
Spatially extended SIR models & quadratic growth

• Exponential growth for covid?
oNot obvious

oContainment efforts (Jan 20)?

• # of deaths tracks # cases
oNo delay?

oQuadratic growth?
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Total number of cases and death worldwide
(dominated by China in the beginning)



Exponential vs quadratic growth

Examples

To display:

• Exponential growth?  → lnN proportional to t

• Quadratic growth?   → N1/2 proportional to t

double each time

add 2N1/2 each time



• Fit for first part

– (t/0.7 days)2 
excellent to fake 
data!

• Quadratic 
growth?

– Not predicted

– Generic reason?

Piecewise 
quadratic 
growth



Early exponential growth?

Residual?



Comparison: quadratic growth (first part)

Residual



Peripheral growth

6



Quadratic growth also for the second part

Residual



Quadratic growth still persists today

• Time constant 7 
times shorter for B

• Time constants 
similar for A and D

– Reason for this?



SIR model with spatial extent

• Usually just exponential growth + saturation

– Now also spreading (depends on l and k)

– Constant front speed

– width



Originally by Noble (1974, Nature 250, 726)

• 1000 km2/yr
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Piecewise quadratic
observed previously

• But here the other way around



Excess on outer periphery?

• 123 discs?

• 126 discs?



Excess on outer periphery?

• 123 discs?

• 126 discs?



SIR model with spatial extent: multiple spreading centers

• Other 8 hotspots with much smaller initial I.

• Growth faster because of larger surface area
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Piecewise quadratic: 
depends on # of structures

• Overshoot (spike)?

• Offset?

– Not captured by simple 
peripheral growth model



Difference: without/with spatial extent

• Saturation very quickly

• Decline in 0D

• But further spreading in 2D



Speed depends on k (diffusivity)

• Is an empirically 
determined quantity

• Comes out as huge → to 
be checked

• Spatially variable k→
intermediate decline?



Late decrease in slope: how to model this?

• Finally consequence of containment?



Modeling late decrease

• Natural consequence of 
merging hotspots

• Slope close to that at the 
beginning



Models with reinfections

(a) No reinfection, low recovery

(b) Same with reinfection

(c) Same as (b), but with larger recovery



Increase of slope modeled by increasing k

• Is an empirically determined quantity

• Comes out as huge → to be checked

• Spatially variable k→ intermediate decline?



Model decrease as decrease of reinfection rate 
(make g’ decrease smoothly)

• Is an empirically 
determined 
quantity



Conclusions
• Piecewise quadratic growth observed

– Explained by peripheral growth

– Second phase explained several hotspots

– Third phase explained by merging

• Useful descriptive model

• Implications?

– Near-saturation locally

– Subsequent spreading

• Can this be substantiated?


