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Boundary critical phenomena

In the vicinity of a second-order phase fransitions:

@ Power-laws, universality

@ Renormalization Group:

K = R(K) = R(R(K))...

d
@ Real systems: surfaces bulk
@ RG: bulk vs surface couplings
Cardy book (1996)
*(1)
/‘ Ksurf
2 .
Kgulk = K;Srf) Reviews: Binder (1983), biehl (1986)

—Rich bulk-surface phase diagram
—Surface UC determine the critical Casimir force risner de Gennes (1978)



A renewed inferest: quantum spin models
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@ Bulk: quantum phase fransition
inthe 0B) UCind=2+1

@ Unexpected boundary
exponents




A renewed inferest: quantum spin models
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renewed interest: Conformal Field Theory
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Reexamining the boundary O(N) universality class
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@ Surface critical behavior of the 3D O(N) model
® O(N): from Normal to Extraordinary

® Line defect



@ Surface critical behavior of the 3D O(N) model



The 3D O(N) universality class

@ Simplest model of classical magnets
Liquid-vapor, uniaxial ferromagnets (N = 1), superfluid “He (N = 2),
isotropic magnets (N = 3), chiral transition QCD (N = 4), ...

Pelissetto, Vicari (2002)

@ Numerous investigations: field-theory, high-T expansion, MC, ...

o Co nfo rmal BOOTSTI"CI p il’] d = 3 “’;’1. O(N): Secaling Dimensions
Rigorous results, very precise

1.60) 0@)

@ CB with boundaries
Recent developments
McAvity, Osborn (1995) . T
Liendo, Rastelli, van Rees (2013) Ly
Gliozzi, Liendo, Menieri, Rago (2015) . 8 . : % o

Billé, Gongalves, Lauria, Menieri (2016)
Padayasi, Krishnan, Metlitski, Gruzberg, Meineri (2022) Kos, Poland, Simmons-Duffin, Vichi, (2016)



O(N) phase diagram d = 3: N=1

Bulk coupling Kpuik vs Surface coupling Ksurface

@ Surf trans. usual d = 2 phase

A e ar ol % transition
bulk disordered |.S .
v fach Biderctn T @ Ordinary: new surf. exponent
o
S bulk ordered il
Surf % surface ordered (p(x)9(0)) ~ |x’2A¢g
- trg
ns.
special Aj = (1+mny)/2 = 1.2751(6)
Hasenbusch (2011)
)
©
bulk disordered _g @ Special: multicritical point,
LA iegrderet = relevant surface exponent + 7
. )
Kk Kouix

@ Extraordinary: ordered



O(N) phase diagram d = 3: N=2

Bulk coupling Kpyk Vs Surface coupling Ksurface

@ Surface fransition:
Berezinskii-Kosterlitz-Thouless

>
A Ksurface E @ Ordinary transition
bulk disordered |.=
surface quasi -g 0 1
long- X A
e TG £ bulk ordered (#(x)¢(0) Ix|244
28 surface ordered
KT 3 Ay = (1+n))/2 = 1.2286(25)
FPT (2013)
special
> :
e N [ @ Extraordinary: ordered?
ulk disordere = :
surface disordered [2 i gadely o celdhe
(©) Deng, Bléte, Nightingale (2005)

crit
Kk Kk



O(N) phase diagram d = 3: N=2

Bulk coupling Kpyk Vs Surface coupling Ksurface

@ Surface fransition:
Berezinskii-Kosterlitz-Thouless

A Ksurface a Ordi i
el o = @ Ordinary fransition
u =
surface quasi _g » 1
H X ~N —
ONETANEE) © ik ordered #()#(0)) X226
s surface ordered
KT 3 Ay = (1+n))/2 = 1.2286(25)
FPT (2013)
special
2 :
; © @ Extraordinary:
‘exraordinany-og” phse
o
: - o 1
Kl Kpuk (9(x) - 9(0)) ~ (log x)?

Metlitski (2020); Hu, Deng, Lv (2021)



O(N) phase diagram d = 3: N=3

Bulk coupling Kpyk Vs Surface coupling Ksurface

@ No surface transition
@ Ordinary fransition

(9099(0)) ~ |§

bulk ordered Az =(1+m)/2= 119: )( )
bulk disordered surface ordered

surface disordered

A Ksurface

@ Surface fransition shifted to
? Ksurface —+ 00
= Only the ordinary UC
3 B

Krech (2000)




O(N) phase diagram d = 3: N=3

Bulk coupling Kpyk Vs Surface coupling Ksurface

@ No surface transition
@ Ordinary fransition

A Ksurface E\
© 1
£ (6(9(0)) ~ -
5 N
g bulk ordered A¢3 =1+ 77||)/ 1( )( )
bulk disordered & surface ordered
surface disordered
@ special @ ‘KT-like” special transition af
e finite Ksurface
< Deng, Bléte, Nightingale (2005)
O
o




O(N) phase diagram d = 3: N=3

Bulk coupling Kpyk Vs Surface coupling Ksurface

@ No surface transition
@ Ordinary fransition

A Ksurface E\
© 1
£ d(X)p(0)) ~ —+—,
£ (BEIOON) ~ -
'®,
g bulk ordered A¢3 =(1+ 77||)/2 :F%T-i(?oﬁ)(?’)
bulk disordered & surface ordered
surface disordered @ Special: standard transition,
@® special relevant surface exponent +
=
O
._E Ay = 1.64(1) A<13 = 0.2635(10)
o
- > @ Extraordinary-log phase
R Ky Correlations: power of a log

Logarithmic violation FSS



@ ¢* N = 3 laftice model, L x L x L laftice, open b.c. z—direction

H=—8) ¢i"&—By Y b
(') (i J)sy
—Bst D BB+ > B +MF 1)
<i ./>ST f
@ Heisenberg UC; A = \* = 5.17(11) improved waserbusch (2020)
— leading bulk scaling corrections suppressed

@ MC simulations at A = X, B8 = Bc(N*), Bs,y = Bst = Bs

@ Scan the surface observables on S

[Goal: surface Tronsiﬁon?}




Surface Binder ratio Uy = (M%) /(MZ)?
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Surface Binder ratio Uy = (M%) /(MZ)?
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Special surface fransition

@ Finite-Size Scaling analysis of Uy

Hasenbusch (1999); FPT, PRE 84, 025703R (2011); Review: FPT, PRE 105, 034137 (2022)

U4 = f((/Bs = Bs,c)LySP)

@ Special phase fransition on the surface of a 3D Heisenberg UC
e —0.3640) Q8= 1. 64(1)

o h 57
(9(x)-(0)) surf ~ = —0.473(2) A4 = —E—” = 0.2635(10)

Quantum spin models with unexpected boundary n: accidentally
close to the special transition (?)

@ s > [sc: extraordinary phase



® O(N): from Normal to Extraordinary



O(N) phase diagram d = 3: N=1

Bulk coupling Kpuik vs Surface coupling Ksurface

@ Surf trans. usual d = 2 phase

A e ar ol % transition
bulk disordered |.S .
v fach Biderctn T @ Ordinary: new surf. exponent
o
S bulk ordered il
Surf % surface ordered (p(x)9(0)) ~ |x’2A¢g
- trg
ns.
special Aj = (1+mny)/2 = 1.2751(6)
Hasenbusch (2011)
)
©
bulk disordered _g @ Special: multicritical point,
LA iegrderet = relevant surface exponent + 7
. )
Kk Kouix

@ Extraordinary: ordered



O(N) Normal Universality Class

@ 3D O(N) model + surface field A
— ordered surface

@ Ising UC: binary critical mixture A + B
o R Ny s,

@ Adsorption preference on surfaces

Fluid Interface Tensions near Critical End Points
Michael E. Fisher and Paul J. Upton

PRL 65, 3405 (1990)
de-
scribes criticality of wall free energies at the so-called
extraordinary surface transition''” (which, however, in
the laboratory is more normal than the “‘ordinary” tran-
sition).

(*} Isiﬂg,' normcll == eXTr'OOI“dinCIr‘y Hertlein, Helden, Gambassi, Diefrich, Bechinger (2008)
Diehl (1994) From: Balibar, Nature News&Views (2008)



Critical adsorption

Adsorption layer governed by ~ &

6 P TTTTT T T TTTITIT T

T T 5 (a) i
m(@) = alflPPa(z/e), 1= 121
G 4 ‘f: .
P+(§+ v OO) ~ e_z+ 5 T i
P_(E_ —)oo)—lwe_zf L % |
P:l:(z:l: % O) s Ciz—ﬁ/y il T F AU LR (lb)f_
MC: C+ = 0.844(6) FPT, S. Dietrich, JSTAT P11003 (2010) _ ‘or 1
FT: c+ = 0.94(4) Fister bietricn 1995) f °r i
ExEe X = NG04 WG =0. 7 (D) 2 1
¢, =114(29) ¢y = 0.91(26) | AN
C+ = 1-05(9) C+ = 1-02(10) 00‘ 1 1 J\HIH1 1 1 \\H‘l\;:‘ "
c. =125(9) ¢, = 0.84(15) | '
Fléter, Dietrich (1995) Carpenter, Law, Smith (1999)
C+ = O 787+8 8105 Carpenter, Law, Smith (1999) i N T A



Normal Universality Class: O(N > 1) model

@ O(N)-symmetric bulk, at criticality

@ Introduce a surface field A
— ordered surface
Broken O(N) — O(N —1) _ 3
¢ = (g, 0) @ lslasgo |l

@ Longitudinal vs transverse surface correlations

3. Phys. A: Math. Gen., Vol. 10, No. 11, 1977, Prined in Great Britain. © 1977

Critical behaviour of semi-infinite systems

A J Bray and M A Moore
Department of Theoretical Physics, The Universiy, Manchester, M13 9PL, UK.

(a(X)a(y))e ~ |x —y| 72
(B(X)B(Y)) ~ |x —y|~(?4=2)

Ay
&

¥4



Normal Universality Class: O(N > 1) model

Ay

(a(x)a(0)) = (a(x)){0(0))

@ O(N)-symmetric bulk, at criticality

@ Introduce a surface field A

— ordered surface
Broken O(N) — O(N —1)
¢ = (g, 0) ¢ Lh

ollh

o

¥4

@ Longitudinal vs transverse surface correlations

1071

1072

(p(x)9(0))

2

2

10



Boundary CFT for the Normal UC

@ O(N) broken to O(N — 1)
Boundary operators are representations of O(N — 1)

@ Spectrum of the CFT:

- Displacement operator D, Ap = d. O(N — 1)-scalar
- Tilt operator t, At = d — 1 O(N — 1)-vector

@ On the boundary, ¢ = (3, o)

S

bdy scalars

: A x
J- 3 o E
bdy vectors

@ Longitudinal/transverse correlation:
D and # are the lowest operators




From Normal to Extraordinary

@ Boundary Operator Product Expansion

20—+ bp(22)* 2*D(x) +

g, Zf= @ T
¢/(x,2) = by(22)° 5ot/ (x) + . .. 6= (g.0) ?L,@

@ Universal parameter a metitski (2020)

TR T, e RN P
a [r— =

2 \ 4mby; 2m
@ When a > 0O: extraordinary-log phase

=5 - 1 N-—-1
(609 HO) ~ s 9=

2TQ
a(N = 2) > 0: extraordinary-log phase ru veng. 1y 2021

@ Large-N: a < O: extraordinary-log phase survives for N < N,
@ Generalized to plane defect: always o > O «rishnan, metitski (2023)



Extraordinary-log phase

@ Log-power two-point function

@ Logarithmic violation of FSS

Us—1oc1/(InL)?

(€/L)2 ~A+a/2inL

TL~A+4a/NInL
Us = (M%) /{M2)2: Binder ratio

&: finite-size correlation length
T: helicity modulus (spin stiffness)

@ On a standard fixed point: Uy, £/L, TL ~ const



Extraordinary phase MC N =3, 5s = 1.5

T
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From Normal to Extraordinary

@ Boundary Operator Product Expansion z — O

ds 3~
X,Z) = ——— + bp(2z 21D ()=t
7(x.2) = o5, + b(22) DY
©'(x,2) = by(22)2Bot/(x) + ...

@ Universal parameter o metitski (2020)

A, TR LA
a [P .

2 \ 4mb; 2’

When «a > O: extraordinary-log phase N < N, N, > 2

[Gool: defermine a,, by for N = 2, 3]




MC simulations: normal UC

@ ¢* N—components lattice model, L x L x L lattice, open b.c. z—dir.

H=—B> ¢ ¢J+Z[¢,+A S|
()

—@Z@ & —hs-Y &

i€s

@ O(N) UC: X\ = X\* improved
— leading bulk scaling corrections suppressed

@ MC simulations at A = X*, 8 = Bc(A*), Bs,y = Bst+ = B, hs > O.



Laftice to CFT

@ Expand latftice observables in terms of CFT fields
Bulk: ¢, oc @' + ...
Stirface: TiponlEk . i) o R



Laftice to CFT

@ Expand latftice observables in terms of CFT fields
Bulk: ¢, oc @' + ...
Stirface: TiponlEk . i) o R

@ Fits of MC two-point functions — fix normalization

(¢'(0)¢7(x)) = 0")x| 7282 (F(O)H(x)) = &|x|™*



Laftice to CFT

@ Expand latftice observables in terms of CFT fields
Bulk: ¢, oc @' + ...
Stirface: TiponlEk . i) o R

@ Fits of MC two-point functions — fix normalization

(¢'(0)¢7(x)) = 0")x| 7282 (F(O)H(x)) = &|x|™*

@ From the Boundary OPE

4 ds Z+2Zp 3
@)= gz [1+2 (70 )]
TR 16(N — 1)b; 4 "
(go(O,Z)cp(O,O)):(Z(Zizo)))2+A¢ 1+ B, tho) +C(z + 20) 2‘

@ Fits of MC dafa — universal BOPE a,, by



Comparison with Conformal Bootstrap

MC

TCB x

TCB = Truncated Conformal Bootstrap

Padayasi, Krishnan, Metlitski, Gruzberg, Meineri, SciPost (2022)



Summary O(N) Normal UC

/\

Normal Extraordinary-log
expl. symmetry-breaking no symmetry-breaking
as, bs BOPE Log. behavior a(ae, bt)



Summary O(N) Normal UC

/\

Normal Extraordinary-log
expl. symmetry-breaking no symmetry-breaking
as, bs BOPE Log. behavior a(ae, bt)
(6]
N MCnorm0| MCex‘rrqordjnory Tr‘UhCGT@d CBG
2°5,90.300(5), ..02762)2 0.3567
340 190(4)" ©015(2)* 0.2236

a
Padayasi, Krishnan, Meftlitski, Gruzberg, Meineri (2022)

bHu, Deng, Lv (2021)



®© Line defect



Other boundaries: line defect

@ Line defects in crifical models

Hanke (2000); Vasilyev, Eisenriegler, Dietrich (2013);

Eisenriegler, Burkhardt (2016); Cuomo, Komargodski, Mezei (2022);
Cuomo, Komargodski, Mezei, Raviv-Moshe (2022);

Gimenez-Grau, Lauria, Liendo, van Vliet (2022); Gimenez-Grau (2022);
Giombi, Helfenberger, Khanchandani (2022); Pannell, Stergiou (2023);
Bianchi, Bonomi, de Sabbata (2023);

Aharony, Cuomo, Komargodski, Mezei, Raviv-Moshe (2023)

L

h>0

@ O(N) model, symmetry-breaking field on
line defect

@ N = 1. critical adsorption on elongated

CO”OidS FPT, Assaad, Wessel, 2017



Pinning-field approach

@ Local ordering field, coupled to the order parameter assad, Herou, 2013

@ Symmetry-breaking: order parametfer # O in finite V

Enhanced numerical stability

@ Extrapolate the order parameter V — oo

ho

j imaginary time

QTC




Correlations along the defect

VOLUME 84, NUMBER 10 PHYSICAL REVIEW LETTERS 6 MARCH 2000

Critical Adsorption on Defects in Ising Magnets and Binary Alloys

Andreas Hanke*

For N =1 (Ising), via an “interpolation” of e—expansion

(B(X)p(y))e ~ X —y[7?8, A, ~1.385(25)



Lattice model N =1

Classical Blume-Capel model

—KEZ&%—%DEZSZ ho ) S

i€line

s,:—1,o,1

@ Continuous phase transition in Ising UC

@ Suppressed scaling corrections at D = 0.655(20) Hasenbusch, 2010
= improved model

[Gool: determine Aaj




Monte Carlo determination of A,

@ We simulate an improved model in the Ising UC

H= —KZS,SJJrDZSZ A e S M Ol

i€line

We take hg = oo — fixed spins

@ Finite-Size Scaling analysis of local magnetization and susceptibility

A, Method
1.52(6) MC
1385(25) FT Hanke 2000
1.55(14) E—EXP. cuomo, Komargodski, Mezei (2022)
1542 La rge—N Cuomo, Komargodski, Mezei (2022)




Summary & Outlook

@ A renewed interest in boundary critical phenomena
Advances in boundary conformal field theory
Boundary exponents, universal Boundary OPE coefficients

@ Reexamination of the classical 3D O(N) surface critical behavior
New extraordinary-log UC <+ Normal UC



Summary & Outlook

@ Many other geometries are of current interest:

- Line defects
- Plane defects «rishnan, metiitski (2023); Giombi, Liu (2023)
- Anisotropies on the boundary oien Eisenriegler (1984); Tréparier (2023)

@ Quantum critical models
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