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Two-loop box and pentagon integrals

indep. | massive/ | internal
kinem. | off-shell | masses process full o
scales legs
22
2 0 0 ¥y 2011
2 0 0 JJ (lc) | 2017
2 0 0 Y+ 2017
3 2 1 tt 2013
3 2 0 vV 2014
4 2 0 vv' 2015
3 1 0 V+ij 2015
3 1 0 H + j @y 2015
4 2 1 HH 2016
4 1 1 H+j 2018
3 0 1 g9 — Y 2019
4 2 1 99 > Z7Z 2020
4 2 1 g9 > WW | 2020
5 2 1 99—~ ZH 2021
4 2 1 QCD-EW DY | 2022
23
4 0 0 3y 2019
4 0 0 ¥Yj 2021
4 0 0 35 2021
5 1 0 Wbb 2022

Analytic results: one off-shell
Ieg [2005.04195,2107.14180]
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This type of integrable boundary singularities are ubiquitous in Feynman
integrals.
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Feynman integration software

* pySecDec [Borowka et al.]
+ FIESTA (smirnov]

+ DiffEXp (Hidding]

+ AMFlow [Liu, Ma]

+ SeaSyde [armadillo et al]

. HyperInt [Panzer]



Feynman integration software

pySecDec [Borowka et al.]
FIESTA (smirnov]
DiffEXp (Hidding]
AMF1ow [Liu, Ma]
SeaSyde [Armadillo et al.]

HyperInt [Panzer]

feyntrop [Borinsky, Munch and FT]

Uses tropical Monte Carlo integration and can be applied to Euclidean as well as
Minkowski kinematics.

True power: On your laptop you can evaluate high-loop multi-scale integrals in
minutes to reasonable error.



The Feynman Integral

. Ve dlx, a0l =X — - —xp)
I:hme/ (X )UD/2 w
R A | o R S Sy

with the superficial degree of divergence
w = Z Ve — LD/2
eckE

where 1, are propagator powers and V = F /U with homogeneous
graph/Symanzik polynomials

U= Z er, deg(U) =1L

T a spanning  e¢T
tree of G

f:fm—l-]:(] :L{mexe— Z p(F)QHX& deg(F):L+1
ecE F a spanning edF
2—forest of G
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+ Modifies the analytic structure by displacing branch points and introducing
spurious branch cuts.

« Numerics is hard, as € — 0 poles can get arbitrarily close to the integration
contour.



Contour Deformation

Why ie?
Chooses the causal branch and ensures the convergence.

Why not ie?

Modifies the analytic structure by displacing branch points and introducing
spurious branch cuts.

Numerics is hard, as € — 0 poles can get arbitrarily close to the integration
contour.

Instead: Change of variables

Xo = X0 €X —iAa—v
e = Xe©XP OXe

Picks the same causal branch as i€ as long as A is sufficiently small and
2%

X, —

€ Ox,

i.e. the Landau equations have no solutions.

#0 VecE



Comparison with direct numerics on the Feynman parameterization with i and
with deformation:

Loup
20+

157

1073 1072 107! 1 10

[Hannesdottir,Mizera]
For too large A\ we get a jJump.



Tropical Monte Carlo
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Tropical Monte Carlo

The tropical approximation of a polynomial p(x) = ZaESupp(p) Cax®:

p"(x) = max {x“}.
aesupp(p)

Theorem
For a homogeneous polynomial p € Clxy, ..., x,] that is completely non-vanishing in
IP", there exists constants Cy, Ca > 0 s.t.

p()]

€ <
L= p(x)

< Gy forallx € Pi

Key assumption: You can find bounds on a deformed polynomial with the
un-deformed one.
l.e. there are A dependent constants C1 (), C2(\) > Os.t.

(@) (%)

where the denominators are the deformed polynomials. 10

C1(N) < G(N) forall x e P




Expanding in €:
Assuming that the only potential divergence comes from I'(w) we have:

%) ek Ve det]x(x) k (u
I_r tel 7/ e lo
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where wg = ), Ve — Dol /2.
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Expanding in €:
Assuming that the only potential divergence comes from I'(w) we have:

RTINS v det 7, (x) (U
= Plwot L); k! /ﬂwf+ (g T(Ve)> U (x)™% .y (%)~ tog (V

where wg = ), Ve — Dol /2.

Writing the integral with these fractions in the integrand:

w0+6L
T = 7
HeeEFVe Z:k' ‘

with

T, = /tr/ (HeeE(Xe/Xe)VE) det 7 (x) 1ng (U(X)
B (U () /U ()72 - (V (%) /Y (x))

= 1 [Lecexe" Q, Y= 1
Jtr Utr(x)D0/2 Vtr(x)“’o P

and

+
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The program feyntrop

Available at https://github.com/michibo/feyntrop
A C++ program with Python interface:
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https://github.com/michibo/feyntrop

Example:

2 6 3
»--- 4»—/
|
1~
- -- 1»—&
.70 ) 4
Dashed lines: massless, the solid lines: mass m and double pi #0.

edges = [((0,1), 1, '0'), ((1,2), 1, 'mm'), ((2,6), 1, '0"),
(6,3, 1, 'mm'), ((3,4), 1, '0'), ((4,5),1, 'mm'),
(6,00, 1, '0"), ((5,6), 1, 'mm')]

Phase space point

pe=0, pi=ps=p3=m"=1/2, sy =22, sp =23,
503:2.4, 512:2.57 513:2.67 523:2.77

wheres; = (p; + p;)?. With A = 0.28 , N = 10% , we obtain:
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Prefactor: gamma(2*eps + 2).
(Effective) kinematic regime: Minkowski
Finished in 8.20 seconds.

-- eps~0: [0.06480
-- eps”1: [0.4036
-- eps~2: [-0.7889
-- eps”3: [-1.373
-- eps”™4: [ 1.258

+/- 0.00078]
+/- 0.0045 ]
+/- 0.0060 ]
+/- 0.030 ]
+/- 0.088 ]

+ 4+ 4+ 4+

He e e e

* X X X *x

(exceptional) .

0.08150 +/-
0.3257 +/-
0.957 +/-
-1.181 +/-
-1.205 +/-

0.00098]
0.0035 1]
0.016 1]
0.034 1]
0.036 1]

This is a two-loop integral with different mass scales that you can integrate on

your laptop in 8 seconds.
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Example:

s
z

((5,6),
(2,3,

, '0"), ((6,2), 1, 'mm_top'),
, 'mm_top'), ((3,4), 1, 'mm_top'),

[
0
edges = [((0,1), 1, 'mm_top'), ((1,6), 1, 'mm_top'),
1
1
1

((4,5),

With s; := (p; + p;)%, we have the following kinematic setup:

py=pi =0, p5=ps=pi=mi,

So1 = Bmj, — So2 — S03 — S12 — 513 — 523 -
Phase space point:
m? =1.8995, m?=1,
sge = —4.4, sg3=-0.5, s15=-0.6, si3=-0.7,

Setting A = 0.64 and N = 103, we get:

, 'mm_top'), ((5,0), 1, 'mm_top')]

S23 = 1.8,
15



Prefactor: gamma(2*eps + 4).

(Effective) kinematic regime: Minkowski (generic).

Finished in 8.12 seconds.
-- eps”0: [-0.0114757 +/- 0.0000082]

+ i * [0.0035991 +/- 0.0000068]
-- eps™1: [ 0.003250 +/- 0.000031 ]

+ i * [-0.035808 +/- 0.000041 ]
-- eps™2: [ 0.046575 +/- 0.000098 ]

+ i % [0.016143 +/- 0.000088 ]
-- eps”3: [ -0.01637 +/- 0.00017 ]

+ i % [ 0.03969 +/- 0.00016 ]
-- eps™4: [ -0.02831 +/- 0.00023 ]

+ i % [-0.00823 +/- 0.00024 ]

« feyntrop 8.12 seconds with relative error ~ 1073

+ pySecDec 3 hours with relative error ~ 1072
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Thank you!
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