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The S-matrix is perhaps the most natural observable of a gravitational
theory in an asymptotically flat space-time
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diffeomorphism invariant

for massless particles, initial &
final states specified on I ±

‘naturally holographic’
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In flat R1,3, we usually scatter momentum eigenstates ∼ e ik·x = e i〈κ|x |κ̃].
These become localized on a generator as we approach I +
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<latexit sha1_base64="F+lg3PiasmOVvsPVR6KjSqXOBlc=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIsgKGWmCLos6EJ3FewD2rFk0kwbmsmMSUYoQ/Ez3OrCnbj1W8SfMTOdhbYeSDicey45OV7EmdK2/WUVlpZXVteK66WNza3tnfLuXkuFsSS0SUIeyo6HFeVM0KZmmtNOJCkOPE7b3vgynbcfqVQsFHd6ElE3wEPBfEawNpLbC7AeKSKTm+n9Sb9csat2BrRInJxUIEejX/7uDUISB1RowrFSXceOtJtgqRnhdFrqxYpGmIzxkHYNFTigyk2y0FN0ZJQB8kNpjtAoU39vJDhQahJ4xpmFnJ+l4ml6SeWr/0zdWPsXbsJEFGsqyOxFP+ZIhyitAg2YpETziSGYSGZCIzLCEhNtCiuZNpz5vy+SVq3qGH57Vqlf5b0U4QAO4RgcOIc6XEMDmkDgAZ7hBV6tJ+vNerc+ZtaCle/swx9Ynz8/zpXg</latexit><latexit sha1_base64="F+lg3PiasmOVvsPVR6KjSqXOBlc=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIsgKGWmCLos6EJ3FewD2rFk0kwbmsmMSUYoQ/Ez3OrCnbj1W8SfMTOdhbYeSDicey45OV7EmdK2/WUVlpZXVteK66WNza3tnfLuXkuFsSS0SUIeyo6HFeVM0KZmmtNOJCkOPE7b3vgynbcfqVQsFHd6ElE3wEPBfEawNpLbC7AeKSKTm+n9Sb9csat2BrRInJxUIEejX/7uDUISB1RowrFSXceOtJtgqRnhdFrqxYpGmIzxkHYNFTigyk2y0FN0ZJQB8kNpjtAoU39vJDhQahJ4xpmFnJ+l4ml6SeWr/0zdWPsXbsJEFGsqyOxFP+ZIhyitAg2YpETziSGYSGZCIzLCEhNtCiuZNpz5vy+SVq3qGH57Vqlf5b0U4QAO4RgcOIc6XEMDmkDgAZ7hBV6tJ+vNerc+ZtaCle/swx9Ynz8/zpXg</latexit><latexit sha1_base64="F+lg3PiasmOVvsPVR6KjSqXOBlc=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIsgKGWmCLos6EJ3FewD2rFk0kwbmsmMSUYoQ/Ez3OrCnbj1W8SfMTOdhbYeSDicey45OV7EmdK2/WUVlpZXVteK66WNza3tnfLuXkuFsSS0SUIeyo6HFeVM0KZmmtNOJCkOPE7b3vgynbcfqVQsFHd6ElE3wEPBfEawNpLbC7AeKSKTm+n9Sb9csat2BrRInJxUIEejX/7uDUISB1RowrFSXceOtJtgqRnhdFrqxYpGmIzxkHYNFTigyk2y0FN0ZJQB8kNpjtAoU39vJDhQahJ4xpmFnJ+l4ml6SeWr/0zdWPsXbsJEFGsqyOxFP+ZIhyitAg2YpETziSGYSGZCIzLCEhNtCiuZNpz5vy+SVq3qGH57Vqlf5b0U4QAO4RgcOIc6XEMDmkDgAZ7hBV6tJ+vNerc+ZtaCle/swx9Ynz8/zpXg</latexit><latexit sha1_base64="F+lg3PiasmOVvsPVR6KjSqXOBlc=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIsgKGWmCLos6EJ3FewD2rFk0kwbmsmMSUYoQ/Ez3OrCnbj1W8SfMTOdhbYeSDicey45OV7EmdK2/WUVlpZXVteK66WNza3tnfLuXkuFsSS0SUIeyo6HFeVM0KZmmtNOJCkOPE7b3vgynbcfqVQsFHd6ElE3wEPBfEawNpLbC7AeKSKTm+n9Sb9csat2BrRInJxUIEejX/7uDUISB1RowrFSXceOtJtgqRnhdFrqxYpGmIzxkHYNFTigyk2y0FN0ZJQB8kNpjtAoU39vJDhQahJ4xpmFnJ+l4ml6SeWr/0zdWPsXbsJEFGsqyOxFP+ZIhyitAg2YpETziSGYSGZCIzLCEhNtCiuZNpz5vy+SVq3qGH57Vqlf5b0U4QAO4RgcOIc6XEMDmkDgAZ7hBV6tJ+vNerc+ZtaCle/swx9Ynz8/zpXg</latexit>

let x = x0 + rn(z) with n(z) = |λ(z)〉[λ̃(z)|,
then

lim
r→∞

e ik·(x0+rn(z)) = e ik·x0 lim
r→∞

e ir〈κλ(z)〉[κ̃λ̃(z)]

dominated by points of stationary phase

∂z〈κλ(z)〉[κ̃λ̃(z)] = 0

implies |λ(z)〉 = |κ〉 and |λ̃(z)] = |κ̃] (Lorentzian)
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In flat R1,3, we usually scatter momentum eigenstates ∼ e ik·x = e i〈κ|x |κ̃].
These become localized on a generator as we approach I +

x0
<latexit sha1_base64="MrbSv5k6usomOkdY7jQ0DbfkKis=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqxoAePFe0HtKFstpt26WYTdidiCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6e1duPXBsRqwecJNyP6FCJUDCK1rp/6rv9csWtunORVfByqECuRr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdi4pG3PjZfNUpObPOgISxtk8hmbu/JzIaGTOJAtsZURyZ5drM/K/WTTG88jOhkhS5YouPwlQSjMnsbjIQmjOUEwuUaWF3JWxENWVo0ynZELzlk1ehdVH1LN9dVuo3eRxFOIFTOAcPalCHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+R8/gAKyI2h</latexit><latexit sha1_base64="MrbSv5k6usomOkdY7jQ0DbfkKis=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqxoAePFe0HtKFstpt26WYTdidiCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6e1duPXBsRqwecJNyP6FCJUDCK1rp/6rv9csWtunORVfByqECuRr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdi4pG3PjZfNUpObPOgISxtk8hmbu/JzIaGTOJAtsZURyZ5drM/K/WTTG88jOhkhS5YouPwlQSjMnsbjIQmjOUEwuUaWF3JWxENWVo0ynZELzlk1ehdVH1LN9dVuo3eRxFOIFTOAcPalCHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+R8/gAKyI2h</latexit><latexit sha1_base64="MrbSv5k6usomOkdY7jQ0DbfkKis=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqxoAePFe0HtKFstpt26WYTdidiCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6e1duPXBsRqwecJNyP6FCJUDCK1rp/6rv9csWtunORVfByqECuRr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdi4pG3PjZfNUpObPOgISxtk8hmbu/JzIaGTOJAtsZURyZ5drM/K/WTTG88jOhkhS5YouPwlQSjMnsbjIQmjOUEwuUaWF3JWxENWVo0ynZELzlk1ehdVH1LN9dVuo3eRxFOIFTOAcPalCHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+R8/gAKyI2h</latexit><latexit sha1_base64="MrbSv5k6usomOkdY7jQ0DbfkKis=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqxoAePFe0HtKFstpt26WYTdidiCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6e1duPXBsRqwecJNyP6FCJUDCK1rp/6rv9csWtunORVfByqECuRr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdi4pG3PjZfNUpObPOgISxtk8hmbu/JzIaGTOJAtsZURyZ5drM/K/WTTG88jOhkhS5YouPwlQSjMnsbjIQmjOUEwuUaWF3JWxENWVo0ynZELzlk1ehdVH1LN9dVuo3eRxFOIFTOAcPalCHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+R8/gAKyI2h</latexit>

k = |i[̃|
<latexit sha1_base64="Jn6cIO1P7mzZ+ltwu5Y/IoapzMk=">AAACCXicbZA9SwNBEIb34leMX1FLm8UgWIU7EbQRAlpYRjAfkDvC3GaSLNnbO3b3hJCktfGv2FgoYus/sPPfuEmu0MQXFh7emWF23jARXBvX/XZyK6tr6xv5zcLW9s7uXnH/oK7jVDGssVjEqhmCRsEl1gw3ApuJQohCgY1wcD2tNx5QaR7LezNMMIigJ3mXMzDWahfpgF7RsT+AJAFfgewJbPmGiw7OvXG7WHLL7kx0GbwMSiRTtV388jsxSyOUhgnQuuW5iQlGoAxnAicFP9WYABtAD1sWJUSog9Hskgk9sU6HdmNlnzR05v6eGEGk9TAKbWcEpq8Xa1Pzv1orNd3LYMRlkhqUbL6omwpqYjqNhXa4QmbE0AIwxe1fKeuDAmZseAUbgrd48jLUz8qe5bvzUuUmiyNPjsgxOSUeuSAVckuqpEYYeSTP5JW8OU/Oi/PufMxbc042c0j+yPn8AYVxmj0=</latexit><latexit sha1_base64="Jn6cIO1P7mzZ+ltwu5Y/IoapzMk=">AAACCXicbZA9SwNBEIb34leMX1FLm8UgWIU7EbQRAlpYRjAfkDvC3GaSLNnbO3b3hJCktfGv2FgoYus/sPPfuEmu0MQXFh7emWF23jARXBvX/XZyK6tr6xv5zcLW9s7uXnH/oK7jVDGssVjEqhmCRsEl1gw3ApuJQohCgY1wcD2tNx5QaR7LezNMMIigJ3mXMzDWahfpgF7RsT+AJAFfgewJbPmGiw7OvXG7WHLL7kx0GbwMSiRTtV388jsxSyOUhgnQuuW5iQlGoAxnAicFP9WYABtAD1sWJUSog9Hskgk9sU6HdmNlnzR05v6eGEGk9TAKbWcEpq8Xa1Pzv1orNd3LYMRlkhqUbL6omwpqYjqNhXa4QmbE0AIwxe1fKeuDAmZseAUbgrd48jLUz8qe5bvzUuUmiyNPjsgxOSUeuSAVckuqpEYYeSTP5JW8OU/Oi/PufMxbc042c0j+yPn8AYVxmj0=</latexit><latexit sha1_base64="Jn6cIO1P7mzZ+ltwu5Y/IoapzMk=">AAACCXicbZA9SwNBEIb34leMX1FLm8UgWIU7EbQRAlpYRjAfkDvC3GaSLNnbO3b3hJCktfGv2FgoYus/sPPfuEmu0MQXFh7emWF23jARXBvX/XZyK6tr6xv5zcLW9s7uXnH/oK7jVDGssVjEqhmCRsEl1gw3ApuJQohCgY1wcD2tNx5QaR7LezNMMIigJ3mXMzDWahfpgF7RsT+AJAFfgewJbPmGiw7OvXG7WHLL7kx0GbwMSiRTtV388jsxSyOUhgnQuuW5iQlGoAxnAicFP9WYABtAD1sWJUSog9Hskgk9sU6HdmNlnzR05v6eGEGk9TAKbWcEpq8Xa1Pzv1orNd3LYMRlkhqUbL6omwpqYjqNhXa4QmbE0AIwxe1fKeuDAmZseAUbgrd48jLUz8qe5bvzUuUmiyNPjsgxOSUeuSAVckuqpEYYeSTP5JW8OU/Oi/PufMxbc042c0j+yPn8AYVxmj0=</latexit><latexit sha1_base64="Jn6cIO1P7mzZ+ltwu5Y/IoapzMk=">AAACCXicbZA9SwNBEIb34leMX1FLm8UgWIU7EbQRAlpYRjAfkDvC3GaSLNnbO3b3hJCktfGv2FgoYus/sPPfuEmu0MQXFh7emWF23jARXBvX/XZyK6tr6xv5zcLW9s7uXnH/oK7jVDGssVjEqhmCRsEl1gw3ApuJQohCgY1wcD2tNx5QaR7LezNMMIigJ3mXMzDWahfpgF7RsT+AJAFfgewJbPmGiw7OvXG7WHLL7kx0GbwMSiRTtV388jsxSyOUhgnQuuW5iQlGoAxnAicFP9WYABtAD1sWJUSog9Hskgk9sU6HdmNlnzR05v6eGEGk9TAKbWcEpq8Xa1Pzv1orNd3LYMRlkhqUbL6omwpqYjqNhXa4QmbE0AIwxe1fKeuDAmZseAUbgrd48jLUz8qe5bvzUuUmiyNPjsgxOSUeuSAVckuqpEYYeSTP5JW8OU/Oi/PufMxbc042c0j+yPn8AYVxmj0=</latexit>

n(z)
<latexit sha1_base64="sv1Qj7XC4q3dXKBIhFJg49+kbw8=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdFnThsoLTFtqhZNJMG5pkhiQj1KGv4MaFIm59IXe+jZl2Ftp6IPBx7r3k3hMmnGnjut9OaW19Y3OrvF3Z2d3bP6geHrV1nCpCfRLzWHVDrClnkvqGGU67iaJYhJx2wslNXu88UqVZLB/MNKGBwCPJIkawyS1ZfzofVGtuw50LrYJXQA0KtQbVr/4wJqmg0hCOte55bmKCDCvDCKezSj/VNMFkgke0Z1FiQXWQzXedoTPrDFEUK/ukQXP390SGhdZTEdpOgc1YL9dy879aLzXRdZAxmaSGSrL4KEo5MjHKD0dDpigxfGoBE8XsroiMscLE2HgqNgRv+eRVaF80PMv3l7XmbRFHGU7gFOrgwRU04Q5a4AOBMTzDK7w5wnlx3p2PRWvJKWaO4Y+czx98PY3d</latexit><latexit sha1_base64="sv1Qj7XC4q3dXKBIhFJg49+kbw8=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdFnThsoLTFtqhZNJMG5pkhiQj1KGv4MaFIm59IXe+jZl2Ftp6IPBx7r3k3hMmnGnjut9OaW19Y3OrvF3Z2d3bP6geHrV1nCpCfRLzWHVDrClnkvqGGU67iaJYhJx2wslNXu88UqVZLB/MNKGBwCPJIkawyS1ZfzofVGtuw50LrYJXQA0KtQbVr/4wJqmg0hCOte55bmKCDCvDCKezSj/VNMFkgke0Z1FiQXWQzXedoTPrDFEUK/ukQXP390SGhdZTEdpOgc1YL9dy879aLzXRdZAxmaSGSrL4KEo5MjHKD0dDpigxfGoBE8XsroiMscLE2HgqNgRv+eRVaF80PMv3l7XmbRFHGU7gFOrgwRU04Q5a4AOBMTzDK7w5wnlx3p2PRWvJKWaO4Y+czx98PY3d</latexit><latexit sha1_base64="sv1Qj7XC4q3dXKBIhFJg49+kbw8=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdFnThsoLTFtqhZNJMG5pkhiQj1KGv4MaFIm59IXe+jZl2Ftp6IPBx7r3k3hMmnGnjut9OaW19Y3OrvF3Z2d3bP6geHrV1nCpCfRLzWHVDrClnkvqGGU67iaJYhJx2wslNXu88UqVZLB/MNKGBwCPJIkawyS1ZfzofVGtuw50LrYJXQA0KtQbVr/4wJqmg0hCOte55bmKCDCvDCKezSj/VNMFkgke0Z1FiQXWQzXedoTPrDFEUK/ukQXP390SGhdZTEdpOgc1YL9dy879aLzXRdZAxmaSGSrL4KEo5MjHKD0dDpigxfGoBE8XsroiMscLE2HgqNgRv+eRVaF80PMv3l7XmbRFHGU7gFOrgwRU04Q5a4AOBMTzDK7w5wnlx3p2PRWvJKWaO4Y+czx98PY3d</latexit><latexit sha1_base64="sv1Qj7XC4q3dXKBIhFJg49+kbw8=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdFnThsoLTFtqhZNJMG5pkhiQj1KGv4MaFIm59IXe+jZl2Ftp6IPBx7r3k3hMmnGnjut9OaW19Y3OrvF3Z2d3bP6geHrV1nCpCfRLzWHVDrClnkvqGGU67iaJYhJx2wslNXu88UqVZLB/MNKGBwCPJIkawyS1ZfzofVGtuw50LrYJXQA0KtQbVr/4wJqmg0hCOte55bmKCDCvDCKezSj/VNMFkgke0Z1FiQXWQzXedoTPrDFEUK/ukQXP390SGhdZTEdpOgc1YL9dy879aLzXRdZAxmaSGSrL4KEo5MjHKD0dDpigxfGoBE8XsroiMscLE2HgqNgRv+eRVaF80PMv3l7XmbRFHGU7gFOrgwRU04Q5a4AOBMTzDK7w5wnlx3p2PRWvJKWaO4Y+czx98PY3d</latexit>I +

<latexit sha1_base64="F+lg3PiasmOVvsPVR6KjSqXOBlc=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIsgKGWmCLos6EJ3FewD2rFk0kwbmsmMSUYoQ/Ez3OrCnbj1W8SfMTOdhbYeSDicey45OV7EmdK2/WUVlpZXVteK66WNza3tnfLuXkuFsSS0SUIeyo6HFeVM0KZmmtNOJCkOPE7b3vgynbcfqVQsFHd6ElE3wEPBfEawNpLbC7AeKSKTm+n9Sb9csat2BrRInJxUIEejX/7uDUISB1RowrFSXceOtJtgqRnhdFrqxYpGmIzxkHYNFTigyk2y0FN0ZJQB8kNpjtAoU39vJDhQahJ4xpmFnJ+l4ml6SeWr/0zdWPsXbsJEFGsqyOxFP+ZIhyitAg2YpETziSGYSGZCIzLCEhNtCiuZNpz5vy+SVq3qGH57Vqlf5b0U4QAO4RgcOIc6XEMDmkDgAZ7hBV6tJ+vNerc+ZtaCle/swx9Ynz8/zpXg</latexit><latexit sha1_base64="F+lg3PiasmOVvsPVR6KjSqXOBlc=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIsgKGWmCLos6EJ3FewD2rFk0kwbmsmMSUYoQ/Ez3OrCnbj1W8SfMTOdhbYeSDicey45OV7EmdK2/WUVlpZXVteK66WNza3tnfLuXkuFsSS0SUIeyo6HFeVM0KZmmtNOJCkOPE7b3vgynbcfqVQsFHd6ElE3wEPBfEawNpLbC7AeKSKTm+n9Sb9csat2BrRInJxUIEejX/7uDUISB1RowrFSXceOtJtgqRnhdFrqxYpGmIzxkHYNFTigyk2y0FN0ZJQB8kNpjtAoU39vJDhQahJ4xpmFnJ+l4ml6SeWr/0zdWPsXbsJEFGsqyOxFP+ZIhyitAg2YpETziSGYSGZCIzLCEhNtCiuZNpz5vy+SVq3qGH57Vqlf5b0U4QAO4RgcOIc6XEMDmkDgAZ7hBV6tJ+vNerc+ZtaCle/swx9Ynz8/zpXg</latexit><latexit sha1_base64="F+lg3PiasmOVvsPVR6KjSqXOBlc=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIsgKGWmCLos6EJ3FewD2rFk0kwbmsmMSUYoQ/Ez3OrCnbj1W8SfMTOdhbYeSDicey45OV7EmdK2/WUVlpZXVteK66WNza3tnfLuXkuFsSS0SUIeyo6HFeVM0KZmmtNOJCkOPE7b3vgynbcfqVQsFHd6ElE3wEPBfEawNpLbC7AeKSKTm+n9Sb9csat2BrRInJxUIEejX/7uDUISB1RowrFSXceOtJtgqRnhdFrqxYpGmIzxkHYNFTigyk2y0FN0ZJQB8kNpjtAoU39vJDhQahJ4xpmFnJ+l4ml6SeWr/0zdWPsXbsJEFGsqyOxFP+ZIhyitAg2YpETziSGYSGZCIzLCEhNtCiuZNpz5vy+SVq3qGH57Vqlf5b0U4QAO4RgcOIc6XEMDmkDgAZ7hBV6tJ+vNerc+ZtaCle/swx9Ynz8/zpXg</latexit><latexit sha1_base64="F+lg3PiasmOVvsPVR6KjSqXOBlc=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIsgKGWmCLos6EJ3FewD2rFk0kwbmsmMSUYoQ/Ez3OrCnbj1W8SfMTOdhbYeSDicey45OV7EmdK2/WUVlpZXVteK66WNza3tnfLuXkuFsSS0SUIeyo6HFeVM0KZmmtNOJCkOPE7b3vgynbcfqVQsFHd6ElE3wEPBfEawNpLbC7AeKSKTm+n9Sb9csat2BrRInJxUIEejX/7uDUISB1RowrFSXceOtJtgqRnhdFrqxYpGmIzxkHYNFTigyk2y0FN0ZJQB8kNpjtAoU39vJDhQahJ4xpmFnJ+l4ml6SeWr/0zdWPsXbsJEFGsqyOxFP+ZIhyitAg2YpETziSGYSGZCIzLCEhNtCiuZNpz5vy+SVq3qGH57Vqlf5b0U4QAO4RgcOIc6XEMDmkDgAZ7hBV6tJ+vNerc+ZtaCle/swx9Ynz8/zpXg</latexit>

let x = x0 + rn(z) with n(z) = |λ(z)〉[λ̃(z)|,
then

lim
r→∞

e ik·(x0+rn(z)) = e ik·x0 lim
r→∞

e ir〈κλ(z)〉[κ̃λ̃(z)]

dominated by points of stationary phase

∂z〈κλ(z)〉[κ̃λ̃(z)] = 0

implies |λ(z)〉 = |κ〉 and |λ̃(z)] = |κ̃] (Lorentzian)
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<latexit sha1_base64="SLZ9cseNSy1b9weLbf2IP+22vzE=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0URlJIUQZcFXeiuPvqApi2T6aQdOpmEmYlQQv7AL/Az3OrCnbh1J/6MkzQLbb0ww+Gcc7n3HjdkVCrL+jIKC4tLyyvF1dLa+sbmlrm905RBJDBp4IAFou0iSRjlpKGoYqQdCoJ8l5GWO75I9dYDEZIG/F5NQtL10ZBTj2KkNNU3Dx0fqZHEIr5OescODvgQ3vWqjqI+kZnmuvFt0jfLVsXKCs4DOwdlkFe9b347gwBHPuEKMyRlx7ZC1Y2RUBQzkpScSJIQ4TEako6GHOlx3Ti7J4EHmhlALxD6cQUz9ndHjHwpJ76rndn2s1pKnqSfkJ78z9SJlHfejSkPI0U4nk70IgZVANOU4IAKghWbaICwoHppiEdIIKx0liWdhj17+zxoViu2xjen5dplnksR7IF9cARscAZq4ArUQQNg8AiewQt4NZ6MN+Pd+JhaC0beswv+lPH5AyssoKM=</latexit><latexit sha1_base64="SLZ9cseNSy1b9weLbf2IP+22vzE=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0URlJIUQZcFXeiuPvqApi2T6aQdOpmEmYlQQv7AL/Az3OrCnbh1J/6MkzQLbb0ww+Gcc7n3HjdkVCrL+jIKC4tLyyvF1dLa+sbmlrm905RBJDBp4IAFou0iSRjlpKGoYqQdCoJ8l5GWO75I9dYDEZIG/F5NQtL10ZBTj2KkNNU3Dx0fqZHEIr5OescODvgQ3vWqjqI+kZnmuvFt0jfLVsXKCs4DOwdlkFe9b347gwBHPuEKMyRlx7ZC1Y2RUBQzkpScSJIQ4TEako6GHOlx3Ti7J4EHmhlALxD6cQUz9ndHjHwpJ76rndn2s1pKnqSfkJ78z9SJlHfejSkPI0U4nk70IgZVANOU4IAKghWbaICwoHppiEdIIKx0liWdhj17+zxoViu2xjen5dplnksR7IF9cARscAZq4ArUQQNg8AiewQt4NZ6MN+Pd+JhaC0beswv+lPH5AyssoKM=</latexit><latexit sha1_base64="SLZ9cseNSy1b9weLbf2IP+22vzE=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0URlJIUQZcFXeiuPvqApi2T6aQdOpmEmYlQQv7AL/Az3OrCnbh1J/6MkzQLbb0ww+Gcc7n3HjdkVCrL+jIKC4tLyyvF1dLa+sbmlrm905RBJDBp4IAFou0iSRjlpKGoYqQdCoJ8l5GWO75I9dYDEZIG/F5NQtL10ZBTj2KkNNU3Dx0fqZHEIr5OescODvgQ3vWqjqI+kZnmuvFt0jfLVsXKCs4DOwdlkFe9b347gwBHPuEKMyRlx7ZC1Y2RUBQzkpScSJIQ4TEako6GHOlx3Ti7J4EHmhlALxD6cQUz9ndHjHwpJ76rndn2s1pKnqSfkJ78z9SJlHfejSkPI0U4nk70IgZVANOU4IAKghWbaICwoHppiEdIIKx0liWdhj17+zxoViu2xjen5dplnksR7IF9cARscAZq4ArUQQNg8AiewQt4NZ6MN+Pd+JhaC0beswv+lPH5AyssoKM=</latexit><latexit sha1_base64="SLZ9cseNSy1b9weLbf2IP+22vzE=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0URlJIUQZcFXeiuPvqApi2T6aQdOpmEmYlQQv7AL/Az3OrCnbh1J/6MkzQLbb0ww+Gcc7n3HjdkVCrL+jIKC4tLyyvF1dLa+sbmlrm905RBJDBp4IAFou0iSRjlpKGoYqQdCoJ8l5GWO75I9dYDEZIG/F5NQtL10ZBTj2KkNNU3Dx0fqZHEIr5OescODvgQ3vWqjqI+kZnmuvFt0jfLVsXKCs4DOwdlkFe9b347gwBHPuEKMyRlx7ZC1Y2RUBQzkpScSJIQ4TEako6GHOlx3Ti7J4EHmhlALxD6cQUz9ndHjHwpJ76rndn2s1pKnqSfkJ78z9SJlHfejSkPI0U4nk70IgZVANOU4IAKghWbaICwoHppiEdIIKx0liWdhj17+zxoViu2xjen5dplnksR7IF9cARscAZq4ArUQQNg8AiewQt4NZ6MN+Pd+JhaC0beswv+lPH5AyssoKM=</latexit>

celestial S2
<latexit sha1_base64="S8Og+sryQPS/z+YJSHRhrCrNzOc=">AAACBnicbZDLSgMxFIYzXmu9jZedm2ARXEiZKYIuC7pwWdFeoB1LJj3ThmYuJGfEOnTvY7jVhTtx62uIL2N6WWjrDwkf/zmHnPx+IoVGx/myFhaXlldWc2v59Y3NrW17Z7em41RxqPJYxqrhMw1SRFBFgRIaiQIW+hLqfv9iVK/fg9Iijm5xkIAXsm4kAsEZGqtt77cQHjDjIEGjYJIOb+5KbbvgFJ2x6Dy4UyiQqSpt+7vViXkaQoRcMq2brpOglzGFgksY5luphoTxPutC02DEQtBeNt5+SI+M06FBrMyJkI7d3xMZC7UehL7pDBn29GxtZJ6MLqUD/V9TM8Xg3MtElKQIEZ+8GKSSYkxHmdCOUMBRDgwwroRZmvIeU4yjSS5v0nBn/z4PtVLRNXx9WihfTnPJkQNySI6JS85ImVyRCqkSTh7JM3khr9aT9Wa9Wx+T1gVrOrNH/sj6/AEmWJkR</latexit><latexit sha1_base64="S8Og+sryQPS/z+YJSHRhrCrNzOc=">AAACBnicbZDLSgMxFIYzXmu9jZedm2ARXEiZKYIuC7pwWdFeoB1LJj3ThmYuJGfEOnTvY7jVhTtx62uIL2N6WWjrDwkf/zmHnPx+IoVGx/myFhaXlldWc2v59Y3NrW17Z7em41RxqPJYxqrhMw1SRFBFgRIaiQIW+hLqfv9iVK/fg9Iijm5xkIAXsm4kAsEZGqtt77cQHjDjIEGjYJIOb+5KbbvgFJ2x6Dy4UyiQqSpt+7vViXkaQoRcMq2brpOglzGFgksY5luphoTxPutC02DEQtBeNt5+SI+M06FBrMyJkI7d3xMZC7UehL7pDBn29GxtZJ6MLqUD/V9TM8Xg3MtElKQIEZ+8GKSSYkxHmdCOUMBRDgwwroRZmvIeU4yjSS5v0nBn/z4PtVLRNXx9WihfTnPJkQNySI6JS85ImVyRCqkSTh7JM3khr9aT9Wa9Wx+T1gVrOrNH/sj6/AEmWJkR</latexit><latexit sha1_base64="S8Og+sryQPS/z+YJSHRhrCrNzOc=">AAACBnicbZDLSgMxFIYzXmu9jZedm2ARXEiZKYIuC7pwWdFeoB1LJj3ThmYuJGfEOnTvY7jVhTtx62uIL2N6WWjrDwkf/zmHnPx+IoVGx/myFhaXlldWc2v59Y3NrW17Z7em41RxqPJYxqrhMw1SRFBFgRIaiQIW+hLqfv9iVK/fg9Iijm5xkIAXsm4kAsEZGqtt77cQHjDjIEGjYJIOb+5KbbvgFJ2x6Dy4UyiQqSpt+7vViXkaQoRcMq2brpOglzGFgksY5luphoTxPutC02DEQtBeNt5+SI+M06FBrMyJkI7d3xMZC7UehL7pDBn29GxtZJ6MLqUD/V9TM8Xg3MtElKQIEZ+8GKSSYkxHmdCOUMBRDgwwroRZmvIeU4yjSS5v0nBn/z4PtVLRNXx9WihfTnPJkQNySI6JS85ImVyRCqkSTh7JM3khr9aT9Wa9Wx+T1gVrOrNH/sj6/AEmWJkR</latexit><latexit sha1_base64="S8Og+sryQPS/z+YJSHRhrCrNzOc=">AAACBnicbZDLSgMxFIYzXmu9jZedm2ARXEiZKYIuC7pwWdFeoB1LJj3ThmYuJGfEOnTvY7jVhTtx62uIL2N6WWjrDwkf/zmHnPx+IoVGx/myFhaXlldWc2v59Y3NrW17Z7em41RxqPJYxqrhMw1SRFBFgRIaiQIW+hLqfv9iVK/fg9Iijm5xkIAXsm4kAsEZGqtt77cQHjDjIEGjYJIOb+5KbbvgFJ2x6Dy4UyiQqSpt+7vViXkaQoRcMq2brpOglzGFgksY5luphoTxPutC02DEQtBeNt5+SI+M06FBrMyJkI7d3xMZC7UehL7pDBn29GxtZJ6MLqUD/V9TM8Xg3MtElKQIEZ+8GKSSYkxHmdCOUMBRDgwwroRZmvIeU4yjSS5v0nBn/z4PtVLRNXx9WihfTnPJkQNySI6JS85ImVyRCqkSTh7JM3khr9aT9Wa9Wx+T1gVrOrNH/sj6/AEmWJkR</latexit>

‘Carrollian’ ‘Celestial’

3d Carrollian perspective more appropriate for dynamics on I (eg
sequential bursts of gravitational radiation), but less well understood

2d celestial perspective closer to CFT; requires decomposing fields
into modes along R direction (eg ‘conformally soft’ / Mellin modes)
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Scattering amplitudes become singular when the momenta of two massless
particles become collinear

An(k1, k2, . . . , kn)
1‖2−−→ Split × An−1(k, k3, . . . , kn)

k1<latexit sha1_base64="QydSfzIvKGpzciOvRwmA8cTjLKM=">AAAB83icbZDNSgMxFIXv1L9a/6ou3QSL4ELKjAi6LOjCZUVrC+1QMumdNjSTGZKMUIY+gltduBO3PpD4MmbaWWjrgYSPc+8lNydIBNfGdb+c0srq2vpGebOytb2zu1fdP3jUcaoYtlgsYtUJqEbBJbYMNwI7iUIaBQLbwfg6r7efUGkeywczSdCP6FDykDNqrHU/7nv9as2tuzORZfAKqEGhZr/63RvELI1QGiao1l3PTYyfUWU4Ezit9FKNCWVjOsSuRUkj1H42W3VKTqwzIGGs7JGGzNzfExmNtJ5Ege2MqBnpxVpunuWX0qH+r6mbmvDKz7hMUoOSzV8MU0FMTPIAyIArZEZMLFCmuF2asBFVlBkbU8Wm4S3+fRkez+ue5buLWuOmyKUMR3AMp+DBJTTgFprQAgZDeIYXeHVS5815dz7mrSWnmDmEP3I+fwBN4ZFf</latexit><latexit sha1_base64="QydSfzIvKGpzciOvRwmA8cTjLKM=">AAAB83icbZDNSgMxFIXv1L9a/6ou3QSL4ELKjAi6LOjCZUVrC+1QMumdNjSTGZKMUIY+gltduBO3PpD4MmbaWWjrgYSPc+8lNydIBNfGdb+c0srq2vpGebOytb2zu1fdP3jUcaoYtlgsYtUJqEbBJbYMNwI7iUIaBQLbwfg6r7efUGkeywczSdCP6FDykDNqrHU/7nv9as2tuzORZfAKqEGhZr/63RvELI1QGiao1l3PTYyfUWU4Ezit9FKNCWVjOsSuRUkj1H42W3VKTqwzIGGs7JGGzNzfExmNtJ5Ege2MqBnpxVpunuWX0qH+r6mbmvDKz7hMUoOSzV8MU0FMTPIAyIArZEZMLFCmuF2asBFVlBkbU8Wm4S3+fRkez+ue5buLWuOmyKUMR3AMp+DBJTTgFprQAgZDeIYXeHVS5815dz7mrSWnmDmEP3I+fwBN4ZFf</latexit><latexit sha1_base64="QydSfzIvKGpzciOvRwmA8cTjLKM=">AAAB83icbZDNSgMxFIXv1L9a/6ou3QSL4ELKjAi6LOjCZUVrC+1QMumdNjSTGZKMUIY+gltduBO3PpD4MmbaWWjrgYSPc+8lNydIBNfGdb+c0srq2vpGebOytb2zu1fdP3jUcaoYtlgsYtUJqEbBJbYMNwI7iUIaBQLbwfg6r7efUGkeywczSdCP6FDykDNqrHU/7nv9as2tuzORZfAKqEGhZr/63RvELI1QGiao1l3PTYyfUWU4Ezit9FKNCWVjOsSuRUkj1H42W3VKTqwzIGGs7JGGzNzfExmNtJ5Ege2MqBnpxVpunuWX0qH+r6mbmvDKz7hMUoOSzV8MU0FMTPIAyIArZEZMLFCmuF2asBFVlBkbU8Wm4S3+fRkez+ue5buLWuOmyKUMR3AMp+DBJTTgFprQAgZDeIYXeHVS5815dz7mrSWnmDmEP3I+fwBN4ZFf</latexit><latexit sha1_base64="QydSfzIvKGpzciOvRwmA8cTjLKM=">AAAB83icbZDNSgMxFIXv1L9a/6ou3QSL4ELKjAi6LOjCZUVrC+1QMumdNjSTGZKMUIY+gltduBO3PpD4MmbaWWjrgYSPc+8lNydIBNfGdb+c0srq2vpGebOytb2zu1fdP3jUcaoYtlgsYtUJqEbBJbYMNwI7iUIaBQLbwfg6r7efUGkeywczSdCP6FDykDNqrHU/7nv9as2tuzORZfAKqEGhZr/63RvELI1QGiao1l3PTYyfUWU4Ezit9FKNCWVjOsSuRUkj1H42W3VKTqwzIGGs7JGGzNzfExmNtJ5Ege2MqBnpxVpunuWX0qH+r6mbmvDKz7hMUoOSzV8MU0FMTPIAyIArZEZMLFCmuF2asBFVlBkbU8Wm4S3+fRkez+ue5buLWuOmyKUMR3AMp+DBJTTgFprQAgZDeIYXeHVS5815dz7mrSWnmDmEP3I+fwBN4ZFf</latexit>

k2<latexit sha1_base64="28fRyKyuvk/ul2FWxUctIe3nBBA=">AAAB83icbZDLSgMxFIbP1Futt6pLN8EiuJAyUwRdFnThsqK9QFtKJj3ThmYyQ5IRytBHcKsLd+LWBxJfxkw7C239IeHjP+eQk9+PBdfGdb+cwtr6xuZWcbu0s7u3f1A+PGrpKFEMmywSker4VKPgEpuGG4GdWCENfYFtf3KT1dtPqDSP5KOZxtgP6UjygDNqrPUwGdQG5Ypbdeciq+DlUIFcjUH5uzeMWBKiNExQrbueG5t+SpXhTOCs1Es0xpRN6Ai7FiUNUffT+aozcmadIQkiZY80ZO7+nkhpqPU09G1nSM1YL9cy8yK7lA70f03dxATX/ZTLODEo2eLFIBHERCQLgAy5QmbE1AJlitulCRtTRZmxMZVsGt7y31ehVat6lu8vK/XbPJcinMApnIMHV1CHO2hAExiM4Ble4NVJnDfn3flYtBacfOYY/sj5/AFPbpFg</latexit><latexit sha1_base64="28fRyKyuvk/ul2FWxUctIe3nBBA=">AAAB83icbZDLSgMxFIbP1Futt6pLN8EiuJAyUwRdFnThsqK9QFtKJj3ThmYyQ5IRytBHcKsLd+LWBxJfxkw7C239IeHjP+eQk9+PBdfGdb+cwtr6xuZWcbu0s7u3f1A+PGrpKFEMmywSker4VKPgEpuGG4GdWCENfYFtf3KT1dtPqDSP5KOZxtgP6UjygDNqrPUwGdQG5Ypbdeciq+DlUIFcjUH5uzeMWBKiNExQrbueG5t+SpXhTOCs1Es0xpRN6Ai7FiUNUffT+aozcmadIQkiZY80ZO7+nkhpqPU09G1nSM1YL9cy8yK7lA70f03dxATX/ZTLODEo2eLFIBHERCQLgAy5QmbE1AJlitulCRtTRZmxMZVsGt7y31ehVat6lu8vK/XbPJcinMApnIMHV1CHO2hAExiM4Ble4NVJnDfn3flYtBacfOYY/sj5/AFPbpFg</latexit><latexit sha1_base64="28fRyKyuvk/ul2FWxUctIe3nBBA=">AAAB83icbZDLSgMxFIbP1Futt6pLN8EiuJAyUwRdFnThsqK9QFtKJj3ThmYyQ5IRytBHcKsLd+LWBxJfxkw7C239IeHjP+eQk9+PBdfGdb+cwtr6xuZWcbu0s7u3f1A+PGrpKFEMmywSker4VKPgEpuGG4GdWCENfYFtf3KT1dtPqDSP5KOZxtgP6UjygDNqrPUwGdQG5Ypbdeciq+DlUIFcjUH5uzeMWBKiNExQrbueG5t+SpXhTOCs1Es0xpRN6Ai7FiUNUffT+aozcmadIQkiZY80ZO7+nkhpqPU09G1nSM1YL9cy8yK7lA70f03dxATX/ZTLODEo2eLFIBHERCQLgAy5QmbE1AJlitulCRtTRZmxMZVsGt7y31ehVat6lu8vK/XbPJcinMApnIMHV1CHO2hAExiM4Ble4NVJnDfn3flYtBacfOYY/sj5/AFPbpFg</latexit><latexit sha1_base64="28fRyKyuvk/ul2FWxUctIe3nBBA=">AAAB83icbZDLSgMxFIbP1Futt6pLN8EiuJAyUwRdFnThsqK9QFtKJj3ThmYyQ5IRytBHcKsLd+LWBxJfxkw7C239IeHjP+eQk9+PBdfGdb+cwtr6xuZWcbu0s7u3f1A+PGrpKFEMmywSker4VKPgEpuGG4GdWCENfYFtf3KT1dtPqDSP5KOZxtgP6UjygDNqrPUwGdQG5Ypbdeciq+DlUIFcjUH5uzeMWBKiNExQrbueG5t+SpXhTOCs1Es0xpRN6Ai7FiUNUffT+aozcmadIQkiZY80ZO7+nkhpqPU09G1nSM1YL9cy8yK7lA70f03dxATX/ZTLODEo2eLFIBHERCQLgAy5QmbE1AJlitulCRtTRZmxMZVsGt7y31ehVat6lu8vK/XbPJcinMApnIMHV1CHO2hAExiM4Ble4NVJnDfn3flYtBacfOYY/sj5/AFPbpFg</latexit>

k = k1 + k2<latexit sha1_base64="zIZaQhLy7yBHqKElT2k1l+AeU5A=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiCEpJiqAboaALlxXsRdoQJtNJO2QyCTMToYQ+hVtduBO3Po34Mk7aLLT1hxk+/nMOc+b3E86Utu0vq7Syura+Ud6sbG3v7O5V9w86Kk4loW0S81j2fKwoZ4K2NdOc9hJJceRz2vXDm7zefaJSsVg86ElC3QiPBAsYwdpYj+F16DlnodfwqjW7bs+ElsEpoAaFWl71ezCMSRpRoQnHSvUdO9FuhqVmhNNpZZAqmmAS4hHtGxQ4osrNZgtP0YlxhiiIpTlCo5n7eyLDkVKTyDedEdZjtVjLzfP8kipQ/zX1Ux1cuRkTSaqpIPMXg5QjHaM8BjRkkhLNJwYwkcwsjcgYS0y0Cati0nAW/74MnUbdMXx/UWveFrmU4QiO4RQcuIQm3EEL2kAggmd4gVcrs96sd+tj3lqyiplD+CPr8wcEiZNq</latexit><latexit sha1_base64="zIZaQhLy7yBHqKElT2k1l+AeU5A=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiCEpJiqAboaALlxXsRdoQJtNJO2QyCTMToYQ+hVtduBO3Po34Mk7aLLT1hxk+/nMOc+b3E86Utu0vq7Syura+Ud6sbG3v7O5V9w86Kk4loW0S81j2fKwoZ4K2NdOc9hJJceRz2vXDm7zefaJSsVg86ElC3QiPBAsYwdpYj+F16DlnodfwqjW7bs+ElsEpoAaFWl71ezCMSRpRoQnHSvUdO9FuhqVmhNNpZZAqmmAS4hHtGxQ4osrNZgtP0YlxhiiIpTlCo5n7eyLDkVKTyDedEdZjtVjLzfP8kipQ/zX1Ux1cuRkTSaqpIPMXg5QjHaM8BjRkkhLNJwYwkcwsjcgYS0y0Cati0nAW/74MnUbdMXx/UWveFrmU4QiO4RQcuIQm3EEL2kAggmd4gVcrs96sd+tj3lqyiplD+CPr8wcEiZNq</latexit><latexit sha1_base64="zIZaQhLy7yBHqKElT2k1l+AeU5A=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiCEpJiqAboaALlxXsRdoQJtNJO2QyCTMToYQ+hVtduBO3Po34Mk7aLLT1hxk+/nMOc+b3E86Utu0vq7Syura+Ud6sbG3v7O5V9w86Kk4loW0S81j2fKwoZ4K2NdOc9hJJceRz2vXDm7zefaJSsVg86ElC3QiPBAsYwdpYj+F16DlnodfwqjW7bs+ElsEpoAaFWl71ezCMSRpRoQnHSvUdO9FuhqVmhNNpZZAqmmAS4hHtGxQ4osrNZgtP0YlxhiiIpTlCo5n7eyLDkVKTyDedEdZjtVjLzfP8kipQ/zX1Ux1cuRkTSaqpIPMXg5QjHaM8BjRkkhLNJwYwkcwsjcgYS0y0Cati0nAW/74MnUbdMXx/UWveFrmU4QiO4RQcuIQm3EEL2kAggmd4gVcrs96sd+tj3lqyiplD+CPr8wcEiZNq</latexit><latexit sha1_base64="zIZaQhLy7yBHqKElT2k1l+AeU5A=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiCEpJiqAboaALlxXsRdoQJtNJO2QyCTMToYQ+hVtduBO3Po34Mk7aLLT1hxk+/nMOc+b3E86Utu0vq7Syura+Ud6sbG3v7O5V9w86Kk4loW0S81j2fKwoZ4K2NdOc9hJJceRz2vXDm7zefaJSsVg86ElC3QiPBAsYwdpYj+F16DlnodfwqjW7bs+ElsEpoAaFWl71ezCMSRpRoQnHSvUdO9FuhqVmhNNpZZAqmmAS4hHtGxQ4osrNZgtP0YlxhiiIpTlCo5n7eyLDkVKTyDedEdZjtVjLzfP8kipQ/zX1Ux1cuRkTSaqpIPMXg5QjHaM8BjRkkhLNJwYwkcwsjcgYS0y0Cati0nAW/74MnUbdMXx/UWveFrmU4QiO4RQcuIQm3EEL2kAggmd4gVcrs96sd+tj3lqyiplD+CPr8wcEiZNq</latexit>

The splitting functions in Yang-Mills theory and gravity are well known

Split+
YM =

f c
ab

〈12〉 Split+
grav =

[12]

〈12〉
at tree level
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On I , taking the collinear limit corresponds to bringing the two points on
the celestial sphere close together
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This is very suggestive of an OPE in the celestial CFT

splitting functions give the space of on-shell linearised states the
structure of an algebra

assuming graviton modes ↔ local conserved operators, we can read
off the symmetry stucture of any purported CCFT dual [Fan,Fotopoulos,Taylor]
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Only a few UV finite 4d theories of quantum gravity are known:

compactification of a string theory on R1,3 × X

− � 10500 examples, really higher dimensional

N = 4 conformal supergravity coupled to N = 4 SYM with gauge
group U(2) or U(1)4

− believed to be UV finite, but non-unitary

self-dual theories

− N = 2 string / Ricci-flat Kähler [Plebanski;Ooguri,Vafa; Chalmers,Siegel]

− Mabuchi gravity / scalar-flat Kähler [Mabuchi;Phong,Sturm;Costello,Paquette,Sharma]

− all require Riemannian or (2,2) signature for non-trivial solutions

In this talk, we’ll concentrate on self-dual Einstein gravity
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Self-dual Einstein gravity may be described by the action [Chalmers,Siegel]

S [Φ̃,Φ] =

∫
∂α̇αΦ̃ ∂α̇αΦ +

1

2
Φ̃
{
∂α̇Φ , ∂α̇Φ

}
d4x

Φ (Φ̃) represents the positive (negative) helicity graviton

∂α̇ = αα∂α̇α for a choice of spinor 〈α|, and likewise {f , g} = ∂α̇f ∂α̇g

The field equation δS/δΦ̃ = 0 is the (second) Plebanski equation, which
ensures that the metric

ds2 = dx α̇α � dxα̇α + ∂α̇∂β̇Φαααβ dx
α̇α � dx β̇β

obeys the vacuum Einstein equations Ric = 0

this would be a hyperkähler metric in Riemannian signature
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The (classical) splitting function is closely related to the 3-pt vertex∫
∆(x , y){∂α̇Φ1, ∂α̇Φ2} d4x =

1

4π2

∫
d4x

(x − y)2

{
∂α̇
(
e ik1·x

〈α1〉4
)
, ∂α̇

(
e ik2·x

〈α2〉4
)}

=
[12]2

〈α1〉2〈α2〉2
∫

e i(k1+k2)·x

4π2(x − y)2
d4x =

[12]

〈12〉
e i(k1+k2)·y

〈α1〉2〈α2〉2

parametrize the holomorphic collinear limit by writing

|κi 〉 =
√
ωi |zi 〉 =

√
ωi

(
1
zi

)
and |κ̃i ] =

√
ωi |z̃i ] =

√
ωi

(
1
z̃i

)
, then

taking |z1〉 → |z2〉 with ω1 = tω and ω2 = (1− t)ω

in this limit k1 + k2 = |z2〉[z̃ |+ · · · where |z̃ ] =

(
1

z̃2 + tz̃12

)
to leading order in z12, the state [12]/〈12〉 e i(k1+k2)·x becomes

z̃12

z12
e iω〈z2|x |z̃2]+tω〈z2|x 1̇z̃12 =

e iω〈z2|x |z̃2]

z12

∞∑
n=0

(iωt〈z2|x 1̇)n

n!
(z̃12)n+1
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∆(x , y){∂α̇Φ1, ∂α̇Φ2} d4x =

1

4π2

∫
d4x

(x − y)2

{
∂α̇
(
e ik1·x

〈α1〉4
)
, ∂α̇

(
e ik2·x

〈α2〉4
)}

=
[12]2

〈α1〉2〈α2〉2
∫

e i(k1+k2)·x

4π2(x − y)2
d4x =

[12]

〈12〉
e i(k1+k2)·y

〈α1〉2〈α2〉2

parametrize the holomorphic collinear limit by writing

|κi 〉 =
√
ωi |zi 〉 =

√
ωi

(
1
zi

)
and |κ̃i ] =

√
ωi |z̃i ] =

√
ωi

(
1
z̃i

)
, then

taking |z1〉 → |z2〉 with ω1 = tω and ω2 = (1− t)ω

in this limit k1 + k2 = |z2〉[z̃ |+ · · · where |z̃ ] =

(
1

z̃2 + tz̃12

)
to leading order in z12, the state [12]/〈12〉 e i(k1+k2)·x becomes

z̃12

z12
e iω〈z2|x |z̃2]+tω〈z2|x 1̇z̃12 =

e iω〈z2|x |z̃2]

z12

∞∑
n=0

(iωt〈z2|x 1̇)n

n!
(z̃12)n+1
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For each particle we define conformally soft modes w [p, q](z) via

Res∆=k

(∫ ∞
0

dω

ω
ω∆ e−iω〈z|x |z̃]

ω2〈αz〉4

)
=

(−i)2−k

〈αz〉4
〈z |x |z̃ ]2−k

(2− k)!

=
∑

q+p=2−k

w [p, q](z) z̃q

p!q!

Comparing both sides leads to the algebra
Strominger;Guevara,Himwich,Pate;Adamo,Mason,Sharma]

w [p, q](z)w [r , s](0) ∼ −ps − qr

z
w [p+r−1, q+s−1](0)

this is Lham(C2), the loop algebra of Poisson algebra of holomorphic
functions on C2 with Poisson bracket {f , g} = ∂uf ∂vg − ∂v f ∂ug
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The loop algebra of ham(C2) is closely related to twistor space [Penrose;

Adamo,Mason,Sharma]

twistor space of Euclidean R4 is just PT ∼= S2 × R4

introduce coordinates (x α̇α, [λα]) on PT, where x α̇α = σα̇αµ xµ and λα
is considered up to scale

PT has a natural C-str that combines the C-str on S2 ∼= CP1 3 [λα]
with µα̇ = x α̇αλα as holomorphic coords on C2 ∼= R4

As a complex manifold, PT ∼= O(1)⊕O(1)→ CP1

each fibre of PT→ CP1 has a weight 2 symplectic (2,0)-form
ω = dµα̇ ∧ dµα̇

metric on R4 comes from pulling this back using incidence relations

ω|X = dx α̇α ∧ dx β
α̇ λαλβ = eα̇α ∧ eα̇β λαλβ

ds2 = eα̇α � eα̇α = dx α̇α � dxα̇α
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Classical sd gravity comes from deformations of the C-str of twistor space

∂̄ 7→ ∂̄ + V for V ∈ Ω0,1(PT,TPT) and the Weyl tensor on R4 is
self-dual iff (∂̄ + V )2 = 0

we also get an Einstein metric if V = {h, · } where again

h ∈ Ω0,1(PT,O(2)) and {f , g} = ω−1(df ,dg) = εβ̇α̇
∂f

∂µα̇
∂g

∂µβ̇

The natural action on twistor space for self-dual gravity is thus [Mason,Wolf]

S [h̃, h] =
1

2πi

∫
PT

Ω ∧ h̃

(
∂̄h +

1

2
{h, h}

)
where Ω = 〈λdλ〉 ∧ ω

h (h̃) represents the positive (negative) helicity graviton

after gauge fixing and imposing some components of the eom, this
reduces to Chalmers-Siegel action on R4

[Bittleston,Sharma,DS]
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We can think of V = {h, } as a Hamiltonian vector field defined on the
overlap U0 ∩ U∞, telling us how to glue the two patches together

0
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meromorphic on CP1 itself

a basis of such functions is

w [p, q; r ] =
(µ0̇)p(µ1̇)q
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with z a local coordinate on CP1

Taking the twistor Poisson bracket of two such elements gives Lham(C2)
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with z a local coordinate on CP1

Taking the twistor Poisson bracket of two such elements gives Lham(C2)
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overlap U0 ∩ U∞, telling us how to glue the two patches together

0
<latexit sha1_base64="qk7AQT1jwfcwK/RsJZ2p+e4DDd8=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeCHjy2YD+gDWWznbRLN5uwuxFK6C/wqgdv4tVfJP4ZN20O2vpgl8ebN8zMCxLBtXHdL2dtfWNza7u0U97d2z84rBwdt3WcKoYtFotYdQOqUXCJLcONwG6ikEaBwE4wucvrnSdUmsfy0UwT9CM6kjzkjBorNd1BperW3DnIKvEKUoUCjUHluz+MWRqhNExQrXuemxg/o8pwJnBW7qcaE8omdIQ9SyWNUPvZfNEZObfKkISxsk8aMld/d2Q00noaBdYZUTPWy7VcvMw/pUP9n6mXmvDWz7hMUoOSLSaGqSAmJvn5ZMgVMiOmllCmuF2asDFVlBkbUtmm4S3fvkraVzXP8uZ1tX5f5FKCUziDC/DgBurwAA1oAQOEZ3iBV0c7b86787GwrjlFzwn8gfP5A8fjkIA=</latexit><latexit sha1_base64="qk7AQT1jwfcwK/RsJZ2p+e4DDd8=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeCHjy2YD+gDWWznbRLN5uwuxFK6C/wqgdv4tVfJP4ZN20O2vpgl8ebN8zMCxLBtXHdL2dtfWNza7u0U97d2z84rBwdt3WcKoYtFotYdQOqUXCJLcONwG6ikEaBwE4wucvrnSdUmsfy0UwT9CM6kjzkjBorNd1BperW3DnIKvEKUoUCjUHluz+MWRqhNExQrXuemxg/o8pwJnBW7qcaE8omdIQ9SyWNUPvZfNEZObfKkISxsk8aMld/d2Q00noaBdYZUTPWy7VcvMw/pUP9n6mXmvDWz7hMUoOSLSaGqSAmJvn5ZMgVMiOmllCmuF2asDFVlBkbUtmm4S3fvkraVzXP8uZ1tX5f5FKCUziDC/DgBurwAA1oAQOEZ3iBV0c7b86787GwrjlFzwn8gfP5A8fjkIA=</latexit><latexit sha1_base64="qk7AQT1jwfcwK/RsJZ2p+e4DDd8=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeCHjy2YD+gDWWznbRLN5uwuxFK6C/wqgdv4tVfJP4ZN20O2vpgl8ebN8zMCxLBtXHdL2dtfWNza7u0U97d2z84rBwdt3WcKoYtFotYdQOqUXCJLcONwG6ikEaBwE4wucvrnSdUmsfy0UwT9CM6kjzkjBorNd1BperW3DnIKvEKUoUCjUHluz+MWRqhNExQrXuemxg/o8pwJnBW7qcaE8omdIQ9SyWNUPvZfNEZObfKkISxsk8aMld/d2Q00noaBdYZUTPWy7VcvMw/pUP9n6mXmvDWz7hMUoOSLSaGqSAmJvn5ZMgVMiOmllCmuF2asDFVlBkbUtmm4S3fvkraVzXP8uZ1tX5f5FKCUziDC/DgBurwAA1oAQOEZ3iBV0c7b86787GwrjlFzwn8gfP5A8fjkIA=</latexit><latexit sha1_base64="qk7AQT1jwfcwK/RsJZ2p+e4DDd8=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeCHjy2YD+gDWWznbRLN5uwuxFK6C/wqgdv4tVfJP4ZN20O2vpgl8ebN8zMCxLBtXHdL2dtfWNza7u0U97d2z84rBwdt3WcKoYtFotYdQOqUXCJLcONwG6ikEaBwE4wucvrnSdUmsfy0UwT9CM6kjzkjBorNd1BperW3DnIKvEKUoUCjUHluz+MWRqhNExQrXuemxg/o8pwJnBW7qcaE8omdIQ9SyWNUPvZfNEZObfKkISxsk8aMld/d2Q00noaBdYZUTPWy7VcvMw/pUP9n6mXmvDWz7hMUoOSLSaGqSAmJvn5ZMgVMiOmllCmuF2asDFVlBkbUtmm4S3fvkraVzXP8uZ1tX5f5FKCUziDC/DgBurwAA1oAQOEZ3iBV0c7b86787GwrjlFzwn8gfP5A8fjkIA=</latexit>

1
<latexit sha1_base64="ZFaM577uXlEQZ/oNQksGZue6b3U=">AAAB9nicbZDLSsNAFIZP6q3WW9Wlm2ARXEhJRNBlQRcuK9gLtKFMppN27GQSZk7EEPoObnXhTtz6OuLLOGmz0NYfZvj4zznMmd+PBdfoOF9WaWV1bX2jvFnZ2t7Z3avuH7R1lCjKWjQSker6RDPBJWshR8G6sWIk9AXr+JPrvN55ZErzSN5jGjMvJCPJA04JGqvd5zLAdFCtOXVnJnsZ3AJqUKg5qH73hxFNQiaRCqJ1z3Vi9DKikFPBppV+ollM6ISMWM+gJCHTXjbbdmqfGGdoB5EyR6I9c39PZCTUOg190xkSHOvFWm6e5ZfSgf6vqZdgcOVlXMYJMknnLwaJsDGy8wzsIVeMokgNEKq4WdqmY6IIRZNUxaThLv59Gdrnddfw3UWtcVPkUoYjOIZTcOESGnALTWgBhQd4hhd4tZ6sN+vd+pi3lqxi5hD+yPr8ASY7kwg=</latexit><latexit sha1_base64="ZFaM577uXlEQZ/oNQksGZue6b3U=">AAAB9nicbZDLSsNAFIZP6q3WW9Wlm2ARXEhJRNBlQRcuK9gLtKFMppN27GQSZk7EEPoObnXhTtz6OuLLOGmz0NYfZvj4zznMmd+PBdfoOF9WaWV1bX2jvFnZ2t7Z3avuH7R1lCjKWjQSker6RDPBJWshR8G6sWIk9AXr+JPrvN55ZErzSN5jGjMvJCPJA04JGqvd5zLAdFCtOXVnJnsZ3AJqUKg5qH73hxFNQiaRCqJ1z3Vi9DKikFPBppV+ollM6ISMWM+gJCHTXjbbdmqfGGdoB5EyR6I9c39PZCTUOg190xkSHOvFWm6e5ZfSgf6vqZdgcOVlXMYJMknnLwaJsDGy8wzsIVeMokgNEKq4WdqmY6IIRZNUxaThLv59Gdrnddfw3UWtcVPkUoYjOIZTcOESGnALTWgBhQd4hhd4tZ6sN+vd+pi3lqxi5hD+yPr8ASY7kwg=</latexit><latexit sha1_base64="ZFaM577uXlEQZ/oNQksGZue6b3U=">AAAB9nicbZDLSsNAFIZP6q3WW9Wlm2ARXEhJRNBlQRcuK9gLtKFMppN27GQSZk7EEPoObnXhTtz6OuLLOGmz0NYfZvj4zznMmd+PBdfoOF9WaWV1bX2jvFnZ2t7Z3avuH7R1lCjKWjQSker6RDPBJWshR8G6sWIk9AXr+JPrvN55ZErzSN5jGjMvJCPJA04JGqvd5zLAdFCtOXVnJnsZ3AJqUKg5qH73hxFNQiaRCqJ1z3Vi9DKikFPBppV+ollM6ISMWM+gJCHTXjbbdmqfGGdoB5EyR6I9c39PZCTUOg190xkSHOvFWm6e5ZfSgf6vqZdgcOVlXMYJMknnLwaJsDGy8wzsIVeMokgNEKq4WdqmY6IIRZNUxaThLv59Gdrnddfw3UWtcVPkUoYjOIZTcOESGnALTWgBhQd4hhd4tZ6sN+vd+pi3lqxi5hD+yPr8ASY7kwg=</latexit><latexit sha1_base64="ZFaM577uXlEQZ/oNQksGZue6b3U=">AAAB9nicbZDLSsNAFIZP6q3WW9Wlm2ARXEhJRNBlQRcuK9gLtKFMppN27GQSZk7EEPoObnXhTtz6OuLLOGmz0NYfZvj4zznMmd+PBdfoOF9WaWV1bX2jvFnZ2t7Z3avuH7R1lCjKWjQSker6RDPBJWshR8G6sWIk9AXr+JPrvN55ZErzSN5jGjMvJCPJA04JGqvd5zLAdFCtOXVnJnsZ3AJqUKg5qH73hxFNQiaRCqJ1z3Vi9DKikFPBppV+ollM6ISMWM+gJCHTXjbbdmqfGGdoB5EyR6I9c39PZCTUOg190xkSHOvFWm6e5ZfSgf6vqZdgcOVlXMYJMknnLwaJsDGy8wzsIVeMokgNEKq4WdqmY6IIRZNUxaThLv59Gdrnddfw3UWtcVPkUoYjOIZTcOESGnALTWgBhQd4hhd4tZ6sN+vd+pi3lqxi5hD+yPr8ASY7kwg=</latexit>

CP1
<latexit sha1_base64="2QpMa1GUgQitUmg2xMW++JS6OnA=">AAAB/XicbVDLSgMxFL2pr1pfVZdugkVwIWVGBF0W6sJlBfuAdiyZNNOGZjJjkhHKUPwMt7pwJ279FvFnzLSz0NYDCYdzzyUnx48F18ZxvlBhZXVtfaO4Wdra3tndK+8ftHSUKMqaNBKR6vhEM8ElaxpuBOvEipHQF6ztj+vZvP3IlOaRvDOTmHkhGUoecEqMlbxeSMzI99N6Y3rv9ssVp+rMgJeJm5MK5Gj0y9+9QUSTkElDBdG66zqx8VKiDKeCTUu9RLOY0DEZsq6lkoRMe+ks9BSfWGWAg0jZIw2eqb83UhJqPQl968xC6sVZJp5ll9KB/s/UTUxw5aVcxolhks5fDBKBTYSzKvCAK0aNmFhCqOI2NKYjogg1trCSbcNd/PsyaZ1XXctvLyq167yXIhzBMZyCC5dQgxtoQBMoPMAzvMArekJv6B19zK0FlO8cwh+gzx/uAJWs</latexit><latexit sha1_base64="2QpMa1GUgQitUmg2xMW++JS6OnA=">AAAB/XicbVDLSgMxFL2pr1pfVZdugkVwIWVGBF0W6sJlBfuAdiyZNNOGZjJjkhHKUPwMt7pwJ279FvFnzLSz0NYDCYdzzyUnx48F18ZxvlBhZXVtfaO4Wdra3tndK+8ftHSUKMqaNBKR6vhEM8ElaxpuBOvEipHQF6ztj+vZvP3IlOaRvDOTmHkhGUoecEqMlbxeSMzI99N6Y3rv9ssVp+rMgJeJm5MK5Gj0y9+9QUSTkElDBdG66zqx8VKiDKeCTUu9RLOY0DEZsq6lkoRMe+ks9BSfWGWAg0jZIw2eqb83UhJqPQl968xC6sVZJp5ll9KB/s/UTUxw5aVcxolhks5fDBKBTYSzKvCAK0aNmFhCqOI2NKYjogg1trCSbcNd/PsyaZ1XXctvLyq167yXIhzBMZyCC5dQgxtoQBMoPMAzvMArekJv6B19zK0FlO8cwh+gzx/uAJWs</latexit><latexit sha1_base64="2QpMa1GUgQitUmg2xMW++JS6OnA=">AAAB/XicbVDLSgMxFL2pr1pfVZdugkVwIWVGBF0W6sJlBfuAdiyZNNOGZjJjkhHKUPwMt7pwJ279FvFnzLSz0NYDCYdzzyUnx48F18ZxvlBhZXVtfaO4Wdra3tndK+8ftHSUKMqaNBKR6vhEM8ElaxpuBOvEipHQF6ztj+vZvP3IlOaRvDOTmHkhGUoecEqMlbxeSMzI99N6Y3rv9ssVp+rMgJeJm5MK5Gj0y9+9QUSTkElDBdG66zqx8VKiDKeCTUu9RLOY0DEZsq6lkoRMe+ks9BSfWGWAg0jZIw2eqb83UhJqPQl968xC6sVZJp5ll9KB/s/UTUxw5aVcxolhks5fDBKBTYSzKvCAK0aNmFhCqOI2NKYjogg1trCSbcNd/PsyaZ1XXctvLyq167yXIhzBMZyCC5dQgxtoQBMoPMAzvMArekJv6B19zK0FlO8cwh+gzx/uAJWs</latexit><latexit sha1_base64="2QpMa1GUgQitUmg2xMW++JS6OnA=">AAAB/XicbVDLSgMxFL2pr1pfVZdugkVwIWVGBF0W6sJlBfuAdiyZNNOGZjJjkhHKUPwMt7pwJ279FvFnzLSz0NYDCYdzzyUnx48F18ZxvlBhZXVtfaO4Wdra3tndK+8ftHSUKMqaNBKR6vhEM8ElaxpuBOvEipHQF6ztj+vZvP3IlOaRvDOTmHkhGUoecEqMlbxeSMzI99N6Y3rv9ssVp+rMgJeJm5MK5Gj0y9+9QUSTkElDBdG66zqx8VKiDKeCTUu9RLOY0DEZsq6lkoRMe+ks9BSfWGWAg0jZIw2eqb83UhJqPQl968xC6sVZJp5ll9KB/s/UTUxw5aVcxolhks5fDBKBTYSzKvCAK0aNmFhCqOI2NKYjogg1trCSbcNd/PsyaZ1XXctvLyq167yXIhzBMZyCC5dQgxtoQBMoPMAzvMArekJv6B19zK0FlO8cwh+gzx/uAJWs</latexit>

in this picture h must be holomophic on
the fibres of PT→ CP1, but can be
meromorphic on CP1 itself

a basis of such functions is

w [p, q; r ] =
(µ0̇)p(µ1̇)q

z r
p, q ∈ N0

r ∈ Z

with z a local coordinate on CP1

Taking the twistor Poisson bracket of two such elements gives Lham(C2)

on R4, this amounts to considering all C-structures simultaneously
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We can think of V = {h, } as a Hamiltonian vector field defined on the
overlap U0 ∩ U∞, telling us how to glue the two patches together
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It’s important to note that ham(C2) is not w1+∞, nor its wedge
subalgebra w∧

w1+∞
w∧
ham(C2)

 has p, q ∈


Z p + q = 0 | 2
N0 p + q = 0 | 2
N0

w [2, 0], w [1, 1] & w [0, 2] generate an sl2 subalgeba; the generators of
w∧ all integer spin under this sl2, while ham(C2) also includes
generators with half-integer spin

w∧ ∼= ham(C2)Z2 and corresponds to scattering only even states
∼ cos(k · x)

The distinctions are important when considering deformations
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w∧ possesses a family of deformations, called W (µ), with relations

[w [p, q],w [r , s]] =
∑
`≥0

q2`f`(p, q, r , s)w [p+r −2`−1, q+s−2`−1] ,

the structure constants involve a hypergeometric function

f`(p, q, r , s) = R`(p, q, r , s) 4F3

[−1/2−2σ, 3/2+2σ, −̀ /2, (1−`)/2

1/2−m, 1/2−n,m+n+3/2−` ; 1

]
with m = (p + q)/2, n = (r + s)/2 and σ a parameter

σ ≡ −σ − 1, so different algebras labelled by µ = σ(σ + 1)

algebras with different q 6= 0 but same µ are isomorphic, and
limq→0 W (µ) = w∧ for any µ

These are the only deformations of w∧ [Pope,Romans,Shen;Fairlie]

it’s possible that Lw∧ may have further deformations [Strominger]
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For example, in the theory of a free complex fermion
∫
ψ̄∂̄ψ d2z , a copy of

LW1+∞ = LW (−1/4) is realised by modes of the currents [Pope,Romans,Shen]

J = ψ̄ψ ,

T =
1

2
∂ψ̄ψ − 1

2
ψ̄∂ψ

W3 =
1

6
∂2ψ̄ψ − 2

3
∂ψ̄∂ψ +

1

6
ψ̄∂2ψ ,

W4 =
1

20
∂3ψ̄ψ − 9

20
∂2ψ̄∂ψ +

9

20
∂ψ̄∂2ψ − 1

20
ψ̄∂3ψ

... =
...

taking classical Poisson brackets of these currents gives w1+∞

quantum OPEs deform this to W1+∞ = W (−1/4) where q ∼ ~

Other 2d quantum theories (eg SU(∞) Toda) realise W (µ) algebras with
different values of µ
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However, ham(C2) is much more rigid

if all p, q ∈ N0 are allowed, the hypergeometric function becomes
singular unless µ = −3/16

W (−3/16) is known as the symplecton algebra. It is the unique
deformation of ham(C2) as a Lie algebra [Pope,Romans,Shen;Etinghof;Kontsevich]

In the bulk, the (loop algebra of) the symplecton algebra comes from
non-commutative self-dual gravity

Sq[Φ, Φ̃] =

∫
Φ̃

(
2Φ +

1

2

{
∂α̇Φ, ∂α̇Φ

}
q

)
d4x

where { , }q is the Moyal bracket defined via

{f , g}q = q−1 (f ? g − g ? f ) f ? g = f exp
[
q
(
εα̇β̇
←−
∂α̇
−→
∂β̇

)]
g

deformed algebra comes from deformed splittting function

Split+
q =

[ij ]q
〈ij〉 =

sinh(q[ij ]〈iα〉〈jα〉)
q〈iα〉〈jα〉
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It’s interesting to compare this to AdS/CFT

in free CFT, there’s an ∞-dimensional space of local operators whose
OPEs tell us they transform in reps of eg a hs algebra

at non-zero ’t Hooft coupling λ the OPE is deformed, and the
operators now transform eg in reps of a Yangian, with further
deformations at finite N

in the dual string theory, these deformations are governed by α′

corrections and by the genus expansion

L2
AdS

α′
=

1√
4πλ

, gs =
λ

N

In flat space, there is no (fixed) scale to compare to α′

it may be fruitful to consider celestial holography in an asymptotically
flat space, even though it’s not yet understood in flat space itself
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We begin on the twistor space PT/Z2 of R4/Z2, where

Z2 : (µα̇, λα) 7→ (−µα̇,+λα)

X = (µ0̇)2, Y = (µ1̇)2 and Z = µ0̇µ1̇ are invariant under Z2 so

PT/Z2 =
{
XY = Z 2

}
⊂
O(2)⊕O(2)⊕O(2)

↓
CP1

Inspired by twisted holography [Costello,Gaiotto] & Burns holography
[Costello,Paquette,Sharma], we wrap a defect around the orbifold singularity µα̇ = 0

Mabuchi gravity and Burns space arise from a sector of sd conformal
gravity; interesting to have a version for sd Einstein gravity

no full string realization as yet, though closely related to N = 2 string
and B-model in presence of D3-branes [Bittleston,Heuveline,DS wip]
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Our defect couples electrically to h̃, so action becomes

S [h̃, h] =

∫
PT/Z2

Ω ∧ h̃

(
∂̄h +

1

2
{h, h}

)
− π2

2

∫
µα̇=0
〈λdλ〉 c2(λ) ∧ h̃

coupling requires choice of weight +2 function c(λ) = c〈αλ〉〈βλ〉

In the presence of the defect, the equation of motion for h becomes

∂̄h +
1

2
{h, h} =

π2

2
c2(λ) δ̄2(µ)

this is solved by

h =
c2(λ)

2

[µ̂dµ̂]

[µ µ̂]2
where µ̂α̇ = (−µ1̇, µ0̇)

note that this solution respects the Z2 action
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This background h means the ∂̄-operator is deformed to

∇̄ = ∂̄ + {h, } = ∂̄ − c2(λ)
[µ̂ dµ̂]

[µ µ̂]3
µ̂α̇

∂

∂µα̇

with this ∇̄-operator, the holomorphic coordinates are

λα and X α̇β̇ = X (α̇β̇) = µα̇µβ̇ − c2(λ)
µ̂α̇µ̂β̇

[µ µ̂]2

where the X α̇β̇ have weight 2 and obey X α̇β̇Xα̇β̇ = −2c2(λ)

Redefining (X ,Y ,Z ) = (X 0̇0̇,X 1̇1̇,X 0̇1̇), the deformed twistor space is

PT = {XY = (Z − c(λ))(Z + c(λ))} ⊂
O(2)⊕O(2)⊕O(2)

↓
CP1

PT is the twistor space of Eguchi-Hanson space [Eguchi,Hanson;Hitchin;Tod,Ward];
sending the defect coupling c → 0 returns to PT/Z2

David Skinner DAMTP, Cambridge W algebras and ALE spaces Nordita, 4 Jul 23 21 / 35



This background h means the ∂̄-operator is deformed to

∇̄ = ∂̄ + {h, } = ∂̄ − c2(λ)
[µ̂ dµ̂]

[µ µ̂]3
µ̂α̇

∂

∂µα̇

with this ∇̄-operator, the holomorphic coordinates are

λα and X α̇β̇ = X (α̇β̇) = µα̇µβ̇ − c2(λ)
µ̂α̇µ̂β̇

[µ µ̂]2

where the X α̇β̇ have weight 2 and obey X α̇β̇Xα̇β̇ = −2c2(λ)

Redefining (X ,Y ,Z ) = (X 0̇0̇,X 1̇1̇,X 0̇1̇), the deformed twistor space is

PT = {XY = (Z − c(λ))(Z + c(λ))} ⊂
O(2)⊕O(2)⊕O(2)

↓
CP1

PT is the twistor space of Eguchi-Hanson space [Eguchi,Hanson;Hitchin;Tod,Ward];
sending the defect coupling c → 0 returns to PT/Z2

David Skinner DAMTP, Cambridge W algebras and ALE spaces Nordita, 4 Jul 23 21 / 35



This background h means the ∂̄-operator is deformed to

∇̄ = ∂̄ + {h, } = ∂̄ − c2(λ)
[µ̂ dµ̂]

[µ µ̂]3
µ̂α̇

∂

∂µα̇

with this ∇̄-operator, the holomorphic coordinates are

λα and X α̇β̇ = X (α̇β̇) = µα̇µβ̇ − c2(λ)
µ̂α̇µ̂β̇

[µ µ̂]2

where the X α̇β̇ have weight 2 and obey X α̇β̇Xα̇β̇ = −2c2(λ)

Redefining (X ,Y ,Z ) = (X 0̇0̇,X 1̇1̇,X 0̇1̇), the deformed twistor space is

PT = {XY = (Z − c(λ))(Z + c(λ))} ⊂
O(2)⊕O(2)⊕O(2)

↓
CP1

PT is the twistor space of Eguchi-Hanson space [Eguchi,Hanson;Hitchin;Tod,Ward];
sending the defect coupling c → 0 returns to PT/Z2

David Skinner DAMTP, Cambridge W algebras and ALE spaces Nordita, 4 Jul 23 21 / 35



Eguchi-Hanson space itself may be recovered from the incidence relations

X α̇β̇ = x α̇αx β̇β
(
λαλβ −

4c2〈αλ〉2
x4

βαββ

)
these define holomorphic sections of PT → CP1; in particular the rhs
above obeys the constraint X α̇β̇Xα̇β̇ = −2c2(λ)

The fibres of PT → CP1 have a weight 2 symplectic (2,0)-form

ω =
1

2
dµα̇ ∧ dµα̇ =

X α̇β̇ dXγ̇α̇ ∧ dX γ̇

β̇

8c2(λ)
=

dX ∧ dZ

2X

evaluating ω on the incidence relations leads to the space-time metric

ds2 = dx α̇α � dxα̇α +
16c2

x6
〈β|x dx |α〉�2

this is the Eguchi-Hanson metric in Kerr-Schild form
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The CCA comes from the ring of holomorphic functions on a fibre of
PT → CP1

OMλ
= C[X ,Y ,Z ]

/
I where the ideal I = span{XY − Z 2 + c2(λ)}

this ring has a natural basis

V [2p, 2q] = X pY q , V [2p + 1, 2q + 1] = X pY qZ , p, q ∈ N0

which reduces to the basis w [2p, 2q], w [2p+1, 2q+1] of w∧ as the
defect coupling c → 0

In terms of the new coordinates, the Poisson structure on PT is defined by

{X ,Z} = 2X {Y ,Z} = −2Y {X ,Y } = 4Z

which are just the defining relations of sl2

the ideal involves only the quadratic Casimir so {O,I } ⊂ I
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Taking Poisson brackets of our basis gives the algebra[
V [2p, 2q],V [2r , 2s]

]
= 4(ps − qr)V [2(p+r−1)+1, 2(q+s−1)+1],[

V [2p, 2q],V [2r+1, 2s+1]
]

= 2(p(2s + 1)− q(2r + 1))V [2(p+r), 2(q+s)]

+ 4c2(λ) (ps − qr)V [2(p+r−1), 2(q+s−1)][
V [2p+1, 2q+1],V [2r+1, 2s+1]

]
= ((2p+1)(2s+1)− (2q+1)(2r+1))V [2(p+r)+1, 2(q+s)+1]

+ 4c2(λ) (ps − qr)V [2(p+r)−1, 2(q+s)−1]

when c = 0 this is w∧; new terms at c 6= 0 are non-trivial in Lie
algebra cohomology

again the twistor space pieces together these algebras over CP1,
giving us the corresponding loop algebra
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To relate this to CCAs, consider scattering the external states

δΦ =
1

〈ακ〉4 cos

(√
(k · x)2 − 4c2〈α|kx |β〉2

x4

)
k = |κ〉[κ̃|

in terms of Kerr-Schild coordinates x α̇α on the Eguchi-Hanson background

these obey the Plebanski equation linearized around EH background
and approach cos(k · x) as |x | → ∞

they may be obtained from Penrose transfom of twistor states

δh(X , λ) ∼ δ̄(〈λκ〉) cos(
√

[κ̃|X |κ̃])

using the incidence relations

X α̇β̇ = x α̇αx β̇β
(
λαλβ −

4c2〈αλ〉2
x4

βαββ

)
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Expanding cos(
√

[κ̃|X |κ̃]) =
∑∞

m=0[κ̃|X |κ̃]m/(2m)! we have

[κ̃|X |κ̃]m

(2m)!
=

∑
p+q=m

W [2p, 2q]
(−)p+qκ̃2p

0̇
κ̃2q

1̇

(2p)!(2q)!

+
∑

p+q=m−1

W [2p + 1, 2q + 1]
(−)p+q+1κ̃2p+1

0̇
κ̃2q+1

1̇

(2p + 1)!(2q + 1)!

the W s are polys in (X ,Y ,Z ) given in terms of the previous basis by

W [2p, 2q] =

min(p,q)∑
`=0

(2c(λ))2` C0(p, q, `)V [2p−2`, 2q−2`]

W [2p+1, 2q+1] =

min(p,q)∑
`=0

(2c(λ))2` C1(p, q, `)V [2p−2`+1, 2q−2`+1] ,

with coefficients

C0(p, q, `) =
[p]` [q]` [p + q]`
`! [2(p + q)]2`

, C1(p, q, `) =
[p]` [q]` [p + q + 1]`
`! [2(p + q + 1)]2`
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In terms of the scattering basis, the previous algebra takes the form[
W [p, q],W [r , s]

]
=
∑
`≥0

(2c(λ))2` R2`+1(p, q, r , s)ψ2`+1

(
p+q

2
,
r+s

2

)
W [p+r−2`−1, q+s−2`−1]

where

ψ2`+1(m, n) = (−)`
[`+ 1/2]`

42` [m − 1/2]` [n − 1/2]` [m + n − 1/2− `]`

we call this algebra W (∞) (not to be confused with W∞ = W (0)!)

it can be identified as the scaling limit

W (∞) = lim
q→0
µ→∞

W (µ) , q
√
µ fixed

of the W (µ) algebras, where the fixed value q
√
µ is determined by

the radius c of the Eguchi-Hanson core

David Skinner DAMTP, Cambridge W algebras and ALE spaces Nordita, 4 Jul 23 27 / 35



In terms of the scattering basis, the previous algebra takes the form[
W [p, q],W [r , s]

]
=
∑
`≥0

(2c(λ))2` R2`+1(p, q, r , s)ψ2`+1

(
p+q

2
,
r+s

2

)
W [p+r−2`−1, q+s−2`−1]

where

ψ2`+1(m, n) = (−)`
[`+ 1/2]`

42` [m − 1/2]` [n − 1/2]` [m + n − 1/2− `]`

we call this algebra W (∞) (not to be confused with W∞ = W (0)!)

it can be identified as the scaling limit

W (∞) = lim
q→0
µ→∞

W (µ) , q
√
µ fixed

of the W (µ) algebras, where the fixed value q
√
µ is determined by

the radius c of the Eguchi-Hanson core

David Skinner DAMTP, Cambridge W algebras and ALE spaces Nordita, 4 Jul 23 27 / 35



To summarize the story so far:

gravitational scattering in flat space has a CCA Lham(C2) at the
classical level

instead scattering on the orbifold Z2 (ie allowing only even parity
states) reduces this to Lw∧ = Lham(C2)Z2

by introducing a defect in twistor space, the orbifold is deformed to
become Eguchi-Hanson space, and the CCA is deformed to LW (∞)

in each case, the underlying algebra is just the Poisson ring of
functions on a fibre of twistor space over CP1; the loop algebras arise
from patching these together over the CP1

We’ve checked that the above algebras, obtained via twistor space, agree
with an explicit calculation of the gravitational splittting function on
Eguchi-Hanson space. This space-time calculation seems much harder...
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Going beyond the scaling limit requires turning on non-commutativity

twistor action for non-commutative sd gravity is

Sq[h̃, h] =

∫
PT

Ω ∧ h̃

(
∂̄h +

1

2
[h, h]q

)
using the Moyal bracket defined with q(λ) = q〈αλ〉〈βλ〉 as

[f , g ]q =
∞∑
k=0

q2k(λ)

22k (2k + 1)!
∂α̇1 . . . ∂α̇2k+1

f ∂α̇1 . . . ∂α̇2k+1g

including the CP1 defect, the background h takes exactly the same
form as before

h =
c2(λ)

2

[µ̂dµ̂]

[µ µ̂]2
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However, the background ∇̄ operator now involves Moyal bracket

∇̄q = ∂̄ + [h, ]q

= ∂̄ − c2(λ)[µ̂dµ̂]
∞∑
k=0

(k + 1)q2k(λ)

[µ µ̂]2k+322k
µ̂α1 . . . µ̂α̇2k+1∂α̇1 . . . ∂α̇2k+1

and so no longer obeys the usual Leibniz rule

while exactly the same coordinates

X α̇β̇ = µα̇µβ̇ − c2(λ)
µ̂α̇µ̂β̇

[µ µ̂]2

(remarkably) remain holomorphic, the product X α̇β̇Xα̇β̇ /∈ ker(∇̄q)

the non-commutative twistor space is instead defined by the ideal

X α̇β̇ ?q Xα̇β̇ = X α̇β̇Xα̇β̇ +
3q2(λ)

4
= −2c2(λ) +

3q2(λ)

4
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In terms of the algebra, non-commutative sl2 is still defined by relations

[X ,Z ]q = 2X [Y ,Z ]q = −2Y [X ,Y ]q = 4Z

but the UEA uses the star product

in particular, the quadratic Casimir

C = −1

8
X α̇β̇ ?q Xα̇β̇ = q(λ)2σ(σ + 1) = q2(λ)µ

comparing to above, we identify µ = (4c2 − 3q2)/16q2

The CCA of non-commutative self-dual gravity on Eguchi-Hanson space is
thus LW (µ)

to go from w∧ (or ham(C2)) to a W algebra requires turning on
non-commutativity q

to go away from the symplecton W (−3/14) into the full family of
W (µ)-algebras requires turning on a finite Eguchi-Hanson scale

eg at c = 0 we obtain the symplecton W (−3/16); at c2 = −q2/4 we
obtain W1+∞; at c2 = 3q2/4 we obtain W∞
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There’s an exactly parallel story for sdYM / non-commutative sdYM

S-algebra is loop algebra of g⊗OMλ
, replacing the Poisson /Moyal

bracket by the Lie bracket and usual / nc coordinate ring

The story generalizes straightforwardly to other ALE spaces [Bittleston,Heuveline,DS]

choose a discrete subgroup Γ ⊂ SL(2)

the CCA of sd gavity on R4/Γ is Lham(C2)Γ

deforming the orbifold to the corresponding ALE space likewise
deforms the CCA to a scaling limit of LWΓ(µ) algebras as q→ 0

we expect the generic WΓ(µ) to depend on rk(Γ) parameters
corresponding to the sizes of the CP1 cores in the ALE space;
accessing the generic case requires turning on non-commutativity
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deforming the orbifold to the corresponding ALE space likewise
deforms the CCA to a scaling limit of LWΓ(µ) algebras as q→ 0

we expect the generic WΓ(µ) to depend on rk(Γ) parameters
corresponding to the sizes of the CP1 cores in the ALE space;
accessing the generic case requires turning on non-commutativity
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For example, the twistor space of the Gibbons-Hawking Ak−1 space is

PT =

{
XY =

k∏
i=1

(Z − ci (λ))

}
⊂
O(k)⊕O(k)⊕O(2)

↓
CP1

basis for OMλ
is w [kp+i , kq+i , i ] = X pY qZ i with p, q ∈ N0 and

i ∈ {1, . . . k − 1}

taking Poisson brackets of these gives the algebra[
w [kp + i , kq + i ],w [kr + j , ks + j ]

]
= 2k((p+i/k)(s+j/k)−(q+i/k)(r+j/k))w [k(p+r)+i+j−1, k(q+s)+i+j−1]

− 2(ps−qr)

k+i+j−2∑
m=0

Fk(i+j ,m)w [k(p+r−1)+m, k(q+s−1)+m] ,

where the Fk depend on the radii ci and are defined recursively
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In this talk, I’ve presented the CCAs of self-dual gravity on various ALE
spaces, and how they’re related to the loop algebras of various W -algebras

these same algebras also naturally arise as the 2d chiral algebras of
twisted 4d N = 2 SCFTs [Beem,Peerlaers,Rastelli;Costello;Bullimore,Dimofte,Gaiotto]

the bulk Poisson structure / non-commutativity corresponds to
turning on a FI parameter in the gauge theory [Bittleston,Heuveline,DS wip]

on the string side, it involves including D3 branes
[Budzik,Gaiotto,Kulp,Williams,Wu,Xu]

We’re hopeful that today’s story can be embedded in a full stringy
top-down realization, analogous to Burns holography [Costello,Paquette,Sharma]
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Thank You
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