqKKkW4qCOIBI51geFn6nQciJE3iOzVKicdRP6YRxUhpyTcPXY7UIIhg6Oeu4PC2cHGYKDglXxfnlm82rKY1BpwldkUaoELbN7/cMMEZJ7HCDEnZs61UeTkSimJGirqbSZIiPER90tM0RpxILx//VMB9rYQwSoSuWMGx+nsiR1zKEQ90Z3mqnPZK8T+vl6no1MtpnGaKxHiyKMoYVAksA4IhFQQrNtIEYUH1rRAPkEBY6RjrOgR7+uVZ4hw1z5r2zXGjdVGlUQO7YA8cABucgBa4Am3gAAwewTN4BW/Gk/FivBsfk9Y5o5rZAX9gfP4ASjOdWQ==</latexit><latexit sha1_base64="T37G9wqF3GbqYf1kuu8T1x8d+os=">AAACEnicbVBNS8NAEN34WetX1KOXxSKIh5KIoB6Eohe9VTG20ISw2WzapbtJ2N0IJeQ/ePGvePGg4tWTN/+NmzYHbX0w8Hhvhpl5QcqoVJb1bczNLywuLddW6qtr6xub5tb2vUwygYmDE5aIboAkYTQmjqKKkW4qCOIBI51geFn6nQciJE3iOzVKicdRP6YRxUhpyTcPXY7UIIhg6Oeu4PC2cHGYKDglXxfnlm82rKY1BpwldkUaoELbN7/cMMEZJ7HCDEnZs61UeTkSimJGirqbSZIiPER90tM0RpxILx//VMB9rYQwSoSuWMGx+nsiR1zKEQ90Z3mqnPZK8T+vl6no1MtpnGaKxHiyKMoYVAksA4IhFQQrNtIEYUH1rRAPkEBY6RjrOgR7+uVZ4hw1z5r2zXGjdVGlUQO7YA8cABucgBa4Am3gAAwewTN4BW/Gk/FivBsfk9Y5o5rZAX9gfP4ASjOdWQ==</latexit><latexit sha1_base64="T37G9wqF3GbqYf1kuu8T1x8d+os=">AAACEnicbVBNS8NAEN34WetX1KOXxSKIh5KIoB6Eohe9VTG20ISw2WzapbtJ2N0IJeQ/ePGvePGg4tWTN/+NmzYHbX0w8Hhvhpl5QcqoVJb1bczNLywuLddW6qtr6xub5tb2vUwygYmDE5aIboAkYTQmjqKKkW4qCOIBI51geFn6nQciJE3iOzVKicdRP6YRxUhpyTcPXY7UIIhg6Oeu4PC2cHGYKDglXxfnlm82rKY1BpwldkUaoELbN7/cMMEZJ7HCDEnZs61UeTkSimJGirqbSZIiPER90tM0RpxILx//VMB9rYQwSoSuWMGx+nsiR1zKEQ90Z3mqnPZK8T+vl6no1MtpnGaKxHiyKMoYVAksA4IhFQQrNtIEYUH1rRAPkEBY6RjrOgR7+uVZ4hw1z5r2zXGjdVGlUQO7YA8cABucgBa4Am3gAAwewTN4BW/Gk/FivBsfk9Y5o5rZAX9gfP4ASjOdWQ==</latexit>

d2
R � d2

I > 0
<latexit sha1_base64="TDvgfHFYtBa8qFKoNV+Z0+1crGg=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBjSUpgi5ECm50V8U+oE3DZDJph04mYWYilNClG3/FjQtF3PoJ7vwbJ20WtfXAwJlz7uXee7yYUaks68coLC2vrK4V10sbm1vbO+buXlNGicCkgSMWibaHJGGUk4aiipF2LAgKPUZa3vA681uPREga8Qc1iokToj6nAcVIack1D7shUgMvSP2xe9+rns58b3vVK8s1y1bFmgAuEjsnZZCj7prfXT/CSUi4wgxJ2bGtWDkpEopiRsalbiJJjPAQ9UlHU45CIp10csgYHmvFh0Ek9OMKTtTZjhSFUo5CT1dme8p5LxP/8zqJCi6clPI4UYTj6aAgYVBFMEsF+lQQrNhIE4QF1btCPEACYaWzK+kQ7PmTF0mzWrE1vzsr1y7zOIrgAByBE2CDc1ADN6AOGgCDJ/AC3sC78Wy8Gh/G57S0YOQ9++APjK9f/OGZQw==</latexit><latexit sha1_base64="TDvgfHFYtBa8qFKoNV+Z0+1crGg=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBjSUpgi5ECm50V8U+oE3DZDJph04mYWYilNClG3/FjQtF3PoJ7vwbJ20WtfXAwJlz7uXee7yYUaks68coLC2vrK4V10sbm1vbO+buXlNGicCkgSMWibaHJGGUk4aiipF2LAgKPUZa3vA681uPREga8Qc1iokToj6nAcVIack1D7shUgMvSP2xe9+rns58b3vVK8s1y1bFmgAuEjsnZZCj7prfXT/CSUi4wgxJ2bGtWDkpEopiRsalbiJJjPAQ9UlHU45CIp10csgYHmvFh0Ek9OMKTtTZjhSFUo5CT1dme8p5LxP/8zqJCi6clPI4UYTj6aAgYVBFMEsF+lQQrNhIE4QF1btCPEACYaWzK+kQ7PmTF0mzWrE1vzsr1y7zOIrgAByBE2CDc1ADN6AOGgCDJ/AC3sC78Wy8Gh/G57S0YOQ9++APjK9f/OGZQw==</latexit><latexit sha1_base64="TDvgfHFYtBa8qFKoNV+Z0+1crGg=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBjSUpgi5ECm50V8U+oE3DZDJph04mYWYilNClG3/FjQtF3PoJ7vwbJ20WtfXAwJlz7uXee7yYUaks68coLC2vrK4V10sbm1vbO+buXlNGicCkgSMWibaHJGGUk4aiipF2LAgKPUZa3vA681uPREga8Qc1iokToj6nAcVIack1D7shUgMvSP2xe9+rns58b3vVK8s1y1bFmgAuEjsnZZCj7prfXT/CSUi4wgxJ2bGtWDkpEopiRsalbiJJjPAQ9UlHU45CIp10csgYHmvFh0Ek9OMKTtTZjhSFUo5CT1dme8p5LxP/8zqJCi6clPI4UYTj6aAgYVBFMEsF+lQQrNhIE4QF1btCPEACYaWzK+kQ7PmTF0mzWrE1vzsr1y7zOIrgAByBE2CDc1ADN6AOGgCDJ/AC3sC78Wy8Gh/G57S0YOQ9++APjK9f/OGZQw==</latexit><latexit sha1_base64="TDvgfHFYtBa8qFKoNV+Z0+1crGg=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBjSUpgi5ECm50V8U+oE3DZDJph04mYWYilNClG3/FjQtF3PoJ7vwbJ20WtfXAwJlz7uXee7yYUaks68coLC2vrK4V10sbm1vbO+buXlNGicCkgSMWibaHJGGUk4aiipF2LAgKPUZa3vA681uPREga8Qc1iokToj6nAcVIack1D7shUgMvSP2xe9+rns58b3vVK8s1y1bFmgAuEjsnZZCj7prfXT/CSUi4wgxJ2bGtWDkpEopiRsalbiJJjPAQ9UlHU45CIp10csgYHmvFh0Ek9OMKTtTZjhSFUo5CT1dme8p5LxP/8zqJCi6clPI4UYTj6aAgYVBFMEsF+lQQrNhIE4QF1btCPEACYaWzK+kQ7PmTF0mzWrE1vzsr1y7zOIrgAByBE2CDc1ADN6AOGgCDJ/AC3sC78Wy8Gh/G57S0YOQ9++APjK9f/OGZQw==</latexit>

i-Fermi arcs                       when                         and    



“Braiding”
Move around an exceptional point, track an eigenstate

Re[E] = 0
<latexit sha1_base64="inOk89rG0Tdp+HOeq7PiOMYDHEU=">AAAB9HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLpQKIjgsoq9wHQomfRMG5pkxiRTKEOfw40LRdz6MO58G9N2Ftr6Q+DjP+dwTv4w4Uwb1/12Ciura+sbxc3S1vbO7l55/6Cp41RRaNCYx6odEg2cSWgYZji0EwVEhBxa4fBmWm+NQGkWy0czTiAQpC9ZxCgx1gqyjhL4ASb+bXDtdssVt+rOhJfBy6GCctW75a9OL6apAGkoJ1r7npuYICPKMMphUuqkGhJCh6QPvkVJBOggmx09wSfW6eEoVvZJg2fu74mMCK3HIrSdgpiBXqxNzf9qfmqiyyBjMkkNSDpfFKUcmxhPE8A9poAaPrZAqGL2VkwHRBFqbE4lG4K3+OVlaJ5VPcv355XaVR5HER2hY3SKPHSBaugO1VEDUfSEntErenNGzovz7nzMWwtOPnOI/sj5/AHHSZFq</latexit><latexit sha1_base64="inOk89rG0Tdp+HOeq7PiOMYDHEU=">AAAB9HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLpQKIjgsoq9wHQomfRMG5pkxiRTKEOfw40LRdz6MO58G9N2Ftr6Q+DjP+dwTv4w4Uwb1/12Ciura+sbxc3S1vbO7l55/6Cp41RRaNCYx6odEg2cSWgYZji0EwVEhBxa4fBmWm+NQGkWy0czTiAQpC9ZxCgx1gqyjhL4ASb+bXDtdssVt+rOhJfBy6GCctW75a9OL6apAGkoJ1r7npuYICPKMMphUuqkGhJCh6QPvkVJBOggmx09wSfW6eEoVvZJg2fu74mMCK3HIrSdgpiBXqxNzf9qfmqiyyBjMkkNSDpfFKUcmxhPE8A9poAaPrZAqGL2VkwHRBFqbE4lG4K3+OVlaJ5VPcv355XaVR5HER2hY3SKPHSBaugO1VEDUfSEntErenNGzovz7nzMWwtOPnOI/sj5/AHHSZFq</latexit><latexit sha1_base64="inOk89rG0Tdp+HOeq7PiOMYDHEU=">AAAB9HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLpQKIjgsoq9wHQomfRMG5pkxiRTKEOfw40LRdz6MO58G9N2Ftr6Q+DjP+dwTv4w4Uwb1/12Ciura+sbxc3S1vbO7l55/6Cp41RRaNCYx6odEg2cSWgYZji0EwVEhBxa4fBmWm+NQGkWy0czTiAQpC9ZxCgx1gqyjhL4ASb+bXDtdssVt+rOhJfBy6GCctW75a9OL6apAGkoJ1r7npuYICPKMMphUuqkGhJCh6QPvkVJBOggmx09wSfW6eEoVvZJg2fu74mMCK3HIrSdgpiBXqxNzf9qfmqiyyBjMkkNSDpfFKUcmxhPE8A9poAaPrZAqGL2VkwHRBFqbE4lG4K3+OVlaJ5VPcv355XaVR5HER2hY3SKPHSBaugO1VEDUfSEntErenNGzovz7nzMWwtOPnOI/sj5/AHHSZFq</latexit><latexit sha1_base64="inOk89rG0Tdp+HOeq7PiOMYDHEU=">AAAB9HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLpQKIjgsoq9wHQomfRMG5pkxiRTKEOfw40LRdz6MO58G9N2Ftr6Q+DjP+dwTv4w4Uwb1/12Ciura+sbxc3S1vbO7l55/6Cp41RRaNCYx6odEg2cSWgYZji0EwVEhBxa4fBmWm+NQGkWy0czTiAQpC9ZxCgx1gqyjhL4ASb+bXDtdssVt+rOhJfBy6GCctW75a9OL6apAGkoJ1r7npuYICPKMMphUuqkGhJCh6QPvkVJBOggmx09wSfW6eEoVvZJg2fu74mMCK3HIrSdgpiBXqxNzf9qfmqiyyBjMkkNSDpfFKUcmxhPE8A9poAaPrZAqGL2VkwHRBFqbE4lG4K3+OVlaJ5VPcv355XaVR5HER2hY3SKPHSBaugO1VEDUfSEntErenNGzovz7nzMWwtOPnOI/sj5/AHHSZFq</latexit>Re[E(t = T )] < 0

<latexit sha1_base64="GPcoqRUh+BZXBJqbW95jka87Eqg=">AAAB/HicbZDLSgMxFIYz9VbrbbRLN8Ei1E2ZEUERhYIILqv0BtOhZNK0DU0yQ5IRhqG+ihsXirj1Qdz5NmbaWWjrD4GP/5zDOfmDiFGlHefbKqysrq1vFDdLW9s7u3v2/kFbhbHEpIVDFspugBRhVJCWppqRbiQJ4gEjnWByk9U7j0QqGoqmTiLiczQSdEgx0sbq2+W0Jzl8IFPvtqqvmyf+lVPq2xWn5swEl8HNoQJyNfr2V28Q4pgToTFDSnmuE2k/RVJTzMi01IsViRCeoBHxDArEifLT2fFTeGycARyG0jyh4cz9PZEirlTCA9PJkR6rxVpm/lfzYj288FMqolgTgeeLhjGDOoRZEnBAJcGaJQYQltTcCvEYSYS1ySsLwV388jK0T2uu4fuzSv0yj6MIDsERqAIXnIM6uAMN0AIYJOAZvII368l6sd6tj3lrwcpnyuCPrM8fUASTNA==</latexit><latexit sha1_base64="GPcoqRUh+BZXBJqbW95jka87Eqg=">AAAB/HicbZDLSgMxFIYz9VbrbbRLN8Ei1E2ZEUERhYIILqv0BtOhZNK0DU0yQ5IRhqG+ihsXirj1Qdz5NmbaWWjrD4GP/5zDOfmDiFGlHefbKqysrq1vFDdLW9s7u3v2/kFbhbHEpIVDFspugBRhVJCWppqRbiQJ4gEjnWByk9U7j0QqGoqmTiLiczQSdEgx0sbq2+W0Jzl8IFPvtqqvmyf+lVPq2xWn5swEl8HNoQJyNfr2V28Q4pgToTFDSnmuE2k/RVJTzMi01IsViRCeoBHxDArEifLT2fFTeGycARyG0jyh4cz9PZEirlTCA9PJkR6rxVpm/lfzYj288FMqolgTgeeLhjGDOoRZEnBAJcGaJQYQltTcCvEYSYS1ySsLwV388jK0T2uu4fuzSv0yj6MIDsERqAIXnIM6uAMN0AIYJOAZvII368l6sd6tj3lrwcpnyuCPrM8fUASTNA==</latexit><latexit sha1_base64="GPcoqRUh+BZXBJqbW95jka87Eqg=">AAAB/HicbZDLSgMxFIYz9VbrbbRLN8Ei1E2ZEUERhYIILqv0BtOhZNK0DU0yQ5IRhqG+ihsXirj1Qdz5NmbaWWjrD4GP/5zDOfmDiFGlHefbKqysrq1vFDdLW9s7u3v2/kFbhbHEpIVDFspugBRhVJCWppqRbiQJ4gEjnWByk9U7j0QqGoqmTiLiczQSdEgx0sbq2+W0Jzl8IFPvtqqvmyf+lVPq2xWn5swEl8HNoQJyNfr2V28Q4pgToTFDSnmuE2k/RVJTzMi01IsViRCeoBHxDArEifLT2fFTeGycARyG0jyh4cz9PZEirlTCA9PJkR6rxVpm/lfzYj288FMqolgTgeeLhjGDOoRZEnBAJcGaJQYQltTcCvEYSYS1ySsLwV388jK0T2uu4fuzSv0yj6MIDsERqAIXnIM6uAMN0AIYJOAZvII368l6sd6tj3lrwcpnyuCPrM8fUASTNA==</latexit><latexit sha1_base64="GPcoqRUh+BZXBJqbW95jka87Eqg=">AAAB/HicbZDLSgMxFIYz9VbrbbRLN8Ei1E2ZEUERhYIILqv0BtOhZNK0DU0yQ5IRhqG+ihsXirj1Qdz5NmbaWWjrD4GP/5zDOfmDiFGlHefbKqysrq1vFDdLW9s7u3v2/kFbhbHEpIVDFspugBRhVJCWppqRbiQJ4gEjnWByk9U7j0QqGoqmTiLiczQSdEgx0sbq2+W0Jzl8IFPvtqqvmyf+lVPq2xWn5swEl8HNoQJyNfr2V28Q4pgToTFDSnmuE2k/RVJTzMi01IsViRCeoBHxDArEifLT2fFTeGycARyG0jyh4cz9PZEirlTCA9PJkR6rxVpm/lfzYj288FMqolgTgeeLhjGDOoRZEnBAJcGaJQYQltTcCvEYSYS1ySsLwV388jK0T2uu4fuzSv0yj6MIDsERqAIXnIM6uAMN0AIYJOAZvII368l6sd6tj3lrwcpnyuCPrM8fUASTNA==</latexit>

Re[E(t = 0)] > 0
<latexit sha1_base64="PhXs64FkmylyDfIUSN9WduK8bnY=">AAAB/HicbZDLSsNAFIYnXmu9Rbt0M1iEuimJCIqgFERwWcVeIA1lMp20Q2cmYWYihFBfxY0LRdz6IO58GydtFtr6w8DHf87hnPmDmFGlHefbWlpeWV1bL22UN7e2d3btvf22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Oq93HolUNBIPOo2Jz9FQ0JBipI3VtytZT3J4TybeTU1fOsf+lVPu21Wn7kwFF8EtoAoKNfv2V28Q4YQToTFDSnmuE2s/Q1JTzMik3EsUiREeoyHxDArEifKz6fETeGScAQwjaZ7QcOr+nsgQVyrlgenkSI/UfC03/6t5iQ7P/YyKONFE4NmiMGFQRzBPAg6oJFiz1ADCkppbIR4hibA2eeUhuPNfXoT2Sd01fHdabVwUcZTAATgENeCCM9AAt6AJWgCDFDyDV/BmPVkv1rv1MWtdsoqZCvgj6/MHG8yTEg==</latexit><latexit sha1_base64="PhXs64FkmylyDfIUSN9WduK8bnY=">AAAB/HicbZDLSsNAFIYnXmu9Rbt0M1iEuimJCIqgFERwWcVeIA1lMp20Q2cmYWYihFBfxY0LRdz6IO58GydtFtr6w8DHf87hnPmDmFGlHefbWlpeWV1bL22UN7e2d3btvf22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Oq93HolUNBIPOo2Jz9FQ0JBipI3VtytZT3J4TybeTU1fOsf+lVPu21Wn7kwFF8EtoAoKNfv2V28Q4YQToTFDSnmuE2s/Q1JTzMik3EsUiREeoyHxDArEifKz6fETeGScAQwjaZ7QcOr+nsgQVyrlgenkSI/UfC03/6t5iQ7P/YyKONFE4NmiMGFQRzBPAg6oJFiz1ADCkppbIR4hibA2eeUhuPNfXoT2Sd01fHdabVwUcZTAATgENeCCM9AAt6AJWgCDFDyDV/BmPVkv1rv1MWtdsoqZCvgj6/MHG8yTEg==</latexit><latexit sha1_base64="PhXs64FkmylyDfIUSN9WduK8bnY=">AAAB/HicbZDLSsNAFIYnXmu9Rbt0M1iEuimJCIqgFERwWcVeIA1lMp20Q2cmYWYihFBfxY0LRdz6IO58GydtFtr6w8DHf87hnPmDmFGlHefbWlpeWV1bL22UN7e2d3btvf22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Oq93HolUNBIPOo2Jz9FQ0JBipI3VtytZT3J4TybeTU1fOsf+lVPu21Wn7kwFF8EtoAoKNfv2V28Q4YQToTFDSnmuE2s/Q1JTzMik3EsUiREeoyHxDArEifKz6fETeGScAQwjaZ7QcOr+nsgQVyrlgenkSI/UfC03/6t5iQ7P/YyKONFE4NmiMGFQRzBPAg6oJFiz1ADCkppbIR4hibA2eeUhuPNfXoT2Sd01fHdabVwUcZTAATgENeCCM9AAt6AJWgCDFDyDV/BmPVkv1rv1MWtdsoqZCvgj6/MHG8yTEg==</latexit><latexit sha1_base64="PhXs64FkmylyDfIUSN9WduK8bnY=">AAAB/HicbZDLSsNAFIYnXmu9Rbt0M1iEuimJCIqgFERwWcVeIA1lMp20Q2cmYWYihFBfxY0LRdz6IO58GydtFtr6w8DHf87hnPmDmFGlHefbWlpeWV1bL22UN7e2d3btvf22ihKJSQtHLJLdACnCqCAtTTUj3VgSxANGOsH4Oq93HolUNBIPOo2Jz9FQ0JBipI3VtytZT3J4TybeTU1fOsf+lVPu21Wn7kwFF8EtoAoKNfv2V28Q4YQToTFDSnmuE2s/Q1JTzMik3EsUiREeoyHxDArEifKz6fETeGScAQwjaZ7QcOr+nsgQVyrlgenkSI/UfC03/6t5iQ7P/YyKONFE4NmiMGFQRzBPAg6oJFiz1ADCkppbIR4hibA2eeUhuPNfXoT2Sd01fHdabVwUcZTAATgENeCCM9AAt6AJWgCDFDyDV/BmPVkv1rv1MWtdsoqZCvgj6/MHG8yTEg==</latexit>

-       periodicity!4⇡
<latexit sha1_base64="rP/vtQ9f6tVKWPwsajIutPVW/zw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYL0VvHisYGyhDWWz3bRLdzdhdyOE0L/gxYOKV3+RN/+NmzYHbX0w8Hhvhpl5YcKZNq777VQ2Nre2d6q7tb39g8Oj+vHJo45TRahPYh6rfog15UxS3zDDaT9RFIuQ0144uy383hNVmsXywWQJDQSeSBYxgk0htYYJG9UbbtNdAK0TryQNKNEd1b+G45ikgkpDONZ64LmJCXKsDCOczmvDVNMEkxme0IGlEguqg3xx6xxdWGWMoljZkgYt1N8TORZaZyK0nQKbqV71CvE/b5CaqB3kTCapoZIsF0UpRyZGxeNozBQlhmeWYKKYvRWRKVaYGBtPzYbgrb68Tvyr5k3Tu281Ou0yjSqcwTlcggfX0IE76IIPBKbwDK/w5gjnxXl3PpatFaecOYU/cD5/AC6BjdU=</latexit><latexit sha1_base64="rP/vtQ9f6tVKWPwsajIutPVW/zw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYL0VvHisYGyhDWWz3bRLdzdhdyOE0L/gxYOKV3+RN/+NmzYHbX0w8Hhvhpl5YcKZNq777VQ2Nre2d6q7tb39g8Oj+vHJo45TRahPYh6rfog15UxS3zDDaT9RFIuQ0144uy383hNVmsXywWQJDQSeSBYxgk0htYYJG9UbbtNdAK0TryQNKNEd1b+G45ikgkpDONZ64LmJCXKsDCOczmvDVNMEkxme0IGlEguqg3xx6xxdWGWMoljZkgYt1N8TORZaZyK0nQKbqV71CvE/b5CaqB3kTCapoZIsF0UpRyZGxeNozBQlhmeWYKKYvRWRKVaYGBtPzYbgrb68Tvyr5k3Tu281Ou0yjSqcwTlcggfX0IE76IIPBKbwDK/w5gjnxXl3PpatFaecOYU/cD5/AC6BjdU=</latexit><latexit sha1_base64="rP/vtQ9f6tVKWPwsajIutPVW/zw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYL0VvHisYGyhDWWz3bRLdzdhdyOE0L/gxYOKV3+RN/+NmzYHbX0w8Hhvhpl5YcKZNq777VQ2Nre2d6q7tb39g8Oj+vHJo45TRahPYh6rfog15UxS3zDDaT9RFIuQ0144uy383hNVmsXywWQJDQSeSBYxgk0htYYJG9UbbtNdAK0TryQNKNEd1b+G45ikgkpDONZ64LmJCXKsDCOczmvDVNMEkxme0IGlEguqg3xx6xxdWGWMoljZkgYt1N8TORZaZyK0nQKbqV71CvE/b5CaqB3kTCapoZIsF0UpRyZGxeNozBQlhmeWYKKYvRWRKVaYGBtPzYbgrb68Tvyr5k3Tu281Ou0yjSqcwTlcggfX0IE76IIPBKbwDK/w5gjnxXl3PpatFaecOYU/cD5/AC6BjdU=</latexit><latexit sha1_base64="rP/vtQ9f6tVKWPwsajIutPVW/zw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYL0VvHisYGyhDWWz3bRLdzdhdyOE0L/gxYOKV3+RN/+NmzYHbX0w8Hhvhpl5YcKZNq777VQ2Nre2d6q7tb39g8Oj+vHJo45TRahPYh6rfog15UxS3zDDaT9RFIuQ0144uy383hNVmsXywWQJDQSeSBYxgk0htYYJG9UbbtNdAK0TryQNKNEd1b+G45ikgkpDONZ64LmJCXKsDCOczmvDVNMEkxme0IGlEguqg3xx6xxdWGWMoljZkgYt1N8TORZaZyK0nQKbqV71CvE/b5CaqB3kTCapoZIsF0UpRyZGxeNozBQlhmeWYKKYvRWRKVaYGBtPzYbgrb68Tvyr5k3Tu281Ou0yjSqcwTlcggfX0IE76IIPBKbwDK/w5gjnxXl3PpatFaecOYU/cD5/AC6BjdU=</latexit>

Im[E] = 0
<latexit sha1_base64="jEg3fFHWWHwrsSZhqX/7FDfk6N0=">AAAB9HicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhCoSCC7irYC0yHkkkzbWiSGZNMoQx9DjcuFHHrw7jzbUzbWWjrD4GP/5zDOfnDhDNtXPfbKaysrq1vFDdLW9s7u3vl/YOmjlNFaIPEPFbtEGvKmaQNwwyn7URRLEJOW+HwZlpvjajSLJaPZpzQQOC+ZBEj2FgryDpKoHsx8W+Da7dbrrhVdya0DF4OFchV75a/Or2YpIJKQzjW2vfcxAQZVoYRTielTqppgskQ96lvUWJBdZDNjp6gE+v0UBQr+6RBM/f3RIaF1mMR2k6BzUAv1qbmfzU/NdFlkDGZpIZKMl8UpRyZGE0TQD2mKDF8bAETxeytiAywwsTYnEo2BG/xy8vQPKt6lh/OK7WrPI4iHMExnIIHF1CDO6hDAwg8wTO8wpszcl6cd+dj3lpw8plD+CPn8wfFtpFp</latexit><latexit sha1_base64="jEg3fFHWWHwrsSZhqX/7FDfk6N0=">AAAB9HicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhCoSCC7irYC0yHkkkzbWiSGZNMoQx9DjcuFHHrw7jzbUzbWWjrD4GP/5zDOfnDhDNtXPfbKaysrq1vFDdLW9s7u3vl/YOmjlNFaIPEPFbtEGvKmaQNwwyn7URRLEJOW+HwZlpvjajSLJaPZpzQQOC+ZBEj2FgryDpKoHsx8W+Da7dbrrhVdya0DF4OFchV75a/Or2YpIJKQzjW2vfcxAQZVoYRTielTqppgskQ96lvUWJBdZDNjp6gE+v0UBQr+6RBM/f3RIaF1mMR2k6BzUAv1qbmfzU/NdFlkDGZpIZKMl8UpRyZGE0TQD2mKDF8bAETxeytiAywwsTYnEo2BG/xy8vQPKt6lh/OK7WrPI4iHMExnIIHF1CDO6hDAwg8wTO8wpszcl6cd+dj3lpw8plD+CPn8wfFtpFp</latexit><latexit sha1_base64="jEg3fFHWWHwrsSZhqX/7FDfk6N0=">AAAB9HicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhCoSCC7irYC0yHkkkzbWiSGZNMoQx9DjcuFHHrw7jzbUzbWWjrD4GP/5zDOfnDhDNtXPfbKaysrq1vFDdLW9s7u3vl/YOmjlNFaIPEPFbtEGvKmaQNwwyn7URRLEJOW+HwZlpvjajSLJaPZpzQQOC+ZBEj2FgryDpKoHsx8W+Da7dbrrhVdya0DF4OFchV75a/Or2YpIJKQzjW2vfcxAQZVoYRTielTqppgskQ96lvUWJBdZDNjp6gE+v0UBQr+6RBM/f3RIaF1mMR2k6BzUAv1qbmfzU/NdFlkDGZpIZKMl8UpRyZGE0TQD2mKDF8bAETxeytiAywwsTYnEo2BG/xy8vQPKt6lh/OK7WrPI4iHMExnIIHF1CDO6hDAwg8wTO8wpszcl6cd+dj3lpw8plD+CPn8wfFtpFp</latexit><latexit sha1_base64="jEg3fFHWWHwrsSZhqX/7FDfk6N0=">AAAB9HicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhCoSCC7irYC0yHkkkzbWiSGZNMoQx9DjcuFHHrw7jzbUzbWWjrD4GP/5zDOfnDhDNtXPfbKaysrq1vFDdLW9s7u3vl/YOmjlNFaIPEPFbtEGvKmaQNwwyn7URRLEJOW+HwZlpvjajSLJaPZpzQQOC+ZBEj2FgryDpKoHsx8W+Da7dbrrhVdya0DF4OFchV75a/Or2YpIJKQzjW2vfcxAQZVoYRTielTqppgskQ96lvUWJBdZDNjp6gE+v0UBQr+6RBM/f3RIaF1mMR2k6BzUAv1qbmfzU/NdFlkDGZpIZKMl8UpRyZGE0TQD2mKDF8bAETxeytiAywwsTYnEo2BG/xy8vQPKt6lh/OK7WrPI4iHMExnIIHF1CDO6hDAwg8wTO8wpszcl6cd+dj3lpw8plD+CPn8wfFtpFp</latexit>

 ± /
✓
±rei✓/2

1

◆

<latexit sha1_base64="rvc8zvZ9hrfqFs+oWynUVeQ6/KY=">AAACL3icbVBNSwMxFMz6bf2qevQSLIIn3S2CHkVBPFawKjS1ZNPXNjSbDclbsSz9R178K15EFPHqvzCtRbR1IDDMzCPvTWyUdBiGL8HU9Mzs3PzCYmFpeWV1rbi+ceXSzAqoilSl9ibmDpTUUEWJCm6MBZ7ECq7j7unAv74D62SqL7FnoJ7wtpYtKTh6qVE8YxUnG8wkzNjUYEpZDG2pc5NwtPK+T71FLYXbXDLsAPL9stcYjSgD3fyJNYqlcC8cgk6SaERKZIRKo/jEmqnIEtAoFHeuFoUG6zm3KIWCfoFlDgwXXd6GmqeaJ+Dq+fDePt3xSpO2UuufRjpUf0/kPHGul8Q+6ffruHFvIP7n1TJsHdVzqU2GoMX3R61MUd/LoDzalBYEqp4nXFjpd6Wiwy0X6Csu+BKi8ZMnyVV5L/L84qB0fDKqY4FskW2ySyJySI7JOamQKhHkgTyRV/IWPAbPwXvw8R2dCkYzm+QPgs8vct+p4A==</latexit><latexit sha1_base64="rvc8zvZ9hrfqFs+oWynUVeQ6/KY=">AAACL3icbVBNSwMxFMz6bf2qevQSLIIn3S2CHkVBPFawKjS1ZNPXNjSbDclbsSz9R178K15EFPHqvzCtRbR1IDDMzCPvTWyUdBiGL8HU9Mzs3PzCYmFpeWV1rbi+ceXSzAqoilSl9ibmDpTUUEWJCm6MBZ7ECq7j7unAv74D62SqL7FnoJ7wtpYtKTh6qVE8YxUnG8wkzNjUYEpZDG2pc5NwtPK+T71FLYXbXDLsAPL9stcYjSgD3fyJNYqlcC8cgk6SaERKZIRKo/jEmqnIEtAoFHeuFoUG6zm3KIWCfoFlDgwXXd6GmqeaJ+Dq+fDePt3xSpO2UuufRjpUf0/kPHGul8Q+6ffruHFvIP7n1TJsHdVzqU2GoMX3R61MUd/LoDzalBYEqp4nXFjpd6Wiwy0X6Csu+BKi8ZMnyVV5L/L84qB0fDKqY4FskW2ySyJySI7JOamQKhHkgTyRV/IWPAbPwXvw8R2dCkYzm+QPgs8vct+p4A==</latexit><latexit sha1_base64="rvc8zvZ9hrfqFs+oWynUVeQ6/KY=">AAACL3icbVBNSwMxFMz6bf2qevQSLIIn3S2CHkVBPFawKjS1ZNPXNjSbDclbsSz9R178K15EFPHqvzCtRbR1IDDMzCPvTWyUdBiGL8HU9Mzs3PzCYmFpeWV1rbi+ceXSzAqoilSl9ibmDpTUUEWJCm6MBZ7ECq7j7unAv74D62SqL7FnoJ7wtpYtKTh6qVE8YxUnG8wkzNjUYEpZDG2pc5NwtPK+T71FLYXbXDLsAPL9stcYjSgD3fyJNYqlcC8cgk6SaERKZIRKo/jEmqnIEtAoFHeuFoUG6zm3KIWCfoFlDgwXXd6GmqeaJ+Dq+fDePt3xSpO2UuufRjpUf0/kPHGul8Q+6ffruHFvIP7n1TJsHdVzqU2GoMX3R61MUd/LoDzalBYEqp4nXFjpd6Wiwy0X6Csu+BKi8ZMnyVV5L/L84qB0fDKqY4FskW2ySyJySI7JOamQKhHkgTyRV/IWPAbPwXvw8R2dCkYzm+QPgs8vct+p4A==</latexit><latexit sha1_base64="rvc8zvZ9hrfqFs+oWynUVeQ6/KY=">AAACL3icbVBNSwMxFMz6bf2qevQSLIIn3S2CHkVBPFawKjS1ZNPXNjSbDclbsSz9R178K15EFPHqvzCtRbR1IDDMzCPvTWyUdBiGL8HU9Mzs3PzCYmFpeWV1rbi+ceXSzAqoilSl9ibmDpTUUEWJCm6MBZ7ECq7j7unAv74D62SqL7FnoJ7wtpYtKTh6qVE8YxUnG8wkzNjUYEpZDG2pc5NwtPK+T71FLYXbXDLsAPL9stcYjSgD3fyJNYqlcC8cgk6SaERKZIRKo/jEmqnIEtAoFHeuFoUG6zm3KIWCfoFlDgwXXd6GmqeaJ+Dq+fDePt3xSpO2UuufRjpUf0/kPHGul8Q+6ffruHFvIP7n1TJsHdVzqU2GoMX3R61MUd/LoDzalBYEqp4nXFjpd6Wiwy0X6Csu+BKi8ZMnyVV5L/L84qB0fDKqY4FskW2ySyJySI7JOamQKhHkgTyRV/IWPAbPwXvw8R2dCkYzm+QPgs8vct+p4A==</latexit>

-  Unique, no (complex) 
band closing

- We end up in the other 
eigenstate after one 
closed orbit!

- “Half” winding number

Cf. our simple example and non-Abelian braiding
- But no obvious analogue of 

adiabatic transport…



Splitting Weyl/Dirac points

Minimal 2d model

H = kx�x + ky�y + i✏�x
<latexit sha1_base64="FRk99DZY6xlv/bjIOuSYsWZUAI4=">AAACFXicbZDLSsNAFIYnXmu9RV26GSyCUCmJCIogFNx0WcFeoAlhMp20QyaTMDORhtCXcOOruHGhiFvBnW/jtI2grQcGPv7/HM6c308Ylcqyvoyl5ZXVtfXSRnlza3tn19zbb8s4FZi0cMxi0fWRJIxy0lJUMdJNBEGRz0jHD28mfueeCEljfqeyhLgRGnAaUIyUljzztHEdeiNH0kGEvFE19LKCsyp1SCIpizn8sT2zYtWsacFFsAuogKKanvnp9GOcRoQrzJCUPdtKlJsjoShmZFx2UkkShEM0ID2NHEVEuvn0qjE81kofBrHQjys4VX9P5CiSMot83RkhNZTz3kT8z+ulKrh0c8qTVBGOZ4uClEEVw0lEsE8FwYplGhAWVP8V4iESCCsdZFmHYM+fvAjts5qt+fa8Ur8q4iiBQ3AEToANLkAdNEATtAAGD+AJvIBX49F4Nt6M91nrklHMHIA/ZXx8AyT1n2c=</latexit><latexit sha1_base64="FRk99DZY6xlv/bjIOuSYsWZUAI4=">AAACFXicbZDLSsNAFIYnXmu9RV26GSyCUCmJCIogFNx0WcFeoAlhMp20QyaTMDORhtCXcOOruHGhiFvBnW/jtI2grQcGPv7/HM6c308Ylcqyvoyl5ZXVtfXSRnlza3tn19zbb8s4FZi0cMxi0fWRJIxy0lJUMdJNBEGRz0jHD28mfueeCEljfqeyhLgRGnAaUIyUljzztHEdeiNH0kGEvFE19LKCsyp1SCIpizn8sT2zYtWsacFFsAuogKKanvnp9GOcRoQrzJCUPdtKlJsjoShmZFx2UkkShEM0ID2NHEVEuvn0qjE81kofBrHQjys4VX9P5CiSMot83RkhNZTz3kT8z+ulKrh0c8qTVBGOZ4uClEEVw0lEsE8FwYplGhAWVP8V4iESCCsdZFmHYM+fvAjts5qt+fa8Ur8q4iiBQ3AEToANLkAdNEATtAAGD+AJvIBX49F4Nt6M91nrklHMHIA/ZXx8AyT1n2c=</latexit><latexit sha1_base64="FRk99DZY6xlv/bjIOuSYsWZUAI4=">AAACFXicbZDLSsNAFIYnXmu9RV26GSyCUCmJCIogFNx0WcFeoAlhMp20QyaTMDORhtCXcOOruHGhiFvBnW/jtI2grQcGPv7/HM6c308Ylcqyvoyl5ZXVtfXSRnlza3tn19zbb8s4FZi0cMxi0fWRJIxy0lJUMdJNBEGRz0jHD28mfueeCEljfqeyhLgRGnAaUIyUljzztHEdeiNH0kGEvFE19LKCsyp1SCIpizn8sT2zYtWsacFFsAuogKKanvnp9GOcRoQrzJCUPdtKlJsjoShmZFx2UkkShEM0ID2NHEVEuvn0qjE81kofBrHQjys4VX9P5CiSMot83RkhNZTz3kT8z+ulKrh0c8qTVBGOZ4uClEEVw0lEsE8FwYplGhAWVP8V4iESCCsdZFmHYM+fvAjts5qt+fa8Ur8q4iiBQ3AEToANLkAdNEATtAAGD+AJvIBX49F4Nt6M91nrklHMHIA/ZXx8AyT1n2c=</latexit><latexit sha1_base64="FRk99DZY6xlv/bjIOuSYsWZUAI4=">AAACFXicbZDLSsNAFIYnXmu9RV26GSyCUCmJCIogFNx0WcFeoAlhMp20QyaTMDORhtCXcOOruHGhiFvBnW/jtI2grQcGPv7/HM6c308Ylcqyvoyl5ZXVtfXSRnlza3tn19zbb8s4FZi0cMxi0fWRJIxy0lJUMdJNBEGRz0jHD28mfueeCEljfqeyhLgRGnAaUIyUljzztHEdeiNH0kGEvFE19LKCsyp1SCIpizn8sT2zYtWsacFFsAuogKKanvnp9GOcRoQrzJCUPdtKlJsjoShmZFx2UkkShEM0ID2NHEVEuvn0qjE81kofBrHQjys4VX9P5CiSMot83RkhNZTz3kT8z+ulKrh0c8qTVBGOZ4uClEEVw0lEsE8FwYplGhAWVP8V4iESCCsdZFmHYM+fvAjts5qt+fa8Ur8q4iiBQ3AEToANLkAdNEATtAAGD+AJvIBX49F4Nt6M91nrklHMHIA/ZXx8AyT1n2c=</latexit>

E = ±
q
k2x + k2y � ✏2 + 2i✏kx

<latexit sha1_base64="21a0x3fuYbw2yHgbYczwiCnzv0o=">AAACG3icbVDNS8MwHE3n15xfVY9egkMQhqMtwrwIAxE8TnAfsG4lzbItLE1rkoql7P/w4r/ixYMingQP/jdmWwXdfBB4ee/9SH7PjxiVyrK+jNzS8srqWn69sLG5tb1j7u41ZBgLTOo4ZKFo+UgSRjmpK6oYaUWCoMBnpOmPLiZ+844ISUN+o5KIdAI04LRPMVJa8kzn8tyNAlfeCpWOvPuuUxp5Sdc5cUkkKQt514Elh/7coI6MPbNola0p4CKxM1IEGWqe+eH2QhwHhCvMkJRt24pUJ0VCUczIuODGkkQIj9CAtDXlKCCyk053G8MjrfRgPxT6cAWn6u+JFAVSJoGvkwFSQznvTcT/vHas+medlPIoVoTj2UP9mEEVwklRsEcFwYolmiAsqP4rxEMkEFa6zoIuwZ5feZE0nLKt+fVpsVrJ6siDA3AIjoENKqAKrkAN1AEGD+AJvIBX49F4Nt6M91k0Z2Qz++APjM9vVb6g7g==</latexit><latexit sha1_base64="21a0x3fuYbw2yHgbYczwiCnzv0o=">AAACG3icbVDNS8MwHE3n15xfVY9egkMQhqMtwrwIAxE8TnAfsG4lzbItLE1rkoql7P/w4r/ixYMingQP/jdmWwXdfBB4ee/9SH7PjxiVyrK+jNzS8srqWn69sLG5tb1j7u41ZBgLTOo4ZKFo+UgSRjmpK6oYaUWCoMBnpOmPLiZ+844ISUN+o5KIdAI04LRPMVJa8kzn8tyNAlfeCpWOvPuuUxp5Sdc5cUkkKQt514Elh/7coI6MPbNola0p4CKxM1IEGWqe+eH2QhwHhCvMkJRt24pUJ0VCUczIuODGkkQIj9CAtDXlKCCyk053G8MjrfRgPxT6cAWn6u+JFAVSJoGvkwFSQznvTcT/vHas+medlPIoVoTj2UP9mEEVwklRsEcFwYolmiAsqP4rxEMkEFa6zoIuwZ5feZE0nLKt+fVpsVrJ6siDA3AIjoENKqAKrkAN1AEGD+AJvIBX49F4Nt6M91k0Z2Qz++APjM9vVb6g7g==</latexit><latexit sha1_base64="21a0x3fuYbw2yHgbYczwiCnzv0o=">AAACG3icbVDNS8MwHE3n15xfVY9egkMQhqMtwrwIAxE8TnAfsG4lzbItLE1rkoql7P/w4r/ixYMingQP/jdmWwXdfBB4ee/9SH7PjxiVyrK+jNzS8srqWn69sLG5tb1j7u41ZBgLTOo4ZKFo+UgSRjmpK6oYaUWCoMBnpOmPLiZ+844ISUN+o5KIdAI04LRPMVJa8kzn8tyNAlfeCpWOvPuuUxp5Sdc5cUkkKQt514Elh/7coI6MPbNola0p4CKxM1IEGWqe+eH2QhwHhCvMkJRt24pUJ0VCUczIuODGkkQIj9CAtDXlKCCyk053G8MjrfRgPxT6cAWn6u+JFAVSJoGvkwFSQznvTcT/vHas+medlPIoVoTj2UP9mEEVwklRsEcFwYolmiAsqP4rxEMkEFa6zoIuwZ5feZE0nLKt+fVpsVrJ6siDA3AIjoENKqAKrkAN1AEGD+AJvIBX49F4Nt6M91k0Z2Qz++APjM9vVb6g7g==</latexit><latexit sha1_base64="21a0x3fuYbw2yHgbYczwiCnzv0o=">AAACG3icbVDNS8MwHE3n15xfVY9egkMQhqMtwrwIAxE8TnAfsG4lzbItLE1rkoql7P/w4r/ixYMingQP/jdmWwXdfBB4ee/9SH7PjxiVyrK+jNzS8srqWn69sLG5tb1j7u41ZBgLTOo4ZKFo+UgSRjmpK6oYaUWCoMBnpOmPLiZ+844ISUN+o5KIdAI04LRPMVJa8kzn8tyNAlfeCpWOvPuuUxp5Sdc5cUkkKQt514Elh/7coI6MPbNola0p4CKxM1IEGWqe+eH2QhwHhCvMkJRt24pUJ0VCUczIuODGkkQIj9CAtDXlKCCyk053G8MjrfRgPxT6cAWn6u+JFAVSJoGvkwFSQznvTcT/vHas+medlPIoVoTj2UP9mEEVwklRsEcFwYolmiAsqP4rxEMkEFa6zoIuwZ5feZE0nLKt+fVpsVrJ6siDA3AIjoENKqAKrkAN1AEGD+AJvIBX49F4Nt6M91k0Z2Qz++APjM9vVb6g7g==</latexit>

- EPs at kx = 0, ky = ±✏
<latexit sha1_base64="QmFtRRDL6yBxiuAeVqeRyIUR6q4=">AAACAHicbZDLSsNAFIYn9VbrrerChZvBIriQkoigm0LBjcsK9gJNCJPppB0yMwkzEzGEbnwVNy4UcetjuPNtnLRZaOuBgY//P4cz5w8SRpW27W+rsrK6tr5R3axtbe/s7tX3D3oqTiUmXRyzWA4CpAijgnQ11YwMEkkQDxjpB9FN4fcfiFQ0Fvc6S4jH0VjQkGKkjeTXjyL/sWWfw8jPWm7CoUsSRVnhNOymPSu4DE4JDVBWx69/uaMYp5wIjRlSaujYifZyJDXFjExrbqpIgnCExmRoUCBOlJfPDpjCU6OMYBhL84SGM/X3RI64UhkPTCdHeqIWvUL8zxumOrz2ciqSVBOB54vClEEdwyINOKKSYM0yAwhLav4K8QRJhLXJrGZCcBZPXobeRdMxfHfZaLfLOKrgGJyAM+CAK9AGt6ADugCDKXgGr+DNerJerHfrY95ascqZQ/CnrM8fip2VuQ==</latexit><latexit sha1_base64="QmFtRRDL6yBxiuAeVqeRyIUR6q4=">AAACAHicbZDLSsNAFIYn9VbrrerChZvBIriQkoigm0LBjcsK9gJNCJPppB0yMwkzEzGEbnwVNy4UcetjuPNtnLRZaOuBgY//P4cz5w8SRpW27W+rsrK6tr5R3axtbe/s7tX3D3oqTiUmXRyzWA4CpAijgnQ11YwMEkkQDxjpB9FN4fcfiFQ0Fvc6S4jH0VjQkGKkjeTXjyL/sWWfw8jPWm7CoUsSRVnhNOymPSu4DE4JDVBWx69/uaMYp5wIjRlSaujYifZyJDXFjExrbqpIgnCExmRoUCBOlJfPDpjCU6OMYBhL84SGM/X3RI64UhkPTCdHeqIWvUL8zxumOrz2ciqSVBOB54vClEEdwyINOKKSYM0yAwhLav4K8QRJhLXJrGZCcBZPXobeRdMxfHfZaLfLOKrgGJyAM+CAK9AGt6ADugCDKXgGr+DNerJerHfrY95ascqZQ/CnrM8fip2VuQ==</latexit><latexit sha1_base64="QmFtRRDL6yBxiuAeVqeRyIUR6q4=">AAACAHicbZDLSsNAFIYn9VbrrerChZvBIriQkoigm0LBjcsK9gJNCJPppB0yMwkzEzGEbnwVNy4UcetjuPNtnLRZaOuBgY//P4cz5w8SRpW27W+rsrK6tr5R3axtbe/s7tX3D3oqTiUmXRyzWA4CpAijgnQ11YwMEkkQDxjpB9FN4fcfiFQ0Fvc6S4jH0VjQkGKkjeTXjyL/sWWfw8jPWm7CoUsSRVnhNOymPSu4DE4JDVBWx69/uaMYp5wIjRlSaujYifZyJDXFjExrbqpIgnCExmRoUCBOlJfPDpjCU6OMYBhL84SGM/X3RI64UhkPTCdHeqIWvUL8zxumOrz2ciqSVBOB54vClEEdwyINOKKSYM0yAwhLav4K8QRJhLXJrGZCcBZPXobeRdMxfHfZaLfLOKrgGJyAM+CAK9AGt6ADugCDKXgGr+DNerJerHfrY95ascqZQ/CnrM8fip2VuQ==</latexit><latexit sha1_base64="QmFtRRDL6yBxiuAeVqeRyIUR6q4=">AAACAHicbZDLSsNAFIYn9VbrrerChZvBIriQkoigm0LBjcsK9gJNCJPppB0yMwkzEzGEbnwVNy4UcetjuPNtnLRZaOuBgY//P4cz5w8SRpW27W+rsrK6tr5R3axtbe/s7tX3D3oqTiUmXRyzWA4CpAijgnQ11YwMEkkQDxjpB9FN4fcfiFQ0Fvc6S4jH0VjQkGKkjeTXjyL/sWWfw8jPWm7CoUsSRVnhNOymPSu4DE4JDVBWx69/uaMYp5wIjRlSaujYifZyJDXFjExrbqpIgnCExmRoUCBOlJfPDpjCU6OMYBhL84SGM/X3RI64UhkPTCdHeqIWvUL8zxumOrz2ciqSVBOB54vClEEdwyINOKKSYM0yAwhLav4K8QRJhLXJrGZCcBZPXobeRdMxfHfZaLfLOKrgGJyAM+CAK9AGt6ADugCDKXgGr+DNerJerHfrY95ascqZQ/CnrM8fip2VuQ==</latexit>

Im[E(k)]
<latexit sha1_base64="AednT4TIA61YQYqI9T2QH5nCQbc=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6qbMiGCXBRF0V8E+YGYomTTThiaZIckIZezCX3HjQhG3/oY7/8ZMOwttPRA4nHMv9+SECaNKO863VVpZXVvfKG9WtrZ3dvfs/YOOilOJSRvHLJa9ECnCqCBtTTUjvUQSxENGuuH4Kve7D0QqGot7PUlIwNFQ0IhipI3Ut48yX3J4y6fedc3nSI/CCI7Pgr5dderODHCZuAWpggKtvv3lD2KcciI0Zkgpz3USHWRIaooZmVb8VJEE4TEaEs9QgThRQTbLP4WnRhnAKJbmCQ1n6u+NDHGlJjw0k3lEtejl4n+el+qoEWRUJKkmAs8PRSmDOoZ5GXBAJcGaTQxBWFKTFeIRkghrU1nFlOAufnmZdM7rrlN37y6qzUZRRxkcgxNQAy64BE1wA1qgDTB4BM/gFbxZT9aL9W59zEdLVrFzCP7A+vwBqbOVLQ==</latexit><latexit sha1_base64="AednT4TIA61YQYqI9T2QH5nCQbc=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6qbMiGCXBRF0V8E+YGYomTTThiaZIckIZezCX3HjQhG3/oY7/8ZMOwttPRA4nHMv9+SECaNKO863VVpZXVvfKG9WtrZ3dvfs/YOOilOJSRvHLJa9ECnCqCBtTTUjvUQSxENGuuH4Kve7D0QqGot7PUlIwNFQ0IhipI3Ut48yX3J4y6fedc3nSI/CCI7Pgr5dderODHCZuAWpggKtvv3lD2KcciI0Zkgpz3USHWRIaooZmVb8VJEE4TEaEs9QgThRQTbLP4WnRhnAKJbmCQ1n6u+NDHGlJjw0k3lEtejl4n+el+qoEWRUJKkmAs8PRSmDOoZ5GXBAJcGaTQxBWFKTFeIRkghrU1nFlOAufnmZdM7rrlN37y6qzUZRRxkcgxNQAy64BE1wA1qgDTB4BM/gFbxZT9aL9W59zEdLVrFzCP7A+vwBqbOVLQ==</latexit><latexit sha1_base64="AednT4TIA61YQYqI9T2QH5nCQbc=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6qbMiGCXBRF0V8E+YGYomTTThiaZIckIZezCX3HjQhG3/oY7/8ZMOwttPRA4nHMv9+SECaNKO863VVpZXVvfKG9WtrZ3dvfs/YOOilOJSRvHLJa9ECnCqCBtTTUjvUQSxENGuuH4Kve7D0QqGot7PUlIwNFQ0IhipI3Ut48yX3J4y6fedc3nSI/CCI7Pgr5dderODHCZuAWpggKtvv3lD2KcciI0Zkgpz3USHWRIaooZmVb8VJEE4TEaEs9QgThRQTbLP4WnRhnAKJbmCQ1n6u+NDHGlJjw0k3lEtejl4n+el+qoEWRUJKkmAs8PRSmDOoZ5GXBAJcGaTQxBWFKTFeIRkghrU1nFlOAufnmZdM7rrlN37y6qzUZRRxkcgxNQAy64BE1wA1qgDTB4BM/gFbxZT9aL9W59zEdLVrFzCP7A+vwBqbOVLQ==</latexit><latexit sha1_base64="AednT4TIA61YQYqI9T2QH5nCQbc=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6qbMiGCXBRF0V8E+YGYomTTThiaZIckIZezCX3HjQhG3/oY7/8ZMOwttPRA4nHMv9+SECaNKO863VVpZXVvfKG9WtrZ3dvfs/YOOilOJSRvHLJa9ECnCqCBtTTUjvUQSxENGuuH4Kve7D0QqGot7PUlIwNFQ0IhipI3Ut48yX3J4y6fedc3nSI/CCI7Pgr5dderODHCZuAWpggKtvv3lD2KcciI0Zkgpz3USHWRIaooZmVb8VJEE4TEaEs9QgThRQTbLP4WnRhnAKJbmCQ1n6u+NDHGlJjw0k3lEtejl4n+el+qoEWRUJKkmAs8PRSmDOoZ5GXBAJcGaTQxBWFKTFeIRkghrU1nFlOAufnmZdM7rrlN37y6qzUZRRxkcgxNQAy64BE1wA1qgDTB4BM/gFbxZT9aL9W59zEdLVrFzCP7A+vwBqbOVLQ==</latexit>

Re[E(k)]
<latexit sha1_base64="g6J0IHrRFXsXGnOmhkQa5PiENwg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6qbMiGCXBRFcVrEPmBlKJs20oUlmSDJCGbvwV9y4UMStv+HOvzHTzkJbDwQO59zLPTlhwqjSjvNtlVZW19Y3ypuVre2d3T17/6Cj4lRi0sYxi2UvRIowKkhbU81IL5EE8ZCRbji+yv3uA5GKxuJeTxIScDQUNKIYaSP17aPMlxzekal3XfM50qMwguOzoG9XnbozA1wmbkGqoECrb3/5gxinnAiNGVLKc51EBxmSmmJGphU/VSRBeIyGxDNUIE5UkM3yT+GpUQYwiqV5QsOZ+nsjQ1ypCQ/NZB5RLXq5+J/npTpqBBkVSaqJwPNDUcqgjmFeBhxQSbBmE0MQltRkhXiEJMLaVFYxJbiLX14mnfO669Td24tqs1HUUQbH4ATUgAsuQRPcgBZoAwwewTN4BW/Wk/VivVsf89GSVewcgj+wPn8Aq0+VLg==</latexit><latexit sha1_base64="g6J0IHrRFXsXGnOmhkQa5PiENwg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6qbMiGCXBRFcVrEPmBlKJs20oUlmSDJCGbvwV9y4UMStv+HOvzHTzkJbDwQO59zLPTlhwqjSjvNtlVZW19Y3ypuVre2d3T17/6Cj4lRi0sYxi2UvRIowKkhbU81IL5EE8ZCRbji+yv3uA5GKxuJeTxIScDQUNKIYaSP17aPMlxzekal3XfM50qMwguOzoG9XnbozA1wmbkGqoECrb3/5gxinnAiNGVLKc51EBxmSmmJGphU/VSRBeIyGxDNUIE5UkM3yT+GpUQYwiqV5QsOZ+nsjQ1ypCQ/NZB5RLXq5+J/npTpqBBkVSaqJwPNDUcqgjmFeBhxQSbBmE0MQltRkhXiEJMLaVFYxJbiLX14mnfO669Td24tqs1HUUQbH4ATUgAsuQRPcgBZoAwwewTN4BW/Wk/VivVsf89GSVewcgj+wPn8Aq0+VLg==</latexit><latexit sha1_base64="g6J0IHrRFXsXGnOmhkQa5PiENwg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6qbMiGCXBRFcVrEPmBlKJs20oUlmSDJCGbvwV9y4UMStv+HOvzHTzkJbDwQO59zLPTlhwqjSjvNtlVZW19Y3ypuVre2d3T17/6Cj4lRi0sYxi2UvRIowKkhbU81IL5EE8ZCRbji+yv3uA5GKxuJeTxIScDQUNKIYaSP17aPMlxzekal3XfM50qMwguOzoG9XnbozA1wmbkGqoECrb3/5gxinnAiNGVLKc51EBxmSmmJGphU/VSRBeIyGxDNUIE5UkM3yT+GpUQYwiqV5QsOZ+nsjQ1ypCQ/NZB5RLXq5+J/npTpqBBkVSaqJwPNDUcqgjmFeBhxQSbBmE0MQltRkhXiEJMLaVFYxJbiLX14mnfO669Td24tqs1HUUQbH4ATUgAsuQRPcgBZoAwwewTN4BW/Wk/VivVsf89GSVewcgj+wPn8Aq0+VLg==</latexit><latexit sha1_base64="g6J0IHrRFXsXGnOmhkQa5PiENwg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6qbMiGCXBRFcVrEPmBlKJs20oUlmSDJCGbvwV9y4UMStv+HOvzHTzkJbDwQO59zLPTlhwqjSjvNtlVZW19Y3ypuVre2d3T17/6Cj4lRi0sYxi2UvRIowKkhbU81IL5EE8ZCRbji+yv3uA5GKxuJeTxIScDQUNKIYaSP17aPMlxzekal3XfM50qMwguOzoG9XnbozA1wmbkGqoECrb3/5gxinnAiNGVLKc51EBxmSmmJGphU/VSRBeIyGxDNUIE5UkM3yT+GpUQYwiqV5QsOZ+nsjQ1ypCQ/NZB5RLXq5+J/npTpqBBkVSaqJwPNDUcqgjmFeBhxQSbBmE0MQltRkhXiEJMLaVFYxJbiLX14mnfO669Td24tqs1HUUQbH4ATUgAsuQRPcgBZoAwwewTN4BW/Wk/VivVsf89GSVewcgj+wPn8Aq0+VLg==</latexit>

Re[E] = 0
<latexit sha1_base64="inOk89rG0Tdp+HOeq7PiOMYDHEU=">AAAB9HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLpQKIjgsoq9wHQomfRMG5pkxiRTKEOfw40LRdz6MO58G9N2Ftr6Q+DjP+dwTv4w4Uwb1/12Ciura+sbxc3S1vbO7l55/6Cp41RRaNCYx6odEg2cSWgYZji0EwVEhBxa4fBmWm+NQGkWy0czTiAQpC9ZxCgx1gqyjhL4ASb+bXDtdssVt+rOhJfBy6GCctW75a9OL6apAGkoJ1r7npuYICPKMMphUuqkGhJCh6QPvkVJBOggmx09wSfW6eEoVvZJg2fu74mMCK3HIrSdgpiBXqxNzf9qfmqiyyBjMkkNSDpfFKUcmxhPE8A9poAaPrZAqGL2VkwHRBFqbE4lG4K3+OVlaJ5VPcv355XaVR5HER2hY3SKPHSBaugO1VEDUfSEntErenNGzovz7nzMWwtOPnOI/sj5/AHHSZFq</latexit><latexit sha1_base64="inOk89rG0Tdp+HOeq7PiOMYDHEU=">AAAB9HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLpQKIjgsoq9wHQomfRMG5pkxiRTKEOfw40LRdz6MO58G9N2Ftr6Q+DjP+dwTv4w4Uwb1/12Ciura+sbxc3S1vbO7l55/6Cp41RRaNCYx6odEg2cSWgYZji0EwVEhBxa4fBmWm+NQGkWy0czTiAQpC9ZxCgx1gqyjhL4ASb+bXDtdssVt+rOhJfBy6GCctW75a9OL6apAGkoJ1r7npuYICPKMMphUuqkGhJCh6QPvkVJBOggmx09wSfW6eEoVvZJg2fu74mMCK3HIrSdgpiBXqxNzf9qfmqiyyBjMkkNSDpfFKUcmxhPE8A9poAaPrZAqGL2VkwHRBFqbE4lG4K3+OVlaJ5VPcv355XaVR5HER2hY3SKPHSBaugO1VEDUfSEntErenNGzovz7nzMWwtOPnOI/sj5/AHHSZFq</latexit><latexit sha1_base64="inOk89rG0Tdp+HOeq7PiOMYDHEU=">AAAB9HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLpQKIjgsoq9wHQomfRMG5pkxiRTKEOfw40LRdz6MO58G9N2Ftr6Q+DjP+dwTv4w4Uwb1/12Ciura+sbxc3S1vbO7l55/6Cp41RRaNCYx6odEg2cSWgYZji0EwVEhBxa4fBmWm+NQGkWy0czTiAQpC9ZxCgx1gqyjhL4ASb+bXDtdssVt+rOhJfBy6GCctW75a9OL6apAGkoJ1r7npuYICPKMMphUuqkGhJCh6QPvkVJBOggmx09wSfW6eEoVvZJg2fu74mMCK3HIrSdgpiBXqxNzf9qfmqiyyBjMkkNSDpfFKUcmxhPE8A9poAaPrZAqGL2VkwHRBFqbE4lG4K3+OVlaJ5VPcv355XaVR5HER2hY3SKPHSBaugO1VEDUfSEntErenNGzovz7nzMWwtOPnOI/sj5/AHHSZFq</latexit><latexit sha1_base64="inOk89rG0Tdp+HOeq7PiOMYDHEU=">AAAB9HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLpQKIjgsoq9wHQomfRMG5pkxiRTKEOfw40LRdz6MO58G9N2Ftr6Q+DjP+dwTv4w4Uwb1/12Ciura+sbxc3S1vbO7l55/6Cp41RRaNCYx6odEg2cSWgYZji0EwVEhBxa4fBmWm+NQGkWy0czTiAQpC9ZxCgx1gqyjhL4ASb+bXDtdssVt+rOhJfBy6GCctW75a9OL6apAGkoJ1r7npuYICPKMMphUuqkGhJCh6QPvkVJBOggmx09wSfW6eEoVvZJg2fu74mMCK3HIrSdgpiBXqxNzf9qfmqiyyBjMkkNSDpfFKUcmxhPE8A9poAaPrZAqGL2VkwHRBFqbE4lG4K3+OVlaJ5VPcv355XaVR5HER2hY3SKPHSBaugO1VEDUfSEntErenNGzovz7nzMWwtOPnOI/sj5/AHHSZFq</latexit>

Im[E] = 0
<latexit sha1_base64="jEg3fFHWWHwrsSZhqX/7FDfk6N0=">AAAB9HicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhCoSCC7irYC0yHkkkzbWiSGZNMoQx9DjcuFHHrw7jzbUzbWWjrD4GP/5zDOfnDhDNtXPfbKaysrq1vFDdLW9s7u3vl/YOmjlNFaIPEPFbtEGvKmaQNwwyn7URRLEJOW+HwZlpvjajSLJaPZpzQQOC+ZBEj2FgryDpKoHsx8W+Da7dbrrhVdya0DF4OFchV75a/Or2YpIJKQzjW2vfcxAQZVoYRTielTqppgskQ96lvUWJBdZDNjp6gE+v0UBQr+6RBM/f3RIaF1mMR2k6BzUAv1qbmfzU/NdFlkDGZpIZKMl8UpRyZGE0TQD2mKDF8bAETxeytiAywwsTYnEo2BG/xy8vQPKt6lh/OK7WrPI4iHMExnIIHF1CDO6hDAwg8wTO8wpszcl6cd+dj3lpw8plD+CPn8wfFtpFp</latexit><latexit sha1_base64="jEg3fFHWWHwrsSZhqX/7FDfk6N0=">AAAB9HicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhCoSCC7irYC0yHkkkzbWiSGZNMoQx9DjcuFHHrw7jzbUzbWWjrD4GP/5zDOfnDhDNtXPfbKaysrq1vFDdLW9s7u3vl/YOmjlNFaIPEPFbtEGvKmaQNwwyn7URRLEJOW+HwZlpvjajSLJaPZpzQQOC+ZBEj2FgryDpKoHsx8W+Da7dbrrhVdya0DF4OFchV75a/Or2YpIJKQzjW2vfcxAQZVoYRTielTqppgskQ96lvUWJBdZDNjp6gE+v0UBQr+6RBM/f3RIaF1mMR2k6BzUAv1qbmfzU/NdFlkDGZpIZKMl8UpRyZGE0TQD2mKDF8bAETxeytiAywwsTYnEo2BG/xy8vQPKt6lh/OK7WrPI4iHMExnIIHF1CDO6hDAwg8wTO8wpszcl6cd+dj3lpw8plD+CPn8wfFtpFp</latexit><latexit sha1_base64="jEg3fFHWWHwrsSZhqX/7FDfk6N0=">AAAB9HicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhCoSCC7irYC0yHkkkzbWiSGZNMoQx9DjcuFHHrw7jzbUzbWWjrD4GP/5zDOfnDhDNtXPfbKaysrq1vFDdLW9s7u3vl/YOmjlNFaIPEPFbtEGvKmaQNwwyn7URRLEJOW+HwZlpvjajSLJaPZpzQQOC+ZBEj2FgryDpKoHsx8W+Da7dbrrhVdya0DF4OFchV75a/Or2YpIJKQzjW2vfcxAQZVoYRTielTqppgskQ96lvUWJBdZDNjp6gE+v0UBQr+6RBM/f3RIaF1mMR2k6BzUAv1qbmfzU/NdFlkDGZpIZKMl8UpRyZGE0TQD2mKDF8bAETxeytiAywwsTYnEo2BG/xy8vQPKt6lh/OK7WrPI4iHMExnIIHF1CDO6hDAwg8wTO8wpszcl6cd+dj3lpw8plD+CPn8wfFtpFp</latexit><latexit sha1_base64="jEg3fFHWWHwrsSZhqX/7FDfk6N0=">AAAB9HicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhCoSCC7irYC0yHkkkzbWiSGZNMoQx9DjcuFHHrw7jzbUzbWWjrD4GP/5zDOfnDhDNtXPfbKaysrq1vFDdLW9s7u3vl/YOmjlNFaIPEPFbtEGvKmaQNwwyn7URRLEJOW+HwZlpvjajSLJaPZpzQQOC+ZBEj2FgryDpKoHsx8W+Da7dbrrhVdya0DF4OFchV75a/Or2YpIJKQzjW2vfcxAQZVoYRTielTqppgskQ96lvUWJBdZDNjp6gE+v0UBQr+6RBM/f3RIaF1mMR2k6BzUAv1qbmfzU/NdFlkDGZpIZKMl8UpRyZGE0TQD2mKDF8bAETxeytiAywwsTYnEo2BG/xy8vQPKt6lh/OK7WrPI4iHMExnIIHF1CDO6hDAwg8wTO8wpszcl6cd+dj3lpw8plD+CPn8wfFtpFp</latexit>

Im[E] = 0
<latexit sha1_base64="jEg3fFHWWHwrsSZhqX/7FDfk6N0=">AAAB9HicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhCoSCC7irYC0yHkkkzbWiSGZNMoQx9DjcuFHHrw7jzbUzbWWjrD4GP/5zDOfnDhDNtXPfbKaysrq1vFDdLW9s7u3vl/YOmjlNFaIPEPFbtEGvKmaQNwwyn7URRLEJOW+HwZlpvjajSLJaPZpzQQOC+ZBEj2FgryDpKoHsx8W+Da7dbrrhVdya0DF4OFchV75a/Or2YpIJKQzjW2vfcxAQZVoYRTielTqppgskQ96lvUWJBdZDNjp6gE+v0UBQr+6RBM/f3RIaF1mMR2k6BzUAv1qbmfzU/NdFlkDGZpIZKMl8UpRyZGE0TQD2mKDF8bAETxeytiAywwsTYnEo2BG/xy8vQPKt6lh/OK7WrPI4iHMExnIIHF1CDO6hDAwg8wTO8wpszcl6cd+dj3lpw8plD+CPn8wfFtpFp</latexit><latexit sha1_base64="jEg3fFHWWHwrsSZhqX/7FDfk6N0=">AAAB9HicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhCoSCC7irYC0yHkkkzbWiSGZNMoQx9DjcuFHHrw7jzbUzbWWjrD4GP/5zDOfnDhDNtXPfbKaysrq1vFDdLW9s7u3vl/YOmjlNFaIPEPFbtEGvKmaQNwwyn7URRLEJOW+HwZlpvjajSLJaPZpzQQOC+ZBEj2FgryDpKoHsx8W+Da7dbrrhVdya0DF4OFchV75a/Or2YpIJKQzjW2vfcxAQZVoYRTielTqppgskQ96lvUWJBdZDNjp6gE+v0UBQr+6RBM/f3RIaF1mMR2k6BzUAv1qbmfzU/NdFlkDGZpIZKMl8UpRyZGE0TQD2mKDF8bAETxeytiAywwsTYnEo2BG/xy8vQPKt6lh/OK7WrPI4iHMExnIIHF1CDO6hDAwg8wTO8wpszcl6cd+dj3lpw8plD+CPn8wfFtpFp</latexit><latexit sha1_base64="jEg3fFHWWHwrsSZhqX/7FDfk6N0=">AAAB9HicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhCoSCC7irYC0yHkkkzbWiSGZNMoQx9DjcuFHHrw7jzbUzbWWjrD4GP/5zDOfnDhDNtXPfbKaysrq1vFDdLW9s7u3vl/YOmjlNFaIPEPFbtEGvKmaQNwwyn7URRLEJOW+HwZlpvjajSLJaPZpzQQOC+ZBEj2FgryDpKoHsx8W+Da7dbrrhVdya0DF4OFchV75a/Or2YpIJKQzjW2vfcxAQZVoYRTielTqppgskQ96lvUWJBdZDNjp6gE+v0UBQr+6RBM/f3RIaF1mMR2k6BzUAv1qbmfzU/NdFlkDGZpIZKMl8UpRyZGE0TQD2mKDF8bAETxeytiAywwsTYnEo2BG/xy8vQPKt6lh/OK7WrPI4iHMExnIIHF1CDO6hDAwg8wTO8wpszcl6cd+dj3lpw8plD+CPn8wfFtpFp</latexit><latexit sha1_base64="jEg3fFHWWHwrsSZhqX/7FDfk6N0=">AAAB9HicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhCoSCC7irYC0yHkkkzbWiSGZNMoQx9DjcuFHHrw7jzbUzbWWjrD4GP/5zDOfnDhDNtXPfbKaysrq1vFDdLW9s7u3vl/YOmjlNFaIPEPFbtEGvKmaQNwwyn7URRLEJOW+HwZlpvjajSLJaPZpzQQOC+ZBEj2FgryDpKoHsx8W+Da7dbrrhVdya0DF4OFchV75a/Or2YpIJKQzjW2vfcxAQZVoYRTielTqppgskQ96lvUWJBdZDNjp6gE+v0UBQr+6RBM/f3RIaF1mMR2k6BzUAv1qbmfzU/NdFlkDGZpIZKMl8UpRyZGE0TQD2mKDF8bAETxeytiAywwsTYnEo2BG/xy8vQPKt6lh/OK7WrPI4iHMExnIIHF1CDO6hDAwg8wTO8wpszcl6cd+dj3lpw8plD+CPn8wfFtpFp</latexit>

|E(k)|
<latexit sha1_base64="8giNXqI8UUrDfVenBpASKYs02rg=">AAAB9XicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFEVxWsA9oY5lMJ+3QySTMTJSS9j/cuFDErf/izr9x0mahrQcGDufcyz1z/JgzpR3n2yqsrK6tbxQ3S1vbO7t79v5BU0WJJLRBIh7Jto8V5UzQhmaa03YsKQ59Tlv+6DrzW49UKhaJez2OqRfigWABI1gb6WFyU+mGWA/9AI1OJz277FSdGdAycXNShhz1nv3V7UckCanQhGOlOq4Tay/FUjPC6bTUTRSNMRnhAe0YKnBIlZfOUk/RiVH6KIikeUKjmfp7I8WhUuPQN5NZRLXoZeJ/XifRwaWXMhEnmgoyPxQkHOkIZRWgPpOUaD42BBPJTFZEhlhiok1RJVOCu/jlZdI8q7pO1b07L9eu8jqKcATHUAEXLqAGt1CHBhCQ8Ayv8GY9WS/Wu/UxHy1Y+c4h/IH1+QOfXpHt</latexit><latexit sha1_base64="8giNXqI8UUrDfVenBpASKYs02rg=">AAAB9XicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFEVxWsA9oY5lMJ+3QySTMTJSS9j/cuFDErf/izr9x0mahrQcGDufcyz1z/JgzpR3n2yqsrK6tbxQ3S1vbO7t79v5BU0WJJLRBIh7Jto8V5UzQhmaa03YsKQ59Tlv+6DrzW49UKhaJez2OqRfigWABI1gb6WFyU+mGWA/9AI1OJz277FSdGdAycXNShhz1nv3V7UckCanQhGOlOq4Tay/FUjPC6bTUTRSNMRnhAe0YKnBIlZfOUk/RiVH6KIikeUKjmfp7I8WhUuPQN5NZRLXoZeJ/XifRwaWXMhEnmgoyPxQkHOkIZRWgPpOUaD42BBPJTFZEhlhiok1RJVOCu/jlZdI8q7pO1b07L9eu8jqKcATHUAEXLqAGt1CHBhCQ8Ayv8GY9WS/Wu/UxHy1Y+c4h/IH1+QOfXpHt</latexit><latexit sha1_base64="8giNXqI8UUrDfVenBpASKYs02rg=">AAAB9XicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFEVxWsA9oY5lMJ+3QySTMTJSS9j/cuFDErf/izr9x0mahrQcGDufcyz1z/JgzpR3n2yqsrK6tbxQ3S1vbO7t79v5BU0WJJLRBIh7Jto8V5UzQhmaa03YsKQ59Tlv+6DrzW49UKhaJez2OqRfigWABI1gb6WFyU+mGWA/9AI1OJz277FSdGdAycXNShhz1nv3V7UckCanQhGOlOq4Tay/FUjPC6bTUTRSNMRnhAe0YKnBIlZfOUk/RiVH6KIikeUKjmfp7I8WhUuPQN5NZRLXoZeJ/XifRwaWXMhEnmgoyPxQkHOkIZRWgPpOUaD42BBPJTFZEhlhiok1RJVOCu/jlZdI8q7pO1b07L9eu8jqKcATHUAEXLqAGt1CHBhCQ8Ayv8GY9WS/Wu/UxHy1Y+c4h/IH1+QOfXpHt</latexit><latexit sha1_base64="8giNXqI8UUrDfVenBpASKYs02rg=">AAAB9XicbVDLSsNAFL2pr1pfUZduBotQNyURQZdFEVxWsA9oY5lMJ+3QySTMTJSS9j/cuFDErf/izr9x0mahrQcGDufcyz1z/JgzpR3n2yqsrK6tbxQ3S1vbO7t79v5BU0WJJLRBIh7Jto8V5UzQhmaa03YsKQ59Tlv+6DrzW49UKhaJez2OqRfigWABI1gb6WFyU+mGWA/9AI1OJz277FSdGdAycXNShhz1nv3V7UckCanQhGOlOq4Tay/FUjPC6bTUTRSNMRnhAe0YKnBIlZfOUk/RiVH6KIikeUKjmfp7I8WhUuPQN5NZRLXoZeJ/XifRwaWXMhEnmgoyPxQkHOkIZRWgPpOUaD42BBPJTFZEhlhiok1RJVOCu/jlZdI8q7pO1b07L9eu8jqKcATHUAEXLqAGt1CHBhCQ8Ayv8GY9WS/Wu/UxHy1Y+c4h/IH1+QOfXpHt</latexit>✏ = 1

<latexit sha1_base64="eSE5vRcF5x2wxsDLmE3UUcyDB90=">AAAB8XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCLUPTisYKtxXYp2XS2Dc0mS5IVSum/8OJBEa/+G2/+G9N2D9r6QuDhnRky80ap4Mb6/rdXWFldW98obpa2tnd298r7B02jMs2wwZRQuhVRg4JLbFhuBbZSjTSJBD5Ew5tp/eEJteFK3ttRimFC+5LHnFHrrMcOpoYLJa+CbrniV/2ZyDIEOVQgV71b/ur0FMsSlJYJakw78FMbjqm2nAmclDqZwZSyIe1j26GkCZpwPNt4Qk6c0yOx0u5JS2bu74kxTYwZJZHrTKgdmMXa1Pyv1s5sfBmOuUwzi5LNP4ozQawi0/NJj2tkVowcUKa525WwAdWUWRdSyYUQLJ68DM2zauD47rxSu87jKMIRHMMpBHABNbiFOjSAgYRneIU3z3gv3rv3MW8tePnMIfyR9/kDRGmQog==</latexit><latexit sha1_base64="eSE5vRcF5x2wxsDLmE3UUcyDB90=">AAAB8XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCLUPTisYKtxXYp2XS2Dc0mS5IVSum/8OJBEa/+G2/+G9N2D9r6QuDhnRky80ap4Mb6/rdXWFldW98obpa2tnd298r7B02jMs2wwZRQuhVRg4JLbFhuBbZSjTSJBD5Ew5tp/eEJteFK3ttRimFC+5LHnFHrrMcOpoYLJa+CbrniV/2ZyDIEOVQgV71b/ur0FMsSlJYJakw78FMbjqm2nAmclDqZwZSyIe1j26GkCZpwPNt4Qk6c0yOx0u5JS2bu74kxTYwZJZHrTKgdmMXa1Pyv1s5sfBmOuUwzi5LNP4ozQawi0/NJj2tkVowcUKa525WwAdWUWRdSyYUQLJ68DM2zauD47rxSu87jKMIRHMMpBHABNbiFOjSAgYRneIU3z3gv3rv3MW8tePnMIfyR9/kDRGmQog==</latexit><latexit sha1_base64="eSE5vRcF5x2wxsDLmE3UUcyDB90=">AAAB8XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCLUPTisYKtxXYp2XS2Dc0mS5IVSum/8OJBEa/+G2/+G9N2D9r6QuDhnRky80ap4Mb6/rdXWFldW98obpa2tnd298r7B02jMs2wwZRQuhVRg4JLbFhuBbZSjTSJBD5Ew5tp/eEJteFK3ttRimFC+5LHnFHrrMcOpoYLJa+CbrniV/2ZyDIEOVQgV71b/ur0FMsSlJYJakw78FMbjqm2nAmclDqZwZSyIe1j26GkCZpwPNt4Qk6c0yOx0u5JS2bu74kxTYwZJZHrTKgdmMXa1Pyv1s5sfBmOuUwzi5LNP4ozQawi0/NJj2tkVowcUKa525WwAdWUWRdSyYUQLJ68DM2zauD47rxSu87jKMIRHMMpBHABNbiFOjSAgYRneIU3z3gv3rv3MW8tePnMIfyR9/kDRGmQog==</latexit><latexit sha1_base64="eSE5vRcF5x2wxsDLmE3UUcyDB90=">AAAB8XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCLUPTisYKtxXYp2XS2Dc0mS5IVSum/8OJBEa/+G2/+G9N2D9r6QuDhnRky80ap4Mb6/rdXWFldW98obpa2tnd298r7B02jMs2wwZRQuhVRg4JLbFhuBbZSjTSJBD5Ew5tp/eEJteFK3ttRimFC+5LHnFHrrMcOpoYLJa+CbrniV/2ZyDIEOVQgV71b/ur0FMsSlJYJakw78FMbjqm2nAmclDqZwZSyIe1j26GkCZpwPNt4Qk6c0yOx0u5JS2bu74kxTYwZJZHrTKgdmMXa1Pyv1s5sfBmOuUwzi5LNP4ozQawi0/NJj2tkVowcUKa525WwAdWUWRdSyYUQLJ68DM2zauD47rxSu87jKMIRHMMpBHABNbiFOjSAgYRneIU3z3gv3rv3MW8tePnMIfyR9/kDRGmQog==</latexit>

✏ = 0
<latexit sha1_base64="IF+s9VtQ36EqQozFqatieMJPurA=">AAAB8XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCLUPTisYKtxXYp2XS2Dc0mS5IVSum/8OJBEa/+G2/+G9N2D9r6QuDhnRky80ap4Mb6/rdXWFldW98obpa2tnd298r7B02jMs2wwZRQuhVRg4JLbFhuBbZSjTSJBD5Ew5tp/eEJteFK3ttRimFC+5LHnFHrrMcOpoYLJa/8brniV/2ZyDIEOVQgV71b/ur0FMsSlJYJakw78FMbjqm2nAmclDqZwZSyIe1j26GkCZpwPNt4Qk6c0yOx0u5JS2bu74kxTYwZJZHrTKgdmMXa1Pyv1s5sfBmOuUwzi5LNP4ozQawi0/NJj2tkVowcUKa525WwAdWUWRdSyYUQLJ68DM2zauD47rxSu87jKMIRHMMpBHABNbiFOjSAgYRneIU3z3gv3rv3MW8tePnMIfyR9/kDQuWQoQ==</latexit><latexit sha1_base64="IF+s9VtQ36EqQozFqatieMJPurA=">AAAB8XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCLUPTisYKtxXYp2XS2Dc0mS5IVSum/8OJBEa/+G2/+G9N2D9r6QuDhnRky80ap4Mb6/rdXWFldW98obpa2tnd298r7B02jMs2wwZRQuhVRg4JLbFhuBbZSjTSJBD5Ew5tp/eEJteFK3ttRimFC+5LHnFHrrMcOpoYLJa/8brniV/2ZyDIEOVQgV71b/ur0FMsSlJYJakw78FMbjqm2nAmclDqZwZSyIe1j26GkCZpwPNt4Qk6c0yOx0u5JS2bu74kxTYwZJZHrTKgdmMXa1Pyv1s5sfBmOuUwzi5LNP4ozQawi0/NJj2tkVowcUKa525WwAdWUWRdSyYUQLJ68DM2zauD47rxSu87jKMIRHMMpBHABNbiFOjSAgYRneIU3z3gv3rv3MW8tePnMIfyR9/kDQuWQoQ==</latexit><latexit sha1_base64="IF+s9VtQ36EqQozFqatieMJPurA=">AAAB8XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCLUPTisYKtxXYp2XS2Dc0mS5IVSum/8OJBEa/+G2/+G9N2D9r6QuDhnRky80ap4Mb6/rdXWFldW98obpa2tnd298r7B02jMs2wwZRQuhVRg4JLbFhuBbZSjTSJBD5Ew5tp/eEJteFK3ttRimFC+5LHnFHrrMcOpoYLJa/8brniV/2ZyDIEOVQgV71b/ur0FMsSlJYJakw78FMbjqm2nAmclDqZwZSyIe1j26GkCZpwPNt4Qk6c0yOx0u5JS2bu74kxTYwZJZHrTKgdmMXa1Pyv1s5sfBmOuUwzi5LNP4ozQawi0/NJj2tkVowcUKa525WwAdWUWRdSyYUQLJ68DM2zauD47rxSu87jKMIRHMMpBHABNbiFOjSAgYRneIU3z3gv3rv3MW8tePnMIfyR9/kDQuWQoQ==</latexit><latexit sha1_base64="IF+s9VtQ36EqQozFqatieMJPurA=">AAAB8XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCLUPTisYKtxXYp2XS2Dc0mS5IVSum/8OJBEa/+G2/+G9N2D9r6QuDhnRky80ap4Mb6/rdXWFldW98obpa2tnd298r7B02jMs2wwZRQuhVRg4JLbFhuBbZSjTSJBD5Ew5tp/eEJteFK3ttRimFC+5LHnFHrrMcOpoYLJa/8brniV/2ZyDIEOVQgV71b/ur0FMsSlJYJakw78FMbjqm2nAmclDqZwZSyIe1j26GkCZpwPNt4Qk6c0yOx0u5JS2bu74kxTYwZJZHrTKgdmMXa1Pyv1s5sfBmOuUwzi5LNP4ozQawi0/NJj2tkVowcUKa525WwAdWUWRdSyYUQLJ68DM2zauD47rxSu87jKMIRHMMpBHABNbiFOjSAgYRneIU3z3gv3rv3MW8tePnMIfyR9/kDQuWQoQ==</latexit>
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Experimental observation of 2d bulk Fermi arcs

Fermi arcs observed in 
photonic crystal slabs with 
losses 

H.Zhou, et. al. Science p. eaap9859 (2018) 
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- Light scattering, 
iso-frequency 
contours vs. 
theoretical band 
structure

These experiments directly  
measure the spectral density of 
states.



- Sufficiently generic coupling needed

Quantum materials (more next time)

Symmetry protected state promoted to a 
generic topological phase!

HNH = H + ⌃r
L(! = 0)
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Coupling to environments — example: 3d 
topological insulator coupled to a 
ferromagnetic lead
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Similar ideas can be applied e.g. to 
Kitaev spin liquids
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Symmetries in non-Hermitian systems

Specifically non-Hermitian 
symmetries (43 or 38 sym. classes)

D. Bernard and A. LeClair,  
arXiv:cond-mat/0110649 (2001)
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symmetries that would not be generic in the Hermitian
realm. These classes have been discussed in the context
of edge states by Esaki et. al. [33] and steps toward clas-
sifying NH phases in terms of the BL classes were very
recently taken by Lieu [34]. Here, we start by focusing
on a concrete example of such a genuinely NH symmetry
coined Q+ to reveal novel symmetry protected NH nodal

phases. The action of Q+ on the NH Hamiltonian of a
system is defined as

H = qH
†
q
�1

, q
†
q
�1 = qq

† = I. (1)

Clearly, in the limit of a Hermitian Hamiltonian, Q+ re-
duces to an ordinary unitary symmetry that commutes
with the Hamiltonian, and hence is not considered in the
Altland-Zirnbauer classification.

Symmetry protected EPs in two-band models.— We
now illustrate the idea of symmetry protected EPs on
the basis of lattice periodic NH two-band models, noting
that, as we demonstrate below, our results can readily
be generalized beyond this minimal framework. In re-
ciprocal space, the Bloch Hamiltonian of a NH two-band
model at lattice momentum k reads as

H(k) = d(k) · � + d0(k)�0, (2)

with the standard Pauli matrices �, the (2 ⇥ 2) identity
matrix �0, and d ⌘ dR + idI with dR,dI 2 R3 pa-
rameterizing the Hermitian and anti-Hermitian part of
the Hamiltonian, respectively. Here and in the following,
we drop the momentum dependence of d for notational
brevity. The eigenvalues of the Bloch Hamiltonian are
given by E± = d0 ±

p
d
2
R � d

2
I + 2idR · dI . Hence, EPs

appear whenever

d
2
R � d

2
I = 0, dR · dI = 0 (3)

are simultaneously satisfied. To find (second-order) EPs,
we thus need to tune two parameters instead of the usual
three parameters in the case of Hermitian systems. This
is the basic reason why nodal NH phases, even in the
absence of symmetries, occur in one dimension lower than
their Hermitian counterparts.

Taking into consideration the symmetry relation Q+

in Eq. (1), we find two inequivalent possibilities for q,
either q = �0 or q equals one of the Pauli matrices. In
the first case, Eq. (1) reduces to H = H

†, constraining
our Hamiltonian to the Hermitian realm, which is not
the subject of our present interest. In the second case,
we take q = �x, such that Eq. (1) takes the explicit form
H = �xH

†
�x. This leads to the following constraints for

the Hamiltonian in Eq. (2)

dx, d0 2 R, dy, dz 2 iR. (4)

This means that the relation dR · dI = 0 in Eq. (3) is
trivially satisfied. Therefore, to find EPs in this case,

we only need to solve d
2
R � d

2
I = 0, and we thus need to

tune only one parameter instead of two. This observa-
tion has two important consequences. First, EPs, excep-
tional lines and exceptional surfaces generically appear in
one-, two- and three-dimensional systems, respectively.
This amounts to a further reduction by one of the spatial
dimension in which nodal phases occur as compared to
the NH case without symmetries. Second, the eigenvalue
equation in the presence of Q+ reduces to

E± = ±
q

d
2
R � d

2
I , (5)

where we have neglected d0 as this term does not a↵ect
the gap �E between the bands.

The implication of Eq. (5) is that the parameter space
is divided into regions where the energy is either real,
or purely imaginary, and the exceptional points thus
form boundaries between Fermi volumes of vanishing en-
ergy, and regions of infinite quasi particle lifetimes where
Im(E) = 0 (see Fig. 1 for an illustration). The inclusion
of d0 would just move these Fermi volumes away from
Re(E) = 0, but the energy gap �E would still have a
vanishing real part.

We now elaborate on these insights with the help of
concrete microscopic lattice models in one spatial dimen-
sion (1D) and in 2D on a square lattice with unit lattice
constant. To this end, we consider

d = (m + 1 � cos(kx) � cos(ky), i sin(kx), i sin(ky)) ,

(6)

where m 2 R. Clearly the Hamiltonian H = d · � re-
sulting from Eq. (6) satisfies the symmetry relation Q+

with q = �x (see Eq. (1) and Eq. (4)). To obtain our
1D model, we simply set ky = 0 for now. If m = 0 as
well, EPs occur whenever cos(kx) = ± sin(kx), i.e. at
kx = ⇡/4(mod⇡/2). For m 6= 0, EPs satisfying the con-
dition (m � cos(k))2 � sin(k)2 = 0 (see Eq. 3) are still
found for |m| 

p
2, and the spectrum becomes fully

gapped only for |m| > 2. Furthermore, it is clear that
EPs at which the spectrum of H switches from being
purely real to purely imaginary are always connected via
the aforementioned open Fermi volumes, which in the
present 1D case form open arcs. Thus, as long as the
symmetry Q+ is preserved, the EPs are stable in the
sense that they can only be removed pairwise by bring-
ing them together in momentum space and contracting
the arcs. This behavior exemplifies and corroborates our
claim of the existence of a stable nodal NH phase pro-
tected by the symmetry Q+. To explicitly demonstrate
the importance of this symmetry protection, we add a
symmetry breaking perturbation Hb = i��x with � > 0.
Then, the overlap dR ·dI becomes finite and EPs can be
continuously removed already at arbitrarily small � (cf.
Eq. (3)).

Proceeding to the 2D case, we now also allow ky to
take arbitrary values in the first Brillouin zone, i.e. ky 2

- For 2-band models, pick q = �x
<latexit sha1_base64="RLRvGOCMKIIiFAxE5TgoUpTnyIU=">AAAB8XicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgt0IBTcuK9gLtkPJpJk2NMmMSUYsQ9/CjQtF3Po27nwb03YW2vpD4OM/55Bz/jAR3FjP+0Yrq2vrG5uFreL2zu7efungsGniVFPWoLGIdTskhgmuWMNyK1g70YzIULBWOLqe1luPTBseqzs7TlggyUDxiFNinXX/cNU1fCBJ76lXKnsVbya8DH4OZchV75W+uv2YppIpSwUxpuN7iQ0yoi2ngk2K3dSwhNARGbCOQ0UkM0E223iCT53Tx1Gs3VMWz9zfExmRxoxl6DolsUOzWJua/9U6qY2qQcZVklqm6PyjKBXYxnh6Pu5zzagVYweEau52xXRINKHWhVR0IfiLJy9D87ziO769KNeqeRwFOIYTOAMfLqEGN1CHBlBQ8Ayv8IYMekHv6GPeuoLymSP4I/T5A4X+kMY=</latexit><latexit sha1_base64="RLRvGOCMKIIiFAxE5TgoUpTnyIU=">AAAB8XicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgt0IBTcuK9gLtkPJpJk2NMmMSUYsQ9/CjQtF3Po27nwb03YW2vpD4OM/55Bz/jAR3FjP+0Yrq2vrG5uFreL2zu7efungsGniVFPWoLGIdTskhgmuWMNyK1g70YzIULBWOLqe1luPTBseqzs7TlggyUDxiFNinXX/cNU1fCBJ76lXKnsVbya8DH4OZchV75W+uv2YppIpSwUxpuN7iQ0yoi2ngk2K3dSwhNARGbCOQ0UkM0E223iCT53Tx1Gs3VMWz9zfExmRxoxl6DolsUOzWJua/9U6qY2qQcZVklqm6PyjKBXYxnh6Pu5zzagVYweEau52xXRINKHWhVR0IfiLJy9D87ziO769KNeqeRwFOIYTOAMfLqEGN1CHBlBQ8Ayv8IYMekHv6GPeuoLymSP4I/T5A4X+kMY=</latexit><latexit sha1_base64="RLRvGOCMKIIiFAxE5TgoUpTnyIU=">AAAB8XicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgt0IBTcuK9gLtkPJpJk2NMmMSUYsQ9/CjQtF3Po27nwb03YW2vpD4OM/55Bz/jAR3FjP+0Yrq2vrG5uFreL2zu7efungsGniVFPWoLGIdTskhgmuWMNyK1g70YzIULBWOLqe1luPTBseqzs7TlggyUDxiFNinXX/cNU1fCBJ76lXKnsVbya8DH4OZchV75W+uv2YppIpSwUxpuN7iQ0yoi2ngk2K3dSwhNARGbCOQ0UkM0E223iCT53Tx1Gs3VMWz9zfExmRxoxl6DolsUOzWJua/9U6qY2qQcZVklqm6PyjKBXYxnh6Pu5zzagVYweEau52xXRINKHWhVR0IfiLJy9D87ziO769KNeqeRwFOIYTOAMfLqEGN1CHBlBQ8Ayv8IYMekHv6GPeuoLymSP4I/T5A4X+kMY=</latexit><latexit sha1_base64="RLRvGOCMKIIiFAxE5TgoUpTnyIU=">AAAB8XicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgt0IBTcuK9gLtkPJpJk2NMmMSUYsQ9/CjQtF3Po27nwb03YW2vpD4OM/55Bz/jAR3FjP+0Yrq2vrG5uFreL2zu7efungsGniVFPWoLGIdTskhgmuWMNyK1g70YzIULBWOLqe1luPTBseqzs7TlggyUDxiFNinXX/cNU1fCBJ76lXKnsVbya8DH4OZchV75W+uv2YppIpSwUxpuN7iQ0yoi2ngk2K3dSwhNARGbCOQ0UkM0E223iCT53Tx1Gs3VMWz9zfExmRxoxl6DolsUOzWJua/9U6qY2qQcZVklqm6PyjKBXYxnh6Pu5zzagVYweEau52xXRINKHWhVR0IfiLJy9D87ziO769KNeqeRwFOIYTOAMfLqEGN1CHBlBQ8Ayv8IYMekHv6GPeuoLymSP4I/T5A4X+kMY=</latexit>

2

symmetries that would not be generic in the Hermitian
realm. These classes have been discussed in the context
of edge states by Esaki et. al. [33] and steps toward clas-
sifying NH phases in terms of the BL classes were very
recently taken by Lieu [34]. Here, we start by focusing
on a concrete example of such a genuinely NH symmetry
coined Q+ to reveal novel symmetry protected NH nodal

phases. The action of Q+ on the NH Hamiltonian of a
system is defined as

H = qH
†
q
�1

, q
†
q
�1 = qq

† = I. (1)

Clearly, in the limit of a Hermitian Hamiltonian, Q+ re-
duces to an ordinary unitary symmetry that commutes
with the Hamiltonian, and hence is not considered in the
Altland-Zirnbauer classification.

Symmetry protected EPs in two-band models.— We
now illustrate the idea of symmetry protected EPs on
the basis of lattice periodic NH two-band models, noting
that, as we demonstrate below, our results can readily
be generalized beyond this minimal framework. In re-
ciprocal space, the Bloch Hamiltonian of a NH two-band
model at lattice momentum k reads as

H(k) = d(k) · � + d0(k)�0, (2)

with the standard Pauli matrices �, the (2 ⇥ 2) identity
matrix �0, and d ⌘ dR + idI with dR,dI 2 R3 pa-
rameterizing the Hermitian and anti-Hermitian part of
the Hamiltonian, respectively. Here and in the following,
we drop the momentum dependence of d for notational
brevity. The eigenvalues of the Bloch Hamiltonian are
given by E± = d0 ±

p
d
2
R � d

2
I + 2idR · dI . Hence, EPs

appear whenever

d
2
R � d

2
I = 0, dR · dI = 0 (3)

are simultaneously satisfied. To find (second-order) EPs,
we thus need to tune two parameters instead of the usual
three parameters in the case of Hermitian systems. This
is the basic reason why nodal NH phases, even in the
absence of symmetries, occur in one dimension lower than
their Hermitian counterparts.

Taking into consideration the symmetry relation Q+

in Eq. (1), we find two inequivalent possibilities for q,
either q = �0 or q equals one of the Pauli matrices. In
the first case, Eq. (1) reduces to H = H

†, constraining
our Hamiltonian to the Hermitian realm, which is not
the subject of our present interest. In the second case,
we take q = �x, such that Eq. (1) takes the explicit form
H = �xH

†
�x. This leads to the following constraints for

the Hamiltonian in Eq. (2)

dx, d0 2 R, dy, dz 2 iR. (4)

This means that the relation dR · dI = 0 in Eq. (3) is
trivially satisfied. Therefore, to find EPs in this case,

we only need to solve d
2
R � d

2
I = 0, and we thus need to

tune only one parameter instead of two. This observa-
tion has two important consequences. First, EPs, excep-
tional lines and exceptional surfaces generically appear in
one-, two- and three-dimensional systems, respectively.
This amounts to a further reduction by one of the spatial
dimension in which nodal phases occur as compared to
the NH case without symmetries. Second, the eigenvalue
equation in the presence of Q+ reduces to

E± = ±
q

d
2
R � d

2
I , (5)

where we have neglected d0 as this term does not a↵ect
the gap �E between the bands.

The implication of Eq. (5) is that the parameter space
is divided into regions where the energy is either real,
or purely imaginary, and the exceptional points thus
form boundaries between Fermi volumes of vanishing en-
ergy, and regions of infinite quasi particle lifetimes where
Im(E) = 0 (see Fig. 1 for an illustration). The inclusion
of d0 would just move these Fermi volumes away from
Re(E) = 0, but the energy gap �E would still have a
vanishing real part.

We now elaborate on these insights with the help of
concrete microscopic lattice models in one spatial dimen-
sion (1D) and in 2D on a square lattice with unit lattice
constant. To this end, we consider

d = (m + 1 � cos(kx) � cos(ky), i sin(kx), i sin(ky)) ,

(6)

where m 2 R. Clearly the Hamiltonian H = d · � re-
sulting from Eq. (6) satisfies the symmetry relation Q+

with q = �x (see Eq. (1) and Eq. (4)). To obtain our
1D model, we simply set ky = 0 for now. If m = 0 as
well, EPs occur whenever cos(kx) = ± sin(kx), i.e. at
kx = ⇡/4(mod⇡/2). For m 6= 0, EPs satisfying the con-
dition (m � cos(k))2 � sin(k)2 = 0 (see Eq. 3) are still
found for |m| 

p
2, and the spectrum becomes fully

gapped only for |m| > 2. Furthermore, it is clear that
EPs at which the spectrum of H switches from being
purely real to purely imaginary are always connected via
the aforementioned open Fermi volumes, which in the
present 1D case form open arcs. Thus, as long as the
symmetry Q+ is preserved, the EPs are stable in the
sense that they can only be removed pairwise by bring-
ing them together in momentum space and contracting
the arcs. This behavior exemplifies and corroborates our
claim of the existence of a stable nodal NH phase pro-
tected by the symmetry Q+. To explicitly demonstrate
the importance of this symmetry protection, we add a
symmetry breaking perturbation Hb = i��x with � > 0.
Then, the overlap dR ·dI becomes finite and EPs can be
continuously removed already at arbitrarily small � (cf.
Eq. (3)).

Proceeding to the 2D case, we now also allow ky to
take arbitrary values in the first Brillouin zone, i.e. ky 2

- Generally 

Purely real or imaginary!

        symmetric systems, popular in optics, work analogously.     Homework!   PT
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symmetries that would not be generic in the Hermitian
realm. These classes have been discussed in the context
of edge states by Esaki et. al. [33] and steps toward clas-
sifying NH phases in terms of the BL classes were very
recently taken by Lieu [34]. Here, we start by focusing
on a concrete example of such a genuinely NH symmetry
coined Q+ to reveal novel symmetry protected NH nodal

phases. The action of Q+ on the NH Hamiltonian of a
system is defined as

H = qH
†
q
�1

, q
†
q
�1 = qq

† = I. (1)

Clearly, in the limit of a Hermitian Hamiltonian, Q+ re-
duces to an ordinary unitary symmetry that commutes
with the Hamiltonian, and hence is not considered in the
Altland-Zirnbauer classification.

Symmetry protected EPs in two-band models.— We
now illustrate the idea of symmetry protected EPs on
the basis of lattice periodic NH two-band models, noting
that, as we demonstrate below, our results can readily
be generalized beyond this minimal framework. In re-
ciprocal space, the Bloch Hamiltonian of a NH two-band
model at lattice momentum k reads as

H(k) = d(k) · � + d0(k)�0, (2)

with the standard Pauli matrices �, the (2 ⇥ 2) identity
matrix �0, and d ⌘ dR + idI with dR,dI 2 R3 pa-
rameterizing the Hermitian and anti-Hermitian part of
the Hamiltonian, respectively. Here and in the following,
we drop the momentum dependence of d for notational
brevity. The eigenvalues of the Bloch Hamiltonian are
given by E± = d0 ±

p
d
2
R � d

2
I + 2idR · dI . Hence, EPs

appear whenever

d
2
R � d

2
I = 0, dR · dI = 0 (3)

are simultaneously satisfied. To find (second-order) EPs,
we thus need to tune two parameters instead of the usual
three parameters in the case of Hermitian systems. This
is the basic reason why nodal NH phases, even in the
absence of symmetries, occur in one dimension lower than
their Hermitian counterparts.

Taking into consideration the symmetry relation Q+

in Eq. (1), we find two inequivalent possibilities for q,
either q = �0 or q equals one of the Pauli matrices. In
the first case, Eq. (1) reduces to H = H

†, constraining
our Hamiltonian to the Hermitian realm, which is not
the subject of our present interest. In the second case,
we take q = �x, such that Eq. (1) takes the explicit form
H = �xH

†
�x. This leads to the following constraints for

the Hamiltonian in Eq. (2)

dx, d0 2 R, dy, dz 2 iR. (4)

This means that the relation dR · dI = 0 in Eq. (3) is
trivially satisfied. Therefore, to find EPs in this case,

we only need to solve d
2
R � d

2
I = 0, and we thus need to

tune only one parameter instead of two. This observa-
tion has two important consequences. First, EPs, excep-
tional lines and exceptional surfaces generically appear in
one-, two- and three-dimensional systems, respectively.
This amounts to a further reduction by one of the spatial
dimension in which nodal phases occur as compared to
the NH case without symmetries. Second, the eigenvalue
equation in the presence of Q+ reduces to

E± = ±
q

d
2
R � d

2
I , (5)

where we have neglected d0 as this term does not a↵ect
the gap �E between the bands.

The implication of Eq. (5) is that the parameter space
is divided into regions where the energy is either real,
or purely imaginary, and the exceptional points thus
form boundaries between Fermi volumes of vanishing en-
ergy, and regions of infinite quasi particle lifetimes where
Im(E) = 0 (see Fig. 1 for an illustration). The inclusion
of d0 would just move these Fermi volumes away from
Re(E) = 0, but the energy gap �E would still have a
vanishing real part.

We now elaborate on these insights with the help of
concrete microscopic lattice models in one spatial dimen-
sion (1D) and in 2D on a square lattice with unit lattice
constant. To this end, we consider

d = (m + 1 � cos(kx) � cos(ky), i sin(kx), i sin(ky)) ,

(6)

where m 2 R. Clearly the Hamiltonian H = d · � re-
sulting from Eq. (6) satisfies the symmetry relation Q+

with q = �x (see Eq. (1) and Eq. (4)). To obtain our
1D model, we simply set ky = 0 for now. If m = 0 as
well, EPs occur whenever cos(kx) = ± sin(kx), i.e. at
kx = ⇡/4(mod⇡/2). For m 6= 0, EPs satisfying the con-
dition (m � cos(k))2 � sin(k)2 = 0 (see Eq. 3) are still
found for |m| 

p
2, and the spectrum becomes fully

gapped only for |m| > 2. Furthermore, it is clear that
EPs at which the spectrum of H switches from being
purely real to purely imaginary are always connected via
the aforementioned open Fermi volumes, which in the
present 1D case form open arcs. Thus, as long as the
symmetry Q+ is preserved, the EPs are stable in the
sense that they can only be removed pairwise by bring-
ing them together in momentum space and contracting
the arcs. This behavior exemplifies and corroborates our
claim of the existence of a stable nodal NH phase pro-
tected by the symmetry Q+. To explicitly demonstrate
the importance of this symmetry protection, we add a
symmetry breaking perturbation Hb = i��x with � > 0.
Then, the overlap dR ·dI becomes finite and EPs can be
continuously removed already at arbitrarily small � (cf.
Eq. (3)).

Proceeding to the 2D case, we now also allow ky to
take arbitrary values in the first Brillouin zone, i.e. ky 2

(d0 = 0)
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symmetries that would not be generic in the Hermitian
realm. These classes have been discussed in the context
of edge states by Esaki et. al. [33] and steps toward clas-
sifying NH phases in terms of the BL classes were very
recently taken by Lieu [34]. Here, we start by focusing
on a concrete example of such a genuinely NH symmetry
coined Q+ to reveal novel symmetry protected NH nodal

phases. The action of Q+ on the NH Hamiltonian of a
system is defined as

H = qH
†
q
�1

, q
†
q
�1 = qq

† = I. (1)

Clearly, in the limit of a Hermitian Hamiltonian, Q+ re-
duces to an ordinary unitary symmetry that commutes
with the Hamiltonian, and hence is not considered in the
Altland-Zirnbauer classification.

Symmetry protected EPs in two-band models.— We
now illustrate the idea of symmetry protected EPs on
the basis of lattice periodic NH two-band models, noting
that, as we demonstrate below, our results can readily
be generalized beyond this minimal framework. In re-
ciprocal space, the Bloch Hamiltonian of a NH two-band
model at lattice momentum k reads as

H(k) = d(k) · � + d0(k)�0, (2)

with the standard Pauli matrices �, the (2 ⇥ 2) identity
matrix �0, and d ⌘ dR + idI with dR,dI 2 R3 pa-
rameterizing the Hermitian and anti-Hermitian part of
the Hamiltonian, respectively. Here and in the following,
we drop the momentum dependence of d for notational
brevity. The eigenvalues of the Bloch Hamiltonian are
given by E± = d0 ±

p
d
2
R � d

2
I + 2idR · dI . Hence, EPs

appear whenever

d
2
R � d

2
I = 0, dR · dI = 0 (3)

are simultaneously satisfied. To find (second-order) EPs,
we thus need to tune two parameters instead of the usual
three parameters in the case of Hermitian systems. This
is the basic reason why nodal NH phases, even in the
absence of symmetries, occur in one dimension lower than
their Hermitian counterparts.

Taking into consideration the symmetry relation Q+

in Eq. (1), we find two inequivalent possibilities for q,
either q = �0 or q equals one of the Pauli matrices. In
the first case, Eq. (1) reduces to H = H

†, constraining
our Hamiltonian to the Hermitian realm, which is not
the subject of our present interest. In the second case,
we take q = �x, such that Eq. (1) takes the explicit form
H = �xH

†
�x. This leads to the following constraints for

the Hamiltonian in Eq. (2)

dx, d0 2 R, dy, dz 2 iR. (4)

This means that the relation dR · dI = 0 in Eq. (3) is
trivially satisfied. Therefore, to find EPs in this case,

we only need to solve d
2
R � d

2
I = 0, and we thus need to

tune only one parameter instead of two. This observa-
tion has two important consequences. First, EPs, excep-
tional lines and exceptional surfaces generically appear in
one-, two- and three-dimensional systems, respectively.
This amounts to a further reduction by one of the spatial
dimension in which nodal phases occur as compared to
the NH case without symmetries. Second, the eigenvalue
equation in the presence of Q+ reduces to

E± = ±
q

d
2
R � d

2
I , (5)

where we have neglected d0 as this term does not a↵ect
the gap �E between the bands.

The implication of Eq. (5) is that the parameter space
is divided into regions where the energy is either real,
or purely imaginary, and the exceptional points thus
form boundaries between Fermi volumes of vanishing en-
ergy, and regions of infinite quasi particle lifetimes where
Im(E) = 0 (see Fig. 1 for an illustration). The inclusion
of d0 would just move these Fermi volumes away from
Re(E) = 0, but the energy gap �E would still have a
vanishing real part.

We now elaborate on these insights with the help of
concrete microscopic lattice models in one spatial dimen-
sion (1D) and in 2D on a square lattice with unit lattice
constant. To this end, we consider

d = (m + 1 � cos(kx) � cos(ky), i sin(kx), i sin(ky)) ,

(6)

where m 2 R. Clearly the Hamiltonian H = d · � re-
sulting from Eq. (6) satisfies the symmetry relation Q+

with q = �x (see Eq. (1) and Eq. (4)). To obtain our
1D model, we simply set ky = 0 for now. If m = 0 as
well, EPs occur whenever cos(kx) = ± sin(kx), i.e. at
kx = ⇡/4(mod⇡/2). For m 6= 0, EPs satisfying the con-
dition (m � cos(k))2 � sin(k)2 = 0 (see Eq. 3) are still
found for |m| 

p
2, and the spectrum becomes fully

gapped only for |m| > 2. Furthermore, it is clear that
EPs at which the spectrum of H switches from being
purely real to purely imaginary are always connected via
the aforementioned open Fermi volumes, which in the
present 1D case form open arcs. Thus, as long as the
symmetry Q+ is preserved, the EPs are stable in the
sense that they can only be removed pairwise by bring-
ing them together in momentum space and contracting
the arcs. This behavior exemplifies and corroborates our
claim of the existence of a stable nodal NH phase pro-
tected by the symmetry Q+. To explicitly demonstrate
the importance of this symmetry protection, we add a
symmetry breaking perturbation Hb = i��x with � > 0.
Then, the overlap dR ·dI becomes finite and EPs can be
continuously removed already at arbitrarily small � (cf.
Eq. (3)).

Proceeding to the 2D case, we now also allow ky to
take arbitrary values in the first Brillouin zone, i.e. ky 2
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Non-Hermitian (NH) Hamiltonians have become an important asset for the e↵ective description of
various physical systems that are subject to dissipation. Motivated by recent experimental progress
on realizing the NH counterparts of gapless phases such as Weyl semimetals, here we investigate how
NH symmetries a↵ect the occurrence of exceptional points (EPs), that generalize the notion of nodal
points in the spectrum beyond the Hermitian realm. Remarkably, we find that the dimension of the
manifold of EPs is generically increased by one as compared to the case without symmetry. This
leads to nodal surfaces formed by EPs that are stable as long as a protecting symmetry is preserved,
and that are connected by open Fermi volumes. We illustrate our findings with analytically solvable
two-band lattice models in one and two spatial dimensions, and show how they are readily generalized
to generic NH crystalline systems.

Introduction.— Nodal materials such as Dirac
semimetals and Weyl semimetals are in the spotlight
of current research due to their fascinating transport
properties, including ramifications of quantum anomalies
[1, 2]. The defining property of such intriguing phases of
quantum matter is the topological stability of the nodal
points in their band structure which may, as in the case
of a spin-degenerate Dirac semimetal, rely on the pres-
ence of certain physical symmetries—a ubiquitous sce-
nario in the context of topological phases known as sym-
metry protection [3–6].

Very recently, intense theoretical [7–35] and experi-
mental [36–44] e↵orts have been made to extend the
concept of topological band structures to non-Hermitian

(NH) systems which play an important role in the ef-
fective description of dissipation e↵ects in various physi-
cal situations, ranging from quasi-particles with a finite
lifetime in strongly correlated solids to arrays of optical
resonators subject to gain and loss [7, 45, 46]. There,
the notion of nodal points is generalized to exceptional

points (EPs) [47, 48] which, in sharp contrast to band
touching points in Hermitian systems, reflect a defec-
tive, i.e. non-diagonalizable, non-Hermitian Hamiltonian
[49–51]. Interestingly, in NH systems the occurrence of
nodal band structures qualitatively changes as compared
to their Hermitian counterparts [10–12, 36]. For exam-
ple, the NH analog of a Weyl semimetal with stable EPs
at isolated momenta is found in two spatial dimensions
rather than three [10, 11, 36, 52]. Motivated by these in-
sights and their recent experimental verification [36, 37],
the purpose of this work is to shed light on the role of
symmetry protection of EPs in NH systems, resulting in
the discovery of new symmetry protected NH phases that
have no immediate Hermitian analog.

Below, investigating the role of genuinely NH symme-
tries in nodal phases, we demonstrate that symmetry
protected EPs in NH band structures generically form
a surface (the analog of a nodal surface in the Hermitian
context) the dimension of which is increased by one as
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FIG. 1: Illustration of a generic symmetry-protected NH
nodal phase, showing the real (blue) and imaginary (orange)
part of the spectral gap �E as a function of momentum in a
two-dimensional system. Contours of exceptional points are
denoted by red lines, separating regions where the real part
of �E is pinned to zero (open Fermi volumes) from those
where the imaginary part of �E vanishes. Regions where
both components are non-zero are forbidden by symmetry
(see Eq. (1)). This figure was obtained from a model on the
form H = (2 � cos kx � cos ky)�x + i�z/4 which satisfies the
Q+-symmetry defined in Eq. (1).

compared to the case without symmetries. By this mech-
anism, nodal NH semimetals are promoted to symmetry
protected NH metals, where the surfaces of EPs form
the boundaries of open Fermi volumes characterized by
a vanishing real part of the energy gap (see Fig. 1 for
an illustration). Analyzing minimal microscopic models
with two bands, we analytically prove and clarify this
general principle, and, moreover, show how breaking the
protecting symmetry allows to continuously remove the
EPs.

Symmetries in non-Hermitian band structures.— The
general problem of identifying the generic symmetries
for NH systems, thus generalizing the celebrated ten-fold
Altland-Zirnbauer classification from the Hermitian con-
text [53, 54], has been addressed by Bernard and LeClair
(BL) [55, 56]. Instead of ten symmetry classes, BL found
a system of 43 classes, an extension based on additional
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Non-Hermitian (NH) Hamiltonians have become an important asset for the e↵ective description of
various physical systems that are subject to dissipation. Motivated by recent experimental progress
on realizing the NH counterparts of gapless phases such as Weyl semimetals, here we investigate how
NH symmetries a↵ect the occurrence of exceptional points (EPs), that generalize the notion of nodal
points in the spectrum beyond the Hermitian realm. Remarkably, we find that the dimension of the
manifold of EPs is generically increased by one as compared to the case without symmetry. This
leads to nodal surfaces formed by EPs that are stable as long as a protecting symmetry is preserved,
and that are connected by open Fermi volumes. We illustrate our findings with analytically solvable
two-band lattice models in one and two spatial dimensions, and show how they are readily generalized
to generic NH crystalline systems.

Introduction.— Nodal materials such as Dirac
semimetals and Weyl semimetals are in the spotlight
of current research due to their fascinating transport
properties, including ramifications of quantum anomalies
[1, 2]. The defining property of such intriguing phases of
quantum matter is the topological stability of the nodal
points in their band structure which may, as in the case
of a spin-degenerate Dirac semimetal, rely on the pres-
ence of certain physical symmetries—a ubiquitous sce-
nario in the context of topological phases known as sym-
metry protection [3–6].

Very recently, intense theoretical [7–35] and experi-
mental [36–44] e↵orts have been made to extend the
concept of topological band structures to non-Hermitian

(NH) systems which play an important role in the ef-
fective description of dissipation e↵ects in various physi-
cal situations, ranging from quasi-particles with a finite
lifetime in strongly correlated solids to arrays of optical
resonators subject to gain and loss [7, 45, 46]. There,
the notion of nodal points is generalized to exceptional

points (EPs) [47, 48] which, in sharp contrast to band
touching points in Hermitian systems, reflect a defec-
tive, i.e. non-diagonalizable, non-Hermitian Hamiltonian
[49–51]. Interestingly, in NH systems the occurrence of
nodal band structures qualitatively changes as compared
to their Hermitian counterparts [10–12, 36]. For exam-
ple, the NH analog of a Weyl semimetal with stable EPs
at isolated momenta is found in two spatial dimensions
rather than three [10, 11, 36, 52]. Motivated by these in-
sights and their recent experimental verification [36, 37],
the purpose of this work is to shed light on the role of
symmetry protection of EPs in NH systems, resulting in
the discovery of new symmetry protected NH phases that
have no immediate Hermitian analog.

Below, investigating the role of genuinely NH symme-
tries in nodal phases, we demonstrate that symmetry
protected EPs in NH band structures generically form
a surface (the analog of a nodal surface in the Hermitian
context) the dimension of which is increased by one as
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FIG. 1: Illustration of a generic symmetry-protected NH
nodal phase, showing the real (blue) and imaginary (orange)
part of the spectral gap �E as a function of momentum in a
two-dimensional system. Contours of exceptional points are
denoted by red lines, separating regions where the real part
of �E is pinned to zero (open Fermi volumes) from those
where the imaginary part of �E vanishes. Regions where
both components are non-zero are forbidden by symmetry
(see Eq. (1)). This figure was obtained from a model on the
form H = (2 � cos kx � cos ky)�x + i�z/4 which satisfies the
Q+-symmetry defined in Eq. (1).

compared to the case without symmetries. By this mech-
anism, nodal NH semimetals are promoted to symmetry
protected NH metals, where the surfaces of EPs form
the boundaries of open Fermi volumes characterized by
a vanishing real part of the energy gap (see Fig. 1 for
an illustration). Analyzing minimal microscopic models
with two bands, we analytically prove and clarify this
general principle, and, moreover, show how breaking the
protecting symmetry allows to continuously remove the
EPs.

Symmetries in non-Hermitian band structures.— The
general problem of identifying the generic symmetries
for NH systems, thus generalizing the celebrated ten-fold
Altland-Zirnbauer classification from the Hermitian con-
text [53, 54], has been addressed by Bernard and LeClair
(BL) [55, 56]. Instead of ten symmetry classes, BL found
a system of 43 classes, an extension based on additional

2d example

J.C. Budich, J. Carlström, F.K. Kunst and E.J. Bergholtz, Phys. Rev. B 99, 041406 (2019)
+ several subsequent postings… 
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FIG. 3 Schematic plot of the energy spectrum of a Hermitian, two-dimensional Weyl node, H = kx�x + ky�y. Upon adding a
mass term, ✏�z, a gap opens in the spectrum (here shown for ✏ = 0.1). When instead an imaginary term, ibz�z, is added to
the Hamiltonian, a ring of exceptional points, i.e., an exceptional ring appears (here shown in red for bz = 0.3). Lastly, the
addition of an imaginary term ibx�x leads to the appearance of exceptional points (here shown in red for bx = 0.3).

2. Symmetry-protected nodal phases

Requiring symmetries is well known to generally re-
fine a topological classification by constraining the set of
eligible physical systems. Concretely, two model Hamil-
tonians that would be considered equivalent in absence
of a given symmetry may become distinct in its pres-
ence, if any path adiabatically connecting them necessar-
ily breaks that symmetry. This phenomenon defines the
notion of symmetry-protected topological (SPT) phases
(Chen et al., 2013; Chiu et al., 2016).

Symmetries in Hermitian systems. In conventional
Hermitian systems, a primary example of nodal SPT
phases is provided by Dirac semimetals. There, the spin-
degenerate Dirac points may be continuously removed
individually, unless protecting symmetries such as the
combination of parity and time-reversal symmetry (TRS)
are postulated. This is in contrast to Weyl semimetals,

FIG. 4 Exceptional rings/knots (in red) and Seifert surfaces
(in green) appearing in the spectra of short-range hopping
models resulting in (a) an exceptional ring, (b) a trefoil knot,
(c) two exceptional rings, and (d) a Hopf link. See Refs. Carl-
ström and Bergholtz, 2018 and Carlström et al., 2019 for
Hamiltonian details.

the individual Weyl points of which are topologically sta-
ble without symmetries other than the lattice momentum
conservation defining the Bloch band structure.
A first comprehensive symmetry classification was

achieved in a seminal paper by Altland and Zirnbauer
(AZ) (Altland and Zirnbauer, 1997). The AZ classifi-
cation is based on generic symmetry constraints charac-
terizing ensembles of mesoscopic systems beyond stan-
dard unitary symmetries that commute with the system
Hamiltonian. Specifically, the considered constraints are
the anti-unitary TRS defined by

T±H
⇤T�1

± = H, T 2
± = ±1, (13)

where the asterisk denotes complex conjugation, the
particle-hole constraint (PHC)

C±H
⇤C�1

± = �H, C2
± = ±1, (14)

and, resulting from the combination of TRS and PHC,
the chiral symmetry (CS)

UCHU †
C
= �H, UCU

†
C
= U †

C
UC = 1. (15)

Considering all independent combinations of these con-
straints gives rise to the celebrated ten AZ symmetry
classes, on the basis of which the celebrated periodic ta-
ble of topological insulators has been constructed (Kitaev
et al., 2009; Ryu et al., 2010; Schnyder et al., 2008). Later
on, also considering conventional (commuting unitary)
symmetries such as crystalline symmetries has resulted
in the identification of a plethora of additional – both
gapped and nodal – topological band structures (Ando
and Fu, 2015; Chiu et al., 2016; Fu, 2011).
Generic symmetries in non-Hermitian systems. The

natural question of how the AZ symmetry classification
may be generalized to NH systems was addressed by
Bernard and LeClair (BLC) (Bernard and LeClair, 2002),
who derived a 43-fold symmetry classification for ensem-
bles of NH matrices. Here, we would like to briefly review

Turns out that more bands further enriches the picture further (tbd next week)

How about 3d?



3d: generic exceptional rings,…

E=0 solutions form exceptional rings Y. Xu, S.-T. Wang, and L.-M. Duan, PRL 118, 045701(2017)

- Intersections between 2d surfaces

Think about this geometrically
E = 0
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dR · dI = 0
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J. Carlström and E.J. Bergholtz, 
Phys. Rev. A 98, 042114 (2018)

Leads to unusual open Fermi 
surfaces

- Terminated by exceptional lines

Re[E] = 0
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3 parameters but only 2 constraints — generic line-like solutions!



Exceptional links and twisted “Fermi Ribbons”
Exceptional links generated as generic 
intersections between more general 2d 
closed surfaces

J. Carlström and E.J. Bergholtz, 
Phys. Rev. A 98, 042114 (2018)

Leads to open “Fermi ribbons”

- Seifert surfaces, orientable



Generalization: Knotted 
non-Hermitian metals J. Carlström, M. Stålhammar, J.C. Budich and 

E.J. Bergholtz, Phys. Rev. B 99, 161115 (2019)

- Hermitian generic line-like nodes occur in D=4, but in D>3 all knots are trivial!
Two notions of topology combined

Re[E] = 0
Im[E2] = 0

Re[E2] = 0

E = 0 (b)
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“Fermi-Seifert 
surfaces”

Boundary states, hyperbolic knots, 
Alexander polynomials etc in followup 
works… M. Stålhammar, et. al., SciPost Phys. 7, 019 (2019)

C.H. Lee  et. al., Com. Phys. 4, 47 (2021)



Exceptional rings & knots: Experiments
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FIG. 1. Helical waveguide array and corresponding band structure supporting a Weyl exceptional ring. (a)
Schematic of the bipartite helical waveguide array in which the rotations of the two sublattices are out of phase by a half-cycle
and breaks have been added to one of the sublattices. (b) Grayscale microscope image of the output facet of one of the helical
waveguide arrays. (c) Microscope image showing breaks added to the top layer of a helical waveguide array. Within the breaks,
out of focus waveguides deeper in the array can be seen. (d)-(e) Band structures in the δkxδky and δkxδkz planes with δky = 0
and δkz = 0, respectively, for a Hermitian waveguide array, τ = 0, showing a Type-II Weyl point. (f)-(g) Similar to (d)-(e),
except with breaks added to the waveguides, τ = 0.2, so that the band structure possesses a Weyl exceptional ring in the
δkxδky plane which is intersected twice by the δkxδkz plane, exhibiting two exceptional points. (h)-(i) Imaginary portion of
the band structure for the same systems considered in (d)-(e). Surface states are shown schematically in (e), (g), and (i) for
the states localized to the surface with unbroken waveguides.

to the frequency of the underlying Weyl point for the
wavevector components transverse, δk⊥ = (δkx, δky),
and parallel, δkz , to the waveguide axis. The details
of this derivation are included in the Supplementary In-
formation. Here, τ characterizes the strength of the loss
added to one of the two sublattices of waveguides, v⊥ and
vz are the group velocities in the transverse and parallel
directions, respectively, σ̂x,y,z are the Pauli matrices, Î
is the identity, and b is a dimensionless parameter, with
|b| ! 1.

In the Hermitian limit, τ = 0, this helical waveguide
array possesses a type-II Weyl point, whose dispersion is
strongly anisotropic because both bands represent modes
traveling in the same direction along the z axis [31]. Here
we consider the helical waveguide array as a 3D photonic
crystal, not a 2D system in the paraxial limit, where a
Weyl point exists in the δω(kx, ky, kz) band structure.
Although there is a complementary pair of bands repre-
senting modes traveling in the opposite direction at the
same frequency, the weak back-scattering in this system
implies negligible coupling between the forward and back-
ward propagating modes, allowing either pair of bands to
be considered independent of the other. The distinctive
conical band structure of this system at the Weyl point,
δω = 0, is shown in Figs. 1d-e, yielding a large transverse
group velocity at this frequency across nearly the entire
transverse Brillouin zone.

However, as loss is added to one sublattice in the bi-

partite waveguide array by increasing the break lengths,
|τ | > 0, the two bands begin to merge together starting at
the Weyl point, and proceeding radially outward in the
transverse direction, as shown in Fig. 1f. This process
yields a closed contour of exceptional points at δkz = 0
between the upper and lower bands on which the Berry
charge of the underlying Weyl point is exactly preserved,
resulting in a WER [59, 60]. Within this circular region
in δk⊥, and for a range of δkz near that of the WER,
the real part of the bands are nearly flat, resulting in an
extremely small transverse intensity transport velocity,
which is the non-Hermitian generalization of the group
velocity we observe in waveguide arrays [64]. These flat
bands can be seen by viewing the band structure in the
δkx − δkz plane, shown in Fig. 1g for δky = 0, between
the two exceptional points where this plane intersects the
WER. The small transverse intensity transport velocity
found in this region is in contrast to the large transverse
group velocity observed at Weyl points, and forms the
basis for one experimental probe of the WER. A second
consequence of adding spatially patterned loss, is that the
eigenmodes of the system begin to localize to either the
lossless or lossy waveguides depending on whether they
correspond to lossless or attenuating modes, as the loss
produces an effective impedance mismatch between the
two sublattices [65, 66]. This feature of non-Hermitian
systems has been previously observed in parity-time sym-
metric optical systems [67, 68], and provides the theoret-

Cerjan et. al.  
Nature Photonics 13, 623 
(2019)

Exceptional rings 
realised with coupled 
waveguides

Simulating Exceptional Non-Hermitian Metals with Single-Photon Interferometry
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We experimentally simulate in a photonic setting non-Hermitian (NH) metals characterized by
the topological properties of their nodal band structures. Implementing non-unitary time evolution
in reciprocal space followed by interferometric measurements, we probe the complex eigenenergies
of the corresponding NH Bloch Hamiltonians, and study in detail the topology of their exceptional
lines (ELs), the NH counterpart of nodal lines in Hermitian systems. We focus on two distinct
types of NH metals: two-dimensional systems with symmetry-protected ELs, and three-dimensional
systems possessing symmetry-independent topological ELs in the form of knots. While both types
feature open Fermi surfaces, we experimentally observe their distinctions by analyzing the impact
of symmetry-breaking perturbations on the topology of ELs.

Introduction.— Phases of quantum matter charac-
terized by topologically robust nodal band structures,
such as Weyl semimetals exhibiting remarkable transport
properties [1], have been a major focus of both theo-
retical and experimental study for the past decade [1–
6]. Recently, it has become clear that non-Hermiticity,
a common element in open, dissipative systems [7–10],
can qualitatively modify key features of band topology
(see Ref. [6] for a review). This leads to a variety
of fascinating phenomena, including the emergence of
anomalous topological edge states [11–17], and the pres-
ence of exceptional lines (ELs) [18], the non-Hermitian
(NH) generalization of nodal lines along which the NH
Hamiltonian is non-diagonalizable [19–27]. In particu-
lar, at least two distinct classes of NH metals have been
theoretically identified, one with ELs protected by NH
symmetries that reduce the co-dimension of exceptional
points (EPs) [27, 28], the other featuring nodal band
structures and ELs with intrinsic, symmetry-independent
topology [21]. These NH metals are in sharp contrast to
their Hermitian, semimetal counterparts, where ELs and
Fermi surfaces are lower in dimension, respectively re-
duced to isolated points and Fermi arcs [29–33]. While
nodal band structures in both Hermitian and NH set-
tings have seen a great surge of experimental interest re-
cently [34–38], a systematic study of NH metals and the
topological stability of the corresponding band structure
is still lacking.

In this work, we experimentally simulate and observe
NH metals using single-photon interferometry (see Fig. 1
for an illustration of our setup), with a particular focus
on the stability and topology of the ELs with respect
to perturbations. Experimentally, this is achieved by im-
plementing non-unitary time evolution for single photons
that is governed by a corresponding NH Hamiltonian,
and by performing interferometric measurements on the
photons to extract the complex eigenenergies for each
mode in reciprocal space. We simulate both NH met-

APD

APD

BD

HWP

QWP

PBS

BS

Mirror45°

45°

HV

Compensated Crystal

U'

FIG. 1. Experimental setup. The polarization of the sig-
nal photon generated by the standard spontaneous paramet-
ric down-conversion is projected into the polarization state
| ±i with a polarizing beam splitter (PBS), a half-wave plat
(HWP) and a quarter-wave plate (QWP), and then goes
through the interferometric network. After passing through
a 50 : 50 beam splitter (BS), the photon is either transmitted
or reflected, and thus separated into di↵erent paths. Subse-
quently, a non-unitary operation U

0 realized via sets of wave
plates and two beam displacers (BDs) is performed on its
polarization state in the transmitted mode which acquires a
complex phase shift, corresponding to the eigenenergies of
H

0. Finally, the photon is detected by avalanche photodi-
odes (APDs) resulting in a “click click” in coincidence detec-
tion event involving another trigger photon. We measure the
eigenenergies in momentum space via interferometric mea-
surements.

als featuring symmetry protected ELs in two-dimensional
(2D) systems and knotted ELs including a trefoil knot
in three-dimensional (3D) systems, thus observing how
EPs may form closed lines and even knots in momentum
space.

More specifically, for symmetry-protected NH mod-
els in 2D, we show that the closed exceptional-line
structures bound open Fermi volumes, and are ro-
bust against symmetry-preserving perturbations, while
symmetry-breaking terms generically remove the ELs.
This is in contrast to their 2D Hermitian analogues,
where nodal points only occur at isolated momenta and
do not give rise to bulk Fermi volumes. We further simu-
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FIG. 3. Observation of symmetry-independent knotted ELs. (a) Blue and green surfaces correspond to Re(E2) = 0 and
Im(E2) = 0, respectively. The solid red curve is trefoil knotted EL, i.e., the intersection of two surfaces. Two grey planes
correspond to the surfaces with kz = 0.65 and 0, respectively, which are chosen in our experiment.

p
|Re(E2)| and

p
|Im(E2)|

with fixed kz = 0.65 (b) and kz = 0 (c) as functions of kx and ky. Solid black curves are the intersections between the surfaces
Im(E2) = 0 and the grey planes. Blue solid curves are the intersections between the surfaces Re(E2) = 0 and the grey planes.
EPs correspond to intersections of black and blue curves. Experimental data are shown as the black, blue and red dots, and
theoretical results are shown as the colored curves and the colored contour plots. (d)-(f) E↵ects of perturbations

P
i=x,y,z �i�i,

where �i 2 [0, 0.4] are chosen randomly. In our experiment, we have �x = 0.3179, �y = 0.3590, and �z = 0.2211.

FIG. 4. Observation of linked ELs. (a) Blue and green surfaces correspond to Re(E2) = 0 and Im(E2) = 0, respectively. The
solid red curves correspond to the Hopf linked ELs, i.e., the intersection of two surfaces. The grey planes are the surfaces
with kz = kx,�kx, respectively, which are chosen in our experiment.

p
|Re(E2)| and

p
|Im(E2)| with fixed kz = kx (b) and

kz = �kx (c) as functions of kx and ky. Solid black curves are the intersections between the surfaces Im(E2) = 0 and the grey
planes. Blue solid curves are the intersections between the surfaces Re(E2) = 0 and the grey planes. Red solid curves and
the intersections of black and blue curves are ELs and EPs corresponding to the intersections between the Hopf link and the
gray planes. The experimental data are shown as the black, blue and red dots, and theoretical results are shown as the colored
curves and the colored contour plots.

The resulting NH Hamiltonian features ELs with a link
geometry [see Fig. 4(a)]. The experimentally measuredp

|Re(E2)| and
p

|Im(E2)| with kz = ±kx are shown
in Figs. 4(b-c). Similar to the knotted ELs, the linked
topology here is also found to be robust to generic per-
turbations.

Conclusion.— By simulating and observing two di↵er-
ent classes of NH metals, our present experimental study
corroborates the topological robustness of ELs that occur
in a rich variety of nodal NH band structures. While our
findings hopefully inspire the investigation of exotic NH

metals also in other physical platforms, we note that our
present experimental scheme may readily be extended
to multi-band models and systems with other symme-
tries, thus o↵ering a versatile toolbox for the systematic
experimental study of nodal phases in both Hermitian
and non-Hermitian settings. Furthermore, our configu-
ration enables the investigation of dynamical properties
of NH metals, where the presence of open Fermi volumes
or open Fermi surfaces may give rise to so far unexplored
phenomena.

Acknowledgments.— We acknowledge fruitful discus-



Minimal example 2:  
Large N

Take home: Topology of complex energies & 
strong response to boundary conditions



Hatano-Nelson model

Single-band model with asymmetric hopping

- Complex dispersion relation

N. Hatano and D.R. Nelson 
Phys. Rev. Lett. 77, 570 (1996)

Gong et. al.  
Phys. Rev. X 8, 031079 (2018)

- Winding number distinguishes different phases 
with respect to a point gap 

|JL| = |JR|
<latexit sha1_base64="N1p/EjM23Evnk+F8El88NlMcG6c=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclZkq6EYouhFxUcU+YDqUTJppQzPJkGSE0vYz3LhQxK1f486/MW1noa0HEg7n3Mu994QJZ9q47reztLyyurae28hvbm3v7Bb29utaporQGpFcqmaINeVM0JphhtNmoiiOQ04bYf964jeeqNJMikczSGgQ465gESPYWMkf3bbvRpf2fxi1C0W35E6BFomXkSJkqLYLX62OJGlMhSEca+17bmKCIVaGEU7H+VaqaYJJH3epb6nAMdXBcLryGB1bpYMiqewTBk3V3x1DHGs9iENbGWPT0/PeRPzP81MTXQRDJpLUUEFmg6KUIyPR5H7UYYoSwweWYKKY3RWRHlaYGJtS3obgzZ+8SOrlkndaKt+fFStXWRw5OIQjOAEPzqECN1CFGhCQ8Ayv8OYY58V5dz5mpUtO1nMAf+B8/gDzu5EJ</latexit>

- Phase transition at 



Hatano-Nelson with open 
boundaries N. Hatano and D.R. Nelson 

Phys. Rev. Lett. 77, 570 (1996)

Actually, what, more precisely, do we mean by “states” above?

- Single Jordan block and order N exceptional point with at  JL = 0
<latexit sha1_base64="Glv6vKfat3PvvZKH6F0H8NH2Ldc=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgl6EohcRDxXcttAuJZtm29AkuyRZoSz9DV48KOLVH+TNf2Pa7kFbHww83pthZl6YcKaN6347hZXVtfWN4mZpa3tnd6+8f9DUcaoI9UnMY9UOsaacSeobZjhtJ4piEXLaCkc3U7/1RJVmsXw044QGAg8kixjBxkr+Xe/+yu2VK27VnQEtEy8nFcjR6JW/uv2YpIJKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpRILqoNsduwEnVilj6JY2ZIGzdTfExkWWo9FaDsFNkO96E3F/7xOaqLLIGMySQ2VZL4oSjkyMZp+jvpMUWL42BJMFLO3IjLEChNj8ynZELzFl5dJs1b1zqq1h/NK/TqPowhHcAyn4MEF1OEWGuADAQbP8ApvjnRenHfnY95acPKZQ/gD5/MH4QOOEg==</latexit>

The spectrum with open boundaries is completely different from the 
periodic system — states pile up at one of the boundaries!

Hopen =

0

BBBBB@

0 JR 0 0 0
JL 0 JR 0 0
0 JL 0 · · · 0

0 0
...

. . . JR

0 0 0 JL 0

1

CCCCCA

<latexit sha1_base64="lKTypp81EGu2k/k0TtaLkhkog44="></latexit>

- Extreme sensitivity to boundary conditions:                          vs  Ek = JRe
�ik

<latexit sha1_base64="PMhVh7t0B8lZqPL0DKLh5TZQMvc=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4sSRVUAShIIJ4qmI/oE3DZjttl2w2YXejlND/4cWDIl79L978N27bHLT1wcDjvRlm5vkxZ0rb9re1sLi0vLKaW8uvb2xubRd2dusqSiSFGo14JJs+UcCZgJpmmkMzlkBCn0PDD67GfuMRpGKReNDDGNyQ9AXrMUq0kTrXXnB5691DJz1mwcgrFO2SPQGeJ05GiihD1St8tbsRTUIQmnKiVMuxY+2mRGpGOYzy7URBTGhA+tAyVJAQlJtOrh7hQ6N0cS+SpoTGE/X3REpCpYahbzpDogdq1huL/3mtRPfO3ZSJONEg6HRRL+FYR3gcAe4yCVTzoSGESmZuxXRAJKHaBJU3ITizL8+TernknJTKd6fFykUWRw7towN0hBx0hiroBlVRDVEk0TN6RW/Wk/VivVsf09YFK5vZQ39gff4AxyaSBQ==</latexit>

Bloch states
Ek = 0
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All states at the 
end site



Focus 2: 
Anomalous bulk-boundary 

correspondence 
F. K. Kunst, E. Edvardsson, J. C. Budich, and E. J. Bergholtz,
Phys. Rev. Lett. 121, 026808 (2018)

(a) (b) (c)
Re E
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S. Yao, F. Song, and Z. Wang, 
Phys. Rev. Lett. 121, 136802 (2018)

Alternative approach : 

Take home: Open and closed boundary 
conditions give very different physics — but 
cases can be understood and are 
experimentally relevant!



Basic observation (cf. also minimal example 2)

Open and periodic energy spectra can be dramatically different!

Literature filled with topological invariants calculated with periodic boundary 
conditions — but these do not generally dictate the presence of boundary modes!

Need to consider the open system from the outset…

Example: non-Hermitian SSH chain



Non-Hermitian skin effect 

At the heart of the problem

Left and right eigenstates pile up at opposite sides

But their “product” does not



Away from exceptional points one can get a complete orthonormal basis by 
choosing 

Biorthogonal quantum mechanics
Brody, J Phys. A: Math. Theor. 47, 035305 (2013)

- Leading to

with

with

and

By definition we have 

H
†|uL

ni = E
⇤
n|uL

ni
<latexit sha1_base64="ugZCNkr4JP3AX/hE9E6JrnOZPyM=">AAACEnicbVDLSgNBEJz1GeMr6tHLYBAkh7Argg8QAiLk4CGCMYHsZpmddDZDZmeXmVkhxPyDF3/FiwcVr568+TdOHgeTWNBQVHXT3RUknClt2z/WwuLS8spqZi27vrG5tZ3b2b1XcSopVGnMY1kPiALOBFQ10xzqiQQSBRxqQfdq6NceQCoWizvdS8CLSChYm1GijeTnCuWm2yJhCBI/ps0bX7iSiJDD5bUvmoUpyc/l7aI9Ap4nzoTk0QQVP/fttmKaRiA05USphmMn2usTqRnlMMi6qYKE0C4JoWGoIBEorz/6aYAPjdLC7ViaEhqP1L8TfRIp1YsC0xkR3VGz3lD8z2ukun3m9ZlIUg2Cjhe1U451jIcB4RaTQDXvGUKoZOZWTDtEEqpNjFkTgjP78jypHhfPi87tSb50MUkjg/bRATpCDjpFJVRGFVRFFD2hF/SG3q1n69X6sD7HrQvWZGYPTcH6+gVET534</latexit><latexit sha1_base64="ugZCNkr4JP3AX/hE9E6JrnOZPyM=">AAACEnicbVDLSgNBEJz1GeMr6tHLYBAkh7Argg8QAiLk4CGCMYHsZpmddDZDZmeXmVkhxPyDF3/FiwcVr568+TdOHgeTWNBQVHXT3RUknClt2z/WwuLS8spqZi27vrG5tZ3b2b1XcSopVGnMY1kPiALOBFQ10xzqiQQSBRxqQfdq6NceQCoWizvdS8CLSChYm1GijeTnCuWm2yJhCBI/ps0bX7iSiJDD5bUvmoUpyc/l7aI9Ap4nzoTk0QQVP/fttmKaRiA05USphmMn2usTqRnlMMi6qYKE0C4JoWGoIBEorz/6aYAPjdLC7ViaEhqP1L8TfRIp1YsC0xkR3VGz3lD8z2ukun3m9ZlIUg2Cjhe1U451jIcB4RaTQDXvGUKoZOZWTDtEEqpNjFkTgjP78jypHhfPi87tSb50MUkjg/bRATpCDjpFJVRGFVRFFD2hF/SG3q1n69X6sD7HrQvWZGYPTcH6+gVET534</latexit><latexit sha1_base64="ugZCNkr4JP3AX/hE9E6JrnOZPyM=">AAACEnicbVDLSgNBEJz1GeMr6tHLYBAkh7Argg8QAiLk4CGCMYHsZpmddDZDZmeXmVkhxPyDF3/FiwcVr568+TdOHgeTWNBQVHXT3RUknClt2z/WwuLS8spqZi27vrG5tZ3b2b1XcSopVGnMY1kPiALOBFQ10xzqiQQSBRxqQfdq6NceQCoWizvdS8CLSChYm1GijeTnCuWm2yJhCBI/ps0bX7iSiJDD5bUvmoUpyc/l7aI9Ap4nzoTk0QQVP/fttmKaRiA05USphmMn2usTqRnlMMi6qYKE0C4JoWGoIBEorz/6aYAPjdLC7ViaEhqP1L8TfRIp1YsC0xkR3VGz3lD8z2ukun3m9ZlIUg2Cjhe1U451jIcB4RaTQDXvGUKoZOZWTDtEEqpNjFkTgjP78jypHhfPi87tSb50MUkjg/bRATpCDjpFJVRGFVRFFD2hF/SG3q1n69X6sD7HrQvWZGYPTcH6+gVET534</latexit><latexit sha1_base64="ugZCNkr4JP3AX/hE9E6JrnOZPyM=">AAACEnicbVDLSgNBEJz1GeMr6tHLYBAkh7Argg8QAiLk4CGCMYHsZpmddDZDZmeXmVkhxPyDF3/FiwcVr568+TdOHgeTWNBQVHXT3RUknClt2z/WwuLS8spqZi27vrG5tZ3b2b1XcSopVGnMY1kPiALOBFQ10xzqiQQSBRxqQfdq6NceQCoWizvdS8CLSChYm1GijeTnCuWm2yJhCBI/ps0bX7iSiJDD5bUvmoUpyc/l7aI9Ap4nzoTk0QQVP/fttmKaRiA05USphmMn2usTqRnlMMi6qYKE0C4JoWGoIBEorz/6aYAPjdLC7ViaEhqP1L8TfRIp1YsC0xkR3VGz3lD8z2ukun3m9ZlIUg2Cjhe1U451jIcB4RaTQDXvGUKoZOZWTDtEEqpNjFkTgjP78jypHhfPi87tSb50MUkjg/bRATpCDjpFJVRGFVRFFD2hF/SG3q1n69X6sD7HrQvWZGYPTcH6+gVET534</latexit>

H|uR
n i = En|uR

n i
<latexit sha1_base64="SsgzWvLRq+Z6i/jpdd9bY1kbFsA=">AAACB3icbVBNS8NAEJ34WetX1KMHg0XwVBIR/AChIEKPVYwttDFstpt26WYTdjdCiT168a948aDi1b/gzX/jts3Btj4YeLw3w8y8IGFUKtv+MebmFxaXlgsrxdW19Y1Nc2v7TsapwMTFMYtFI0CSMMqJq6hipJEIgqKAkXrQuxz69QciJI35reonxItQh9OQYqS05Jt71cf0/sbnLYF4h5GLK59PCL5Zssv2CNYscXJSghw13/xutWOcRoQrzJCUTcdOlJchoShmZFBspZIkCPdQhzQ15Sgi0stGjwysA620rTAWuriyRurfiQxFUvajQHdGSHXltDcU//OaqQpPvYzyJFWE4/GiMGWWiq1hKlabCoIV62uCsKD6Vgt3kUBY6eyKOgRn+uVZ4h6Vz8rO9XGpcp6nUYBd2IdDcOAEKlCFGriA4Qle4A3ejWfj1fgwPsetc0Y+swMTML5+AXGdmco=</latexit><latexit sha1_base64="SsgzWvLRq+Z6i/jpdd9bY1kbFsA=">AAACB3icbVBNS8NAEJ34WetX1KMHg0XwVBIR/AChIEKPVYwttDFstpt26WYTdjdCiT168a948aDi1b/gzX/jts3Btj4YeLw3w8y8IGFUKtv+MebmFxaXlgsrxdW19Y1Nc2v7TsapwMTFMYtFI0CSMMqJq6hipJEIgqKAkXrQuxz69QciJI35reonxItQh9OQYqS05Jt71cf0/sbnLYF4h5GLK59PCL5Zssv2CNYscXJSghw13/xutWOcRoQrzJCUTcdOlJchoShmZFBspZIkCPdQhzQ15Sgi0stGjwysA620rTAWuriyRurfiQxFUvajQHdGSHXltDcU//OaqQpPvYzyJFWE4/GiMGWWiq1hKlabCoIV62uCsKD6Vgt3kUBY6eyKOgRn+uVZ4h6Vz8rO9XGpcp6nUYBd2IdDcOAEKlCFGriA4Qle4A3ejWfj1fgwPsetc0Y+swMTML5+AXGdmco=</latexit><latexit sha1_base64="SsgzWvLRq+Z6i/jpdd9bY1kbFsA=">AAACB3icbVBNS8NAEJ34WetX1KMHg0XwVBIR/AChIEKPVYwttDFstpt26WYTdjdCiT168a948aDi1b/gzX/jts3Btj4YeLw3w8y8IGFUKtv+MebmFxaXlgsrxdW19Y1Nc2v7TsapwMTFMYtFI0CSMMqJq6hipJEIgqKAkXrQuxz69QciJI35reonxItQh9OQYqS05Jt71cf0/sbnLYF4h5GLK59PCL5Zssv2CNYscXJSghw13/xutWOcRoQrzJCUTcdOlJchoShmZFBspZIkCPdQhzQ15Sgi0stGjwysA620rTAWuriyRurfiQxFUvajQHdGSHXltDcU//OaqQpPvYzyJFWE4/GiMGWWiq1hKlabCoIV62uCsKD6Vgt3kUBY6eyKOgRn+uVZ4h6Vz8rO9XGpcp6nUYBd2IdDcOAEKlCFGriA4Qle4A3ejWfj1fgwPsetc0Y+swMTML5+AXGdmco=</latexit><latexit sha1_base64="SsgzWvLRq+Z6i/jpdd9bY1kbFsA=">AAACB3icbVBNS8NAEJ34WetX1KMHg0XwVBIR/AChIEKPVYwttDFstpt26WYTdjdCiT168a948aDi1b/gzX/jts3Btj4YeLw3w8y8IGFUKtv+MebmFxaXlgsrxdW19Y1Nc2v7TsapwMTFMYtFI0CSMMqJq6hipJEIgqKAkXrQuxz69QciJI35reonxItQh9OQYqS05Jt71cf0/sbnLYF4h5GLK59PCL5Zssv2CNYscXJSghw13/xutWOcRoQrzJCUTcdOlJchoShmZFBspZIkCPdQhzQ15Sgi0stGjwysA620rTAWuriyRurfiQxFUvajQHdGSHXltDcU//OaqQpPvYzyJFWE4/GiMGWWiq1hKlabCoIV62uCsKD6Vgt3kUBY6eyKOgRn+uVZ4h6Vz8rO9XGpcp6nUYBd2IdDcOAEKlCFGriA4Qle4A3ejWfj1fgwPsetc0Y+swMTML5+AXGdmco=</latexit>

and

This provides the “product”…



A step back, again: Exact boundary states

Basic example (SSH chain) Odd length

| endi = N
X

m

✓
� t1
t2

◆m

c†A,m|0i
<latexit sha1_base64="He9TZ8pwt8z1nk61b8dXea+VnBY="></latexit><latexit sha1_base64="He9TZ8pwt8z1nk61b8dXea+VnBY="></latexit><latexit sha1_base64="He9TZ8pwt8z1nk61b8dXea+VnBY="></latexit><latexit sha1_base64="He9TZ8pwt8z1nk61b8dXea+VnBY="></latexit>

E = 0
<latexit sha1_base64="1tZJccoCKF3E6XV7owLUEtCJ/lo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUA9CUQSPFY0ttKFsttN26WYTdjdCCf0JXjyoePUfefPfuG1z0NYHA4/3ZpiZFyaCa+O6305haXllda24XtrY3NreKe/uPeo4VQx9FotYNUOqUXCJvuFGYDNRSKNQYCMcXk/8xhMqzWP5YEYJBhHtS97jjBor3d9cup1yxa26U5BF4uWkAjnqnfJXuxuzNEJpmKBatzw3MUFGleFM4LjUTjUmlA1pH1uWShqhDrLpqWNyZJUu6cXKljRkqv6eyGik9SgKbWdEzUDPexPxP6+Vmt55kHGZpAYlmy3qpYKYmEz+Jl2ukBkxsoQyxe2thA2ooszYdEo2BG/+5UXin1Qvqt7daaV2ladRhAM4hGPw4AxqcAt18IFBH57hFd4c4bw4787HrLXg5DP78AfO5w/23I0e</latexit><latexit sha1_base64="1tZJccoCKF3E6XV7owLUEtCJ/lo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUA9CUQSPFY0ttKFsttN26WYTdjdCCf0JXjyoePUfefPfuG1z0NYHA4/3ZpiZFyaCa+O6305haXllda24XtrY3NreKe/uPeo4VQx9FotYNUOqUXCJvuFGYDNRSKNQYCMcXk/8xhMqzWP5YEYJBhHtS97jjBor3d9cup1yxa26U5BF4uWkAjnqnfJXuxuzNEJpmKBatzw3MUFGleFM4LjUTjUmlA1pH1uWShqhDrLpqWNyZJUu6cXKljRkqv6eyGik9SgKbWdEzUDPexPxP6+Vmt55kHGZpAYlmy3qpYKYmEz+Jl2ukBkxsoQyxe2thA2ooszYdEo2BG/+5UXin1Qvqt7daaV2ladRhAM4hGPw4AxqcAt18IFBH57hFd4c4bw4787HrLXg5DP78AfO5w/23I0e</latexit><latexit sha1_base64="1tZJccoCKF3E6XV7owLUEtCJ/lo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUA9CUQSPFY0ttKFsttN26WYTdjdCCf0JXjyoePUfefPfuG1z0NYHA4/3ZpiZFyaCa+O6305haXllda24XtrY3NreKe/uPeo4VQx9FotYNUOqUXCJvuFGYDNRSKNQYCMcXk/8xhMqzWP5YEYJBhHtS97jjBor3d9cup1yxa26U5BF4uWkAjnqnfJXuxuzNEJpmKBatzw3MUFGleFM4LjUTjUmlA1pH1uWShqhDrLpqWNyZJUu6cXKljRkqv6eyGik9SgKbWdEzUDPexPxP6+Vmt55kHGZpAYlmy3qpYKYmEz+Jl2ukBkxsoQyxe2thA2ooszYdEo2BG/+5UXin1Qvqt7daaV2ladRhAM4hGPw4AxqcAt18IFBH57hFd4c4bw4787HrLXg5DP78AfO5w/23I0e</latexit><latexit sha1_base64="1tZJccoCKF3E6XV7owLUEtCJ/lo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUA9CUQSPFY0ttKFsttN26WYTdjdCCf0JXjyoePUfefPfuG1z0NYHA4/3ZpiZFyaCa+O6305haXllda24XtrY3NreKe/uPeo4VQx9FotYNUOqUXCJvuFGYDNRSKNQYCMcXk/8xhMqzWP5YEYJBhHtS97jjBor3d9cup1yxa26U5BF4uWkAjnqnfJXuxuzNEJpmKBatzw3MUFGleFM4LjUTjUmlA1pH1uWShqhDrLpqWNyZJUu6cXKljRkqv6eyGik9SgKbWdEzUDPexPxP6+Vmt55kHGZpAYlmy3qpYKYmEz+Jl2ukBkxsoQyxe2thA2ooszYdEo2BG/+5UXin1Qvqt7daaV2ladRhAM4hGPw4AxqcAt18IFBH57hFd4c4bw4787HrLXg5DP78AfO5w/23I0e</latexit>
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(a)

(b)

(c)
t1

<latexit sha1_base64="Dicezvm+fDyBGXjyTuuuYvARQU0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN4KXjxWNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiEQ94CTlQUyHSkSCUbTSPfa9frXm1t05yCrxClKDAq1+9as3SFgWc4VMUmO6nptikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQW5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAje8surxL+oX9e9u8tas1mkUYYTOIVz8KABTbiFFvjAYAjP8ApvjnRenHfnY9FacoqZY/gD5/MHcseNbg==</latexit><latexit sha1_base64="Dicezvm+fDyBGXjyTuuuYvARQU0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN4KXjxWNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiEQ94CTlQUyHSkSCUbTSPfa9frXm1t05yCrxClKDAq1+9as3SFgWc4VMUmO6nptikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQW5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAje8surxL+oX9e9u8tas1mkUYYTOIVz8KABTbiFFvjAYAjP8ApvjnRenHfnY9FacoqZY/gD5/MHcseNbg==</latexit><latexit sha1_base64="Dicezvm+fDyBGXjyTuuuYvARQU0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN4KXjxWNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiEQ94CTlQUyHSkSCUbTSPfa9frXm1t05yCrxClKDAq1+9as3SFgWc4VMUmO6nptikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQW5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAje8surxL+oX9e9u8tas1mkUYYTOIVz8KABTbiFFvjAYAjP8ApvjnRenHfnY9FacoqZY/gD5/MHcseNbg==</latexit><latexit sha1_base64="Dicezvm+fDyBGXjyTuuuYvARQU0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN4KXjxWNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiEQ94CTlQUyHSkSCUbTSPfa9frXm1t05yCrxClKDAq1+9as3SFgWc4VMUmO6nptikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YYXQW5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAje8surxL+oX9e9u8tas1mkUYYTOIVz8KABTbiFFvjAYAjP8ApvjnRenHfnY9FacoqZY/gD5/MHcseNbg==</latexit>

t2
<latexit sha1_base64="x8p+ipl11fm026R0Rai51QFGgw4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN4KXjxWNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiEQ94CTlQUyHSkSCUbTSPfYb/WrNrbtzkFXiFaQGBVr96ldvkLAs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOenTsmZVQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wugpyodIMuWKLRVEmCSZk9jcZCM0ZyokllGlhbyVsRDVlaNOp2BC85ZdXid+oX9e9u4tas1mkUYYTOIVz8OASmnALLfCBwRCe4RXeHOm8OO/Ox6K15BQzx/AHzucPdEqNbw==</latexit><latexit sha1_base64="x8p+ipl11fm026R0Rai51QFGgw4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN4KXjxWNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiEQ94CTlQUyHSkSCUbTSPfYb/WrNrbtzkFXiFaQGBVr96ldvkLAs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOenTsmZVQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wugpyodIMuWKLRVEmCSZk9jcZCM0ZyokllGlhbyVsRDVlaNOp2BC85ZdXid+oX9e9u4tas1mkUYYTOIVz8OASmnALLfCBwRCe4RXeHOm8OO/Ox6K15BQzx/AHzucPdEqNbw==</latexit><latexit sha1_base64="x8p+ipl11fm026R0Rai51QFGgw4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN4KXjxWNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiEQ94CTlQUyHSkSCUbTSPfYb/WrNrbtzkFXiFaQGBVr96ldvkLAs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOenTsmZVQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wugpyodIMuWKLRVEmCSZk9jcZCM0ZyokllGlhbyVsRDVlaNOp2BC85ZdXid+oX9e9u4tas1mkUYYTOIVz8OASmnALLfCBwRCe4RXeHOm8OO/Ox6K15BQzx/AHzucPdEqNbw==</latexit><latexit sha1_base64="x8p+ipl11fm026R0Rai51QFGgw4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN4KXjxWNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiEQ94CTlQUyHSkSCUbTSPfYb/WrNrbtzkFXiFaQGBVr96ldvkLAs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOenTsmZVQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wugpyodIMuWKLRVEmCSZk9jcZCM0ZyokllGlhbyVsRDVlaNOp2BC85ZdXid+oX9e9u4tas1mkUYYTOIVz8OASmnALLfCBwRCe4RXeHOm8OO/Ox6K15BQzx/AHzucPdEqNbw==</latexit>

Even length
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Phase transition when the boundary 
state delocalises!



Back to the non-Hermitian SSH chain

Exact zero energy boundary states:

Phase transitions and changes in zero-modes at                                           ?                   

Observation: when                    we have an exact zero energy biorthogonal bulk 
state! 

(now with                                                         )

A
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Not positive definite!



Biorthogonal polarisation and boundary modes

Predicts the correct phase transitions — strikingly different from bulk invariants 
and also from indicators involving only right or left eigenstates!

We construct a “biorthogonal polarisation”,    , which is quantised and jumps 
precisely when 

P<latexit sha1_base64="smBB1PoG8ndqDh3mGxIW3+A1qAE=">AAAB53icbVDLSsNAFL2pr1pfVZduBovgqiQi+FgV3LhswdhCG2QyvWnHTiZhZiKU0C9w40LFrb/kzr9x2mahrQcGDuecy9x7wlRwbVz32ymtrK6tb5Q3K1vbO7t71f2De51kiqHPEpGoTkg1Ci7RN9wI7KQKaRwKbIejm6nffkKleSLvzDjFIKYDySPOqLFSq/lQrbl1dwayTLyC1KCAzX/1+gnLYpSGCap113NTE+RUGc4ETiq9TGNK2YgOsGuppDHqIJ8tOiEnVumTKFH2SUNm6u+JnMZaj+PQJmNqhnrRm4r/ed3MRJdBzmWaGZRs/lGUCWISMr2a9LlCZsTYEsoUt7sSNqSKMmO7qdgSvMWTl4l/Vr+qe63zWuO6aKMMR3AMp+DBBTTgFprgAwOEZ3iFN+fReXHenY95tOQUM4fwB87nDxW/jKA=</latexit><latexit sha1_base64="smBB1PoG8ndqDh3mGxIW3+A1qAE=">AAAB53icbVDLSsNAFL2pr1pfVZduBovgqiQi+FgV3LhswdhCG2QyvWnHTiZhZiKU0C9w40LFrb/kzr9x2mahrQcGDuecy9x7wlRwbVz32ymtrK6tb5Q3K1vbO7t71f2De51kiqHPEpGoTkg1Ci7RN9wI7KQKaRwKbIejm6nffkKleSLvzDjFIKYDySPOqLFSq/lQrbl1dwayTLyC1KCAzX/1+gnLYpSGCap113NTE+RUGc4ETiq9TGNK2YgOsGuppDHqIJ8tOiEnVumTKFH2SUNm6u+JnMZaj+PQJmNqhnrRm4r/ed3MRJdBzmWaGZRs/lGUCWISMr2a9LlCZsTYEsoUt7sSNqSKMmO7qdgSvMWTl4l/Vr+qe63zWuO6aKMMR3AMp+DBBTTgFprgAwOEZ3iFN+fReXHenY95tOQUM4fwB87nDxW/jKA=</latexit><latexit sha1_base64="smBB1PoG8ndqDh3mGxIW3+A1qAE=">AAAB53icbVDLSsNAFL2pr1pfVZduBovgqiQi+FgV3LhswdhCG2QyvWnHTiZhZiKU0C9w40LFrb/kzr9x2mahrQcGDuecy9x7wlRwbVz32ymtrK6tb5Q3K1vbO7t71f2De51kiqHPEpGoTkg1Ci7RN9wI7KQKaRwKbIejm6nffkKleSLvzDjFIKYDySPOqLFSq/lQrbl1dwayTLyC1KCAzX/1+gnLYpSGCap113NTE+RUGc4ETiq9TGNK2YgOsGuppDHqIJ8tOiEnVumTKFH2SUNm6u+JnMZaj+PQJmNqhnrRm4r/ed3MRJdBzmWaGZRs/lGUCWISMr2a9LlCZsTYEsoUt7sSNqSKMmO7qdgSvMWTl4l/Vr+qe63zWuO6aKMMR3AMp+DBBTTgFprgAwOEZ3iFN+fReXHenY95tOQUM4fwB87nDxW/jKA=</latexit><latexit sha1_base64="smBB1PoG8ndqDh3mGxIW3+A1qAE=">AAAB53icbVDLSsNAFL2pr1pfVZduBovgqiQi+FgV3LhswdhCG2QyvWnHTiZhZiKU0C9w40LFrb/kzr9x2mahrQcGDuecy9x7wlRwbVz32ymtrK6tb5Q3K1vbO7t71f2De51kiqHPEpGoTkg1Ci7RN9wI7KQKaRwKbIejm6nffkKleSLvzDjFIKYDySPOqLFSq/lQrbl1dwayTLyC1KCAzX/1+gnLYpSGCap113NTE+RUGc4ETiq9TGNK2YgOsGuppDHqIJ8tOiEnVumTKFH2SUNm6u+JnMZaj+PQJmNqhnrRm4r/ed3MRJdBzmWaGZRs/lGUCWISMr2a9LlCZsTYEsoUt7sSNqSKMmO7qdgSvMWTl4l/Vr+qe63zWuO6aKMMR3AMp+DBBTTgFprgAwOEZ3iFN+fReXHenY95tOQUM4fwB87nDxW/jKA=</latexit>

(a) (b) (c)

- Works also for non-solvable models and multiple boundary modes



It generalises directly: Non-Hermitian Chern 
insulators

(b)(a) (c)



Chern insulator phase diagram

(a)

(b) (d)(c) (e)

(f) (g) (h) (i)

(a) (b)

4

2

2



Why does it work?

Spectrum from left and right eigenvectors  

- Extended/delocalised biorthogonal states play the same role 
as extended states does in Hermitian models where the 
distinction between right and left is gone 



Periodic vs. open boundary 
conditions

Effect of coupling the ends

(a) (b) (c)

(d) (e) (f)

Inspired by: Xiong, Journal of Physics 
Communications 2, 035043 (2018) 

Crossover at exponentially small 

Intuitive from the perspective of the skin effect (but we’ll get back to some 
subtleties…)



Domain walls
Physical mechanism: coupling ends via a Hermitian domain

Non-Hermitian chain

Hermitian chain

(a)

(d)

(b) (c)

(e) (f)

Large gap GaplessCrossover gap

Both periodic and open system physics can be realised depending on the 
strength of the effective coupling!

- Also tuneable geometrically and/or by Wannier function engineering



(In)stability of the spectra of large NH matrices

Hopen =

0

BBBBB@

0 JR 0 0 0
JL 0 JR 0 0
0 JL 0 · · · 0

0 0
...

. . . JR

0 0 0 JL 0

1

CCCCCA

<latexit sha1_base64="lKTypp81EGu2k/k0TtaLkhkog44="></latexit>

Same thing, different perspective
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- The spectrum of             is stable to small perturbations like       but not       H2
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- Stability in math and physics literature quite different concepts 



Experiments!
A wave of experimental studies of the bulk-boundary correspondence followed…

Mechanical/robotic system: 
Ghatak et al., arXiv:1907.11619.

Topolectric circuits: Helbig et al., arXiv:1907.11562.

Quantum walks: Xiao et al., arXiv:1907.12566



There is much more…

New notions of gapped 
topological phases

 
Kawabata et. al.  
PRX 9, 041015 (2019) 

- gain needed, previously thought 
to be in conflict with topological 
phases

RESEARCH ARTICLE
◥

TOPOLOGICAL PHOTONICS

Topological insulator laser:
Experiments
Miguel A. Bandres,1* Steffen Wittek,2* Gal Harari,1* Midya Parto,2 Jinhan Ren,2

Mordechai Segev,1† Demetrios N. Christodoulides,2† Mercedeh Khajavikhan2†

Physical systems exhibiting topological invariants are naturally endowed with robustness
against perturbations, as manifested in topological insulators—materials exhibiting robust
electron transport, immune from scattering by defects and disorder. Recent years have
witnessed intense efforts toward exploiting these phenomena in photonics. Here we
demonstrate a nonmagnetic topological insulator laser system exhibiting topologically
protected transport in the cavity. Its topological properties give rise to single-mode lasing,
robustness against defects, and considerably higher slope efficiencies compared to the
topologically trivial counterparts.We further exploit the properties of active topological
platforms by assembling the system from S-chiral microresonators, enforcing predetermined
unidirectional lasing without magnetic fields.This work paves the way toward active topological
devices with exciting properties and functionalities.

T
opological insulators are a phase of matter
that feature an insulating bulk while support-
ing conducting edge states (1–3). Notably,
the transport of edge states in topological
insulators is granted topological protec-

tion, a property stemming from the underlying
topological invariants (2). For example, in two-
dimensional (2D) systems, the ensued one-way
conduction along the edge of a topological in-
sulator is, by nature, scatter free—a direct out-
come of the nontrivial topology of the bulk
electronic wave functions (3). Although topo-
logical protection was initially encountered in
the integer quantum Hall effect (4), the field
of topological physics developed rapidly after
it was recognized that topologically protected
transport can also be observed even in the ab-
sence of a magnetic field (5, 6). This, in turn,
spurred a flurry of experimental activities in a
number of electronic material systems (7). The
promise of robust transport inspired studies
in many and diverse fields beyond solid-state
physics, such as optics, ultracold atomic gases,
mechanics, and acoustics (8–25). Along these
lines, unidirectional topological states were ob-
served in microwave settings (9) in the pres-
ence of a magnetic field (the electromagnetic
analog of the quantum Hall effect), and, more
recently, topologically protected transport phe-
nomena have been successfully demonstrated in
optical passive all-dielectric environments by
introducing artificial gauge fields (14, 15).

In photonics, topological concepts could lead
to new families of optical structures and devices
by exploiting robust, scatter-free light propaga-
tion. Lasers, in particular, could directly benefit
from such attributes [see the accompanying theo-
retical paper (26)]. In general, laser cavities are
prone to disorder, which inevitably arises from
fabrication imperfections, operational degrada-
tion, and malfunction. Specifically, the presence
of disorder in a laser gives rise to spatial light
localizationwithin the cavity, ultimately resulting
in a degraded overlap of the lasingmodewith the

gain profile. This implies lower output coupling,
multimode lasing, and reduced slope efficiency.
These issues become acute in arrays of coupled
laser resonators (used to yield higher power), in
which a large number of elements is involved.
Naturally, it would be of interest to exploit topo-
logical features in designing laser systems that
are immune to disorder. In this spirit, several
groups have recently studied edge-mode lasing
in topological 1D Su-Schrieffer-Heeger resonator
arrays (27–29). However, being one-dimensional,
they lase in a zero-dimensional defect state, which
inherently cannot provide protected transport.
Conversely, 2D laser systems can directly benefit
from topological protection. Indeed, it was shown
theoretically that it is possible to harness the
underlying features of topological insulators in
2D laser arrays, when lasing in an extended topo-
logical state (26, 30, 31). As indicated there, such
systems can operate in a single-mode fashion
with high slope efficiencies, in spite of appreciable
disorder. In a following development, unidirec-
tional edge-mode lasing was demonstrated in a
topological photonic crystal configuration involv-
ing a yttrium iron garnet (YIG) substrate under
the action of amagnetic field (32). In that system,
lasing occurred within a narrow spectral band
gap induced by magneto-optic effects. Clearly, it
would be of interest to pursue magnet-free ap-
proaches that are, by nature,more compatiblewith
fabrication procedures and photonic integration
involving low-loss components. In addition, such
all-dielectric systems can prove advantageous
in substantially expanding the topological band
gap and, in doing that, bring the topological
protection of photon transport to the level at
which lasing is immune to defects and disorder.
Here we report the first observation of topolog-

ically protected edge-mode lasing innonmagnetic,
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Fig. 1. Topological
insulator laser: Lattice
geometry. (A) Micro-
scope image of an active
InGaAsP topological
10 unit cell–by–10 unit
cell microresonator array.
(B) Scanning electron
microscopy (SEM) image
of the outcoupling
grating structures used
to probe the array at
the orange-outlined
locations indicated in (A).
(C) Magnification of
the blue-outlined area
indicated in (A), showing
a SEM micrograph
of a unit cell comprised
of a primary ring site
surrounded by four
identical intermediary
racetrack links. (D) A
schematic of the
topological array when
pumped along the perimeter to promote lasing of the topological edge mode.
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Mordechai Segev,† Demetrios N. Christodoulides,† Mercedeh Khajavikhan†

INTRODUCTION: Physical systems that ex-
hibit topological invariants are naturally en-
dowed with robustness against perturbations,
as was recently demonstrated in many settings
in condensed matter, photonics, cold atoms,
acoustics, and more. The most prominent man-
ifestations of topological systems are topological
insulators, which exhibit scatter-free edge-state
transport, immune to perturbations and dis-
order. Recent years have witnessed intense efforts
toward exploiting these physical phenomena in
the optical domain, with new ideas ranging from
topology-driven unidirectional devices to topo-
logical protection of path entanglement. But
perhaps more technologically relevant than
all topological photonic settings studied thus
far is, as proposed by the accompanying theo-
retical paper by Harari et al., an all-dielectric
magnet-free topological insulator laser, with
desirable properties stemming from the topo-
logical transport of light in the laser cavity.

RATIONALE:We demonstrate nonmagnetic
topological insulator lasers. The topological
properties of the laser system give rise to single-
mode lasing, robustness against fabrication de-
fects, and notably higher slope efficiencies
compared to those of the topologically trivial
counterparts.We further exploit the properties of

theactive topologicalplatformbyassembling topo-
logical insulator lasers from S-chiral microreso-
nators that enforcepredeterminedunidirectional
lasing even in the absence of magnetic fields.

RESULTS: Our topological insulator laser sys-
tem is an aperiodic array of 10 unit cell–by–10
unit cell coupled ring resonators on an InGaAsP
quantumwells platform. The active lattice uses
the topological architecture suggested in the
accompanying theoretical paper. This two-
dimensional setting is composed of a square
lattice of ring resonators coupled to each other
by means of link rings. The intermediary links
are judiciously spatially shifted to introduce a
set of hopping phases, establishing a synthetic
magnetic field and two topological band gaps.
The gain in this laser system is provided by opti-
cal pumping. To promote lasing of the topolog-
ically protected edgemodes,we pump the outer
perimeter of the arraywhile leaving the interior
lossy.We find that this topological insulator laser
operates in singlemode even considerably above
threshold, whereas the corresponding topologi-
cally trivial realizations lase inmultiplemodes.
Moreover, the topological laser displays a slope
efficiency that is considerably higher than that in
the corresponding trivial realizations.We further
demonstrate the topological features of this laser

by observing that in the topological array, all sites
emit coherently at the samewavelength,whereas
in the trivial array, lasing occurs in localized re-
gions, each at a different frequency. Also, by
pumping only part of the topological array, we
demonstrate that the topological edgemode al-
ways travels along the perimeter and emits light

throughtheoutputcoupler.
Bycontrast,whenwepump
the trivial array far fromthe
output coupler, no light is
extracted fromthe coupler
because the lasingoccurs at
stationarymodes.We also

observe that, even in the presence of defects, the
topological protection always leads tomore effi-
cient lasing compared to that of the trivial coun-
terpart. Finally, to show the potential of this
active system,we assemble a topological system
based on S-chiral resonators, which canprovide
new avenues to control the topological features.

CONCLUSION:Wehave experimentally dem-
onstrated an all-dielectric topological insulator
laser and found that the topological features en-
hancethe lasingperformanceofa two-dimensional
array of microresonators, making them lase in
unison in an extended topologically protected
scatter-free edge mode. The observed single
longitudinal-mode operation leads to a consid-
erably higher slope efficiency as compared to
that of a corresponding topologically trivial sys-
tem. Our results pave the way toward a new
class of active topological photonic devices, such
as laser arrays, that can operate in a coherent
fashion with high efficiencies.▪
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Topological insulator laser. (A) Top-view image of the lasing pattern (topological edge mode) in a 10 unit cell–by–10 unit cell array of topologically
coupled resonators and the output ports. (B) Output intensity versus pump intensity for a topological insulator laser and its trivial counterpart.
The enhancement of the slope efficiency is about threefold. Comparing the power emitted in the single mode of the topological array to that of
the highest power mode in the trivial array, the topological outperforms the trivial by more than a factor of 10. (C) Emission spectra from a topological
insulator laser and its topologically trivial counterpart. au, arbitrary units.
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Topological insulators are phases of matter characterized by topological edge states that
propagate in a unidirectional manner that is robust to imperfections and disorder. These
attributes make topological insulator systems ideal candidates for enabling applications in
quantum computation and spintronics. We propose a concept that exploits topological
effects in a unique way: the topological insulator laser. These are lasers whose lasing mode
exhibits topologically protected transport without magnetic fields. The underlying topological
properties lead to a highly efficient laser, robust to defects and disorder, with single-mode lasing
even at very high gain values. The topological insulator laser alters current understanding of
the interplay between disorder and lasing, and at the same time opens exciting possibilities in
topological physics, such as topologically protected transport in systems with gain. On the
technological side, the topological insulator laser provides a route to arrays of semiconductor
lasers that operate as one single-mode high-power laser coupled efficiently into an output port.

T
opological insulators emerged in condensed
matter physics (1–3) and constitute a new
phase of matter, with insulating bulk and
quantized and robust edge conductance.
The prospect of observing topological ef-

fects in non-electronic systems was first proposed
and demonstrated in microwaves in gyro-optic
crystals with broken time-reversal symmetry (4–6).
The transition to optical frequencies required
another conceptual leap. Theoretical proposals
(7–10)were followed by the first experiments using
artificial gauge fields—one based on a honeycomb
lattice of helical waveguides (11) and the other
based on an array of aperiodic coupled silicon
microring resonators (12). Topological protection
is now known to be a ubiquitous phenomenon,
occurring in physical settings as varied as electro-

magneticwaves (6, 11–16), cold atoms (17, 18), and
acoustic, mechanical, and elastic systems (19–22).
So far, however, most of these experiments have
been carried out in entirely passive, linear, and
conservative settings.

Nonhermiticity in topological systems

Lasers represent complex nonconservative sys-
tems capable of exhibiting very rich dynamics.
They are fundamentally non-Hermitian and non-
linear entities that rely on saturable gain. Intro-
ducing nonhermiticity to topological systems
raises fundamental questions concerningwhether
non-Hermitian topological systems can exist at
all (23), and if they do, how to define the topo-
logical phases and their stability (24). Part of this
controversy has recently been resolved, and it is

now known that one-dimensional non-Hermitian
systems can have stationary zero-dimensional
topological edge states (25, 26) and topological
defect states (27–29), and these can even lase
(29–32). However, being one-dimensional systems
lasing froma localizeddefect, none of these systems
can support transport via edge states. Very recently,
lasing from a topological edge state in a photonic
crystal subject to an external magnetic field—a
photonic analog of the quantumHall effect—was
reported (33). That system used magneto-optic
effects, which are very weak at optical frequencies,
and accordingly produced only a narrow topolog-
ical band gap (40 pm) within which it was claimed
that lasing occurred (33). Clearly, it will be impor-
tant to pursue new approaches in expanding the
topological photonic band gap, and hence the de-
gree of protection endowed to such structures.
Equally important, in terms of applications, will be
to follow an all-dielectric strategy that is by nature
compatible with semiconductor laser technologies.
Notwithstanding recent progress in topological

photonics and lasing therein, the fundamental
question is still open: Can topological protection
of transport be incorporated into non-Hermitian,
highly nonlinear, open systems such as lasers?
Addressing this issue is at the heart of the topo-
logical insulator laser, along with many new
questions: Can a topological insulator include
gain, which has no equivalent in condensedmat-
ter physics? What happens to the stimulated
emission under topologically protected transport?
Can a topological insulator laser exist without a
magnetic field, and if so, might it exhibit new
features and improved laser action?
Laser cavities are typically optimized to attain

high Q factors, and they are always strongly af-
fected by disorder, which can arise frommanufac-
turing imperfections, operational failure, stresses,
etc. A prominent consequence of disorder ismode
localization, which has dire implications in pho-
tonics (34, 35). To a laser, disorder implies de-
graded overlap of the lasing mode with the gain
profile, lower output coupling, and multimode
lasing, which together result in an overall reduced
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Fig. 1. Geometry and lasing mode in a topological insulator laser
based on the Haldane model. (A) Cavity geometry (same for topological
and trivial): a planar honeycomb lattice of coupled microring resonators. The
cavity has unpumped (lossy) resonators (red), pumped resonators (blue),
and an output channel (white). (B) The steady-state topological lasing mode

of the topological cavity. The lasing mode is extended all around the
perimeter of the cavity with almost uniform intensity, and its energy flux is
unidirectional. The unidirectional energy flux can be detected by the intensity
buildup as the mode circulates (clockwise) and by the sudden drop in
intensity when passing (clockwise) the output coupler.
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and the eigenfrequency splitting in response to the same perturbation 
� is proportional to � (Fig. 1a). Therefore, for sufficiently small 
 perturbations, the eigenfrequency splitting is greatly enhanced for  
sensors that operate at exceptional points, compared to conventional 
diabolic point sensors. Such sensitivity enhancement emerges from the 
intrinsic properties of exceptional points, and is not related to  
the  materials, geometries, or intrinsic loss or gain of the cavities, or the 
properties of the nanoparticles.

An intuitive explanation of the origin of sensitivity enhancement 
at exceptional points is as follows. In the absence of a target  particle, 
a conventional diabolic-point sensor shows no backscattering of 
 counter-propagating waves and therefore no frequency splitting. In 
the presence of a target particle, frequency splitting results from backs-
cattering at the target particle (Fig. 1c). In the case of an exceptional- 
point sensor, the situation is different. Even in the absence of a target 
 particle, the system exhibits fully asymmetric internal backscattering 
that does not lead to frequency splitting. In the presence of a target 
particle, the resultant frequency splitting arises from two contributions, 
one from the target particle alone (as in the case of a diabolic point) 
and another, joint contribution from the internal backscattering and 
the target particle26 (Fig. 1d). For a sufficiently weak perturbation from 
a small target particle, the joint contribution is much larger, leading to 
enhanced splitting.

In our experiments, we used a third silica nano-tip as a perturba-
tion to study and characterize an exceptional-point sensor. Moving the 
nano-tip towards the cavity increased the overlap of the nano-tip with 
the mode volume and increased the perturbation strength. The posi-
tion of the nano-tip was controlled by a nano-positioning stage with 
a  resolution of 50 nm for each step. The induced complex frequency 
 splitting was extracted by fitting the transmission spectra using a 
 doublet Lorentz model. For comparison, the transmission spectra of the 
cavity operated at a diabolic point were also collected, by moving away 
the first and second silica nano-tips (which were used to set the cavity at 
the exceptional point), leaving the third one at the same position. Very 
 different behaviours are seen at exceptional and diabolic points (Fig. 2a).  

The complex frequency splitting of the exceptional-point sensor is 
larger than that of the diabolic-point sensor subject to the same small 
perturbations, as expected. The experimental observations were also 
validated by finite-element simulations (Extended Data Fig. 3). In 
 addition, we studied the effects of the angular position of the perturba-
tion on the complex frequency splitting of the exceptional-point sensor. 
The experimental results and numerical simulations are summarized 
in Extended Data Figs 4 and 5.

The complex frequency splitting of an exceptional-point sensor  
∆ ωEP subject to a perturbation � owing to the presence of a nanopar-
ticle can be expressed as

ω ω∆ =∆ + β

�
A1 e (1)i m

EP DP
(2)

2

where A(2) is the intrinsic backscattering from clockwise- to  anticlockwise- 
travelling modes and is determined by the exceptional point, m is the 
azimuthal number of the mode, β is the relative angular position of the 
target nanoparticle25,26, and ∆ ωDP =  2� is the complex frequency 
 splitting of a diabolic-point sensor for a perturbation �. A detailed 
description of the theoretical model is given in Methods. If the  intrinsic 
backscattering is much larger than the backscattering of the target 
 nanoparticle | | | |! �A( )(2) , then equation (1) simplifies to

ω ω∆ =∆ β

�
A e (2)im

EP DP
(2)

This equation shows that the sensitivity enhancement (defined as  
|∆ ωEP/∆ ωDP|) is inversely proportional to the square-root of the 
 perturbation � normalized by the intrinsic backscattering A(2). The 
dependence of the sensitivity enhancement |∆ ωEP/∆ ωDP| on the pertur-
bation strength � of the target scatterer is shown in Fig. 2b, together with 
a theoretical fitting using equation (1). For smaller perturbations, larger 
sensitivity enhancement can be obtained. The inset in Fig. 2b  displays 
a logarithmic plot of the dependence of |∆ ωEP| and | ∆ ωDP| on �.  
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Figure 1 | A comparison of sensors operating at an exceptional point 
and a diabolic point. a, b, Topology of the surface that characterizes the 
complex frequency ω (the energy level) of diabolic- (a) and exceptional-
point (b) sensors (left panels), indicating an energy splitting of the 
sensors subject to a perturbation �. In particular, when the perturbation 
� is sufficiently small, the energy splitting is proportional to �1/2 for 
exceptional-point sensors (right panel in b), whereas the energy splitting  
is proportional to � for diabolic-point sensors (right panel in a).  
c, Visualization of the electric-field distribution in a diabolic-point 
sensor (coloured scale around the large circle), which has degenerate 
eigenfrequencies, but orthogonal eigenvectors. A target nanoscale object 
(small circle) within the mode volume will scatter light in both  

clockwise- and anticlockwise-travelling directions (blue pulses), and 
subsequently lead to the complex frequency splitting proportional to  
� (right). d, Visualization of the electric-field distribution in an 
exceptional-point sensor, which has degenerate eigenfrequencies and 
collinear eigenvectors. Compared to the diabolic-point sensor, the 
exceptional-point sensor initially has intrinsic backscattering (red pulse; 
denoted as A) in one direction of travel, for example, the clockwise 
direction. The intrinsic backscattering together with the backscattering 
induced by the nanoscale object results in the enhanced complex 
frequency splitting, proportional to �1/2. The two grey circles represent the 
two scatterers that were used to tune the system to exceptional points in 
the experiments.
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Exceptional points enhance sensing in an optical 
microcavity
Weijian Chen1, Şahin Kaya Özdemir1, Guangming Zhao1, Jan Wiersig2 & Lan Yang1

Sensors play an important part in many aspects of daily life such 
as infrared sensors in home security systems, particle sensors for 
environmental monitoring and motion sensors in mobile phones. 
High-quality optical microcavities are prime candidates for sensing 
applications because of their ability to enhance light–matter 
interactions in a very confined volume. Examples of such devices 
include mechanical transducers1, magnetometers2, single-particle 
absorption spectrometers3, and microcavity sensors for sizing 
single particles4 and detecting nanometre-scale objects such as 
single nanoparticles and atomic ions5–7. Traditionally, a very small 
perturbation near an optical microcavity introduces either a change 
in the linewidth or a frequency shift or splitting of a resonance 
that is proportional to the strength of the perturbation. Here we 
demonstrate an alternative sensing scheme, by which the sensitivity 
of microcavities can be enhanced when operated at non-Hermitian 
spectral degeneracies known as exceptional points8–16. In our 
experiments, we use two nanoscale scatterers to tune a whispering-
gallery-mode micro-toroid cavity, in which light propagates along a 
concave surface by continuous total internal reflection, in a precise and 
controlled manner to exceptional points12,13. A target nanoscale object 
that subsequently enters the evanescent field of the cavity perturbs 
the system from its exceptional point, leading to frequency splitting. 
Owing to the complex-square-root topology near an exceptional point, 
this frequency splitting scales as the square root of the perturbation 
strength and is therefore larger (for sufficiently small perturbations) 
than the splitting observed in traditional non-exceptional-point 
sensing schemes. Our demonstration of exceptional-point-enhanced 
sensitivity paves the way for sensors with unprecedented sensitivity.

The time evolution of classical and quantum systems with loss 
and/or gain is described by non-Hermitian Hamiltonians. Such 
Hamiltonians exhibit special spectral degeneracies known as excep-
tional points, at which two or more eigenvalues and the correspond-
ing  eigenvectors coalesce. However, the rich physics at and around 
exceptional points has been elucidated only recently, after the physical 
existence of exceptional points was experimentally demonstrated in 
microwave cavities10. Exceptional points were subsequently observed 
in optical  microcavities11–13, coupled atom–cavity systems14, photonic 
crystal slabs15, exciton–polariton billiards16, parity–time- symmetric 
 systems17–19 and acoustic systems20. Several counterintuitive effects 
related to exceptional points have been observed. For example, 
in  coupled laser cavities, an exceptional point is responsible for  
pump- induced21 or loss- induced22 revival of lasing. Dynamically encir-
cling an exceptional point in parameter space can lead to asymmetric 
mode switching in microwave waveguides23—a phenomenon that can 
be used for topological energy transfer in optomechanical systems24. 
In whispering-gallery microcavities, the asymmetric backscattering 
of counter-propagating optical waves can be related to exceptional 
points. In the vicinity of an exceptional point, the modes exhibit strong  
chiral behaviour, with an unbalanced contribution of clockwise- and 
 anticlockwise-travelling modes leading to directional lasing13.

One key difference between exceptional points and conventional 
degeneracies known as diabolic points is their sensitivity to pertur-
bations. In a system operating around a diabolic point, the  resulting 
eigenvalue splitting is proportional to the perturbation strength �. In 
contrast, for a system with an Nth-order exceptional point, at which N 
eigenvalues and the corresponding eigenvectors  coalesce, the splitting 
induced by the perturbation scales as �1/N. Hence, for a sufficiently 
small perturbation �, the splitting at the exceptional point is larger. This 
particular characteristic of exceptional points has been proposed for 
use in sensor applications25–27.

Here we experimentally demonstrate such an exceptional-point 
 sensor, highlighting the enhancement of the sensitivity. Our system12,13 
consists of a silicon dioxide (silica) micro-toroid cavity coupled to a 
fibre-taper waveguide for in- and out-coupling of light (Extended Data 
Fig. 1). With its circular geometry, the micro-toroid cavity supports 
clockwise- and anticlockwise-travelling modes with degenerate eigen-
frequencies but orthogonal eigenvectors—that is, the cavity operates at 
a diabolic point. To set up an exceptional-point sensor, we use two silica 
nano-tips as Rayleigh scatterers within the mode volume of the cavity 
to tune the coupling between clockwise- and anticlockwise- travelling 
modes to steer the system to an exceptional point. In the experiments, 
we first located an optical resonance mode with no observable mode 
splitting in the transmission spectrum. The absence of mode splitting 
was also confirmed by the absence of a reflection signal, that is, no 
modal coupling between the clockwise- and anticlockwise- travelling 
modes. We then introduced a scatterer into the mode volume of 
the cavity to induce modal coupling between the clockwise- and 
 anticlockwise-travelling modes, which led to mode splitting and a 
reflection signal. Afterwards, a second scatterer was introduced to 
the mode volume, the relative position and effective size of which 
were finely tuned to bring the system to an exceptional point. At an 
exceptional point, owing to fully asymmetric  backscattering between 
the clockwise- and anticlockwise-travelling waves, only one of the 
 travelling directions is dominant13; for example, the reflection spectrum 
shows a strong resonance peak for light injection in the anticlockwise  
direction, whereas it vanishes for light injection in the clockwise 
 direction (Extended Data Fig. 2).

Optical cavities that operate at exceptional points can be exploited 
for enhanced nanoparticle sensing using the mode-splitting 
 technique25,26. When a nanoparticle enters the mode volume it perturbs 
the system, pushing it away from the exceptional point and conse-
quently lifting the non-Hermitian degeneracy of the eigenfrequencies 
and the corresponding eigenvectors, triggering a complex frequency 
splitting. For example, for second-order (N =  2) exceptional points the 
system has square-root topology at the complex frequency  eigensurface; 
therefore, eigenfrequency splitting induced by a small perturbation of 
strength � ( !� 1) is proportional to �1/2 (Fig. 1b). In contrast, conven-
tional cavity-based nanoparticle sensors4–6 utilize diabolic rather than 
exceptional points, at which only the eigenfrequencies are degenerate 
and the corresponding eigenvectors can be chosen to be orthogonal, 
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experimentally relevant!
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Gapless nodal phases theoretically far more abundant 
and conceptually rich than in the Hermitian realm

(a) (b) (c)
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We introduce and study a novel class of sensors whose sensitivity grows exponentially with the size
of the device. Remarkably, this drastic enhancement does not rely on any fine-tuning, but is found
to be a stable phenomenon immune to local perturbations. Specifically, the physical mechanism
behind this striking phenomenon is intimately connected to the anomalous sensitivity to bound-
ary conditions observed in non-Hermitian topological systems. We describe concrete platforms for
the practical implementation of these non-Hermitian topological sensors (NTOS) in classical meta-
materials and synthetic quantum-materials.

Introduction.— High-precision sensors represent a key
technology that is of ubiquitous importance in both sci-
ence and everyday life. In the quest for future sensors,
a main challenge is to identify viable scenarios, where
basic physical observables become highly susceptible to
changes in the quantity to be detected, yet in a control-
lable fashion. Prominent examples along these lines in-
clude microcavity sensors [1–5], metal oxide semiconduc-
tor field-e↵ect transistor (MOSFET) based sensors [6],
mechanical transducers [7], graphene sensors [8], super-
conducting quantum interference devices (SQUIDS) [9]
and magnetometers [10].

Dissipative systems e↵ectively described by non-
Hermitian (NH) Hamiltonians can exhibit a high suscep-
tibility to small perturbations of their complex energy
spectrum that has no counterpart in closed Hermitian
settings [11–18]. As a first step towards using the unique
algebraic properties of NH matrices [11–13] for sensing
[19], an enhancement of precision in sensors operating
at NH spectral degeneracies known as exceptional points
(EPs) has been demonstrated [20, 21]. Furthermore, in
NH lattice systems with many degrees of freedom, a strik-
ing spectral sensitivity has recently been found in the
context of NH topological systems, where phase transi-
tions driven by small changes in the boundary conditions
have been predicted and observed [14–17, 22–26].

Here, drawing intuition from NH topological phases
[26–31], we identify and study a widely applicable mech-
anism for drastically enhancing the sensitivity of a novel
type of devices coined non-Hermitian topological sensors
(NTOS). These systems are designed such that the phys-
ical quantity to be detected (measurand) e↵ectively cou-
ples to the boundary conditions of an extended system
of 2N � 1 lattice sites, e.g. by modifying the coupling �
between the ends of the NTOS with a tunneling barrier
(see Fig. 1). Quite remarkably, in this scenario the en-
ergy E0 of a characteristic bound state is then found to
exhibit the exponential sensitivity

S =

����
@E0

@�

���� =  exp(↵N), (1)

FIG. 1: Left: Illustration of the non-Hermitian topological
sensor (NTOS) setup consisting of one-dimensional chain with
2N � 1 sites in open ring geometry, described by an e↵ective
NH Hamiltonian. The measurand interferes with the coupling
� between the ends of the open ring (sites 1 and 2N�1). The
measurement signal of the NTOS is the energy shift�E of the
lowest eigen-mode, obtained by spectral measurement. Right:
Exponential scaling of the energy shift |�E| with system size
N of the NTOS based on the NH topological insulator model
Eq. (5) for di↵erent values of �. The dots are exact numer-
ical energies which are in striking agreement with the solid
lines corresponding to the analytical perturbative expression
Eq. (4). Parameters are t1 = t2 = 2� = 1. In a wide parame-
ter regime, the quotient of |�E/�| gives a good estimate for
the sensitivity S of the NTOS.

where ↵, > 0 are model-specific constants. Below, we
demonstrate both analytically and numerically that this
exponential amplification of the sensitivity is a generic
and robust phenomenon that does not rely on any fine-
tuning or symmetry and is as such immune to local per-
turbations including random disorder in the NTOS.

To illustrate the broad range of physical platforms
in which NTOS may be realized from existing building
blocks, we outline several implementations in the classi-
cal as well as in the quantum realm. The former include
a setup of coupled optical resonators, where the two ends
of the NTOS are separated by an almost impenetrable re-
gion that is perturbed by the presence the measurand, as
well as a system of topological electric circuits [23, 24, 32]
where a capacitive or inductive coupling to the measur-
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large N

Other recent developments and topics on demand…

N = 3, 4, ...
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Exceptional points (EPs), at which both eigenvalues and eigenvectors coalesce, are ubiquitous
and unique features of non-Hermitian systems. Second-order EPs are by far the most studied due
to their abundance, requiring only the tuning of two real parameters, which is less than the three
parameters needed to generically find ordinary Hermitian eigenvalue degeneracies. Higher-order EPs
generically require more fine-tuning, and are thus assumed to play a much less prominent role. Here,
however, we illuminate how physically relevant symmetries make higher-order EPs dramatically more
abundant and conceptually richer. More saliently, third-order EPs generically require only two real
tuning parameters in the presence of either a parity-time (PT) symmetry or a generalized chiral
symmetry. Remarkably, we find that these di↵erent symmetries yield topologically distinct types
of EPs. We illustrate our findings in simple models, and show how third-order EPs with a generic
⇠ k1/3 dispersion are protected by PT symmetry, while third-order EPs with a ⇠ k1/2 dispersion are
protected by the chiral symmetry emerging in non-Hermitian Lieb lattice models. More generally,
we identify stable, weak, and fragile aspects of symmetry-protected higher-order EPs, and tease out
their concomitant phenomenology.

Introduction.— With the advent of non-Hermitian
(NH) topological phases [1], exceptional points (EPs)
have become an interdisciplinary frontier of research,
with applications ranging from classical metamaterials
to quantum condensed matter systems [1, 2]. Represent-
ing the natural dissipative counterpart of stable nodal
points [3, 4] familiar from Weyl semimetals in the Her-
mitian realm, EPs exhibit fascinating topologically sta-
ble phenomena, including the formation of bulk Fermi
arcs [5] and unidirectional lasing [6]. So far, most work
has focused on the simplest example of second-order
EPs, i.e. two-fold degenerate eigenvalues sharing a sin-
gle eigenstate, which naturally occur in two-dimensional
(2D) NH systems [5, 7], and are promoted to closed
exceptional lines in 3D [8–10]. More generally, for ob-
taining an n-th order EP, 2n � 2 real parameters, such
as components of a lattice momentum, need to be ad-
justed (co-dimension 2n � 2). This suggests that n � 3
cannot be expected to occur in physical systems with
up to three spatial dimensions. However, for the afore-
mentioned case of n = 2, generic NH symmetries have
been found to reduce the co-dimension of EPs from two
to one, thus enabling symmetry-protected second-order
EPs even in 1D systems [11–16]. The generalization of
these recent insights and their physical implications to
higher-order EPs has largely remained an open problem
[17–20].

Below, we demonstrate how third-order EPs (3EPs)
naturally occur in 2D systems, stabilized by widely
abundant NH symmetries such as parity-time (PT) sym-
metry. Quite remarkably, this reveals that 3EPs stem-
ming from di↵erent symmetries entail qualitatively dif-
ferent phenomenology [see Fig. 1]: in addition to the
generic ⇠ k

1/3 dispersion enforced by PT symmetry, a
generalized chiral P symmetry is shown to imply a non-
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<latexit sha1_base64="FHVcNzX78pBHkphvUvCjkx6i8Pc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2QdinZNNuGJtklyQpl6a/w4kERr/4cb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3md56o0iySD2YaU1/gkWQhI9hY6THtK4GqwflsUK64NXcOtEq8nFQgR3NQ/uoPI5IIKg3hWOue58bGT7EyjHA6K/UTTWNMJnhEe5ZKLKj20/nBM3RmlSEKI2VLGjRXf0+kWGg9FYHtFNiM9bKXif95vcSE137KZJwYKsliUZhwZCKUfY+GTFFi+NQSTBSztyIyxgoTYzMq2RC85ZdXSbte8y5q9fvLSuMmj6MIJ3AKVfDgChpwB01oAQEBz/AKb45yXpx352PRWnDymWP4A+fzB/twj94=</latexit>

ky
<latexit sha1_base64="IKqQZ0/K6YmMFRrFLqpW7aKxGm4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xCzhfkSHSoSCUbTSw7if9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/QnVKJjk01IvNTyhbEyHvGupohE3/mR+6pScWWVAwljbUkjm6u+JCY2MyaLAdkYUR2bZm4n/ed0Uw2t/IlSSIldssShMJcGYzP4mA6E5Q5lZQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNmUI3f</latexit> kx

<latexit sha1_base64="wsBBxiMth7FtWjy/zhIB4CuLEjk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrpftR76pXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QNkzI3e</latexit>

kx
<latexit sha1_base64="wsBBxiMth7FtWjy/zhIB4CuLEjk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrpftR76pXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QNkzI3e</latexit>

ky
<latexit sha1_base64="IKqQZ0/K6YmMFRrFLqpW7aKxGm4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xCzhfkSHSoSCUbTSw7if9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/QnVKJjk01IvNTyhbEyHvGupohE3/mR+6pScWWVAwljbUkjm6u+JCY2MyaLAdkYUR2bZm4n/ed0Uw2t/IlSSIldssShMJcGYzP4mA6E5Q5lZQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNmUI3f</latexit>

Re[E]
<latexit sha1_base64="NIIUN5UsTkqB9kDhNb/DTbkoRO8=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DEogsco5gGbJcxOJsmQeSwzs0JY8hlePCji1a/x5t84SfagiQUNRVU33V1xwpmxvv/trayurW9sFraK2zu7e/ulg8OmUakmtEEUV7odY0M5k7RhmeW0nWiKRcxpKx7dTP3WE9WGKfloxwmNBB5I1mcEWyeFWUcL9EAn4W3ULZX9ij8DWiZBTsqQo94tfXV6iqSCSks4NiYM/MRGGdaWEU4nxU5qaILJCA9o6KjEgpoom508QadO6aG+0q6kRTP190SGhTFjEbtOge3QLHpT8T8vTG3/KsqYTFJLJZkv6qccWYWm/6Me05RYPnYEE83crYgMscbEupSKLoRg8eVl0qxWgvNK9f6iXLvO4yjAMZzAGQRwCTW4gzo0gICCZ3iFN896L9679zFvXfHymSP4A+/zB9LjkPM=</latexit>

Re[E]
<latexit sha1_base64="NIIUN5UsTkqB9kDhNb/DTbkoRO8=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DEogsco5gGbJcxOJsmQeSwzs0JY8hlePCji1a/x5t84SfagiQUNRVU33V1xwpmxvv/trayurW9sFraK2zu7e/ulg8OmUakmtEEUV7odY0M5k7RhmeW0nWiKRcxpKx7dTP3WE9WGKfloxwmNBB5I1mcEWyeFWUcL9EAn4W3ULZX9ij8DWiZBTsqQo94tfXV6iqSCSks4NiYM/MRGGdaWEU4nxU5qaILJCA9o6KjEgpoom508QadO6aG+0q6kRTP190SGhTFjEbtOge3QLHpT8T8vTG3/KsqYTFJLJZkv6qccWYWm/6Me05RYPnYEE83crYgMscbEupSKLoRg8eVl0qxWgvNK9f6iXLvO4yjAMZzAGQRwCTW4gzo0gICCZ3iFN896L9679zFvXfHymSP4A+/zB9LjkPM=</latexit>

PT
<latexit sha1_base64="uJjwAu7motSQKp5t5bdf6Txe1x4=">AAAB73icbVBNSwMxEJ34WetX1aOXYBE8ld0q6LHoxWOFfkG7lGyabUOT7JpkhbL0T3jxoIhX/443/41puwdtfTDweG+GmXlhIrixnveN1tY3Nre2CzvF3b39g8PS0XHLxKmmrEljEetOSAwTXLGm5VawTqIZkaFg7XB8N/PbT0wbHquGnSQskGSoeMQpsU7qZD0tcb0x7ZfKXsWbA68SPydlyFHvl756g5imkilLBTGm63uJDTKiLaeCTYu91LCE0DEZsq6jikhmgmx+7xSfO2WAo1i7UhbP1d8TGZHGTGToOiWxI7PszcT/vG5qo5sg4ypJLVN0sShKBbYxnj2PB1wzasXEEUI1d7diOiKaUOsiKroQ/OWXV0mrWvEvK9WHq3LtNo+jAKdwBhfgwzXU4B7q0AQKAp7hFd7QI3pB7+hj0bqG8pkT+AP0+QO9e4/F</latexit> P

<latexit sha1_base64="gj3zdy6zCEedf8SxzYJZsBB2iUQ=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOTTjJkZnaZmRXCko/w4kERr36PN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqhg0Wi1i3I2pQcIUNy63AdqKRykhgKxrfzfzWE2rDY/VoJwmGkg4VH3BGrZNaWVdLUp/2SmW/4s9BVkmQkzLkqPdKX91+zFKJyjJBjekEfmLDjGrLmcBpsZsaTCgb0yF2HFVUogmz+blTcu6UPhnE2pWyZK7+nsioNGYiI9cpqR2ZZW8m/ud1Uju4CTOuktSiYotFg1QQG5PZ76TPNTIrJo5Qprm7lbAR1ZRZl1DRhRAsv7xKmtVKcFmpPlyVa7d5HAU4hTO4gACuoQb3UIcGMBjDM7zCm5d4L96797FoXfPymRP4A+/zBxbBj2c=</latexit>

E
<latexit sha1_base64="oW7OyFl8fZOuY5qYrNXg+guGckE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BETwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNCtl76JcqV+WqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZo7jM0=</latexit>

ky
<latexit sha1_base64="IKqQZ0/K6YmMFRrFLqpW7aKxGm4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xCzhfkSHSoSCUbTSw7if9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/QnVKJjk01IvNTyhbEyHvGupohE3/mR+6pScWWVAwljbUkjm6u+JCY2MyaLAdkYUR2bZm4n/ed0Uw2t/IlSSIldssShMJcGYzP4mA6E5Q5lZQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNmUI3f</latexit>

kx
<latexit sha1_base64="wsBBxiMth7FtWjy/zhIB4CuLEjk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrpftR76pXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QNkzI3e</latexit>

(c)
<latexit sha1_base64="sYYVsbCg1O72NYxDr2FQxsQle/I=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2QdinZNNuGJtklyQpl6a/w4kERr/4cb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3md56o0iySD2YaU1/gkWQhI9hY6THtK4Gq5Hw2KFfcmjsHWiVeTiqQozkof/WHEUkElYZwrHXPc2Pjp1gZRjidlfqJpjEmEzyiPUslFlT76fzgGTqzyhCFkbIlDZqrvydSLLSeisB2CmzGetnLxP+8XmLCaz9lMk4MlWSxKEw4MhHKvkdDpigxfGoJJorZWxEZY4WJsRmVbAje8surpF2veRe1+v1lpXGTx1GEEziFKnhwBQ24gya0gICAZ3iFN0c5L86787FoLTj5zDH8gfP5A/z2j98=</latexit>

Re[E]
<latexit sha1_base64="NIIUN5UsTkqB9kDhNb/DTbkoRO8=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DEogsco5gGbJcxOJsmQeSwzs0JY8hlePCji1a/x5t84SfagiQUNRVU33V1xwpmxvv/trayurW9sFraK2zu7e/ulg8OmUakmtEEUV7odY0M5k7RhmeW0nWiKRcxpKx7dTP3WE9WGKfloxwmNBB5I1mcEWyeFWUcL9EAn4W3ULZX9ij8DWiZBTsqQo94tfXV6iqSCSks4NiYM/MRGGdaWEU4nxU5qaILJCA9o6KjEgpoom508QadO6aG+0q6kRTP190SGhTFjEbtOge3QLHpT8T8vTG3/KsqYTFJLJZkv6qccWYWm/6Me05RYPnYEE83crYgMscbEupSKLoRg8eVl0qxWgvNK9f6iXLvO4yjAMZzAGQRwCTW4gzo0gICCZ3iFN896L9679zFvXfHymSP4A+/zB9LjkPM=</latexit>

(d)
<latexit sha1_base64="Azt4U5yor/Hlt9218vnY6WsBYdM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2QdinZbLYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8e3M7zxRpVksH8wkob7AQ8kiRrCx0mPWVwJVw/PpoFxxa+4caJV4OalAjuag/NUPY5IKKg3hWOue5ybGz7AyjHA6LfVTTRNMxnhIe5ZKLKj2s/nBU3RmlRBFsbIlDZqrvycyLLSeiMB2CmxGetmbif95vdRE137GZJIaKsliUZRyZGI0+x6FTFFi+MQSTBSztyIywgoTYzMq2RC85ZdXSbte8y5q9fvLSuMmj6MIJ3AKVfDgChpwB01oAQEBz/AKb45yXpx352PRWnDymWP4A+fzB/58j+A=</latexit>

Re[E]
<latexit sha1_base64="NIIUN5UsTkqB9kDhNb/DTbkoRO8=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DEogsco5gGbJcxOJsmQeSwzs0JY8hlePCji1a/x5t84SfagiQUNRVU33V1xwpmxvv/trayurW9sFraK2zu7e/ulg8OmUakmtEEUV7odY0M5k7RhmeW0nWiKRcxpKx7dTP3WE9WGKfloxwmNBB5I1mcEWyeFWUcL9EAn4W3ULZX9ij8DWiZBTsqQo94tfXV6iqSCSks4NiYM/MRGGdaWEU4nxU5qaILJCA9o6KjEgpoom508QadO6aG+0q6kRTP190SGhTFjEbtOge3QLHpT8T8vTG3/KsqYTFJLJZkv6qccWYWm/6Me05RYPnYEE83crYgMscbEupSKLoRg8eVl0qxWgvNK9f6iXLvO4yjAMZzAGQRwCTW4gzo0gICCZ3iFN896L9679zFvXfHymSP4A+/zB9LjkPM=</latexit>

(e)
<latexit sha1_base64="BQNFvGFboLz8/NsLxOqIw+o8sUY=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEYwTwkWcLspJMMmdldZmaFsOQrvHhQxKuf482/cZLsQRMLGoqqbrq7glhwbVz328mtrW9sbuW3Czu7e/sHxcOjpo4SxbDBIhGpdkA1Ch5iw3AjsB0rpDIQ2ArGtzO/9YRK8yh8MJMYfUmHIR9wRo2VHtOukqSM59NeseRW3DnIKvEyUoIM9V7xq9uPWCIxNExQrTueGxs/pcpwJnBa6CYaY8rGdIgdS0MqUfvp/OApObNKnwwiZSs0ZK7+nkip1HoiA9spqRnpZW8m/ud1EjO49lMexonBkC0WDRJBTERm35M+V8iMmFhCmeL2VsJGVFFmbEYFG4K3/PIqaVYr3kWlen9Zqt1kceThBE6hDB5cQQ3uoA4NYCDhGV7hzVHOi/PufCxac042cwx/4Hz+AAARj+E=</latexit>

� (ky � k0)
1/3

<latexit sha1_base64="wMZ3iDZSVYiN8kQtGcgMks3mkBY=">AAACAHicbVC7TsMwFHXKq5RXgIGBJaJCKgMlaZFgrMTCWCT6kNoQOa7TWnFiy3aQoigLv8LCAEKsfAYbf4PbZoCWI1k6OudeXZ/jc0qksu1vo7Syura+Ud6sbG3v7O6Z+wddyRKBcAcxykTfhxJTEuOOIoriPhcYRj7FPT+8mfq9RywkYfG9Sjl2IziOSUAQVFryzKMhF4wrZtVCLz0PPfvsIXMumrlnVu26PYO1TJyCVEGBtmd+DUcMJRGOFaJQyoFjc+VmUCiCKM4rw0RiDlEIx3igaQwjLN1sFiC3TrUysgIm9IuVNVN/b2QwkjKNfD0ZQTWRi95U/M8bJCq4djMS80ThGM0PBQm1dOBpG9aICIwUTTWBSBD9VwtNoIBI6c4qugRnMfIy6TbqTrPeuLustlpFHWVwDE5ADTjgCrTALWiDDkAgB8/gFbwZT8aL8W58zEdLRrFzCP7A+PwB+KGVVw==</latexit>

E1
<latexit sha1_base64="6wYKbyDYvdxKBprU9rT09684fNM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCCB4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6HSPJaPZpKgH9Gh5CFn1Fjp4bbv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqt5FtXZ/WanX8ziKcAKncA4eXEEd7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QO+o41v</latexit>

E2
<latexit sha1_base64="VbkQyKkZYKRTJI1USJ4UFX+P3Qc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCCB4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKD7f9Wr9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdKqVb2Lau3+slKv53EU4QRO4Rw8uII63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8wfAJ41w</latexit>

E3
<latexit sha1_base64="/Zkl64yj4pTDQFyb2hkXkRS1ELI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0laQY8FETxWtLXQhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCobeJUM95isYx1J6CGS6F4CwVK3kk0p1Eg+WMwvp75j09cGxGrB5wk3I/oUIlQMIpWur/p1/vlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjlZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq7W7i0qjkcdRhBM4hXPw4BIacAtNaAGDITzDK7w50nlx3p2PRWvByWeO4Q+czx/Bq41x</latexit>

� k
1/2
y

<latexit sha1_base64="GxRMIyhgas9TtLNd1jNMVNBZDEQ=">AAAB+nicbVDLSgMxFM34rPU11aWbYBFc1Zkq6LLgxmUF+4B2HDJppg3NJCHJKMPYT3HjQhG3fok7/8a0nYW2HrhwOOde7r0nkoxq43nfzsrq2vrGZmmrvL2zu7fvVg7aWqQKkxYWTKhuhDRhlJOWoYaRrlQEJREjnWh8PfU7D0RpKvidySQJEjTkNKYYGSuFbqUvlZBGwHGY3ef+WX0SulWv5s0Al4lfkCoo0Azdr/5A4DQh3GCGtO75njRBjpShmJFJuZ9qIhEeoyHpWcpRQnSQz06fwBOrDGAslC1u4Ez9PZGjROssiWxngsxIL3pT8T+vl5r4Ksgpl6khHM8XxSmD9tVpDnBAFcGGZZYgrKi9FeIRUggbm1bZhuAvvrxM2vWaf16r315UG40ijhI4AsfgFPjgEjTADWiCFsDgETyDV/DmPDkvzrvzMW9dcYqZQ/AHzucPuB2Tog==</latexit>

ky
<latexit sha1_base64="IKqQZ0/K6YmMFRrFLqpW7aKxGm4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xCzhfkSHSoSCUbTSw7if9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/QnVKJjk01IvNTyhbEyHvGupohE3/mR+6pScWWVAwljbUkjm6u+JCY2MyaLAdkYUR2bZm4n/ed0Uw2t/IlSSIldssShMJcGYzP4mA6E5Q5lZQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNmUI3f</latexit>

ky
<latexit sha1_base64="IKqQZ0/K6YmMFRrFLqpW7aKxGm4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xCzhfkSHSoSCUbTSw7if9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/QnVKJjk01IvNTyhbEyHvGupohE3/mR+6pScWWVAwljbUkjm6u+JCY2MyaLAdkYUR2bZm4n/ed0Uw2t/IlSSIldssShMJcGYzP4mA6E5Q5lZQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNmUI3f</latexit>

E1
<latexit sha1_base64="6wYKbyDYvdxKBprU9rT09684fNM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCCB4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6HSPJaPZpKgH9Gh5CFn1Fjp4bbv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqt5FtXZ/WanX8ziKcAKncA4eXEEd7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QO+o41v</latexit>

E2
<latexit sha1_base64="VbkQyKkZYKRTJI1USJ4UFX+P3Qc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCCB4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKD7f9Wr9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdKqVb2Lau3+slKv53EU4QRO4Rw8uII63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8wfAJ41w</latexit>

E3
<latexit sha1_base64="/Zkl64yj4pTDQFyb2hkXkRS1ELI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0laQY8FETxWtLXQhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCobeJUM95isYx1J6CGS6F4CwVK3kk0p1Eg+WMwvp75j09cGxGrB5wk3I/oUIlQMIpWur/p1/vlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjlZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq7W7i0qjkcdRhBM4hXPw4BIacAtNaAGDITzDK7w50nlx3p2PRWvByWeO4Q+czx/Bq41x</latexit>

FIG. 1. A Hermitian triple degeneracy (a) (✏ = 0) splits
into qualitatively distinct third-order EPs, depending on the
symmetry of the (arbitrary small) non-Hermitian perturba-
tion (✏ 6= 0). A PT-symmetric perturbation (Eq. 1) yields
EP behaviour featuring generic open surface degeneracies in
the (real part of) energy dispersion (b), and a ⇠ k1/3 dis-
persion away from the 3EPs (d). Distinctly, a P-symmetric
perturbation (Eq. 2) entails arc degeneracies (c), a perfectly
flat band (c,e), and a⇠ k1/2 dispersion (e) untypical of 3EPs,
yet enforced by the symmetry.

standard dispersion ⇠ k
1/2 away from the 3EPs [17] and

distinct concomitant arc-degeneracies.

From a mathematical perspective, the findings for
PT-symmetric systems are based on the observation
that pseudo-Hermiticity constraints (including PT sym-
metry) reduce the co-dimension of 3EPs by two, i.e.

Classical -> Quantum


