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Cosmological Correlators from a 
Boundary Perspective

Consistent 
bulk story

time
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Time

Space

• Lat time wave function of the universe/cosmological correlators are the only 
fundamental observables in Cosmology
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Pros Cons

Explicitly unitary
(Hermitian Hamiltonian) 

Complex nested time integrals 
(lack of time translation in cosmology)

Explicitly local 
(local interactions at vertices)

Complex massive field mode 
functions

Explicit invariance under putative 
symmetries

(e.g. de Sitter isometries)  

Redundancies
field redefinitions

Gauge/Diff  transformations



• The way out in flat space: on-shell methods 
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Locality
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• Shifting the perspective: cosmological bootstrap aims at directly finding 
the boundary correlators without following the bulk time evolution
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Locality, Unitarity, Symmetries

2017-2022: Arkani-Hamed, Baumann, Benincasa, Duaso Pueyo, Goodhew, Gorbenko, Jazayeri, Joyce, Lipstein, Lee
McFadden, Meltzer, Melville, Pajer, Penedones, Pimentel, Sleight, Salehi-Vaziri, Stefanyszyn, Tarona ….

Earlier works: Bzowski et al (2011,2012, 2013), Raju (2012), Kundo et al (2013, 2015), 
Maldacena and Pimentel(2011)  

Boundary 
Principles? 

Time

Space
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Bootstrap Elements



• The wave function of the universe is approximately Gaussian. 
(Perturbative) departures from Gaussianity can be systematically captured 
with a set of wave function coefficients. 
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I. Observables

terms of a bulk path integral with specified boundary conditions

 [�, ⌘0] = h�| | ⌘0i =

Z �(⌘0)=�

⌦ at ⌘!�1
D� eiS[�] , (2.6)

where | ⌘0i is the quantum state of the system at some late conformal time ⌘0 ! 0, ⌦ represents the
initial condition at ⌘ ! �1, h�| a basis of (non-normalizable) field eigenstates with eigenvalue �(k)
and S is some action functional of the fields that determines the theory under consideration. We will
parameterize  in terms of wavefunction coe�cients  n, which contain all the dynamical information
about bulk evolution and which can be written in the following way5

 [⌘0,�] = exp

"
�

+1X

n=2

1
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Z
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 n({k}, {k})(2⇡)3�(3)
D

✓ nX

a=1

ka

◆
�(k1) · · ·�(kn)

#
. (2.7)

Here {k} collectively denotes the energies6 ka = |ka| of the n external fields, {k} collectively denotes their
spatial momenta, and �(k) collectively represents all fields in the theory with indices suppressed. Notice
that this parameterization does not require any saddle-point approximation of the bulk path integral that
defines  . In fact, the wavefunction coe�cient can be found non-perturbatively from

 n({k}, {k})(2⇡)3�(3)
D

✓ nX

a=1

ka

◆
= �

�n log [⌘0,�]

��k1 · · · ��kn

����
�=0

= � (i)n h0⌘0 |⇧k1 · · ·⇧kn | ⌘0i

h0⌘0 | ⌘0i
,

(2.8)

where in the second line we provided a matrix element definition (see e.g. [30]) with |0⌘0i the eigenstate
where all fields vanish at time ⌘0 and ⇧ the momentum conjugate of �. Upon renormalization,  n can
be computed to any desired order in perturbation theory including any number of loops. In this work we
focus on the natural observables of the Poincaré patch of de Sitter and of inflationary cosmology, namely
correlation functions of the equal-time product of fields at the future conformal boundary ⌘0 ! 0. Notice
that the correlators of both massive fields and of derivatives of massless fields decay with some positive
power of ⌘. In the inflationary context, this corresponds to a suppression of these correlators by some
positive powers of e�N with N ' O(50) the number of e-foldings of inflation. Hence we focus on computing
only correlators of the product of massless fields, namely

⌧ nY

a

�(ka)

�

c

= (2⇡)3�(3)
D

✓ nX

a=1

ka

◆
Bn({k}) , (2.9)

Bn({k}) =

R
D� [�] [�]⇤

Qn
a �(ka)R

D� [�] [�]⇤
, (2.10)

where “c” stands for connected, i.e. with a single overall momentum-conserving delta function, and D�
denotes a Euclidean three-dimensional path integral (in contrast with the 3 + 1 Lorentzian path integral
in (2.6)). All the dynamical information that we need is now contained in | [�]|2, which we recognize to
be the diagonal of the density matrix ⇢

⇢̂ = | i h | ) ⇢��̃ = h�| ⇢̂ |�̃i , (2.11)

| [�]|2 =  [�] [�]⇤ = h�| i h |�i = ⇢�� . (2.12)

(small) corrections from entanglement with high-energy modes, see e.g. [29]. It would be nice to have a systematic study of
these corrections.

5The non-perturbative wavefunction can contain terms for which log is not an analytical functional of � at � = 0. We
omit this possibility in our parameterization because no such terms appear in perturbation theory.

6We refer to the magnitude of a spatial momentum vector as “energy” despite the absence of time translation symmetry
in cosmology.
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“external energies”
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“internal energies” 4(k1, k2, k3, k4, s, t)
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Figure 5: The four-point exchange diagram of ' mediated by a massive scalar.

It is noteworthy that, for physical values of energies (namely {ka, s} ⇢ R+), F�� and F+� are

given by the complex conjugates of F++ and F�+. Moreover, dilatation symmetry implies that

the correlators of ' scale as

h'(�k1) . . . '(�kn)i0 =
1

�2n�3
h'(k1) . . . '(kn)i0 . (3.19)

As a result, F±± and F±⌥ can be expressed as

F±±(ka; s) =
1

s
F̂±±(u, v) , F⌥±(ka; s) =

1

s
F̂±⌥(u, v) , (3.20)

from which it follows that

F =
1

s
F̂ (u, v) , F̂ = F̂++ + F̂�� + F̂+� + F̂�+ . (3.21)

where we have defined the energy ratios

u ⌘
s

k1 + k2
, v ⌘

s

k3 + k4
. (3.22)

For physical configurations, the triangle inequality implies that

0  u  1 , 0  v  1 , physical configurations. (3.23)

However, relating our diagrams to F will incorporate the analytic continuation of F as a function

of ka(a = 1, . . . , 4) and s (or equivalently F̂ as a function of u and v) in a domain that should at

least cover all the real and positive values of u and v (especially the region defined by u > 1 and

v > 1).

The single-exchange diagrams of ⇡ can be related to the soft limit of the quantity F defined above

by means of appropriate weight-shifting operators. Using the relationships (3.14) and (3.11) we

infer that

• using (3.14) inside the in-in expressions of all diagrams, the quadratic vertex

⌘�3@⌘⇡
±
c (k, ⌘)�±(k, ⌘)
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⇥FL(k1,k2)FR(k3,k4)G(s, ⌘, ⌘0)

spatial derivatives
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• Toy model:      in flat space (the wave function of the ground state in 
Minkowski)
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• The bulk integral representation of the wave function coefficient defines an 
analytic function on the lower-half complex plane of external energies.

• The only allowed singularities (at tree-level) for each diagram are when the 
total energy of the graph or any of its subgraphs goes to zero. The residue 
of these singularities are related to flat-space amplitudes Raju 2012
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II. Analyticity (for Bunch-Davis)
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Figure 5: The four-point exchange diagram of ' mediated by a massive scalar.

It is noteworthy that, for physical values of energies (namely {ka, s} ⇢ R+), F�� and F+� are

given by the complex conjugates of F++ and F�+. Moreover, dilatation symmetry implies that

the correlators of ' scale as

h'(�k1) . . . '(�kn)i0 =
1

�2n�3
h'(k1) . . . '(kn)i0 . (3.19)

As a result, F±± and F±⌥ can be expressed as

F±±(ka; s) =
1

s
F̂±±(u, v) , F⌥±(ka; s) =

1

s
F̂±⌥(u, v) , (3.20)

from which it follows that

F =
1

s
F̂ (u, v) , F̂ = F̂++ + F̂�� + F̂+� + F̂�+ . (3.21)

where we have defined the energy ratios

u ⌘
s

k1 + k2
, v ⌘

s

k3 + k4
. (3.22)

For physical configurations, the triangle inequality implies that

0  u  1 , 0  v  1 , physical configurations. (3.23)

However, relating our diagrams to F will incorporate the analytic continuation of F as a function

of ka(a = 1, . . . , 4) and s (or equivalently F̂ as a function of u and v) in a domain that should at

least cover all the real and positive values of u and v (especially the region defined by u > 1 and

v > 1).

The single-exchange diagrams of ⇡ can be related to the soft limit of the quantity F defined above

by means of appropriate weight-shifting operators. Using the relationships (3.14) and (3.11) we

infer that

• using (3.14) inside the in-in expressions of all diagrams, the quadratic vertex

⌘�3@⌘⇡
±
c (k, ⌘)�±(k, ⌘)
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• For scattering amplitudes, unitarity is encoded in the non-perturbative 
Optical Theorem:

• In perturbation theory, the optical theorem is the consequence of Cutkosky 
rules
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III. Unitarity
• Non-perturbative optical theorem for the wave function

• In perturbation theory still we have 
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• These properties lead to a set of cutting rules for correlators similar to 
cutkosky rules in flat space. For example, for a tree-level exchange diagram 
one finds the following single-cut rule: 

20
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Figure 1: Diagrammatic representation of the single-cut rules defined in (2.24) demonstrating

the interpretation of the right-hand side as the cutting of an internal line in the diagram on the

left-hand side. A cut line is pushed to the bounday, i.e. it is substituted by two external lines and

a factor of the power spectrum. The discontinuity should be taken of each of the two resulting

diagrams. The circles represent an arbitrary tree-level diagram with any number of internal lines.

don’t. This is particularly useful in some cases, for example in the derivation of the consequences

of manifest locality through the Manifestly Local Test [41]. Second, in the Cosmological Cutting

Rules we never analytically continue internal energies {p}. This means that there is no need to

arrange so that the variables {p} appear explicitly in the argument of  n. In contrast here we

need to access each internal energy independently: the uncut internal energies are analytically

continued while the cut energy is not. One consequence of this is that for single-cut rules one

generally needs to choose di↵erent sets of variables for di↵erent channels. Third, because of the

above considerations it seems challenging to extend our single-cut rules to loop diagrams: in

that case there are internal energies that are integrated over and it is not clear how one would

analytically continue them by manipulating the kinematical variables.

3 Generalisations

For the sake of clarity, the derivation in the previous section was written for the simplest case of

a massless or conformally coupled scalar field in a de Sitter background with no time-derivative

interactions and Bunch-Davies initial conditions. In this section we show that those results can

be greatly generalised to general FLRW spacetimes that admit a Bunch-Davies vacuum for any

fields with a linear dispersion relation and arbitrary mass, integer spin and speed of sound.

11
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Valid under very general assumptions about free theory: 
- Bunch davis initial condition
- Accelerating FLRW background No dS symmetry needed
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• Non-perturbative statement?

• In PT: only a strong version of locality and for massless fields
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Figure 2:

amplitude of the same diagram. In de Sitter space we similarly find that the amplitude is
recovered at a total energy pole. To understand this relationship we must first explore the
construction of amplitudes in flat space. For a scalar field, � in flat space with Lagrangian
given by,

L = L0 + Lint, (90)

where L0 is the Lagrangian for a free theory, with classical solutions given by,

�(t,kkk) =
1

p
2Ek

e
iEkt, (91)

the n to 0 amplitude is given by,

AN = �i lim
t0!�1

tf!1

h0|
NY

i

p
2EkkkiakkkU(tf , t0) |0i . (92)

Where U is the interaction picture time evolution operator,

U(t0, t) = T exp


�i

Z
t0

t

p
�gdt

0
Hint(t

0)

�
, (93)

and Hint is constructed from Lint. Under the assumption that the interaction is weak it is
possible to construct the amplitudes from Feynman rules. However, to best make contact
with the calculation of correlators in de Sitter spacetime I will instead describe a slightly
di↵erent procedure. First of all it will be convenient to identify time derivatives with lines
rather than vertices, which means that they will appear in the propagators, and we will
express all results in terms of integrals over time. Furthermore, all lines in the diagram,
including the external ones will be represented by propagators. These boundary propagators
will be automatically time ordered because they connect the early time annihilation operators
with creation operators coming from the inserted Hamiltonian which must occur before the
infinite future. The Feynman propagator is given by,

�F (kkk, t, t
0) = ✓(t� t

0)
1

2Ek

e
�iEk(t�t

0) + ✓(t0 � t)
1

2Ek

e
iEk(t�t

0) (94)

So, including the derivatives on this propagator gives,

�(kkk, t, t0) = ✓(t0 � t)
f
⇤(k)f 0(k)

2Ek

e
�iEk(t�t

0) + ✓(t� t
0)
f(k)f 0⇤(k)

2Ek

e
iEk(t�t

0) (95)
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IV. Locality
• For massive-exchange diagrams: a boundary differential equation for the 

four-point function. For example,
k1

'

k2

'
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k4

'

s = |k1 + k2|
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Figure 5: The four-point exchange diagram of ' mediated by a massive scalar.

It is noteworthy that, for physical values of energies (namely {ka, s} ⇢ R+), F�� and F+� are

given by the complex conjugates of F++ and F�+. Moreover, dilatation symmetry implies that

the correlators of ' scale as

h'(�k1) . . . '(�kn)i0 =
1

�2n�3
h'(k1) . . . '(kn)i0 . (3.19)

As a result, F±± and F±⌥ can be expressed as

F±±(ka; s) =
1

s
F̂±±(u, v) , F⌥±(ka; s) =

1

s
F̂±⌥(u, v) , (3.20)

from which it follows that

F =
1

s
F̂ (u, v) , F̂ = F̂++ + F̂�� + F̂+� + F̂�+ . (3.21)

where we have defined the energy ratios

u ⌘
s

k1 + k2
, v ⌘

s

k3 + k4
. (3.22)

For physical configurations, the triangle inequality implies that

0  u  1 , 0  v  1 , physical configurations. (3.23)

However, relating our diagrams to F will incorporate the analytic continuation of F as a function

of ka(a = 1, . . . , 4) and s (or equivalently F̂ as a function of u and v) in a domain that should at

least cover all the real and positive values of u and v (especially the region defined by u > 1 and

v > 1).

The single-exchange diagrams of ⇡ can be related to the soft limit of the quantity F defined above

by means of appropriate weight-shifting operators. Using the relationships (3.14) and (3.11) we

infer that

• using (3.14) inside the in-in expressions of all diagrams, the quadratic vertex

⌘�3@⌘⇡
±
c (k, ⌘)�±(k, ⌘)

19

<latexit sha1_base64="OFzh51fexI3KrWsmp6iM000XGsw=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwICUpih6LXjxWsB/QxLLZbtqlu0nY3VRK7E/x4kERr/4Sb/4bt20O2vpg4PHeDDPzgoQzpR3n21pZXVvf2CxsFbd3dvf27dJBU8WpJLRBYh7LdoAV5SyiDc00p+1EUiwCTlvB8Gbqt0ZUKhZH93qcUF/gfsRCRrA2UtcueSMskwF7qHpnnmJ9gbt22ak4M6Bl4uakDDnqXfvL68UkFTTShGOlOq6TaD/DUjPC6aTopYommAxxn3YMjbCgys9mp0/QiVF6KIylqUijmfp7IsNCqbEITKfAeqAWvan4n9dJdXjlZyxKUk0jMl8UphzpGE1zQD0mKdF8bAgmkplbERlgiYk2aRVNCO7iy8ukWa24FxXn7rxcu87jKMARHMMpuHAJNbiFOjSAwCM8wyu8WU/Wi/VufcxbV6x85hD+wPr8Aee6k8Q=</latexit>

'2 �
<latexit sha1_base64="OFzh51fexI3KrWsmp6iM000XGsw=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwICUpih6LXjxWsB/QxLLZbtqlu0nY3VRK7E/x4kERr/4Sb/4bt20O2vpg4PHeDDPzgoQzpR3n21pZXVvf2CxsFbd3dvf27dJBU8WpJLRBYh7LdoAV5SyiDc00p+1EUiwCTlvB8Gbqt0ZUKhZH93qcUF/gfsRCRrA2UtcueSMskwF7qHpnnmJ9gbt22ak4M6Bl4uakDDnqXfvL68UkFTTShGOlOq6TaD/DUjPC6aTopYommAxxn3YMjbCgys9mp0/QiVF6KIylqUijmfp7IsNCqbEITKfAeqAWvan4n9dJdXjlZyxKUk0jMl8UphzpGE1zQD0mKdF8bAgmkplbERlgiYk2aRVNCO7iy8ukWa24FxXn7rxcu87jKMARHMMpuHAJNbiFOjSAwCM8wyu8WU/Wi/VufcxbV6x85hD+wPr8Aee6k8Q=</latexit>

'2 �

<latexit sha1_base64="pvPc/RmKZ+3I/XNs9i9l08yi9KI=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRB0Y1QdNNlBfuANg2T6aQdOjMJM5NiCf0VNy4UceuPuPNvnLZZaOuBC4dz7uXee8KEUaUd59sqbGxube8Ud0t7+weHR/ZxuaXiVGLSxDGLZSdEijAqSFNTzUgnkQTxkJF2OL6f++0JkYrG4lFPE+JzNBQ0ohhpIwV2mQdZb4JkMqKzvnfr1fteYFecqrMAXCduTiogRyOwv3qDGKecCI0ZUqrrOon2MyQ1xYzMSr1UkQThMRqSrqECcaL8bHH7DJ4bZQCjWJoSGi7U3xMZ4kpNeWg6OdIjterNxf+8bqqjGz+jIkk1EXi5KEoZ1DGcBwEHVBKs2dQQhCU1t0I8QhJhbeIqmRDc1ZfXScuruldV5+GyUrvL4yiCU3AGLoALrkEN1EEDNAEGT+AZvII3a2a9WO/Wx7K1YOUzJ+APrM8fN3OT5A==</latexit>

m
2
' = 2H2

where

µ =

r
m2

H2
�

9

4
, (3.4)

H(1)
iµ

and H(2)
iµ

are the Hankel functions of order iµ and of respectively the first and second type,

and we recall that we consider heavy fields with m

H
�

3
2 in this paper.

Having selected the interaction in (2.3), we set out to calculate the correlation functions of ⇡

mediated by �. Using the in-in approach [59], the n-point function can be written as

D
⇡̂(k1, ⌘0) . . . ⇡̂(kn, ⌘0)

E
= (3.5)

D
T̄

⇣
e
+i

R ⌘0
�1(1+i✏) d⌘ Hint(⌘)

⌘
⇡̂(k1, ⌘0) . . . ⇡̂(kn, ⌘0) T

⇣
e
�i

R ⌘0
�1(1�i✏) d⌘ Hint(⌘)

⌘ E

I

,

where ⌘0 is the end of inflation conformal time, and the subscript I indicates that the operators

and the vacuum are in the interaction picture, and T (T̄ ) denotes the time-order (anti-time-

order) operation. To leading order in the couplings, the two-point function of ⇡ induced by � is

dominated by the diagram on the top of fig. 4, which we refer to Diagram A hereafter. As for

the three point function, two possible diagrams arise (see fig. 4 below): they are formed by the

exchange of the particle � between the left and the right vertex. For both diagrams, the right

vertex is given by the linear mixing term ⇡̇c�, while the left vertex is either ⇡̇2
c� (Diagram B1) or

(@i⇡c)2� (Diagram B2). By expanding the formal in-in expression for the correlator in Eq. (3.5),

the Feynmann rules for the diagrams can be summarised in the following steps:

• each vertex is labeled as “+” or “-”, so a diagram with N vertices entails 2N contributions.

Plus (minus) vertices come with a factor of “+i” (“�i”). Each vertex is associated with a

conformal time (⌘i, i = 1, . . . , N) which is integrated over.

• an internal line (with momentum s) that connects two vertices is assigned an appropriate

propagator, depending on the label of its vertices. Such bulk-to-bulk propagators (corre-

sponding to �) come in four di↵erent types that are defined by:

G++(s, ⌘, ⌘0) = ��(s, ⌘0)�+(s, ⌘)✓(⌘ � ⌘0) + ��(s, ⌘)�+(s, ⌘0)✓(⌘0
� ⌘) , (3.6)

G+�(s, ⌘, ⌘0) = �+(s, ⌘0)��(s, ⌘) , (3.7)

G��(s, ⌘, ⌘0) = �+(s, ⌘0)��(s, ⌘)✓(⌘ � ⌘0) + �+(s, ⌘)��(s, ⌘0)✓(⌘0
� ⌘) , (3.8)

G�+(s, ⌘, ⌘0) = ��(s, ⌘0)�+(s, ⌘) , (3.9)

where ⌘ and ⌘0 correspond to the conformal times of the vertices at each end (for real

arguments, G�� = G⇤
++ and G�+ = G⇤

+�).

• lines that connect a plus vertex (minus vertex) to the boundary, contribute a bulk-to-

boundary propagator ⇡�
c (k, ⌘)⇡+

c (k, ⌘0) (⇡+
c (k, ⌘)⇡�

c (k, ⌘0)).

• vertices with spatial derivatives come with a factor of ik, where k is the momentum of

the field that carries the derivative. As for a time derivative, the operator @⌘ act on the

16

dS scale invariance:
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 4 = �4g2

⌘40s
F (u =

s

k1 + k2
, v =

s

k3 + k4
)
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 4(k1, k2, k3, k4, s) = �4ig2

⌘40

Z
d⌘

⌘2
d⌘0

⌘02
ei(k1+k2)⌘ei(k3+k4)⌘

0
G(s, ⌘, ⌘0)
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IV. Locality
• For massive-exchange diagrams: a boundary differential equation for the 

four-point function. For example,

of two three points

The analytical structure of f3 alongside the boundary equations and the cutting rules, discussed

in future sections, will form enough ingredients to pinpoint F++ as well. So, even though we

will not directly need them, for completeness we briefly review the divergences of F++. Near

kT = 0 (or equivalently u + v = 0), the double-time integral is dominated by the regime where

both vertices are evaluated at infinite past. As a result, the time integral simplifies to [7], I am

suspicious of the numerator. Will soon settle it down

lim
u+v!0+i✏

F++ =
1

2s

�(k3 + k4)2

(k3 + k4)2 � s2
kT log(kT ) . (2.58)

or equivalently

lim
u+v!0+i✏

F̂++ =
1

v2 � 1
(u+ v) log(u+ v) . (2.59)

The right hand side is proportional to the s�channel of the two-to-two scattering of ' exchanged

by � (which is given by Aflat =
1

sflat
= 1

(k3+k4)2�s2 ) and the degree of divergence corresponds to

p = �1 in Equation (2.50).

As for the partial energy pole, the residue is totally fixed by unitarity (see Subsection ??). But

it could also be seen directly at the level of the time integral that near EL = 0, the integral is

dominated by ⌘ ! �1 limit, and F++ reduces to

lim
u!�1+i✏

F++ = �
ig

2
p
2s

log(1 + u) f⇤
3 (�k

⇤
3,�k

⇤
4, s) . (2.60)

We see that in this case F++ factorizes into the product of the three-particle ampltidue ig and a

three-point correlator (with deformed arguments 6). A similar factorization occurs near ER = 0

(i.e. v = �1).

Locality: boundary di↵erential equations

It was pointed out in [7] that the Ward identities associated with the dS boost symmetries imply

two boundary di↵erential equations for the four-point function F

O(u, @u)F̂ (u, v) = g
2 u v

2(u+ v)
, (2.61)

O(v, @v)F̂ (u, v) = g
2 u v

2(u+ v)
,

where

O(u, @u) ⌘


u

2(1� u
2)@2

u � 2u3
@u + (µ2 +

1

4
)

�
(2.62)

6As a technical side, notice that �k⇤
3,4 are within the domain of analyticity for f3 which spans the lower half

complex plane of the k3,4 space.
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Figure 5: The four-point exchange diagram of ' mediated by a massive scalar.

It is noteworthy that, for physical values of energies (namely {ka, s} ⇢ R+), F�� and F+� are

given by the complex conjugates of F++ and F�+. Moreover, dilatation symmetry implies that

the correlators of ' scale as

h'(�k1) . . . '(�kn)i0 =
1

�2n�3
h'(k1) . . . '(kn)i0 . (3.19)

As a result, F±± and F±⌥ can be expressed as

F±±(ka; s) =
1

s
F̂±±(u, v) , F⌥±(ka; s) =

1

s
F̂±⌥(u, v) , (3.20)

from which it follows that

F =
1

s
F̂ (u, v) , F̂ = F̂++ + F̂�� + F̂+� + F̂�+ . (3.21)

where we have defined the energy ratios

u ⌘
s

k1 + k2
, v ⌘

s

k3 + k4
. (3.22)

For physical configurations, the triangle inequality implies that

0  u  1 , 0  v  1 , physical configurations. (3.23)

However, relating our diagrams to F will incorporate the analytic continuation of F as a function

of ka(a = 1, . . . , 4) and s (or equivalently F̂ as a function of u and v) in a domain that should at

least cover all the real and positive values of u and v (especially the region defined by u > 1 and

v > 1).

The single-exchange diagrams of ⇡ can be related to the soft limit of the quantity F defined above

by means of appropriate weight-shifting operators. Using the relationships (3.14) and (3.11) we

infer that

• using (3.14) inside the in-in expressions of all diagrams, the quadratic vertex

⌘�3@⌘⇡
±
c (k, ⌘)�±(k, ⌘)
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F (u, v) =
g2uv

u+ v

2 Cutting diagrams

In this section, we derive a single-cut rule for tree-level wavefunction coe�cients, namely a simple

expression for the discontinuity of an n-point wavefunction coe�cient  n in terms of disconti-

nuities of lower-point coe�cients. This result follows from the Hermitian analyticity of the

bulk-to-boundary propagator, K⇤
�k

= Kk and the fact that the imaginary part of the bulk-to-

bulk propagator G factorizes. The Cosmological Optical Theorem (COT) for 4-point exchange

diagrams derived in [1] is found as a special case (see also [2] and parallel developments on the

AdS side in [7, 8]). We start our presentation considering a single canonical massless or confor-

mally coupled scalar field � in de Sitter with no time-derivative interactions. Generalizations

will be discussed later: time-derivatives are discussed in Section 3.1, general FLRW spacetimes

in Section 3.2 and multiple fields with arbitrary spin in Section 3.4.

2.1 Diagrammatic representation of the wavefunction coe�cients

Our starting point is a brief review of the formalism to compute the wavefunction coe�cients in

perturbation theory (for more details see e.g. App. A of [1] or [43]).

A given (connected) contribution to  n is represented as a (connected) diagram with n external

lines, each with one end on the boundary at ⌘0 = 0 and the other end on some vertex at time

⌘A. Vertices are connected pairwise by I internal lines with momenta pm with m = 1, . . . , I

completely fixed (at tree level) in terms of the external momenta by momentum conservation at

every vertex. Every vertex may involve spatial derivatives and therefore factors of the momenta

contracted in a rotational invariant way and time derivatives. To simplify the presentation, for

the time being we assume there are no time-derivative interactions. Later, in Section 3.1, we will

relax this assumption and arrive at the same results. To capture spatial derivatives we allow for

a vertex function F (ka, ⌘), which contains contractions of the momenta ending on a given vertex

with each other or with the (3d) Levi-Civita symbol. Later on, in Section 3.4, we will allow F to

also include polarization tensors of spinning fields.

Every external line is associated with a bulk-to-boundary propagator Kk(⌘) of momentum k

and energy” k ⌘ |k| and every internal line to a bulk-to-bulk propagator Gp(⌘, ⌘0) with internal

energy p. These solve the following di↵erential equations

Ok(⌘)Kk(⌘) = 0 , Op(⌘)Gp(⌘, ⌘
0) = �(⌘ � ⌘

0) , (2.1)

subject to the boundary conditions,

lim
⌘!⌘0

Kk(⌘) = 1, lim
⌘!�1(1�i✏)

Kk(⌘) = 0 , (2.2)

lim
⌘!⌘0

Gp(⌘, ⌘
0) = 0, lim

⌘!�1(1�i✏)
Gp(⌘, ⌘

0) = 0 , (2.3)

where Ok(⌘)�k denotes the linearized equations of motion obtained by demanding that � is

an extremum of the quadratic action. Notice that because of the boundary conditions K and

G depend on ⌘0, but we will omit writing this dependence explicitly. Also, we will generally

have in mind ⌘0 ! 0�. Both propagators can be written in terms of the positive and negative

frequency mode functions �±, which solve the same di↵erential equation as K but have di↵erent

5

2 Cutting diagrams

In this section, we derive a single-cut rule for tree-level wavefunction coe�cients, namely a simple

expression for the discontinuity of an n-point wavefunction coe�cient  n in terms of disconti-

nuities of lower-point coe�cients. This result follows from the Hermitian analyticity of the

bulk-to-boundary propagator, K⇤
�k

= Kk and the fact that the imaginary part of the bulk-to-

bulk propagator G factorizes. The Cosmological Optical Theorem (COT) for 4-point exchange

diagrams derived in [1] is found as a special case (see also [2] and parallel developments on the
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where Ok(⌘)�k denotes the linearized equations of motion obtained by demanding that � is

an extremum of the quadratic action. Notice that because of the boundary conditions K and

G depend on ⌘0, but we will omit writing this dependence explicitly. Also, we will generally

have in mind ⌘0 ! 0�. Both propagators can be written in terms of the positive and negative
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IV. Locality
• For massive-exchange diagrams: a boundary differential equation for the 

four-point function. For example,

of two three points

The analytical structure of f3 alongside the boundary equations and the cutting rules, discussed

in future sections, will form enough ingredients to pinpoint F++ as well. So, even though we

will not directly need them, for completeness we briefly review the divergences of F++. Near

kT = 0 (or equivalently u + v = 0), the double-time integral is dominated by the regime where

both vertices are evaluated at infinite past. As a result, the time integral simplifies to [7], I am

suspicious of the numerator. Will soon settle it down

lim
u+v!0+i✏

F++ =
1

2s

�(k3 + k4)2

(k3 + k4)2 � s2
kT log(kT ) . (2.58)

or equivalently

lim
u+v!0+i✏

F̂++ =
1

v2 � 1
(u+ v) log(u+ v) . (2.59)

The right hand side is proportional to the s�channel of the two-to-two scattering of ' exchanged

by � (which is given by Aflat =
1

sflat
= 1

(k3+k4)2�s2 ) and the degree of divergence corresponds to

p = �1 in Equation (2.50).

As for the partial energy pole, the residue is totally fixed by unitarity (see Subsection ??). But

it could also be seen directly at the level of the time integral that near EL = 0, the integral is

dominated by ⌘ ! �1 limit, and F++ reduces to

lim
u!�1+i✏

F++ = �
ig

2
p
2s

log(1 + u) f⇤
3 (�k

⇤
3,�k

⇤
4, s) . (2.60)

We see that in this case F++ factorizes into the product of the three-particle ampltidue ig and a

three-point correlator (with deformed arguments 6). A similar factorization occurs near ER = 0

(i.e. v = �1).

Locality: boundary di↵erential equations

It was pointed out in [7] that the Ward identities associated with the dS boost symmetries imply

two boundary di↵erential equations for the four-point function F

O(u, @u)F̂ (u, v) = g
2 u v

2(u+ v)
, (2.61)

O(v, @v)F̂ (u, v) = g
2 u v

2(u+ v)
,

where

O(u, @u) ⌘


u

2(1� u
2)@2

u � 2u3
@u + (µ2 +

1

4
)

�
(2.62)

6As a technical side, notice that �k⇤
3,4 are within the domain of analyticity for f3 which spans the lower half

complex plane of the k3,4 space.
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Figure 5: The four-point exchange diagram of ' mediated by a massive scalar.

It is noteworthy that, for physical values of energies (namely {ka, s} ⇢ R+), F�� and F+� are

given by the complex conjugates of F++ and F�+. Moreover, dilatation symmetry implies that

the correlators of ' scale as

h'(�k1) . . . '(�kn)i0 =
1

�2n�3
h'(k1) . . . '(kn)i0 . (3.19)

As a result, F±± and F±⌥ can be expressed as

F±±(ka; s) =
1

s
F̂±±(u, v) , F⌥±(ka; s) =

1

s
F̂±⌥(u, v) , (3.20)

from which it follows that

F =
1

s
F̂ (u, v) , F̂ = F̂++ + F̂�� + F̂+� + F̂�+ . (3.21)

where we have defined the energy ratios

u ⌘
s

k1 + k2
, v ⌘

s

k3 + k4
. (3.22)

For physical configurations, the triangle inequality implies that

0  u  1 , 0  v  1 , physical configurations. (3.23)

However, relating our diagrams to F will incorporate the analytic continuation of F as a function

of ka(a = 1, . . . , 4) and s (or equivalently F̂ as a function of u and v) in a domain that should at

least cover all the real and positive values of u and v (especially the region defined by u > 1 and

v > 1).

The single-exchange diagrams of ⇡ can be related to the soft limit of the quantity F defined above

by means of appropriate weight-shifting operators. Using the relationships (3.14) and (3.11) we

infer that

• using (3.14) inside the in-in expressions of all diagrams, the quadratic vertex

⌘�3@⌘⇡
±
c (k, ⌘)�±(k, ⌘)
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F (u, v) =
g2uv

u+ v

2 Cutting diagrams

In this section, we derive a single-cut rule for tree-level wavefunction coe�cients, namely a simple

expression for the discontinuity of an n-point wavefunction coe�cient  n in terms of disconti-

nuities of lower-point coe�cients. This result follows from the Hermitian analyticity of the

bulk-to-boundary propagator, K⇤
�k

= Kk and the fact that the imaginary part of the bulk-to-

bulk propagator G factorizes. The Cosmological Optical Theorem (COT) for 4-point exchange

diagrams derived in [1] is found as a special case (see also [2] and parallel developments on the

AdS side in [7, 8]). We start our presentation considering a single canonical massless or confor-

mally coupled scalar field � in de Sitter with no time-derivative interactions. Generalizations

will be discussed later: time-derivatives are discussed in Section 3.1, general FLRW spacetimes

in Section 3.2 and multiple fields with arbitrary spin in Section 3.4.

2.1 Diagrammatic representation of the wavefunction coe�cients

Our starting point is a brief review of the formalism to compute the wavefunction coe�cients in

perturbation theory (for more details see e.g. App. A of [1] or [43]).

A given (connected) contribution to  n is represented as a (connected) diagram with n external

lines, each with one end on the boundary at ⌘0 = 0 and the other end on some vertex at time

⌘A. Vertices are connected pairwise by I internal lines with momenta pm with m = 1, . . . , I

completely fixed (at tree level) in terms of the external momenta by momentum conservation at

every vertex. Every vertex may involve spatial derivatives and therefore factors of the momenta

contracted in a rotational invariant way and time derivatives. To simplify the presentation, for

the time being we assume there are no time-derivative interactions. Later, in Section 3.1, we will

relax this assumption and arrive at the same results. To capture spatial derivatives we allow for

a vertex function F (ka, ⌘), which contains contractions of the momenta ending on a given vertex

with each other or with the (3d) Levi-Civita symbol. Later on, in Section 3.4, we will allow F to

also include polarization tensors of spinning fields.

Every external line is associated with a bulk-to-boundary propagator Kk(⌘) of momentum k

and energy” k ⌘ |k| and every internal line to a bulk-to-bulk propagator Gp(⌘, ⌘0) with internal

energy p. These solve the following di↵erential equations

Ok(⌘)Kk(⌘) = 0 , Op(⌘)Gp(⌘, ⌘
0) = �(⌘ � ⌘

0) , (2.1)

subject to the boundary conditions,

lim
⌘!⌘0

Kk(⌘) = 1, lim
⌘!�1(1�i✏)

Kk(⌘) = 0 , (2.2)

lim
⌘!⌘0

Gp(⌘, ⌘
0) = 0, lim

⌘!�1(1�i✏)
Gp(⌘, ⌘

0) = 0 , (2.3)

where Ok(⌘)�k denotes the linearized equations of motion obtained by demanding that � is

an extremum of the quadratic action. Notice that because of the boundary conditions K and

G depend on ⌘0, but we will omit writing this dependence explicitly. Also, we will generally

have in mind ⌘0 ! 0�. Both propagators can be written in terms of the positive and negative

frequency mode functions �±, which solve the same di↵erential equation as K but have di↵erent
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where cos ✓ = k̂1 · k̂3 and

a2(µ) ⌘
⇡(14 + µ2)

cosh⇡µ

�(52 + iµ)�(52 � iµ)

128
p
⇡

(1 + i sinh⇡µ)
9
2 + iµ
1
2 + iµ

�(�iµ)

�(12 � iµ)
. (6.21)

The result (6.20) agrees with equation (6.142) in [55], with the Legendre polynomial indicating

that we are exchanging a massive spin-2 particle.32

7 Comments on Phenomenology

Figure 10 shows the cross section for e+e� ! hadrons as a function of the center-of-mass energy.

The di↵erent resonance peaks, such as the famous Z resonance near 100 GeV, prove the existence

of new particles and determines their properties. For example, the position of a peak measures

the mass of the particle, while its height and width probe the lifetime of the particle and hence

its couplings to lighter degrees of freedom in the Standard Model. The angular dependence of

the decay products puts constraints on the spin of the intermediate particle. In this section,

we will discuss how similar spectroscopic information is encoded in the structure of inflationary

correlators. We will also present a new physically-motivated basis of shapes for inflationary

three-point functions with weakly broken conformal symmetry.

Figure 10: Plot of R ⌘ �(e+e� ! hadrons)/�(e+e� ! µ+µ�) as a function of the center-of-mass energy
(figure adapted from [108]).

7.1 Cosmological Collider Physics

The right panel in Figure 11 displays our solution for the exchange of a massive scalar particle,

F̂ (u, v), for fixed v = 0.5. We see that the signal in the collapsed limit, u ! 0, oscillates with

a frequency that is set by the mass of the exchange particle. Measuring these oscillations is

the analog of measuring the position of a resonance peak in collider physics. It would prove

32An extra factor of µ2+ 1

4
in (6.21) compared to (6.144) in [55] is due to the fact that we have used the solution

with a higher-derivative source term as the input function. Again, the di↵erence is given by a contact term, and

the extra prefactor can simply be absorbed in the coupling constant.
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Figure 11: Left panel: Shape of the Z resonance as measured by LEP. Right panel: Example of scalar
exchange, u�1F̂ (u, 0.5), for external particles with � = 2 and an internal particle with µ = 3. Note that
the four-point function has been rescaled by u�1 which visually enhances the e↵ect of the oscillations. In
practice, the particle production e↵ect will be harder to observe than the EFT contribution.

the existence of new particles and determine their masses. Going away from the squeezed limit,

the particular solution will start to dominate over the homogeneous solution. This provides a

smooth contribution to the four-point function, whose shape will also be determined by the mass

of the exchange particle. This is the analog of going o↵ resonance and measuring the shape of

the resonance peak in collider physics. Measuring both the oscillations and the smooth shape

provides an important consistency check for the signal.

In colliders, we begin with low-energy measurements where all interactions are pure contact

interactions. For example, at low energies the electroweak theory is approximated by the four-

point interaction of Fermi theory. In the latter case, the energy dependence of the interaction

hints at a violation of perturbative unitarity at a higher scale. This suggests the existence of

new particles (in the case of the electroweak theory, W bosons) to improve the UV behavior of

the e↵ective theory. Going to higher energies, colliders may start producing these particles as

resonances. Predicting the shape of the resonance is essential for extracting the detailed properties

of the new particles. It also provides the opportunity to identify additional new physics. For

example, any unexplained excess in the cross section may be due to additional particle exchanges.

In cosmology, we first expect to observe signals in the limit of relatively large momenta. This

is where the signals are strongest and the observations are most sensitive. Initially, we would see

the shape of a pure contact interaction. With increased sensitivity we may then be able to observe

a small deviation from the pure contact shape (see Fig. 12 in §7.2).33 Using the hypothesis of

the exchange of a single massive particle to fit the smooth part of the signal would then allow

33In practice, it will be hard to reliably extract the precise shape of the smooth part of the signal from large-scale

structure observations because late-time nonlinearities produce non-Gaussianities of a similar form. Although the

oscillatory part of the signal is smaller, it is more distinctive and cannot be mimicked by late-time e↵ects.
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where cos ✓ = k̂1 · k̂3 and

a2(µ) ⌘
⇡(14 + µ2)

cosh⇡µ

�(52 + iµ)�(52 � iµ)

128
p
⇡

(1 + i sinh⇡µ)
9
2 + iµ
1
2 + iµ

�(�iµ)

�(12 � iµ)
. (6.21)

The result (6.20) agrees with equation (6.142) in [55], with the Legendre polynomial indicating

that we are exchanging a massive spin-2 particle.32

7 Comments on Phenomenology

Figure 10 shows the cross section for e+e� ! hadrons as a function of the center-of-mass energy.

The di↵erent resonance peaks, such as the famous Z resonance near 100 GeV, prove the existence

of new particles and determines their properties. For example, the position of a peak measures

the mass of the particle, while its height and width probe the lifetime of the particle and hence

its couplings to lighter degrees of freedom in the Standard Model. The angular dependence of

the decay products puts constraints on the spin of the intermediate particle. In this section,

we will discuss how similar spectroscopic information is encoded in the structure of inflationary

correlators. We will also present a new physically-motivated basis of shapes for inflationary

three-point functions with weakly broken conformal symmetry.

Figure 10: Plot of R ⌘ �(e+e� ! hadrons)/�(e+e� ! µ+µ�) as a function of the center-of-mass energy
(figure adapted from [108]).

7.1 Cosmological Collider Physics

The right panel in Figure 11 displays our solution for the exchange of a massive scalar particle,

F̂ (u, v), for fixed v = 0.5. We see that the signal in the collapsed limit, u ! 0, oscillates with

a frequency that is set by the mass of the exchange particle. Measuring these oscillations is

the analog of measuring the position of a resonance peak in collider physics. It would prove

32An extra factor of µ2+ 1

4
in (6.21) compared to (6.144) in [55] is due to the fact that we have used the solution

with a higher-derivative source term as the input function. Again, the di↵erence is given by a contact term, and

the extra prefactor can simply be absorbed in the coupling constant.
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Figure 11: Left panel: Shape of the Z resonance as measured by LEP. Right panel: Example of scalar
exchange, u�1F̂ (u, 0.5), for external particles with � = 2 and an internal particle with µ = 3. Note that
the four-point function has been rescaled by u�1 which visually enhances the e↵ect of the oscillations. In
practice, the particle production e↵ect will be harder to observe than the EFT contribution.

the existence of new particles and determine their masses. Going away from the squeezed limit,

the particular solution will start to dominate over the homogeneous solution. This provides a

smooth contribution to the four-point function, whose shape will also be determined by the mass

of the exchange particle. This is the analog of going o↵ resonance and measuring the shape of

the resonance peak in collider physics. Measuring both the oscillations and the smooth shape

provides an important consistency check for the signal.

In colliders, we begin with low-energy measurements where all interactions are pure contact

interactions. For example, at low energies the electroweak theory is approximated by the four-

point interaction of Fermi theory. In the latter case, the energy dependence of the interaction

hints at a violation of perturbative unitarity at a higher scale. This suggests the existence of

new particles (in the case of the electroweak theory, W bosons) to improve the UV behavior of

the e↵ective theory. Going to higher energies, colliders may start producing these particles as

resonances. Predicting the shape of the resonance is essential for extracting the detailed properties

of the new particles. It also provides the opportunity to identify additional new physics. For

example, any unexplained excess in the cross section may be due to additional particle exchanges.

In cosmology, we first expect to observe signals in the limit of relatively large momenta. This

is where the signals are strongest and the observations are most sensitive. Initially, we would see

the shape of a pure contact interaction. With increased sensitivity we may then be able to observe

a small deviation from the pure contact shape (see Fig. 12 in §7.2).33 Using the hypothesis of

the exchange of a single massive particle to fit the smooth part of the signal would then allow

33In practice, it will be hard to reliably extract the precise shape of the smooth part of the signal from large-scale

structure observations because late-time nonlinearities produce non-Gaussianities of a similar form. Although the

oscillatory part of the signal is smaller, it is more distinctive and cannot be mimicked by late-time e↵ects.
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Cosmological phonon collider
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• Inflation can be seen as a phase of matter in which the time 
translation symmetry is spontaneously broken. The fluctuations 
around the vaccum can be described with a Goldstone boson that 
non-linearly realizes the broken time diffeomorphism

Cheung et al 2007
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modified dispersion relation 
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E = cs|k|

a generic mixing angle, the portal field F1 is a linear combination of the mass eigenstates �1,2

with similar weights, and the coupling between ⇡ and the portal field cannot at the same time

generate a small speed of sound, while leaving a weak coupling between ⇡c and �. Instead, this

can be realised for a small mixing angle ✓ ⌧ 1, as the portal field is then mostly aligned with

the heaviest mass eigenstate responsible for the low sound speed, leading to a reduced strength

of the coupling ⇢ between ⇡c and the “misaligned” field �.

Naturally, the e↵ective theory stemming from integrating out the �1 field misses the associated

particle production e↵ects in the squeezed limit. The full cosmological collider signal from such

many-field theories has been computed recently [32] and exhibits a rich structure, especially for

comparable masses or/and generic mixing angles, notably resulting in modulated oscillations with

several frequencies (see also [119]). But in our situation of interest here with a hierarchy m1 � m,

the exponential suppression of the particle production e↵ects as a function of the mass entails

that the full (many-field) cosmological collider signal is, for practical purposes, indistinguishable

from the one computed in the two-field e↵ective field theory involving ⇡ and � only.11 It would

be interesting to study if the correlation functions studied in this work with the EFT (2.1)-(2.3)

as a starting point faithfully reproduce the ones of the UV completion discussed here in the

entire range of triangular configurations. The answer to such a question would anyway depend

on the specific type of UV completion considered, and in the following, we content ourselves with

characterising primordial correlators within our setup.

3 Cosmological collider bootstrap and the speed of sound

3.1 Mode functions and diagrammatic rules

In this section we recap the standard in-in formalism which will be used later for writing the bulk

integral expressions for the cosmological correlators of interest in this paper. Of course, following

the cosmological bootstrap philosophy, we will not directly evaluate these time integrals and use

instead the bootstrap techniques to directly solve for the boundary correlators that these bulk

integrals represent.

First of all, for future reference, we quote the positive frequency and negative frequency mode

functions for ⇡c and �:

⇡±
c (k, ⌘) =

iHp
2c3

sk
3
(1 ± icsk⌘) exp(⌥icsk⌘) , (3.1)

�+(k, ⌘) =

p
⇡H

2
exp(�⇡µ/2) exp(i⇡/4)(�⌘)3/2H(1)

iµ
(�k⌘) , (3.2)

��(k, ⌘) =

p
⇡H

2
exp(⇡µ/2) exp(�i⇡/4)(�⌘)3/2H(2)

iµ
(�k⌘) , (3.3)

11If the mixing angle ✓ is so small that the cosmological collider signal originating from �2 is similar to the one

originating from �1, the whole cosmological collider signal becomes uninterestingly small, as well as the e↵ects

studied in this paper, whose amplitudes are governed by the size of the coupling ⇢.
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kL/kS

Figure 2: In de Sitter invariant and more generally equal speed setups (left schematic plot), heavy

particles induce a non-Gaussian signal that around equilateral configurations (i.e. kL/kS ⇠ 1) can

be captured by a local EFT description, while they leave characteristic oscillatory imprints in the

squeezed limit of the bispectrum (i.e. kL/kS ⌧ 1). In the low speed collider signal (right plot), a

supersonic particle lighter than H/cs manifests itself as a resonance in the extended equilateral

configurations (defined by O(1)cs
m

H
. kL/kS 6 1, while the associated particle production e↵ect

dominates the signal in the ultra-squeezed limit (i.e. kL/kS ⌧ 2cs). Unless the mass is close

to the Hubble scale, the resonance signal can be reproduced by adding an enough number of

non-local EFT operators of the type discussed in Section 6.

by four spatial momenta ka (a = 1, . . . 4) can be expressed in terms of a function of the ratios

u = |k1 + k2|/(k1 + k2) and v = |k1 + k2|/(k3 + k4), both of which are smaller than unity due

to the triangle inequality. Transforming to the bispectrum of external ⇣ fields with momenta

ka (a = 1, . . . , 3) forces us to re-scale the external size of the four-point momenta by cs while

leaving the intermediate momentum |k1 + k2| intact. This procedure is meaningful only if we

think of the seed four-point correlator as a function of the ratios above, analytically continued

beyond the respective unit disks (i.e. beyond u  1, v  1). Even with a known convergent series

for the seed four-point inside the aforementioned unit disks, finding the analytical continuation

outside is very challenging. In this paper, we bootstrap this seed four-point function directly in

the region of interest by leveraging locality, unitarity and analyticity. In more detail, locality will

be manifested as a set of boundary partial di↵erential equations that the seed four-point function

must satisfy.3 The unitarity of the time evolution, encoded in an infinite set of algebraic equa-

tions for the wavefunctions coe�cients which are called cosmological cutting rules [82–86], will be

employed in this work in order to partially fix the homogeneous solution that can be added to the

boundary PDE’s we alluded to above. The remaining freedom in adding further homogeneous

solutions will be removed by asking regularity of the four-point function in the collinear limit.

3Here by locality we mean the properties that the boundary correlators inherit from the local equations of

motion of the bulk fields, in particular the exchanged massive field. See also [74] for locality constraints on the

wavefunction coe�cients of massless fields.
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Figure 2: In de Sitter invariant and more generally equal speed setups (left schematic plot), heavy

particles induce a non-Gaussian signal that around equilateral configurations (i.e. kL/kS ⇠ 1) can

be captured by a local EFT description, while they leave characteristic oscillatory imprints in the

squeezed limit of the bispectrum (i.e. kL/kS ⌧ 1). In the low speed collider signal (right plot), a

supersonic particle lighter than H/cs manifests itself as a resonance in the extended equilateral

configurations (defined by O(1)cs
m

H
. kL/kS 6 1, while the associated particle production e↵ect

dominates the signal in the ultra-squeezed limit (i.e. kL/kS ⌧ 2cs). Unless the mass is close

to the Hubble scale, the resonance signal can be reproduced by adding an enough number of

non-local EFT operators of the type discussed in Section 6.

by four spatial momenta ka (a = 1, . . . 4) can be expressed in terms of a function of the ratios

u = |k1 + k2|/(k1 + k2) and v = |k1 + k2|/(k3 + k4), both of which are smaller than unity due

to the triangle inequality. Transforming to the bispectrum of external ⇣ fields with momenta

ka (a = 1, . . . , 3) forces us to re-scale the external size of the four-point momenta by cs while

leaving the intermediate momentum |k1 + k2| intact. This procedure is meaningful only if we

think of the seed four-point correlator as a function of the ratios above, analytically continued

beyond the respective unit disks (i.e. beyond u  1, v  1). Even with a known convergent series

for the seed four-point inside the aforementioned unit disks, finding the analytical continuation

outside is very challenging. In this paper, we bootstrap this seed four-point function directly in

the region of interest by leveraging locality, unitarity and analyticity. In more detail, locality will

be manifested as a set of boundary partial di↵erential equations that the seed four-point function

must satisfy.3 The unitarity of the time evolution, encoded in an infinite set of algebraic equa-

tions for the wavefunctions coe�cients which are called cosmological cutting rules [82–86], will be

employed in this work in order to partially fix the homogeneous solution that can be added to the

boundary PDE’s we alluded to above. The remaining freedom in adding further homogeneous

solutions will be removed by asking regularity of the four-point function in the collinear limit.

3Here by locality we mean the properties that the boundary correlators inherit from the local equations of

motion of the bulk fields, in particular the exchanged massive field. See also [74] for locality constraints on the

wavefunction coe�cients of massless fields.
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particles induce a non-Gaussian signal that around equilateral configurations (i.e. kL/kS ⇠ 1) can
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dominates the signal in the ultra-squeezed limit (i.e. kL/kS ⌧ 2cs). Unless the mass is close

to the Hubble scale, the resonance signal can be reproduced by adding an enough number of

non-local EFT operators of the type discussed in Section 6.

by four spatial momenta ka (a = 1, . . . 4) can be expressed in terms of a function of the ratios

u = |k1 + k2|/(k1 + k2) and v = |k1 + k2|/(k3 + k4), both of which are smaller than unity due

to the triangle inequality. Transforming to the bispectrum of external ⇣ fields with momenta

ka (a = 1, . . . , 3) forces us to re-scale the external size of the four-point momenta by cs while

leaving the intermediate momentum |k1 + k2| intact. This procedure is meaningful only if we

think of the seed four-point correlator as a function of the ratios above, analytically continued

beyond the respective unit disks (i.e. beyond u  1, v  1). Even with a known convergent series

for the seed four-point inside the aforementioned unit disks, finding the analytical continuation

outside is very challenging. In this paper, we bootstrap this seed four-point function directly in

the region of interest by leveraging locality, unitarity and analyticity. In more detail, locality will

be manifested as a set of boundary partial di↵erential equations that the seed four-point function

must satisfy.3 The unitarity of the time evolution, encoded in an infinite set of algebraic equa-

tions for the wavefunctions coe�cients which are called cosmological cutting rules [82–86], will be

employed in this work in order to partially fix the homogeneous solution that can be added to the

boundary PDE’s we alluded to above. The remaining freedom in adding further homogeneous

solutions will be removed by asking regularity of the four-point function in the collinear limit.

3Here by locality we mean the properties that the boundary correlators inherit from the local equations of

motion of the bulk fields, in particular the exchanged massive field. See also [74] for locality constraints on the

wavefunction coe�cients of massless fields.
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• A major simplification occurs in that, based on Feynman rules for the 
individual diagrams, one can see that the single exchange diagrams for 
massless field can be related to the de Sitter invariant four-point function 
of a conformally coupled field
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Figure 5: The four-point exchange diagram of ' mediated by a massive scalar.

It is noteworthy that, for physical values of energies (namely {ka, s} ⇢ R+), F�� and F+� are

given by the complex conjugates of F++ and F�+. Moreover, dilatation symmetry implies that

the correlators of ' scale as

h'(�k1) . . . '(�kn)i0 =
1

�2n�3
h'(k1) . . . '(kn)i0 . (3.19)

As a result, F±± and F±⌥ can be expressed as

F±±(ka; s) =
1

s
F̂±±(u, v) , F⌥±(ka; s) =

1

s
F̂±⌥(u, v) , (3.20)

from which it follows that

F =
1

s
F̂ (u, v) , F̂ = F̂++ + F̂�� + F̂+� + F̂�+ . (3.21)

where we have defined the energy ratios

u ⌘
s

k1 + k2
, v ⌘

s

k3 + k4
. (3.22)

For physical configurations, the triangle inequality implies that

0  u  1 , 0  v  1 , physical configurations. (3.23)

However, relating our diagrams to F will incorporate the analytic continuation of F as a function

of ka(a = 1, . . . , 4) and s (or equivalently F̂ as a function of u and v) in a domain that should at

least cover all the real and positive values of u and v (especially the region defined by u > 1 and

v > 1).

The single-exchange diagrams of ⇡ can be related to the soft limit of the quantity F defined above

by means of appropriate weight-shifting operators. Using the relationships (3.14) and (3.11) we

infer that

• using (3.14) inside the in-in expressions of all diagrams, the quadratic vertex

⌘�3@⌘⇡
±
c (k, ⌘)�±(k, ⌘)
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h⇣(k1)⇣(k2)⇣(k3)i =



• A major simplification occurs in that, based on Feynman rules for the 
individual diagrams, one can see that the single exchange diagrams for 
massless field can be related to the de Sitter invariant four-point function 
of a conformally coupled field
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Figure 5: The four-point exchange diagram of ' mediated by a massive scalar.

It is noteworthy that, for physical values of energies (namely {ka, s} ⇢ R+), F�� and F+� are

given by the complex conjugates of F++ and F�+. Moreover, dilatation symmetry implies that

the correlators of ' scale as

h'(�k1) . . . '(�kn)i0 =
1

�2n�3
h'(k1) . . . '(kn)i0 . (3.19)

As a result, F±± and F±⌥ can be expressed as

F±±(ka; s) =
1

s
F̂±±(u, v) , F⌥±(ka; s) =

1

s
F̂±⌥(u, v) , (3.20)

from which it follows that

F =
1

s
F̂ (u, v) , F̂ = F̂++ + F̂�� + F̂+� + F̂�+ . (3.21)

where we have defined the energy ratios

u ⌘
s

k1 + k2
, v ⌘

s

k3 + k4
. (3.22)

For physical configurations, the triangle inequality implies that

0  u  1 , 0  v  1 , physical configurations. (3.23)

However, relating our diagrams to F will incorporate the analytic continuation of F as a function

of ka(a = 1, . . . , 4) and s (or equivalently F̂ as a function of u and v) in a domain that should at

least cover all the real and positive values of u and v (especially the region defined by u > 1 and

v > 1).

The single-exchange diagrams of ⇡ can be related to the soft limit of the quantity F defined above

by means of appropriate weight-shifting operators. Using the relationships (3.14) and (3.11) we

infer that

• using (3.14) inside the in-in expressions of all diagrams, the quadratic vertex

⌘�3@⌘⇡
±
c (k, ⌘)�±(k, ⌘)
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<latexit sha1_base64="hcEtUtfmmHepzCer0blTzscFXD8=">AAAB+HicbVBNS8NAEJ3Ur1o/WvXoZbEInkoiih6LXjxWsB/QhLDZbtqlu5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/vV2sFhRyeZIrRNEp6oXoQ15UzStmGG016qKBYRp91ofDvzu49UaZbIBzNJaSDwULKYEWysFNaqPmcizMfhhW8S5E7DWt1tuHOgVeIVpA4FWmHtyx8kJBNUGsKx1n3PTU2QY2UY4XRa8TNNU0zGeEj7lkosqA7y+eFTdGqVAYoTZUsaNFd/T+RYaD0Rke0U2Iz0sjcT//P6mYmvg5zJNDNUksWiOOPI/jhLAQ2YosTwiSWYKGZvRWSEFSbGZlWxIXjLL6+SznnDu2y49xf15k0RRxmO4QTOwIMraMIdtKANBDJ4hld4c56cF+fd+Vi0lpxi5gj+wPn8ATDlksc=</latexit>

lim
k4!0

<latexit sha1_base64="OFzh51fexI3KrWsmp6iM000XGsw=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwICUpih6LXjxWsB/QxLLZbtqlu0nY3VRK7E/x4kERr/4Sb/4bt20O2vpg4PHeDDPzgoQzpR3n21pZXVvf2CxsFbd3dvf27dJBU8WpJLRBYh7LdoAV5SyiDc00p+1EUiwCTlvB8Gbqt0ZUKhZH93qcUF/gfsRCRrA2UtcueSMskwF7qHpnnmJ9gbt22ak4M6Bl4uakDDnqXfvL68UkFTTShGOlOq6TaD/DUjPC6aTopYommAxxn3YMjbCgys9mp0/QiVF6KIylqUijmfp7IsNCqbEITKfAeqAWvan4n9dJdXjlZyxKUk0jMl8UphzpGE1zQD0mKdF8bAgmkplbERlgiYk2aRVNCO7iy8ukWa24FxXn7rxcu87jKMARHMMpuHAJNbiFOjSAwCM8wyu8WU/Wi/VufcxbV6x85hD+wPr8Aee6k8Q=</latexit>

'2 �
<latexit sha1_base64="OFzh51fexI3KrWsmp6iM000XGsw=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwICUpih6LXjxWsB/QxLLZbtqlu0nY3VRK7E/x4kERr/4Sb/4bt20O2vpg4PHeDDPzgoQzpR3n21pZXVvf2CxsFbd3dvf27dJBU8WpJLRBYh7LdoAV5SyiDc00p+1EUiwCTlvB8Gbqt0ZUKhZH93qcUF/gfsRCRrA2UtcueSMskwF7qHpnnmJ9gbt22ak4M6Bl4uakDDnqXfvL68UkFTTShGOlOq6TaD/DUjPC6aTopYommAxxn3YMjbCgys9mp0/QiVF6KIylqUijmfp7IsNCqbEITKfAeqAWvan4n9dJdXjlZyxKUk0jMl8UphzpGE1zQD0mKdF8bAgmkplbERlgiYk2aRVNCO7iy8ukWa24FxXn7rxcu87jKMARHMMpuHAJNbiFOjSAwCM8wyu8WU/Wi/VufcxbV6x85hD+wPr8Aee6k8Q=</latexit>

'2 �

<latexit sha1_base64="I27ThLkKnfIGjs+tKjeFkeg01XE=">AAACDHicbVDLSsNAFJ3UV62vqks3g0WoUEpSFV0W3bisYB/QhDCZTtohk0mYmQgl5APc+CtuXCji1g9w5984abPQ1gMXDufce2fu8WJGpTLNb6O0srq2vlHerGxt7+zuVfcPejJKBCZdHLFIDDwkCaOcdBVVjAxiQVDoMdL3gpvc7z8QIWnE79U0Jk6Ixpz6FCOlJbdasydIpf2sHrhWI3Bbus4adoyEooi5aeDS7FR3mU1zBrhMrILUQIGOW/2yRxFOQsIVZkjKoWXGyknzpZiRrGInksQIB2hMhppyFBLppLNjMniilRH0I6GLKzhTf0+kKJRyGnq6M0RqIhe9XPzPGybKv3JSyuNEEY7nD/kJgyqCeTJwRAXBik01QVhQ/VeIJ0ggrHR+FR2CtXjyMum1mtZF07w7r7WvizjK4AgcgzqwwCVog1vQAV2AwSN4Bq/gzXgyXox342PeWjKKmUPwB8bnD2F9mpE=</latexit>

Ŵ (k1, k2, k3, @ki)
<latexit sha1_base64="9Jw2h2xdy3aGSOE9RjrgjzUOkW8=">AAACMnicbZDLSgMxFIYz3q23qks3wSLopsxURTeC6EZ3FWwVOqVk0jNtaCYzJGfEOvSZ3PgkggtdKOLWhzC9LLT1h8DPd85Jcv4gkcKg6746U9Mzs3PzC4u5peWV1bX8+kbVxKnmUOGxjPVtwAxIoaCCAiXcJhpYFEi4CTrn/frNHWgjYnWN3QTqEWspEQrO0KJG/tKXTLUkUP8BkO36CPcYhFmn1/D2JlBpEu3v+XpwwUkjX3CL7kB00ngjUyAjlRv5Z78Z8zQChVwyY2qem2A9YxoFl9DL+amBhPEOa0HNWsUiMPVssHKP7ljSpGGs7VFIB/T3RMYiY7pRYDsjhm0zXuvD/2q1FMPjeiZUkiIoPnwoTCXFmPbzo02hgaPsWsO4FvavlLeZZhxtyjkbgje+8qSploreYdG9Oiicno3iWCBbZJvsEo8ckVNyQcqkQjh5JC/knXw4T86b8+l8DVunnNHMJvkj5/sHGbSrRA==</latexit>

h⇣(k1)⇣(k2)⇣(k3)i =

Diag. A
k

⇡

k

⇡

k

Diag. B1
k1

⇡

k2

⇡

k3

⇡

k3

Diag. B2
k1

⇡

k2

⇡

k3

⇡

k3
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<latexit sha1_base64="VNNgfv1vEnsL9ikzg61kh7YsFZc=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyyCqzIjii6LblxWsA/oDCWTZtrQJDMkd4Q69EvcuFDErZ/izr8xbWehrQcuHM65N7n3RKngBjzv2ymtrW9sbpW3Kzu7e/tV9+CwbZJMU9aiiUh0NyKGCa5YCzgI1k01IzISrBONb2d+55FpwxP1AJOUhZIMFY85JWClvlsNBgnkQcqngeFDSfpuzat7c+BV4hekhgo0++6XfYFmkimgghjT870Uwpxo4FSwaSXIDEsJHZMh61mqiGQmzOeLT/GpVQY4TrQtBXiu/p7IiTRmIiPbKQmMzLI3E//zehnE12HOVZoBU3TxUZwJDAmepYAHXDMKYmIJoZrbXTEdEU0o2KwqNgR/+eRV0j6v+5d17/6i1rgp4iijY3SCzpCPrlAD3aEmaiGKMvSMXtGb8+S8OO/Ox6K15BQzR+gPnM8fT2eTgg==</latexit>

⇡̇�

<latexit sha1_base64="7Q9+KJGG7fVVBCjnwn0VxWRqbv0=">AAAB+nicbVDLSgMxFL3js9bXVJdugkVwVWaKosuiG5cV7APasWTSTBuaZIYko5Sxn+LGhSJu/RJ3/o1pOwttPXDhcM69yb0nTDjTxvO+nZXVtfWNzcJWcXtnd2/fLR00dZwqQhsk5rFqh1hTziRtGGY4bSeKYhFy2gpH11O/9UCVZrG8M+OEBgIPJIsYwcZKPbfU7ccm6yZscl/tajYQuOeWvYo3A1omfk7KkKPec7/sGyQVVBrCsdYd30tMkGFlGOF0UuymmiaYjPCAdiyVWFAdZLPVJ+jEKn0UxcqWNGim/p7IsNB6LELbKbAZ6kVvKv7ndVITXQYZk0lqqCTzj6KUIxOjaQ6ozxQlho8twUQxuysiQ6wwMTatog3BXzx5mTSrFf+84t2elWtXeRwFOIJjOAUfLqAGN1CHBhB4hGd4hTfnyXlx3p2PeeuKk88cwh84nz9/VJQm</latexit>

⇡̇2�
<latexit sha1_base64="uvioRDCJMkD8BJBrpgMjw9diHQg=">AAACAXicbVDLSgMxFM34rPU16kZwEyxC3ZSZouiy6MZlBfuAzjhk0kwbmmSGJCOUoW78FTcuFHHrX7jzb8y0s9DWAxcO59yb3HvChFGlHefbWlpeWV1bL22UN7e2d3btvf22ilOJSQvHLJbdECnCqCAtTTUj3UQSxENGOuHoOvc7D0QqGos7PU6Iz9FA0IhipI0U2IdVL0FSU8QCCr2Ent7XPUUHHAV2xak5U8BF4hakAgo0A/vL68c45URozJBSPddJtJ/lj2NGJmUvVSRBeIQGpGeoQJwoP5teMIEnRunDKJamhIZT9fdEhrhSYx6aTo70UM17ufif10t1dOlnVCSpJgLPPopSBnUM8zhgn0qCNRsbgrCkZleIh0girE1oZROCO3/yImnXa+55zbk9qzSuijhK4AgcgypwwQVogBvQBC2AwSN4Bq/gzXqyXqx362PWumQVMwfgD6zPH5IbllM=</latexit>

(@i⇡)2�

<latexit sha1_base64="VNNgfv1vEnsL9ikzg61kh7YsFZc=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyyCqzIjii6LblxWsA/oDCWTZtrQJDMkd4Q69EvcuFDErZ/izr8xbWehrQcuHM65N7n3RKngBjzv2ymtrW9sbpW3Kzu7e/tV9+CwbZJMU9aiiUh0NyKGCa5YCzgI1k01IzISrBONb2d+55FpwxP1AJOUhZIMFY85JWClvlsNBgnkQcqngeFDSfpuzat7c+BV4hekhgo0++6XfYFmkimgghjT870Uwpxo4FSwaSXIDEsJHZMh61mqiGQmzOeLT/GpVQY4TrQtBXiu/p7IiTRmIiPbKQmMzLI3E//zehnE12HOVZoBU3TxUZwJDAmepYAHXDMKYmIJoZrbXTEdEU0o2KwqNgR/+eRV0j6v+5d17/6i1rgp4iijY3SCzpCPrlAD3aEmaiGKMvSMXtGb8+S8OO/Ox6K15BQzR+gPnM8fT2eTgg==</latexit>

⇡̇�

<latexit sha1_base64="VNNgfv1vEnsL9ikzg61kh7YsFZc=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyyCqzIjii6LblxWsA/oDCWTZtrQJDMkd4Q69EvcuFDErZ/izr8xbWehrQcuHM65N7n3RKngBjzv2ymtrW9sbpW3Kzu7e/tV9+CwbZJMU9aiiUh0NyKGCa5YCzgI1k01IzISrBONb2d+55FpwxP1AJOUhZIMFY85JWClvlsNBgnkQcqngeFDSfpuzat7c+BV4hekhgo0++6XfYFmkimgghjT870Uwpxo4FSwaSXIDEsJHZMh61mqiGQmzOeLT/GpVQY4TrQtBXiu/p7IiTRmIiPbKQmMzLI3E//zehnE12HOVZoBU3TxUZwJDAmepYAHXDMKYmIJoZrbXTEdEU0o2KwqNgR/+eRV0j6v+5d17/6i1rgp4iijY3SCzpCPrlAD3aEmaiGKMvSMXtGb8+S8OO/Ox6K15BQzR+gPnM8fT2eTgg==</latexit>

⇡̇�
<latexit sha1_base64="VNNgfv1vEnsL9ikzg61kh7YsFZc=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyyCqzIjii6LblxWsA/oDCWTZtrQJDMkd4Q69EvcuFDErZ/izr8xbWehrQcuHM65N7n3RKngBjzv2ymtrW9sbpW3Kzu7e/tV9+CwbZJMU9aiiUh0NyKGCa5YCzgI1k01IzISrBONb2d+55FpwxP1AJOUhZIMFY85JWClvlsNBgnkQcqngeFDSfpuzat7c+BV4hekhgo0++6XfYFmkimgghjT870Uwpxo4FSwaSXIDEsJHZMh61mqiGQmzOeLT/GpVQY4TrQtBXiu/p7IiTRmIiPbKQmMzLI3E//zehnE12HOVZoBU3TxUZwJDAmepYAHXDMKYmIJoZrbXTEdEU0o2KwqNgR/+eRV0j6v+5d17/6i1rgp4iijY3SCzpCPrlAD3aEmaiGKMvSMXtGb8+S8OO/Ox6K15BQzR+gPnM8fT2eTgg==</latexit>

⇡̇�

<latexit sha1_base64="mT9cjBHMXFhWWQK3amDuWB4fEdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vZT3Wb9ac+vuHGSVeAWpQYFmv/rVGyQsi1EaJqjWXc9NTZBTZTgTOK30Mo0pZWM6xK6lksaog3x+7JScWWVAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7EheMsvr5LWRd27qrsPl7XGbRFHGU7gFM7Bg2towD00wQcGHJ7hFd4c6bw4787HorXkFDPH8AfO5w/DwY6n</latexit>⇡c
<latexit sha1_base64="mT9cjBHMXFhWWQK3amDuWB4fEdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vZT3Wb9ac+vuHGSVeAWpQYFmv/rVGyQsi1EaJqjWXc9NTZBTZTgTOK30Mo0pZWM6xK6lksaog3x+7JScWWVAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7EheMsvr5LWRd27qrsPl7XGbRFHGU7gFM7Bg2towD00wQcGHJ7hFd4c6bw4787HorXkFDPH8AfO5w/DwY6n</latexit>⇡c

<latexit sha1_base64="lb+sxt9GYy+yS2TkOnhmNnXnoMo=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiSi6LLoxmUF+4AmhMl00g6dTMLMjVhCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7Z+49YSq4Bsf5tipr6xubW9Xt2s7u3v6BfVjv6iRTlHVoIhLVD4lmgkvWAQ6C9VPFSBwK1gsntzO/98iU5ol8gGnK/JiMJI84JWCkwK57wwRyL+VFQLGn+Sgmgd1wms4ceJW4JWmgEu3A/jKP0CxmEqggWg9cJwU/Jwo4FayoeZlmKaETMmIDQyWJmfbz+e4FPjXKEEeJMiUBz9XfEzmJtZ7GoemMCYz1sjcT//MGGUTXfs5lmgGTdPFRlAkMCZ4FgYdcMQpiagihiptdMR0TRSiYuGomBHf55FXSPW+6l03n/qLRuinjqKJjdILOkIuuUAvdoTbqIIqe0DN6RW9WYb1Y79bHorVilTNH6A+szx8nTZSC</latexit>

⇡̇c�
<latexit sha1_base64="lb+sxt9GYy+yS2TkOnhmNnXnoMo=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiSi6LLoxmUF+4AmhMl00g6dTMLMjVhCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7Z+49YSq4Bsf5tipr6xubW9Xt2s7u3v6BfVjv6iRTlHVoIhLVD4lmgkvWAQ6C9VPFSBwK1gsntzO/98iU5ol8gGnK/JiMJI84JWCkwK57wwRyL+VFQLGn+Sgmgd1wms4ceJW4JWmgEu3A/jKP0CxmEqggWg9cJwU/Jwo4FayoeZlmKaETMmIDQyWJmfbz+e4FPjXKEEeJMiUBz9XfEzmJtZ7GoemMCYz1sjcT//MGGUTXfs5lmgGTdPFRlAkMCZ4FgYdcMQpiagihiptdMR0TRSiYuGomBHf55FXSPW+6l03n/qLRuinjqKJjdILOkIuuUAvdoTbqIIqe0DN6RW9WYb1Y79bHorVilTNH6A+szx8nTZSC</latexit>

⇡̇c�

<latexit sha1_base64="mT9cjBHMXFhWWQK3amDuWB4fEdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vZT3Wb9ac+vuHGSVeAWpQYFmv/rVGyQsi1EaJqjWXc9NTZBTZTgTOK30Mo0pZWM6xK6lksaog3x+7JScWWVAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7EheMsvr5LWRd27qrsPl7XGbRFHGU7gFM7Bg2towD00wQcGHJ7hFd4c6bw4787HorXkFDPH8AfO5w/DwY6n</latexit>⇡c
<latexit sha1_base64="mT9cjBHMXFhWWQK3amDuWB4fEdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vZT3Wb9ac+vuHGSVeAWpQYFmv/rVGyQsi1EaJqjWXc9NTZBTZTgTOK30Mo0pZWM6xK6lksaog3x+7JScWWVAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7EheMsvr5LWRd27qrsPl7XGbRFHGU7gFM7Bg2towD00wQcGHJ7hFd4c6bw4787HorXkFDPH8AfO5w/DwY6n</latexit>⇡c
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<latexit sha1_base64="mT9cjBHMXFhWWQK3amDuWB4fEdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vZT3Wb9ac+vuHGSVeAWpQYFmv/rVGyQsi1EaJqjWXc9NTZBTZTgTOK30Mo0pZWM6xK6lksaog3x+7JScWWVAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7EheMsvr5LWRd27qrsPl7XGbRFHGU7gFM7Bg2towD00wQcGHJ7hFd4c6bw4787HorXkFDPH8AfO5w/DwY6n</latexit>⇡c

<latexit sha1_base64="mT9cjBHMXFhWWQK3amDuWB4fEdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vZT3Wb9ac+vuHGSVeAWpQYFmv/rVGyQsi1EaJqjWXc9NTZBTZTgTOK30Mo0pZWM6xK6lksaog3x+7JScWWVAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7EheMsvr5LWRd27qrsPl7XGbRFHGU7gFM7Bg2towD00wQcGHJ7hFd4c6bw4787HorXkFDPH8AfO5w/DwY6n</latexit>⇡c
<latexit sha1_base64="mT9cjBHMXFhWWQK3amDuWB4fEdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vZT3Wb9ac+vuHGSVeAWpQYFmv/rVGyQsi1EaJqjWXc9NTZBTZTgTOK30Mo0pZWM6xK6lksaog3x+7JScWWVAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7EheMsvr5LWRd27qrsPl7XGbRFHGU7gFM7Bg2towD00wQcGHJ7hFd4c6bw4787HorXkFDPH8AfO5w/DwY6n</latexit>⇡c

<latexit sha1_base64="lb+sxt9GYy+yS2TkOnhmNnXnoMo=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiSi6LLoxmUF+4AmhMl00g6dTMLMjVhCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7Z+49YSq4Bsf5tipr6xubW9Xt2s7u3v6BfVjv6iRTlHVoIhLVD4lmgkvWAQ6C9VPFSBwK1gsntzO/98iU5ol8gGnK/JiMJI84JWCkwK57wwRyL+VFQLGn+Sgmgd1wms4ceJW4JWmgEu3A/jKP0CxmEqggWg9cJwU/Jwo4FayoeZlmKaETMmIDQyWJmfbz+e4FPjXKEEeJMiUBz9XfEzmJtZ7GoemMCYz1sjcT//MGGUTXfs5lmgGTdPFRlAkMCZ4FgYdcMQpiagihiptdMR0TRSiYuGomBHf55FXSPW+6l03n/qLRuinjqKJjdILOkIuuUAvdoTbqIIqe0DN6RW9WYb1Y79bHorVilTNH6A+szx8nTZSC</latexit>

⇡̇c�
<latexit sha1_base64="lb+sxt9GYy+yS2TkOnhmNnXnoMo=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiSi6LLoxmUF+4AmhMl00g6dTMLMjVhCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7Z+49YSq4Bsf5tipr6xubW9Xt2s7u3v6BfVjv6iRTlHVoIhLVD4lmgkvWAQ6C9VPFSBwK1gsntzO/98iU5ol8gGnK/JiMJI84JWCkwK57wwRyL+VFQLGn+Sgmgd1wms4ceJW4JWmgEu3A/jKP0CxmEqggWg9cJwU/Jwo4FayoeZlmKaETMmIDQyWJmfbz+e4FPjXKEEeJMiUBz9XfEzmJtZ7GoemMCYz1sjcT//MGGUTXfs5lmgGTdPFRlAkMCZ4FgYdcMQpiagihiptdMR0TRSiYuGomBHf55FXSPW+6l03n/qLRuinjqKJjdILOkIuuUAvdoTbqIIqe0DN6RW9WYb1Y79bHorVilTNH6A+szx8nTZSC</latexit>

⇡̇c�
<latexit sha1_base64="Gn2O82BwEx6ORop6cMCwxmxfLdo=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJDKUiUVCMYKFsYi0YfUhMhxndaqnVi2g1RFHVj4FRYGEGLlI9j4G5w2A7Qc6UpH59xr33tCwajSjvNtrayurW9slrbK2zu7e/v2wWFHJanEpI0TlsheiBRhNCZtTTUjPSEJ4iEj3XB8nfvdByIVTeI7PRHE52gY04hipI0U2JWaJ5DUFLGAQk/QAJ/eN6Cn6JCjwK46dWcGuEzcglRBgVZgf3mDBKecxBozpFTfdYT2s/x9zMi07KWKCITHaEj6hsaIE+VnsyOm8MQoAxgl0lSs4Uz9PZEhrtSEh6aTIz1Si14u/uf1Ux1d+hmNRapJjOcfRSmDOoF5InBAJcGaTQxBWFKzK8QjJBHWJreyCcFdPHmZdBp197zu3J5Vm1dFHCVQAcegBlxwAZrgBrRAG2DwCJ7BK3iznqwX6936mLeuWMXMEfgD6/MHcnCXUw==</latexit>

(@i⇡c)
2�

<latexit sha1_base64="GpVYjnsngMuUnqG3DibhrJsl1Qs=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiRF0WXRjcsK9gFNDJPppB06k4SZiVBD8VfcuFDErf/hzr9x2mahrQcuHM65d+beE6acKe0439bS8srq2nppo7y5tb2za+/tt1SSSUKbJOGJ7IRYUc5i2tRMc9pJJcUi5LQdDq8nfvuBSsWS+E6PUuoL3I9ZxAjWRgrsQ6+X6NxL2fi+FhDkKdYXOLArTtWZAi0StyAVKNAI7C/zDMkEjTXhWKmu66Taz7HUjHA6LnuZoikmQ9ynXUNjLKjy8+n2Y3RilB6KEmkq1miq/p7IsVBqJELTKbAeqHlvIv7ndTMdXfo5i9NM05jMPooyjnSCJlGgHpOUaD4yBBPJzK6IDLDERJvAyiYEd/7kRdKqVd3zqnN7VqlfFXGU4AiO4RRcuIA63EADmkDgEZ7hFd6sJ+vFerc+Zq1LVjFzAH9gff4AWPaVJg==</latexit>

⇡̇2
c�

Diag. A
k

⇡

k

⇡

k

Diag. B1
k1

⇡

k2

⇡

k3

⇡

k3

Diag. B2
k1

⇡

k2

⇡

k3

⇡

k3
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<latexit sha1_base64="VNNgfv1vEnsL9ikzg61kh7YsFZc=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyyCqzIjii6LblxWsA/oDCWTZtrQJDMkd4Q69EvcuFDErZ/izr8xbWehrQcuHM65N7n3RKngBjzv2ymtrW9sbpW3Kzu7e/tV9+CwbZJMU9aiiUh0NyKGCa5YCzgI1k01IzISrBONb2d+55FpwxP1AJOUhZIMFY85JWClvlsNBgnkQcqngeFDSfpuzat7c+BV4hekhgo0++6XfYFmkimgghjT870Uwpxo4FSwaSXIDEsJHZMh61mqiGQmzOeLT/GpVQY4TrQtBXiu/p7IiTRmIiPbKQmMzLI3E//zehnE12HOVZoBU3TxUZwJDAmepYAHXDMKYmIJoZrbXTEdEU0o2KwqNgR/+eRV0j6v+5d17/6i1rgp4iijY3SCzpCPrlAD3aEmaiGKMvSMXtGb8+S8OO/Ox6K15BQzR+gPnM8fT2eTgg==</latexit>

⇡̇�

<latexit sha1_base64="7Q9+KJGG7fVVBCjnwn0VxWRqbv0=">AAAB+nicbVDLSgMxFL3js9bXVJdugkVwVWaKosuiG5cV7APasWTSTBuaZIYko5Sxn+LGhSJu/RJ3/o1pOwttPXDhcM69yb0nTDjTxvO+nZXVtfWNzcJWcXtnd2/fLR00dZwqQhsk5rFqh1hTziRtGGY4bSeKYhFy2gpH11O/9UCVZrG8M+OEBgIPJIsYwcZKPbfU7ccm6yZscl/tajYQuOeWvYo3A1omfk7KkKPec7/sGyQVVBrCsdYd30tMkGFlGOF0UuymmiaYjPCAdiyVWFAdZLPVJ+jEKn0UxcqWNGim/p7IsNB6LELbKbAZ6kVvKv7ndVITXQYZk0lqqCTzj6KUIxOjaQ6ozxQlho8twUQxuysiQ6wwMTatog3BXzx5mTSrFf+84t2elWtXeRwFOIJjOAUfLqAGN1CHBhB4hGd4hTfnyXlx3p2PeeuKk88cwh84nz9/VJQm</latexit>

⇡̇2�
<latexit sha1_base64="uvioRDCJMkD8BJBrpgMjw9diHQg=">AAACAXicbVDLSgMxFM34rPU16kZwEyxC3ZSZouiy6MZlBfuAzjhk0kwbmmSGJCOUoW78FTcuFHHrX7jzb8y0s9DWAxcO59yb3HvChFGlHefbWlpeWV1bL22UN7e2d3btvf22ilOJSQvHLJbdECnCqCAtTTUj3UQSxENGOuHoOvc7D0QqGos7PU6Iz9FA0IhipI0U2IdVL0FSU8QCCr2Ent7XPUUHHAV2xak5U8BF4hakAgo0A/vL68c45URozJBSPddJtJ/lj2NGJmUvVSRBeIQGpGeoQJwoP5teMIEnRunDKJamhIZT9fdEhrhSYx6aTo70UM17ufif10t1dOlnVCSpJgLPPopSBnUM8zhgn0qCNRsbgrCkZleIh0girE1oZROCO3/yImnXa+55zbk9qzSuijhK4AgcgypwwQVogBvQBC2AwSN4Bq/gzXqyXqx362PWumQVMwfgD6zPH5IbllM=</latexit>

(@i⇡)2�

<latexit sha1_base64="VNNgfv1vEnsL9ikzg61kh7YsFZc=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyyCqzIjii6LblxWsA/oDCWTZtrQJDMkd4Q69EvcuFDErZ/izr8xbWehrQcuHM65N7n3RKngBjzv2ymtrW9sbpW3Kzu7e/tV9+CwbZJMU9aiiUh0NyKGCa5YCzgI1k01IzISrBONb2d+55FpwxP1AJOUhZIMFY85JWClvlsNBgnkQcqngeFDSfpuzat7c+BV4hekhgo0++6XfYFmkimgghjT870Uwpxo4FSwaSXIDEsJHZMh61mqiGQmzOeLT/GpVQY4TrQtBXiu/p7IiTRmIiPbKQmMzLI3E//zehnE12HOVZoBU3TxUZwJDAmepYAHXDMKYmIJoZrbXTEdEU0o2KwqNgR/+eRV0j6v+5d17/6i1rgp4iijY3SCzpCPrlAD3aEmaiGKMvSMXtGb8+S8OO/Ox6K15BQzR+gPnM8fT2eTgg==</latexit>

⇡̇�

<latexit sha1_base64="VNNgfv1vEnsL9ikzg61kh7YsFZc=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyyCqzIjii6LblxWsA/oDCWTZtrQJDMkd4Q69EvcuFDErZ/izr8xbWehrQcuHM65N7n3RKngBjzv2ymtrW9sbpW3Kzu7e/tV9+CwbZJMU9aiiUh0NyKGCa5YCzgI1k01IzISrBONb2d+55FpwxP1AJOUhZIMFY85JWClvlsNBgnkQcqngeFDSfpuzat7c+BV4hekhgo0++6XfYFmkimgghjT870Uwpxo4FSwaSXIDEsJHZMh61mqiGQmzOeLT/GpVQY4TrQtBXiu/p7IiTRmIiPbKQmMzLI3E//zehnE12HOVZoBU3TxUZwJDAmepYAHXDMKYmIJoZrbXTEdEU0o2KwqNgR/+eRV0j6v+5d17/6i1rgp4iijY3SCzpCPrlAD3aEmaiGKMvSMXtGb8+S8OO/Ox6K15BQzR+gPnM8fT2eTgg==</latexit>

⇡̇�
<latexit sha1_base64="VNNgfv1vEnsL9ikzg61kh7YsFZc=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyyCqzIjii6LblxWsA/oDCWTZtrQJDMkd4Q69EvcuFDErZ/izr8xbWehrQcuHM65N7n3RKngBjzv2ymtrW9sbpW3Kzu7e/tV9+CwbZJMU9aiiUh0NyKGCa5YCzgI1k01IzISrBONb2d+55FpwxP1AJOUhZIMFY85JWClvlsNBgnkQcqngeFDSfpuzat7c+BV4hekhgo0++6XfYFmkimgghjT870Uwpxo4FSwaSXIDEsJHZMh61mqiGQmzOeLT/GpVQY4TrQtBXiu/p7IiTRmIiPbKQmMzLI3E//zehnE12HOVZoBU3TxUZwJDAmepYAHXDMKYmIJoZrbXTEdEU0o2KwqNgR/+eRV0j6v+5d17/6i1rgp4iijY3SCzpCPrlAD3aEmaiGKMvSMXtGb8+S8OO/Ox6K15BQzR+gPnM8fT2eTgg==</latexit>

⇡̇�

<latexit sha1_base64="mT9cjBHMXFhWWQK3amDuWB4fEdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vZT3Wb9ac+vuHGSVeAWpQYFmv/rVGyQsi1EaJqjWXc9NTZBTZTgTOK30Mo0pZWM6xK6lksaog3x+7JScWWVAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7EheMsvr5LWRd27qrsPl7XGbRFHGU7gFM7Bg2towD00wQcGHJ7hFd4c6bw4787HorXkFDPH8AfO5w/DwY6n</latexit>⇡c
<latexit sha1_base64="mT9cjBHMXFhWWQK3amDuWB4fEdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vZT3Wb9ac+vuHGSVeAWpQYFmv/rVGyQsi1EaJqjWXc9NTZBTZTgTOK30Mo0pZWM6xK6lksaog3x+7JScWWVAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7EheMsvr5LWRd27qrsPl7XGbRFHGU7gFM7Bg2towD00wQcGHJ7hFd4c6bw4787HorXkFDPH8AfO5w/DwY6n</latexit>⇡c

<latexit sha1_base64="lb+sxt9GYy+yS2TkOnhmNnXnoMo=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiSi6LLoxmUF+4AmhMl00g6dTMLMjVhCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7Z+49YSq4Bsf5tipr6xubW9Xt2s7u3v6BfVjv6iRTlHVoIhLVD4lmgkvWAQ6C9VPFSBwK1gsntzO/98iU5ol8gGnK/JiMJI84JWCkwK57wwRyL+VFQLGn+Sgmgd1wms4ceJW4JWmgEu3A/jKP0CxmEqggWg9cJwU/Jwo4FayoeZlmKaETMmIDQyWJmfbz+e4FPjXKEEeJMiUBz9XfEzmJtZ7GoemMCYz1sjcT//MGGUTXfs5lmgGTdPFRlAkMCZ4FgYdcMQpiagihiptdMR0TRSiYuGomBHf55FXSPW+6l03n/qLRuinjqKJjdILOkIuuUAvdoTbqIIqe0DN6RW9WYb1Y79bHorVilTNH6A+szx8nTZSC</latexit>

⇡̇c�
<latexit sha1_base64="lb+sxt9GYy+yS2TkOnhmNnXnoMo=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiSi6LLoxmUF+4AmhMl00g6dTMLMjVhCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7Z+49YSq4Bsf5tipr6xubW9Xt2s7u3v6BfVjv6iRTlHVoIhLVD4lmgkvWAQ6C9VPFSBwK1gsntzO/98iU5ol8gGnK/JiMJI84JWCkwK57wwRyL+VFQLGn+Sgmgd1wms4ceJW4JWmgEu3A/jKP0CxmEqggWg9cJwU/Jwo4FayoeZlmKaETMmIDQyWJmfbz+e4FPjXKEEeJMiUBz9XfEzmJtZ7GoemMCYz1sjcT//MGGUTXfs5lmgGTdPFRlAkMCZ4FgYdcMQpiagihiptdMR0TRSiYuGomBHf55FXSPW+6l03n/qLRuinjqKJjdILOkIuuUAvdoTbqIIqe0DN6RW9WYb1Y79bHorVilTNH6A+szx8nTZSC</latexit>

⇡̇c�

<latexit sha1_base64="mT9cjBHMXFhWWQK3amDuWB4fEdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vZT3Wb9ac+vuHGSVeAWpQYFmv/rVGyQsi1EaJqjWXc9NTZBTZTgTOK30Mo0pZWM6xK6lksaog3x+7JScWWVAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7EheMsvr5LWRd27qrsPl7XGbRFHGU7gFM7Bg2towD00wQcGHJ7hFd4c6bw4787HorXkFDPH8AfO5w/DwY6n</latexit>⇡c
<latexit sha1_base64="mT9cjBHMXFhWWQK3amDuWB4fEdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vZT3Wb9ac+vuHGSVeAWpQYFmv/rVGyQsi1EaJqjWXc9NTZBTZTgTOK30Mo0pZWM6xK6lksaog3x+7JScWWVAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7EheMsvr5LWRd27qrsPl7XGbRFHGU7gFM7Bg2towD00wQcGHJ7hFd4c6bw4787HorXkFDPH8AfO5w/DwY6n</latexit>⇡c

<latexit sha1_base64="mT9cjBHMXFhWWQK3amDuWB4fEdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vZT3Wb9ac+vuHGSVeAWpQYFmv/rVGyQsi1EaJqjWXc9NTZBTZTgTOK30Mo0pZWM6xK6lksaog3x+7JScWWVAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7EheMsvr5LWRd27qrsPl7XGbRFHGU7gFM7Bg2towD00wQcGHJ7hFd4c6bw4787HorXkFDPH8AfO5w/DwY6n</latexit>⇡c
<latexit sha1_base64="mT9cjBHMXFhWWQK3amDuWB4fEdw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vZT3Wb9ac+vuHGSVeAWpQYFmv/rVGyQsi1EaJqjWXc9NTZBTZTgTOK30Mo0pZWM6xK6lksaog3x+7JScWWVAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7EheMsvr5LWRd27qrsPl7XGbRFHGU7gFM7Bg2towD00wQcGHJ7hFd4c6bw4787HorXkFDPH8AfO5w/DwY6n</latexit>⇡c
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⇡̇2
c�

Figure 4: In this work we study in detail the three depicted single-exchange diagrams for the

two- and three-point correlation functions of ⇡c. The white rectangle represents the linear mixing

operator ⇡̇c�, whereas the gray rectangle and the crossed circle stand for the ⇡̇2
c� and (@i⇡c)2�

vertices, respectively. We also obtain the results for the three corresponding single-exchange

four-point functions, with interactions either ⇡̇2
c� or (@i⇡c)2� at each vertex.

corresponding mode function, which might be either in the bulk-to-bulk or the bulk-to-

boundary propagator that enters the vertex.12

3.2 Conformally coupled field and the weight-shifting operators

The correlators of the conformally coupled (cc) scalar in dS space exhibit a simpler algebraic

structure than the correlators of massless and massive fields. This is the direct result of the

simplicity of its mode function:

'±(k, ⌘) = �
H

p
2k

⌘ exp(⌥ik⌘) . (3.10)

Furthermore, the objects of primary interest in cosmology, namely the correlators of massless

fields in dS can be obtained by acting with bespoke weight-shifting operators on the correlators of

the conformally coupled field ' (aka the “cc field”). Using this method, all the exchange diagrams

of the four-point function of a massless scalar field mediated by a massive field (including spinning

ones) were computed in recent years [48,49]. The weight-shifting operators can be systematically

derived by leveraging the dS SO(4, 1) isometry group. Nevertheless, regardless of the dS boost

12Notice that the time derivative does not act on the step function ✓(⌘ � ⌘0) since, in contrast to reference [120]

for instance, we are using the canonical version of the in-in formalism where (in presence of operators with time

derivatives) the interaction part of the Hamiltonian is not opposite to the interaction part of the Lagrangian

(see [121] for a related discussion).
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(relativistic dispersion relation)



• The breaking of boost manifests itself both in the weight-shifting operators 
(boost breaking vertices) and also in the argument of the four-point 
function (different speeds of propagation)
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'
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s = |k1 + k2|

5

Figure 5: The four-point exchange diagram of ' mediated by a massive scalar.

It is noteworthy that, for physical values of energies (namely {ka, s} ⇢ R+), F�� and F+� are

given by the complex conjugates of F++ and F�+. Moreover, dilatation symmetry implies that

the correlators of ' scale as

h'(�k1) . . . '(�kn)i0 =
1

�2n�3
h'(k1) . . . '(kn)i0 . (3.19)

As a result, F±± and F±⌥ can be expressed as

F±±(ka; s) =
1

s
F̂±±(u, v) , F⌥±(ka; s) =

1

s
F̂±⌥(u, v) , (3.20)

from which it follows that

F =
1

s
F̂ (u, v) , F̂ = F̂++ + F̂�� + F̂+� + F̂�+ . (3.21)

where we have defined the energy ratios

u ⌘
s

k1 + k2
, v ⌘

s

k3 + k4
. (3.22)

For physical configurations, the triangle inequality implies that

0  u  1 , 0  v  1 , physical configurations. (3.23)

However, relating our diagrams to F will incorporate the analytic continuation of F as a function

of ka(a = 1, . . . , 4) and s (or equivalently F̂ as a function of u and v) in a domain that should at

least cover all the real and positive values of u and v (especially the region defined by u > 1 and

v > 1).

The single-exchange diagrams of ⇡ can be related to the soft limit of the quantity F defined above

by means of appropriate weight-shifting operators. Using the relationships (3.14) and (3.11) we

infer that

• using (3.14) inside the in-in expressions of all diagrams, the quadratic vertex

⌘�3@⌘⇡
±
c (k, ⌘)�±(k, ⌘)
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• Therefore, the seed four-point function should be anaytically continued 
beyond the region allowed by triangle inequality. This fact hugely 
complicates the computation 
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• Therefore, the seed four-point function should be anaytically continued 
beyond the region allowed by triangle inequality. This fact hugely 
complicates the computation 

39

<latexit sha1_base64="Qx8Bb0E+FnhpNvgFh4kMDyc58xY=">AAACHXicbVDLSsNAFJ3UV62vqEs3wSJULCWpFV0W3bisYB/QhDCZTNohkwczk0IJ+RE3/oobF4q4cCP+jdM0i9p6YOBwzr3cOceJKeFC13+U0tr6xuZWebuys7u3f6AeHvV4lDCEuyiiERs4kGNKQtwVRFA8iBmGgUNx3/HvZn5/ghknUfgopjG2AjgKiUcQFFKy1VZiikgzXY9BlPr2ZZYim9d827jw7eZ5Ztbrk4UBI7czW63qDT2HtkqMglRBgY6tfpluhJIAhwJRyPnQ0GNhpZAJgijOKmbCcQyRD0d4KGkIA8ytNE+XaWdScTUvYvKFQsvVxY0UBpxPA0dOBlCM+bI3E//zhonwbqyUhHEicIjmh7yEajLvrCrNJQwjQaeSQMSI/KuGxlD2IGShFVmCsRx5lfSaDeOqoT+0qu3boo4yOAGnoAYMcA3a4B50QBcg8ARewBt4V56VV+VD+ZyPlpRi5xj8gfL9C8C7obc=</latexit>

u ! k3
cs(k1 + k2)

, v ! 1

cs

<latexit sha1_base64="8JsiiyWWPEGCughhFLpHhXNpIMk=">AAACGnicbVDLSgMxFM3UVx1fVZdugsUiCGVGK7oRim5cVrAP6JQhk2ba0MyD5I5Ypv0ON/6KGxeKuBM3/o3pY1FbDwROzrmX5BwvFlyBZf0YmaXlldW17Lq5sbm1vZPb3aupKJGUVWkkItnwiGKCh6wKHARrxJKRwBOs7vVuRn79gUnFo/Ae+jFrBaQTcp9TAlpyc3YB99ySAxG2HMcsYHU1cIA9guenvaFbOpm5nA3GY24ubxWtMfAisackj6aouLkvpx3RJGAhUEGUatpWDK2USOBUsKHpJIrFhPZIhzU1DUnAVCsdRxviI620sR9JfULAY3V2IyWBUv3A05MBga6a90bif14zAf+ylfIwToCFdPKQnwisI456wm0uGQXR14RQyfVfMe0SSSjoNk1dgj0feZHUTov2edG6K+XL19M6sugAHaJjZKMLVEa3qIKqiKIn9ILe0LvxbLwaH8bnZDRjTHf20R8Y37/eMJ+T</latexit>

k4 ! 0

s = |k4 + k3| ! 0

<latexit sha1_base64="GwhJz0F8hW/sQEXlHwJL4XRsQro=">AAACDHicbVDLSsNAFL2pr1pfVZdugkVwISVpFV0W3bisYB/QhjCZTtohk0mYmQgl9APc+CtuXCji1g9w5984SbPQ1guXezjnXGbu8WJGpbKsb6O0srq2vlHerGxt7+zuVfcPujJKBCYdHLFI9D0kCaOcdBRVjPRjQVDoMdLzgptM7z0QIWnE79U0Jk6Ixpz6FCOlKbdaC1z7LHAbuptDFZnYlRmTj8Z8NLXLqlt5mcvALkANimq71a/hKMJJSLjCDEk5sK1YOSkSimJGZpVhIkmMcIDGZKAhRyGRTpofMzNPNDMy/Ujo5srM2d8bKQqlnIaedoZITeSilpH/aYNE+VdOSnmcKMLx/CE/Yaa+OkvGHFFBsGJTDRAWVP/VxBMkEFY6v4oOwV48eRl0G3X7om7dndda10UcZTiCYzgFGy6hBbfQhg5geIRneIU348l4Md6Nj7m1ZBQ7h/CnjM8f6GOZow==</latexit>

k1, k2, k3 ! csk1, csk2, csk3
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rule totally determines the homogeneous solution. Therefore, the regularity of the final answer

at u = v will be an automatic output (see Appendix ?? for the explicit verification).

Cutting rule. Incorporating the homogeneous solutions to the boundary equationsO(u, @u)F̂h =

O(v, @v)F̂h = 0, the most general ansatz for F++ becomes:

F̂++(u, v) =
X

m,n

(am,n + bm,n log(u))
u

n�m

vn
+
X

±±
�±±f±(u)f±(v) , 1 < |u| < |v| , (3.20)

where �±± are four free parameters that we will identify later. It will be su�cient to exploit the

cutting rule (2.74) across the following domain:

D ⌘ {(u, v)|u = Re(u) + i✏, v = Re(v) + i✏, 1 < |u| < |v|} , (3.21)

within which the f±(u) bases exhibit display the properties below:

f
⇤
+(�u+ i✏) = f+(u+ i✏) , f

⇤
�(�u+ i✏) = �f�(u+ i✏) , Im(f±(u)) = 0 . (3.22)

Using these qualities together with the expression for f3 in (??), the cutting rule can be recast

into

F̂++(u� i✏, v � i✏) + F̂
⇤
++(�u� i✏,�v � i✏) = (3.23)

�
g
2

8⇡

�
|�(1/4 + iµ/2)|4f+(u)f+(v)� |�(3/4 + iµ/2)|4f�(u)f�(v)

�
.

It can be viewed that all the amn elements in F++ will disappear from the LHS of the cutting

rule above. The logarithmic pieces partially cancel against each other, leaving behind a residual

term that survives due to the simple fact that

log⇤(�u+ i✏) = �i⇡ + log(u) .

Putting everything together and equating the coe�cients of f±(u)f±(v) terms on both sides of

the cutting rule, we find

Im(�+�) = Im(��+) = �
⇡g

2

8
, (3.24)

Re(�++) = �
g
2

16⇡
�2(

1

4
�

iµ

2
)�2(

1

4
+

iµ

2
) , (3.25)

Re(���) =
g
2

16⇡
�2(

3

4
�

iµ

2
)�2(

3

4
+

iµ

2
) . (3.26)

The real parts of ��+ and �+� and the imaginary parts of �++ and ��� are so far arbitrary.

They will be dictated by requesting the regularity of F̂++ in the collinear limit.

Cancellation of the collinear singularity. The ansatz (3.20) exhibits a spurious pole at

u = 1 unless we appropriately tune the parameters �±±. The potential singularity stems from

20

suggests the following ansatz for a particular solution

F̂p =
1X

m,n=0

(amn + bmn log(u)) u�m

⇣u

v

⌘
n

, 1 < |u| < |v| . (4.5)

Above, since we are expanding across an annulus (see Figure 7), we allow for both positive and

negative powers of u, i.e. m might be bigger than n or not. The restriction to non-negative

integers m and the addition of the logarithmic term are both motivated by the asymptotic limit

of the first term in (4.3):

lim
1⌧|u|<|v|

F̂++ =
g2

2

✓
1

u
+

1

v

◆ "
log(u) +

1X

n=0

(�1)n

n

⇣u

v

⌘
n

#
. (4.6)

In the next section we solve for the series coe�cients amn and bmn hence finding F̂++(u, v)

inside the indicated domain. One can then easily extend the solution to the opposite side (i.e.

1 < |v| < |u|) by virtue of the symmetry under the exchange of u and v.

4.2 Series coe�cients and resummation

Plugging the ansatz (4.5) inside the boundary equation leads to a set of recursive relations for

the series coe�cients amn and bmn that can be solved. We go straight to the final answer here

and leave the details of the derivation to Appendix A.1. To express the result, it proves useful

to switch to a new set of coe�cients defined by

Bk,n ⌘ b(n�k)n, Ak,n ⌘ a(n�k)n , �1 < k  n , (4.7)

with which we write

F̂p =
1X

n=0

nX

k=�1

✓
Ak,n + Bk,n log(u)

◆
uk

vn
, 1 < |u| < |v| . (4.8)

The only non-vanishing elements of the matrices Ak,n and Bk,n can be found in Eqs. (4.13)-(4.19).

We show in Appendix A.1 that the logarithmic piece in the particular solution (4.8) resums to

1X

n=0

nX

k=�1
Bk,n log(u)

uk

vn
=

g2

4

✓
f+(u)f�(v) + f�(u)f+(v)

◆
log(u) . (4.9)

Furthermore, the first contribution can be repackaged into

1X

n=0

nX

k=�1
Ak,n

uk

vn
=

1

8⇡2
cosh(⇡µ)|�(3/4 + iµ/2)|2 f�(v)

1X

l=0

pl

1

u2l
(4.10)

+
1

8⇡2
cosh(⇡µ)|�(1/4 + iµ/2)|2 f+(v)

1X

l=0

ql

1

u2l+1

+
1X

l=0

Yl(u, v)
1

v2l+1
,

31

of two three points

The analytical structure of f3 alongside the boundary equations and the cutting rules, discussed

in future sections, will form enough ingredients to pinpoint F++ as well. So, even though we

will not directly need them, for completeness we briefly review the divergences of F++. Near

kT = 0 (or equivalently u + v = 0), the double-time integral is dominated by the regime where

both vertices are evaluated at infinite past. As a result, the time integral simplifies to [7], I am

suspicious of the numerator. Will soon settle it down

lim
u+v!0+i✏

F++ =
1

2s

�(k3 + k4)2

(k3 + k4)2 � s2
kT log(kT ) . (2.58)

or equivalently

lim
u+v!0+i✏

F̂++ =
1

v2 � 1
(u+ v) log(u+ v) . (2.59)

The right hand side is proportional to the s�channel of the two-to-two scattering of ' exchanged

by � (which is given by Aflat =
1

sflat
= 1

(k3+k4)2�s2 ) and the degree of divergence corresponds to

p = �1 in Equation (2.50).

As for the partial energy pole, the residue is totally fixed by unitarity (see Subsection ??). But

it could also be seen directly at the level of the time integral that near EL = 0, the integral is

dominated by ⌘ ! �1 limit, and F++ reduces to

lim
u!�1+i✏

F++ = �
ig

2
p
2s

log(1 + u) f⇤
3 (�k

⇤
3,�k

⇤
4, s) . (2.60)

We see that in this case F++ factorizes into the product of the three-particle ampltidue ig and a

three-point correlator (with deformed arguments 6). A similar factorization occurs near ER = 0

(i.e. v = �1).

Locality: boundary di↵erential equations

It was pointed out in [7] that the Ward identities associated with the dS boost symmetries imply

two boundary di↵erential equations for the four-point function F

O(u, @u)F̂ (u, v) = g
2 u v

2(u+ v)
, (2.61)

O(v, @v)F̂ (u, v) = g
2 u v

2(u+ v)
,

where

O(u, @u) ⌘


u

2(1� u
2)@2

u � 2u3
@u + (µ2 +

1

4
)

�
(2.62)

6As a technical side, notice that �k⇤
3,4 are within the domain of analyticity for f3 which spans the lower half

complex plane of the k3,4 space.
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Figure 7: The analytical structure of F̂++ as a function of complex u. Motivated by the fact that

in the bispectra formulae (3.34) we set v = 1/cs, we have taken v to be a positive and bigger

than 1 parameter. Moreover, in contrast with the ordinary case of cs = 1, these equations also

imply that u = k3/cs(k1 + k2) is allowed to lie outside the unit disk. The shaded region is the

annulus where the expression (4.20) is valid. There are three branch points, located on the real

axis at u = 0 (due to the particle production e↵ect discussed in Section 4.5), at u = �1 (due to

the partial energy singularity (3.50)) and finally at u = �v (due to the total energy singularity

(3.49)). The four-point function should have no divergence near the collinear limit (u = 1), see

Section 4.3.

Here we outline the direct derivation of these boundary equations based on locality, without any

reference to the dS boost symmetry—in this case, locality is synonymous of the fact that the

four-point function is induced by the propagation of � in the bulk of spacetime. Therefore, we

begin with the bulk di↵erential equations that govern the bulk-to-bulk propagators in the in-in

formalism [48], i.e.

@2

⌘ �
2

⌘
@⌘ + k2 +

m2

⌘2H2

�
G±±(s, ⌘, ⌘0) = (⌘0H)2�(⌘ � ⌘0) , (3.53)


@2

⌘ �
2

⌘
@⌘ + k2 +

m2

⌘2H2

�
G±⌥(s, ⌘, ⌘0) = 0 ,

where s is the energy of the exchanged field. These bulk equations can be converted into boundary

equations for F by trading the derivatives with respect to time for the derivative with respect to

momentum, when acted on the plane wave exp(icsk⌘), namely

⌘@⌘ exp(ics k⌘) = k@k exp(icsk⌘) . (3.54)

After performing a number of integration by parts one arrives at

O(u, @u) F̂±±(u, v) = g2 u v

2(u + v)
, (3.55)

O(u, @u) F̂±⌥(u, v) = 0 , (3.56)

plus the same copies of equations with operator O(v, @v) substituted on the left-hand side. It

follows from the above equations that the full correlator F̂ will satisfy the same equation as the
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convergent 
outside the unique disk

Fixed by the cutting rule
and analyticity at u=1
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m < H/cs• Low speed collider
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• Cosmological bootstrap offers a powerful set of tools for computing 
cosmological correlators by shifting our focus from the bulk of spacetime to its 
boundary.
• On the theoretical frontier: (i) loop diagrams (ii)UV-IR relations at the level 

of correlators and positivity bounds for EFT operators in Cosmology (iii)non-
perturbative bootstrap methods, etc.  
• Further to Cosmological Phonon Collider: more general diagrams with 

multiple particle exchanges, potentially with larger non-Gaussianity,  
incorporating boost-bteaking massive spinning fields, etc.  

Final Remarks


