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* Introduction to superconductivity
— BCS, BdG, group theory

* Topological superconductivity
— Chiral superconductors

— “Spinless” superconductors = Majorana fermions
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Introduction to Superconductivity

What i1s it?

How do we describe it?




L What is Superconductivity?
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Superconductors
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e But how do electrons move without resistance?

— All electrons in coherent quantum state with fixed
phase (condensate)

v = A()@Z[z

* Bardeen-Cooper-Schrieffer (BCS) theory

— Condensation of electron (Cooper) pairs

(with fermionic wave function)

— Many-body state, but possible to describe within
mean-field theory




L BCS Hamiltonian
Pairing Hamiltonian:

H = Z €k C ko Co + Z Vi € ke’ kit

k kK’
7 / ™ Electron pairing
Kinetic (band) energy T o = -80/V, (l&l < wp)
S 0 (otherwise)

Mean-field theory with Fj = (c_y cip) (pair amplitude at k)

Z Vk k/CkTCJr ,Lc—k'lck’T — Z Vk k’ (CkT e, FII) i F]I][(C—k’ick’T . Fk’) £ 3 Fk/]%

Ik k! \
lonore fluctuations
> Vi (Fieelqel i + Rleowyaor — RLFe] (%?CT — FY(cc — F)

K k'

Set order parameter Xy = Z Vk,k’Fk’ = Z Vk,k’ <C_kI¢Ck/T>
k’ k’

_ E : T E : E :
ko
See e.g, Tinkham: Introduction to superconductlv1ty




wer - Matrix Formulation (BdG)
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Define the Nambu spinor ¢k = ( TC ol ) U = (CTkTa C—ki)

C k|

€k 0 Ck
2 Z €ic(CT kit — Coyc’ oy + 1) = (CTkTa C—kl) [0 —Gk] (ET I( ) " Z “k
: \4 T k ™~ constant

TRS: &— &k

—€ CT—kl

r €k A Ck
9 €k E CTko-Cko- + [Ac—kiCkT + CTkTCT-kiA] - (CTkT’ C—kl)[A ﬂ T )
o

Bogliubov-de Gennes (BdG) formulation

2x2 matrix problem
—> Solve by finding eigenvalues and vectors




UNIVERSITET

QP energies (eigenvalues): E, = + \/ei + |Ag|?

FHigenstates = Quasiparticles

it =i el B) =l
akr = Yk (Vk) = C krlUk + C_k|Vk Bogoliubov
QP operators (eigenvectors): | _y tranformation
a-k| = WTk ' ( *k) = CxklUg — chkTVk
g Uy
1 €k 1 €k
— —_ e — i 1 ) o,
7 \/2!1+Ek] Vk 2[ Ek]
Band structure .
Density of states (DOS)
@ sestheoy | b T\ sumgomg
i e:w?« HeaI:lnMeEQ\{ﬂe (1962)

€k
electron

>t
Ns(E)/Nn(0)

(61 7aV)g/ (41 10V )y

B\ | e

P. Coleman: Introduction to Many Body Physics




L Superconducting Order
Self-consistent order parameter:

Ay = Z Vi (c-wycrt) = Z Vk,k’uk’vmaiwak’? T aT—k’iak’i -1

k. k’ k. k’ ; B ke 1 Fermi-Dirac
(. axe) = (1 +e w/kp )" distribution

Generalized order: fermionic, odd under particle exchange:

Aap(k) = —‘Ifﬁa(—k)
Aap(k) = Ae™n(k)Xas

/ N\
orbital spin
%( T =111)) (S=0) —> 1 even function in k
of %( th+11n) (5=1,5,=0) —> 1 odd function in k
L) (§=1,8, =-1)




L Spatial Symmetties

* Conventional superconductors:

— Spin-singlet, s-wave (77 k-independent)

K Cuprate (high-Tc) superconductors: y \
— Spin-singlet, d-wave (17 = k*- kyz)

UNCONVENTIONAL
* p-wave superconductors:

— Spin-triplet, p-wave ("He, St,RuO,?)

— Topological “spinless” superconductors k +ik

& with Majorana fermions /




L Superconducting Pairing

Vi e (and the band structure) determine the pairing symmetry, but
often very hard to determine

* Lattice fluctations (phonon): spin-singlet s-wave CONVENTIONAL
e Antiferromagnetic spin fluctuations: spin-singlet /~wave (extended s-wave)

* Ferromagnetic spin fluctuations: spin-triplet p-wave

e Strong on-site repulsion (Heisenberg interaction): spin-singlet d-wave

Can we determine the possible pairing symmetries in a material
without knowing Vy_ .7

Yes, by a general group theory analysis
See e.g. Sigrist and Ueda, RMP 63, 239 (1991)




wan  General Hamiltonian
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General Hamiltonian: #=Se(k)a], a,,
k,s

: nat gl
+5 E Vs]s2s3s4(k’k )a —kslakszak's}a—*k's4
k,k',51752,53754 .

Mean-field order: A (k)=— ¥ Vsrss3s4(k,k')(akfs3a_k's4 )

k’,s3,s4

> H=Fe®ala,+1 3 (A, Kaf, al,
k,s

k,sl,s2

_A;kls2( —k)a—kslaksz ]




s Matrix Formulation
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. T
4-component notation (Nambu): a, =(a,;,a,,,a"  1a’ )

- e(k)og  A(k)
i H‘3L< N )a“

0 (k)
—y(k) O

Y even

Spin-singlet pairing: A(k)= i6, (k)=

[¢(k) [CLTCT—M - CLTCT—kﬂ J

function of k

Spin-triplet pairing: A(k)=i(d(k)-6),
—d, (k)+id, (k) d,(k)
- d,(k) d,(k)+id, (k)

d vector odd
function of k

m, = 0 dz(k) [CTkTCT—ki + CLTCT—ki]
=15 (4,00 + Wl




s (General Solution

UNIVERSITET

QP energy (eigenvalue): g, = \/z(k)2 1 [0(k)2 AR'=|d]’6,+q-6

g=i(dXd*)
Ey = Ve(k)? +[d(K)[]> £ q(k)|

Finite q = non-unitary

Self-consistency equation, linear close to T

! ’
vAslsz SES< 52518384 k )AS S4(k )>
4
(k)
i tanh Bee
—= f de P =In(1.14B,¢,)

* Largest eigenvalue gives T,
* Eigenfunction (A) belongs to irreducible
representation (irrep) of symmetry group

—> Possible SC symmetries belong to irreps of symmetry group of H
—> SC state always breaks U(1), can also break

— Crystal lattice, spin-rotation, time-reversal, ... symmetries
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Basis Gap Functions: D,

* Dy, = tetragonal symmetry (cuprates with k. = 0)

Irreducible
representation I'

Basis function

Iy
Ly
Iy
Ty
Is

(a) Spin-singlet

W k)=1, k2+k2, k} s-wave, extended s-wave

WS k) =k k,(k}—

k?)

W k)=k2—k} déiz—yZ) -wave

W k)=k k,
YIS, k)=k k,
WS, 2;k)=k,k,

(b) Spin-triplet
d(T];k) =Rk, +9k,,
d(T'; ;k) =%k, — 9k,
d(T'5;k)=%k, —Fk,
d(T; k) =%k, +3k,
d(T5,1;k)=%k,, 2k,
d(T'5,2;k) =Yk, 2k,

d(xy)-wave
Zk,

} p(x)- and p(y)-wave degenerate

Sigrist and Ueda, RMP 63, 239 (1991)
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Basis Gap Functions: D,

* Dy, = hexagonal symmetry (graphene, Bi,Se; TTs with k, = 0,)

Irreducible
representation I

Basis functions

(a) Spin-singlet
b > s-wave, extended s-wave

r WTTk)=1, k2+k2, k?
| W k)=k, k,(k}—3k2)(k}—3k2)
ry WLk =k, k, (k2—3k2)
Ly z/;(r;*;k):k ky(k;—3k?)
ri WL, LK) =k, k
Wy ,2 k)=k,k
ry WI¢, Lk )=k2—k2 } d(x?-y*)-wave and d(xy)-wave degenerate
WG, 2k) =2k, k,
) Spin—triplet
ry d(T'y k) =%k, +3k,, 2k,
Ty d(T5 k) =%k, — 9k,
Iy d(I';;k)=2k,(k}—3k}),
ko [(k2— k2R —2k, K, 9]
ry d(I'y k) =2k, (k}—3k}),
k,[(k2—k2)§—2k, k,X]
r; d(T'7,1;k) =Rk, 2k,
d(I'5,2;k) =%k, , 2k,
r; d(Ig,1;k) =%k, —k,
d(Ty,2;k) =Rk, —§k,

Sigrist and Ueda, RMP 63, 239 (1991)




wrn - Multiple Order Parametets
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Superconducting state highly unconventional if multiple
components at T

* Two-dimensional irreps often gives A +1A, at T <'T.
— Only combination with fully gap = Highest energy gain
— Singlet d(x*-y*)+id(xy)-wave for hexagonal lattices (graphene?)
— Triplet (m, = 0) p(x)+ip(y)-wave for square lattices

Topological (chiral) superconductors

Break time-reversal symmetry (TRS)
Fully gapped bulk energy spectrum
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Introduction to Superconductivity

What 1s it?

A charged superfluid of Cooper pairs (2 electrons) with fermionic character

Cooper pairs formed by effective attractive interaction

How do we describe 1t?
BCS theory (mean-field theory of condensation)

BdG matrix formalism

Symmetry of order parameter (group theory)
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Topological Superconductivity

Chiral superconductors
Spin-singlet d+1d-wave (spin-triplet p+ip’-wave) superconductors

Spinless superconductors
Majorana fermions
Engineered systems




e Topology

Topologically speaking: coffee cup = donut # bun

1 hole 1 hole 0 hole




s (Classification
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* All forms of matter can be classified according
to the Symmetfy they bfeak (translation, spin, gauge, time-

reversal, ...)

* Except topological matter
Topological insulators: 2005 (quantum Hall effect: 1980)

— Ordered but no symmetry breaking

— Topology of the wave function

Trivial Non-trivial
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Metals:

<& Semiconductors

Insulators: - — — = ¥ - - _. E.




L Topological Band Theory
Anything else than metals and insulators?
+ spin-orbit coupling

- Band inversion

Without spin-orbit coupling With spin-orbit coupling

N

Normal band structure Topological (inverted) band structure




Lo Ho'Te & CdTe Semiconductors

Inverted Normal
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HgTe f CdTe |L.5
0 I \——/ l1.0
1 0, :: FG |

0.5

i 05
>{<i ?
0! Il 0

03] /rs\ | Ty s
| I 7 x j
f 1.0

E (eV)

(Ae) 3

1.0 I7
:/_\:: I; ‘
1.5 11 /,_\ 1-1.5
-0 o 1010 0 1.0
k(nm™) k(nm™)

Bernevig ef al., Science 314, 1757 (2006)




L Topological Insulators

Topological in?llator

inside




s Topological Matter

UNIVERSITET

Topological states of matter have

* Bulk topological invariant

— Number classifying the topological class

— Only changes with bulk gap closing

* Protected boundary states
— At any boundary to other topological region

(vacuum, normal metal, s-wave SC = trivial topological order)

Bulk-boundary correspondence

# of boundary states = change in topological invariant at boundary




L Topological Superconductors

Same band theory in insulators and superconductors

Topological insulators 4= Topological superconductors

\ (5= v ne)

Same low—energy excitation spectrum

ET ET
+
%

Condensate of
Cooper pairs
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Topological Classification

Non-interacting (single-particle) insulators and superconductors: 10-fold way

time-reversal

sublattice (chiral)

‘Topological 1nvariants

TRS parggle%ole SL d=1 =2 a=3
Standard A (unitary) 0 0 0 - Z -
(Wigner-Dyson) Al (orthogonal) +1 0 0 - - -
AlI (symplectic) -1 0 0 - 2 Z,
Chiral AIII (chiral unitary) 0 0 1 Z - Z
(sublattice) BDI (chiral orthogonal) +1 +1 1 Z - -
CII (chiral symplectic) -1 -1 1 Z - 2y
BdG D 0 +1 0 Z, Z -
& 0 -1 0 - Z -
DIII -1 +1 1 2y 2y Z
CI +1 -1 1 - - Z

Schnyder ez al, PRB 78, 195125 (2008)




L Superconductors

AZ class SU((2) TRS Examples in two dimensions
D X X Spinless chiral (p = ip) wave
DIII X O Superposition of (p+ip) and (p—ip) waves
A A X Spinful chiral (p +ip) wave
AIIl A O Spinful p, or p, wave
¢ O X (d = id) wave
CI O O d.2_y2 or d,, wave
TRS PHS SLS d=1 d=2 d=3
Standard A (unitary) 0 0 o | - Z -
(Wigner-Dyson) Al (orthogonal) +1 0 0 . - =
AlI (symplectic) -1 0 0 - Z, Z,
Chiral AL (chiral unitary) 0 0 1 - : Z  Spinless ptip-wave in 1D = BDI
(sublattice) BDI (chiral orthogonal) +1 +1 1 = = .
CII (chiral symplectic) -1 -1 1 Z - Z, because effective TRS
BdG D 0 +1 0 Z, Z E
C 0 2| 0 , Z :
DIII -1 +1 1 Z2 Z2 Z
CI +1 -1 1 : Z

Schnyder ez al, PRB 78, 195125 (2008)
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Topological Superconductivity

Chiral superconductors
Spin-singlet d+1d-wave (spin-triplet p+ip-wave) superconductors




e d-wave SC from Strong Repulsion

Strong Coulomb repulsion, antiferromagnetic correlations

(e.g. Hubbard model near half-filling)
—> Spin-singlet paiting

—> Double electron occupation unfavorable

% o . Irreducible
NO J‘_Wave palrlﬁg representation I B function
(a)
ry WHk)=1, kZ+k}, k?
r; WIS k) =k, k,(k2—3k2)(k}—3k}?)
. . o o ri W k) =k, k, (k2—3k})
9 Splﬂ-Slﬂgl@t d-wave parring ri WET )=k (1) =3
r lﬁ(ri,l;k):kxkz
(best state = least number of nodes) . RS
A dOcy?) Hd(xy)
. (b)
2D hexagonal lattice = I
ry d(I'5;k) =2k, (k2—3k}),
. . > o . o k,[(k2— k2% —2k, k,9)
Spin-singlet d(x*-y*)+1d(xy) pairing .
rs d(T5, 1;k)=%k,, 2Kk,
: : : d(T'5,2:k) =9k, 2k,
(Only combination with energy gap) b e
d(T;,2k) =%k, — 5k,




UNIESITET Bulk and Edge Properties

* TFully gapped bulk Eqp(k) = ve(k)? + | A(K)|?

2
& YU

* Two chiral (co-propagating) edge states per edge

left edge states
right edge states

ABS, PRL 109, 197001 (2012)




L Topological Invariant
d+id’-wave SC breaks TRS =2 Chern number invariant

1 on on
N=—/ il —— 52—

, y Re A(K)
Skyrmion number = Im A(k) e
Ve®)? + |A(K)|2 £ (k)

|Cl=N

(topological)

Counts unit sphere area spanned by m as k covers the BZ

Bottom of band: m ~ -z
Top of band: m ~ z
> Non-zero M iff A has finite winding along lines of constant €

d+id’-wave winds twice around I" =2 |M =2 ’ T ‘ . P S

= 2 chiral edge states >
ABS and Honerkamp JPCM 26, 423201 (2014) o <




s Chiral p+ip SC Properties

Spin-triplet p(x)+ip(y)-wave spin-triplet, d = (0, 0, k,+ik,)

* Fully gapped in the bulk Egp(k) = ve(k)? + |[A(K)|?

e 2

P +1 )

* Break TRS -2 finite Chern number/Skyrmion winding

_X_

1 h, . (Om  om
Arr Jgz ok, ~ 0k, ptip~wave winds once around I' =2 | ’N] =1

Re A(K)
= 1 Im A(k) => One chiral edge state per edge
Ve®?2+ AR\ o)




L Doped Graphene, d+id’ SC?
Honeycomb lattice Band structure with van Hove singularities

ﬁ _J Diverging DOS
S favorable for SC

DOS

Pairing from repulsive A o
interactions e - )

* Strong interactions [1] ’ ‘ +1 | e o
* Perturbative RG 2 S~ \ , K;gm ﬁm
* Functional RG 3] d<X2‘Y2> +i d(Xy) dvid I dvid I

0.60 van Hove

[1]: ABS and Doniach, PRB 75, 134512 (2007), [2]: Nandkishore ¢ #/, Nat. Phys. 8, 158 (2012), [3]: Kiesel ¢ ., PRB 86, 020507 (2012)




v Other Chiral d+id’ SCs?
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* SrPtAs

* Na,CoO, ® yH,O

e B-MNCI

* K-(BEDT-TTF),X

* (111) bilayer StIrO,

* In;Cu,VOy

* Twisted (~45°) cuprate bilayers

See e.g. review: ABS and Honerkamp JPCM 26, 423201 (2014)




sted Bilayer Graphene
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LDOS in

ing

Yl

Var

Very small “magic” angles
- low energy flat bands

1ré

Supercell mo

1l

/

moiré ce

patter n

==
S.—o
~——
-
~

-

-

T
-
-

40

20

-40

-0.2

ky (nm?)

02 0

0242
ky (nm )

DOS (eV 'nm?)

Bistritzer&MacDonald, PNAS 108, 12233 (2011); Cao et al, Nature 556, 43 (2018); Nature 556, 80 (2018)




Lo Why are Flat Bands Interesting?

Locally or regionally flat bands =2 divergent DOS

Electronic ordering, even with weak interactions

Magnetism (Stoner critetion):  DOS(Egr)U > 1

. 1
Superconductivity (BCS): 1, oc e POSERIV




wmw - Superconductivity in TBG

Superconducting domes throughout moiré flat band

Rux (kO) el

M1, 6=1.16°

0.6 -

0.5 ;

0.4

T (K)

0.3 -

0.2 |

-1.8 -1.6 -1.4 -1.2

Cao et al, Nature 556, 43 (2018); Balents et al, Nat. Phys. 16, 725 (2020)

— 1.06°

3+ — 1.16°

— 114
1.10°
1.27°(1.33 GPa)

Insulator

Band filling

Similarities with cuprates:

* Strong coupling, Mott + SC domes,
pseudogap state, strange metal phase, ...

—> d-wave pairing on honeycomb lattice!?
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“Cuprate SC” 1n Graphene?

Cuprates = order parameter on nearest neighbor bonds

Order parameter symmetries

(1
e .
1
extended s-wave

ABS and Doniach PRB 75, 134512 (2007)

(e

d(x*-y?)-wave

0

R

\ d(xvy)-wave —

Chiral

~

d(x*-y?) +id(xy)

”éizw /3
1
eiélj- /3

/

Cp. Cuprates:
d(x*-y?)

on square lattice




Superconduting State in TBG
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Te at‘magic angle with Two-told solution: A, A,
doping at DOS peak

60l MATEHAZEE 1
=
> 50 —
. =
> 40 =
© &
“é& 30 g
o Ll
F 20 e
3
= Leading order .
6 10 ' Graphene
oo
ol =9 e e - *
0.0 05 10 1.5 2.0

Coupling Strength J/t

* Highest T, for two-fold degenerate solution ~ * Peaks in AA regions

* Very low ] for realistic T, at magic angle * Moiré-scale nematicity
(breaks C; rotation)

Léthman, Schmidt, Parhizgar, ABS, Commun. Phys. 5, 92 (2022)




s Moiré-scale Nematicity

At T, all linear combinations are solutions: A(©, ¢) = ||A|| (cos OA, + ¥ sin @Ay>

AtT =0: _ (h)  DOs: A0, 0) |
(f) Real manifold energy AE(©,0) E
Relative Energy: AE(0,¢) = E(9,¢) - E(0,0) —ond ~3206
0 25 50 75 100 15y > 7.5 1V Ly
1 S 5.
I 2.6
= 0
0 x T in 277 (i) A(r1/6,0) |
—>  O(rad.) MSVL% =3119

* 3-fold degenerate nematic

ground state (JE) A(ru/4,mi2) |
cond _
o i vtz =212
20 2 = iz 27 e Real valued
@ (rad.

° 1 1 |
Chiral solution wortst! T

Energy (me\-/)
Nematic with full gap

Cp. gapped chiral d~wave in graphene &
Lothman, Schmidt, Parhizgar, ABS, Commun. Phys. 5, 92 (2022) nodal d~wave in cuprates




wesn  Atomic-scale d-wave Nematicity

Decompose order on bonds: A(%;) =

Vector field for d-wave order: )Z(fz) = cos 7(&;)Z+sin 7(Z;)y

~ RB®)Max BF)

0 0.2 04 0.6 0.8 1.0

Léthman, Schmidt, Parhizgar, ABS, Commun. Phys. 5, 92 (2022)

A(@)| (cos7(E) fu,_ o +sinT(E) a, )

d-wave form
factors

* Atomic-scale d-wave nematicity

* Aligned with moiré-scale nematicity in

AA regions

* Vortex structure outside AA regions
Cuprate =2 Nodal d-wave
Graphene =2 Gapped chiral d+id-wave

Twisted bilayer graphene =2
Gapped inhomogeneous (nematic) d~wave
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Topological Superconductivity

Chiral superconductors
Spin-singlet d+1d-wave (spin-triplet p+ip ~wave) superconductors

Appears often for 2D irreps

Fully gapped bulk

Finite Chern number A, set by phase winding of A
Chiral edge states crossing bulk gap, # =

Breaks TRS, preserves at least S, symmetry
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Topological Superconductivity

Spinless superconductors
Majorana fermions
Engineered systems




“Spinless” p+1p’ Superconductor

UNIVERSITET

* Spinless superconductor = p-wave paitring
* No known intrinsic “spinless” SC

* Multiple proposals for engineered “spinless” p+ip’
superconductors last ~ 10 years
— 1D spinless A ~ k (class BDI)
— 2D spinless A ~ k +ik, (class D)

Can be topological superconductors

Topological boundary states are Majorana Fermions (MFs)

1D: Localized zero-energy end states

2D: dispersive edge modes or localized
ZEero-energy vortex states




Lo Schrodinger, Dirac, and Majorana

g : )
Schrodinger (1925) | ey, .
' C N
B gy 2y —Cl" [ Dirac (1928)
2m = ot C()rrect 3
- j Z ihy" 0,9 = mey
o L T AN J
O?fz& 4x4 complex matrices
T N e
Majorana (1937) | S . Spin-1/2
4
) R0, = mey . Electror}z & positron (hole)
=/ Y ¢ #c

4x4 imaginary matrices

* Particle = Antiparticle: Y f —

* Electron “=* 2 Majorana fermions: CJr = Y1 + 172
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New particle ~ 2 electron

[ ] . |
Emefgeﬁt p article Condensed

matter systems

—

0.025

* Appears in pairs

-

380 550
MF on sample edge MF in vortex core

Non-Abelian statistics in 2D

= Robust quantum computation by braiding

/'\Q

~@——1"@

Quantum gate operation

Time

= particle braiding

1B

€
®—
‘—/




L Bxcitations in Superconductors
Quasiparticles in a superconductor:

t

* Part electron and part hole a = uc] +vey
a' =u*ep + vie)

* Mixed spin-up and spin-down

2. I |
o2 =1 — Jux2 = § (1 - &)

— E = 0 states are Majorana fermions: VT — y (if we ignore spin)

-@®
But ... [@ + @ & f @J

* Superconductors often have an energy gap 1+ 2

— Topological SCs have E = 0 boundary states

* E = 0 states are often spin-degenerate (2 Majorana =2 1 electron)

—> “Spinless” topological superconductor




Kitaev’s 1D Toy Model

1D chain of spinless electrons with superconducting pairing

UNIVERSITET

© © © 06 © 0 06 0 O
r 2 3 ... - #+1 ... N

-1 / 7

(]

1
H = —ch;ch- 5 Ztc;-rciﬂ + Ac;ci1 + H.c.
i

Chemical potential Nearest neighbor Spinless p-wave pairing

hopping

Kitaev, arXiv:cond-mat/0010440 (2001)




Majorana Basis
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1
H = —,u,Zc;fci =7 Ztc;-rcz-ﬂ + Ac;cii1 + Hec.
i i

1 | (¥ =
= tinf) wemp
1% 1 = 2045008
h\/b Majorana fermions
Change basis
" N Z.N—l
. A A A
=-5 ) A+inw ) — 7 ) [(A+ 0w vk + (B = )7

=1 1=1

A: © © © O

@ © &6 0 O
5 @9 @ @ @ @ @ © 0 ¢
1 2 3 ' +1 L N
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Trivial Phase

'MZ

N-1

)

(1 U 7’% 77, Z Z A + t 77, %—I—l £y (A )7@ 77,+1]
g=2]

Topological trivial phase: A =7=0,pu <0

EEREERER

Unique ground state
*  Vacuum state for electrons
* Bulk gap (| p| lowest excitation energy)




wsn — Non-Trivial Phase

aw

||

|
N =
=

N-1
)
(1 U 7’% ’Yz Z Z A + t 77, 72—{-1 £y (A )’Yz 77,+1]
g=2]

Topological non-trivial phase: £ =0, A = #% 0

‘\.’\.’\.’\.’\.’\.’\.’\.

d; = 5(%{1}1 +i77)

N-1
1
1 , ) H:tE d;fdi——
f=50i +in) - ( %

Free MF

Degenerate ground state
* Bulk gap ()
* Zero-energy MFs at end points




L Majorana Fermions in BAG

How can we get “/2 electron” in the BdG formalism?

- — e A

CT_kl

- Not in spindegenerate (e.g. chiral p+ip’ or d+id’) superconductors

(o

- k A(k
But 1f H — aL ( Elé_‘_()lz-; _g(i{))o_o ) ak [akz(akT,akl,aT_kT,aT_kl)]

1 electron represented by 2 vector components

<> MF it E=0 eigenstate has no spatial overlap with other states




wen — SOC Semiconductors

Spin-orbit coupled (SOC) semiconductor + magnetic field

Vo lor Y 1
Semiconductor, Spin-orbit (Rashba) Zeeman split bands
spin degenerate coupling (e.g. InAs)

Conventional s-wave pairing

4x4 BdG description needed due to SOC + Zeeman field
Spinless p+1p’ superconductor with MFs if |V, | >| A |

2D: Sau et al, PRL 104, 040502 (2010). 1D: Lutchyn ¢/ a/. PRL 105, 077001 (2010), Oreg ¢/ /. PRL 104, 077002 (2010)
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Experimental Hunt in Nanowires

4 1D InSb nanowire

(Semiconductor with strong SOC)

+ Magnetic field

+ s~wave superconductor

N\ Conductance through wire

05 Z90mr

di/dv (2e’/h)

J

superconductor

Mourik ez al., Science 336, 1003 (2012)

0.75

S i 0 0.25 05
MFEs () B(T)




wsn — Nanowires with Hard Gaps

. ) . .
1D InAs nanowire Hard Conductance at different gate biases
adlldV (e%/h
+ Al superconductor SC gap o_%po—' ol
cited states G
. + Magnetic field ) o S
£ 0.0 — | conmmp—
5 T , =
-0.31. . . . .
Only Andreev bound states
: _ 02
T — ¢l
device 1
[ ®
0 ' 1 ' D

B(T)
Topological phase with MF (?)

Deng ¢t al., Science 354, 1557 (20106)




L Hunt with Magnetic Atoms

(" N
Pb substrate
(SC with strong SOC)
+ Fe ad-atoms g
. Y, 2
MFs (?)
v%ﬂf! tip
Ferromagnet

(SUAP/IP

150

Superconductor

0
-144 -124 -076 -044 000 +044 +0.76 +1.24 +1.44

Energy (meV)

Also: MFs with predicted spin-polarization

Nadj-Perge ¢ al., Science 346, 602 (2014), Jeon et al., Science 358, 772 (2017)




e Magnetic Atoms on Superconductors

Magnetic atoms on a SOC superconductor

A £

Ferromagnet

-

ferromagnetic

island
> N

s-wave superconductor (Pb)

= szn+HSO+Hc+HV

SOC superconductor

(H;m-n =—t Y oo — “Z el cio N Magnetic atoms on sites a
(i,.i) i (to 15t approximation)
Hso =—5 Z [ Ci—g)Cit — 1+m¢clT) ’Hvz = — Z (Vz(a)ﬁ . U)aa’ CLaCaO'/
t i a,o,o’
Z Ai(cipey + Hec)

\ J

Nadj-Perge ¢ al., Science 346, 6209 (2014), Li ef al., Nat. Commun. 7, 12297 (2016)
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Self-consistent solution for the superconducting order parameter
LAi = —Vsc<ci¢CiT>}

Single magnetic impurity

SOC superconduct
MF wire

end state Circulating

currents
PRL 115, 116602

1D ferromagnetic wire MF vortex (2015)

2D ferromagnetic island
core state
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Magnetic Impurity Wire Networks

Are there simple, but unique, signals of MFs?

Ferromagnet .
A | N ”
{ : OO VY B 400

o ‘ ; _(., ;:v,

: ‘ 4 \ A\

©
® 200
©
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oean - Ferromagnetic Atom Wire Networks

Wire network of ferromagnetic atoms on SOC superconductor

: O
A
o.@ © -
400 + 0600 ’200
(D)=
—

Zero-energy MFs at odd-wire junctions (black)
No subgap states at even-wire junctions (red

Bjérnson and ABS, PRB 94, 100501 (R) (2016)

1©
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> LDOS along upper wire segment

400 - @.

MaX

1
. ...Qmﬂuonu“‘%

Only clear subgap o
states are MFEs at | l | 0
odd-wire junctions © ) \/ ©

MF wire end states

Bistnson and ABS, PRB 94, 100501 (R) (2016)
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LDOS

LDOS

Parameter Dependencies

SOC: increased gap

& ©)
,*/\J A A
A/\/N/\AJ
Y A
~TA AN \uwx
UL VIINAN ] VAN
IS \/\J\/\\_J
A/ |V WA
A AALYYave L/vv\,fw\,\/“\,\/\,
\/V'\/‘-K\/"\/’ y SNV
VV VALYV me\/\/\/\/\,\/

-IAI

E |A|

|A| E |A|

Chemical potential

M\M})&:X\C
asaanaed O | WY
J\/\/\A AL
~— ;‘\“\/

—VV\/ S V/\\'\/ AA A
~ N ANV, Y ~
SN WS [ /N S | N/ S
GNPy VIS VY

-1

Bjornson and ABS, PRB 94, 100501(R) (2010)

400 A

©
®
©

SC order parameter: increased gap

] 200

T

Y -

2 WA A

n— \] LJ\

8 I [ AN u\,

S avIW) AWWLWW

VAANNY VAN AA VA

I NN AN N

VA NVAMNAAFANANA
VTV

LDOS

-14]

E |&

Magnetic moment: TPT

@ Q@
\/\/\' ~/\/W

T~

\/_
~N A I e LU N
Y PSS W M N1
S NEVANRY L NS SA A\
AL SATIVAL - NS
/4 N | K N

| |
-1a] E a]

Large LDOS difference between even- and
odd-wire junctions for all parameters
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Majorana Oscillations and Localization

How are MFs interacting with other states?




wan  YSR Subgap States

UNIVERSITET
Magnetic impurity (classical spin S = V,) in s-wave SC

* Yu-Shiba-Rusinov (YSR) subgap states

1.5

1.0 |

+
Eyqp = £A

Ar=0,0)

2 2 RN
()| [ () |
:l: ' '-30. -2.0 :::::::—:l.() | OI.O 1. :
e - OO
’ No change in energy

Quantum phase S .
.. . levels with SOC
transition (QPT) ik
|'¥,> HH-
=172

Balatsky et al., RMP 78, 373 (2000)




UNIVERSITET Sp€Ctrum for Impurity Chain

E, A/ Apyk
o
=

—0.25+

—0.50

Theiler, Bjornson, and ABS, PRB 100, 214504 (2019)

MFs?

Self-consistency:
(A; = —Vie(cigcir)

* A suppressed on chain sites
*  Phase transition at lower V,

. Energy oscillations

. YSR states lower energies




i Towest Energy State

. 0.04-
\\\

0.6 //

0-4‘-
< 0 . “50.021
<00 P,
= on- /

~_ )'OC
—0.4- %
—0.6 00070 40 60
X
081 0.9 10 11 . /ﬂtz 13 14 15 T 1 ical b d d
OpO oglca ounaary mode
= «“ME”

Theiler, Bjornson, and ABS, PRB 100, 214504 (2019)




wm - Lowest Energy State at High V,

0.8

A =
0.6—\\ P \ /
0.4— —
e ——— 0.025+
= O'Z'N = - =
[‘5 0.0 \/@\ -
= 02_/
0.4—% k
—0.6 0.000~— \ \
20 40 60
_0.80 8 OI9 1|O 1|1 1l2 1|3 1I4 1|5 :
ol Heavily oscillating lowest

energy state = MF ¢

Theiler, Bjornson, and ABS, PRB 100, 214504 (2019)




Higher Energy State at High V_

0.8+
0.6 —\ ////—) — \ /
0.4- N
0 2—¥ — — O — _ -
g 00 \/e\ =
= —0.2- /
—04 —%
e 0.0002— ‘ ‘
20 40 60
—08 1 0.9 10 11 12 13 14 15 .
' - ~ S ' | | YSR state also oscillates

Oscillations from MF or YSR?

Theiler, Bjornson, and ABS, PRB 100, 214504 (2019)
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At TPT, well-behaved states = Basis states

0.04+

0.8+
06%\
< 027 S0.021
£ N =
£ 00 >,
8]
70.2—/\
70.47%
i 0.00 , ‘
—06 20 40 60
—0.8 f T T T T T
0.8 0.9 1.0 1.1 12 13 14 15
0.8+ 0.02+
0.6-]
N
- -
- o
< 02 50,01
g =
<00
~
48]
70.2—/\
_0,47/
i 0.00-
—06 20 40 60
—0.8 T T T T T T *
08 0.9 1.0 1.1 12 13 14 15
V. /¢t

Theiler, Bjornson, and ABS, PRB 100, 214504 (2019)

Clean MF and YSR States at TPT

MF = topological

boundary mode

YSR states ~

Particle-in-a-box states
along chain




e, Basis Decomposition

Using states at TPT as a basis:

[1o(Vz)) R~ Fo(Vz) [vbo) + iz li(Vz) ;)

0.050~ 0.04+
V, at TPT
30.025 n__ 30.02 "+"
0.000 w w \\ 0.00 w T w
20 40 60 20 40 60
X X

Basis states

i) = |i( Ve = Ve 7pT))

Overlap coefficients

[i(Vz) = (o(V2) i)

Theiler, Bjornson, and ABS, PRB 100, 214504 (2019)

0.02

0.00-

20

V, at TPT




e - ME-YSR Hybridization

Components in lowest energy state

Basis
L= _______ let
MF component o R K: ompicteness
YSR
0.8~ r e
0 components T .
c 067 T, Lowest energy state 1s
=, NOT just the MF
Large YSR components
0.2-
0.0 | T | T T
1.0 1.1 12 1.3 1.4 15
V. /t

Theiler, Bjornson, and ABS, PRB 100, 214504 (2019)
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Components in lowest energy state

0.8

MF-YSR Hybridization

Energy spectrum

./t

Lowest energy state = MF + lowest YSR

= Energy oscillations

- Amplitude oscillations in wave functions

Theiler, Bjornson, and ABS, PRB 100, 214504 (2019)




L Bxtracting the ME

0.8+ Lowest state
0-6% \ 27 Jowest state
04% 0.0251 ;

= | ':

0.2

00 = = 0.025
e -l

E / Spuk

|2

-0.8

V./t ' ‘ Lowest state =
MF + YSRs

0.000 & Ao L

How to extract the MIF = topo. boundary mode ?
* FWHM of first peak

MF Lowest state YSRs
* Corrected MF state (subtract YSR states): [V (V2)) = |o(V: Z Li( Wz
, 17#0
*  Topological boundary mode: ¢m(x) = Ce=  Jo M(a)de

—  Effective mass gap: M(z) = |A(x)| — B|V.(z)|

Theiler, Bjornson, and ABS, PRB 100, 214504 (2019)




wean — MF Localization Length

5
. °  FWHM (first peak)
—
il T~ —— Topo. boundary mode
i ~. _
'o. \'\,\ —— Corrected MF -~
St L . ’
~ 3 "0..' ~ Safuinl Cse R
‘.. ~. 7’
E e L X /
= \ A LY TP,
< 2 ..’:‘.'“““uc
e ===
””
1+ ,—””
0-1 | | | | |
1.0 1.1 1.2 1.3 14 1.5
V., /t

Topological boundary mode = MF ~ first peak in lowest state

Localization increases with V, (opposite to SC coherence length)

Theiler, Bjornson, and ABS, PRB 100, 214504 (2019)




Summary
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Lowest energy state = MF (topo. boundary mode) + YSRs
— Energy and amplitude oscillations due to YSR contributions
— MF ~ first peak in lowest state
— Enhanced effects by self-consistent treatment of superconductivity

0.50

0.25+

E, A/ Apyik
I=
=

—0.254

Theiler, Bj6érnson, and ABS, PRB 100, 214504 (2019)
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Nanowire SNS Junctions

When do false MFs appear and how to detect them?
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Are zero-Energy states MEs?

Interfaces/edges/impurities often host trivial zero-energy
Andreev bound states (ABS)

How to distinguish MFs?

Stable zero-energy peak
Quantized conductance

Bulk gap closing

MFs (?)

0 1.5
di/dv (2%—1

Not unique
to MBS

—

Zhang et al., arXiv:2101.11456, see also Prada ¢z al., Nat. Rev. Phys. 2, 575 (2020)




53%.8
sfﬁ ag}
B\ r/S
50

V=
\YERI]
B4/e
o
QL

s Nanowire + Superconductor

H = Hsc + Hyw + Hyo_nw

S beyond topological
phase transition (TPT) at B,

"0 T01 02 03 04
Zeeman field, Bltsc]
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Nanowire + Superconductor

H = Hsc + Hyw + Hyo_nw

0.2

Heavily moditied effective ? )

chemical potential (and SOC) E i
in NW -

0.2

20 40 60
Superconductor width, L,[a]

Awoga, Cayao, and ABS, PRL 123, 117001 (2019), see also Reeg et al. PRB 97, 165425 (2018)




UNIESITET Short SNS JunCtiOn

& |
o |
=

\
PN

Barrier

Quantum dot (QD) or barrier emerges
spontaneously in short NW junctions

Awoga, Cayao, and ABS, PRL 123, 117001 (2019)

Ho




False MFs 1n QD Regime

UNIVERSITET

Energy spectrum of junction

Zero-energy QD states before TPT
—> false MFs

Awoga, Cayao, and ABS, PRL 123, 117001 (2019)




UNIERSITET Fa’lse MFS in QD Regime

1 YA
0.8

Sl ., = 21a :
"o
00 : 0.4
0.2

0.2 04 06 087 1

Zero-energy (trivial) QD states
always 1n strong coupling regime

Awoga, Cayao, and ABS, PRL 123, 117001 (2019)




Phase Dependent Spectrum
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Phase dependent spectrum . Phase dependent spectrum

Energy/Asc
o

) Outer MFE's
w0
4 —
b>5 .
g \J-‘-LDC\
=
=
‘ -0.2E AW lFE g I‘t ./L!/
0 1 2 0 1 2 v L/ L
Phase difference, ¢[r] Phase difference, ¢[r]

nt-shifted phase energy spectrum in QD regime
(due to spin flip 1n occupied state)

Awoga, Cayao, and ABS, PRL 123, 117001 (2019)




n-Shifted Supercurrent
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2Supercurrent in (B, ¢) space Supercurrent in different B regions
S TPT ?
-
3 / 1
=
; 0
=
o
- I -2
: 1 1.5 0 1 2
Zeeman field, B Phase difference, ¢

Zero-energy
states appears

False MFs € =2 m-shifted supercurrent

Awoga, Cayao, and ABS, PRL 123, 117001 (2019)
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Ll\'\\'
/\
) |Asc|/7
lAsclel r B r /Ly

«— ] —> «—] —>
T x

Nanowire SNS junctions

* False MFs common in short junctions

— Due to spontaneous QD formation

— Distinguishable by mt-shifted supercurrent

Supercurrent

Phase difference, ¢

Awoga, Cayao, and ABS, PRL 123, 117001 (2019)
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Topological Superconductivity

Spinless superconductors
Majorana fermions
Engineered systems

Prototype: Kitaev model for 1D spinless SC
Materials: SOC + magnetism + s~wave SC
Majorana fermion:

* Non-local, “V2 electron”

* Topological boundary state in spinless SCs
* Topological quantum computation
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wa - Summary

* Introduction to superconductivity
— BCS, BdG, group theory

* Topological superconductivity

— Chiral superconductors: p+ip’and d+id” superconductors
* Appears often in 2D irreps
* Topology set by Chern/winding number of order parameter

* Chiral edge states

— “Spinless” superconductors = Majorana fermions
* SOC + magnetism + s-wave superconductivity

* Topological edge state = Majorana fermion ~ non-local “Y2 electron”
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wa - Summary
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* Introduction to superconductivity
— BCS, BdG, group theory

* Topological superconductivity

— Chiral superconductors: p+ip and d+id superconductors
* Appears generally in 2D irreps
* Topology set by Chern/winding number of order parameter

* Chiral edge states

— “Spinless” superconductors = Majorana fermions
* SOC + magnetism + s-wave superconductivity

* Topological edge state = Majorana fermion ~ non-local “Y2 electron”







